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Abstract The dynamical behavior of a general n-di-
mensional delay differential equation (DDE) around
a 1:3 resonant double Hopf bifurcation point is ana-
lyzed. The method of multiple scales is used to obtain
complex bifurcation equations. By expressing com-
plex amplitudes in a mixed polar-Cartesian represen-
tation, the complex bifurcation equations are again ob-
tained in real form. As an illustration, a system of two
coupled van der Pol oscillators is considered and a set
of parameter values for which a 1:3 resonant double
Hopf bifurcation occurs is established. The dynamical
behavior around the resonant double Hopf bifurcation
point is analyzed in terms of three control parameters.
The validity of analytical results is shown by their con-
sistency with numerical simulations.

Keywords Multiple scales - Resonance - Double
Hopf bifurcation - Time delay

1 Introduction

The method of multiple scales (MMS) [1] is a power-
ful tool for the analysis of dynamical interaction phe-
nomena occurring in weakly nonlinear systems un-
der internal and/or external resonance conditions [2].
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It has been used to reduce a multidimensional dy-
namical system into a lower-dimensional equivalent
system which captures all the qualitative aspects of
the original system behaviors [3]. Using the mixed
(i.e., polar and Cartesian) form, the method leads to
the standard normal form equations which are suit-
able to analyze the stability of incomplete solutions
(i.e. solutions in which some amplitudes identically
vanish) [4]. These standard normal form equations
have been used to analyze nonresonant double Hopf
bifurcation [5], codimension-three 1:2 and 1:3 reso-
nant double Hopf bifurcation [6], 1:1 resonant dou-
ble Hopf bifurcation [7], and multiple-Hopf bifurca-
tions [8]. These works have successfully solved the
problem of resonant double Hopf bifurcation without
time delay. As an extension of the method introduced
by Luongo et al. [6], we will investigate the dynamical
behaviors of a general n-dimensional delay differen-
tial equation around a 1:3 resonant double Hopf bifur-
cation point.

As we know, time delay always exists and plays
an important role in dynamical systems. Therefore, it
is very essential to introduce time delay into dynam-
ical systems. In fact, nonlinear differential equations
with time delay have been studied in various scien-
tific fields, and some publications on this topic are
cited in [9, 10]. Some authors have begun to investi-
gate the dynamical behavior of the systems with time
delay near a resonant double Hopf bifurcation. Camp-
bell and LeBlanc [11] used center manifold analysis to
investigate a 1:2 resonant double Hopf bifurcation in
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a DDE. Xu [12] developed an efficient method (PIS)
for studying weak resonant double Hopf bifurcation in
nonlinear systems with delayed feedbacks. Recently,
the MMS has been directly applied to the systems with
time delay [13—17] and used to study small perturba-
tion of a harmonic oscillator by a small term with a
large delay [18].

The outline of this paper is as follows. In Sect. 2,
based on the MMS, a useful method is developed and
used to analyze a 1:3 resonant double Hopf bifurcation
of a dynamical system with time delay. Employing this
method, complex bifurcation equations are obtained in
real form. In Sect. 3, as an example, we consider two
van der Pol oscillators with delay coupling and ana-
lyze the dynamical behaviors around a 1:3 resonant
double Hopf bifurcation point. In Sect. 4, the discus-
sion and conclusion are given.

2 Multiple scales analysis for 1:3 resonant double
Hopf bifurcation

An n-dimensional, dynamical system with time delay
is considered, governed by the following equation of
motion:

XZF(X, Xz, I‘L)v (1)

where x € R” is the state variable depending on a set
u € R™ of control parameter vector and X, = X(f — )
where 7 is time delay. Without loss of generality, it is
assumed that (1) admits the trivial equilibrium solution
x = 0 for any value of p. According to the bifurcation
theory, a 1:3 resonant double Hopf bifurcation satis-
fies three conditions among two eigenvalues, namely,
ReAi =ReXty =0,ImAy =3ImA; [6]. Therefore, the
critical values e = ((1c, 2c) € Randt=1.€R
are taken.

It is assumed that @ = wie + Ui1e, U2 = U2c +
w2 and T = 1. + 7,. The point O = (x =0, pu, =
(U1e, U2¢) =0, T, =0) is a 1:3 resonant double Hopf
bifurcation point. Then the following conditions must
be satisfied for the Jacobian matrix at O

0 aF(X, Xr, Mé‘)
Fyi=——F7— ’
0x x=0,%; =0, s =0 2)
g0 . OFGXr, jte)
Xt aXr x=0,x; =0, e =0

(C.1) The matrix F§ + FY e™*" has two pairs of
purely imaginary eigenvalues A;3 = *iwj,
A2,4 = Ziw; and wy = 3w; and all the remain-
ing eigenvalues A, (h > 5) lie on the left side
of the complex plane. Then the right p; and left
q; (j =1,2) eigenvectors of 113 and A3 4 are
solutions of the following equations:

(FY +F e™'“/" — iEw;)pj =0,
. 3)
((F2 + K9 )" 4 iEo;)qy =0,

where E is the identity matrix, p3 = p1, P4 =
P2, q3 = q1 and q4 = q2. Right and left eigen-
vectors are orthonormal, i.e., qupi =1, (i =
1,2), where H denotes the transpose conjugate.
(C.2) The critical eigenvalues A3 = a1 (t1e, U2e, Te)
+iwi(U1e, M2e, Te) and Ay 4 = a2 (L 1e, U2e, Te)
+ iwy(1e, U2e, Te) satisfy the transversality
condition, «;(0,0,0) =0 (j = 1,2) and
@2(0,0,0) =3w(0,0,0) at point O.

In the parameter space (t1e, M2e, Te), & ([h1e, L2e,
7.) =0 (j = 1,2) are the critical surfaces which
bound the regions of linear stability of trivial solution.
A double Hopf bifurcation occurs at the intersection
of the two critical surfaces and a 1:3 resonant double
Hopf bifurcation occurs at the point of the intersection
OfOll =0,0t2 =0and w) = 30)1.

In the following, the multiple scale method will be
used to investigate the dynamical behavior around the
double Hopf bifurcation point.

According to the MMS, a mono-parametric family
of solution of the type is as follows:

x=x(e, T, ...), 4

where Ty =¥t (k=0,1,2,...)and & < 1.

1:3 internal resonances are associated with third-
order effects, then the solutions do not dependent on
the time scale 7. Therefore, we assume a two scales
expansion of the solution of (1)

x(t) = ex1(To, T2) + e*x2(To, T2)

+&¥x3(To, o) + O(e%), 5)
while the vector parameters are ordered as
T, =&*%. (6)

2A 2
M1e =€ U1e, M2e = €7 U2s,
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The delay term in (1) can be further expanded as

X(t — 1) =¢xq (To — 1. — &%, T — &1, — 84‘E£)

+&2%0(To — 7c — %%, Tr — %1 — &*%;)

+&¥x3(To — 7c — %%, o — %10 — 84‘Eg)
= ex1(To — e, T2) + £°%2(To — 7. To)

+ & [~ Dox1 (To — T, T2)

— e Daxi1(To — 7, T2)

+x3(Tp — 7. To)] + O(e*), 7

where Dy = 0/0T.
By substituting (5), (6), and (7) into (1), expanding
F as well and equating separately coefficients of like

powers of ¢, the following perturbative equations are
obtained

Dox| — ngl — Fgfxlf =0, ®)
Doxy — ngz — Fgr X7
1 0 2 0 1 0 2
= EFxxXI + Fy X1X1 + EFxTxr Xr ©))
Dox3 — F2X3 — th X3;
= Fgmxl,&e + éngxx? + ngxlxz + Fgrmxhﬂg

1 1
+ ~F Xixir + - Fy

2 0
5 XXX, ) XX,X1X1XII+FXX1XIIX2

1
0 3 0 0
+ -F X, + Fer X1X2; + FXTXI X1:X27

6 XeXiXr
— .F® Dyxi; — ., F® Doxi; — D 10
T Fy, Daoxic — ©.Fy DoXir X1, (10)
_ PF000) g0 _ 2°F0.0.0)

where Fng = x> Fxope = “oxpop, and sim-
ilarly for higher-order derivatives. xj; = Xx;(Tp —
., 1), j=1,2,3.

Equation (8) has the following general solution:

X1 = A1 (T)p1" 110 + Ay (To)p2e' ™0 4 c.c.,  (11)

where A (j =1, 2) are complex constants, pj are the
right eigenvectors of F + Fgre_i @it associated with
the eigenvalues iw; and c.c. stands for the complex
conjugate of the preceding terms.

Substituting (11) into (9), we obtain

0 0
Dox; — Fyxa — Fx, X27

1 ; 1 ‘
= (30t + b e+ 0L phe )

A 1 .
x Aje?lrlo 4 (§F°xp§ + Fyy pre

X
1 0 2 2wyt 2 2iw Ty 1 0 =
+ EFXTXT pze ¢ Aze + EFxxplpl

_ 1 B _
=+ ngrplplelwﬂc —+ EFQIXIPIPI)AIAI

X sz’z) ArAy + [ngplpz + ng, (Plpze*iwlr‘

+ plpze_iWZTz:) + Fgrxrplng_i(wl+w2)fz:]

x A Azei(wl-l-wz)To

+ [Fop1p2 + Foy. (P1p2¢’'™ + P1pze '*2%)

+ Fgfxrplpzei(wl _CUZ)'UC]

X AjAge! @@V 0 4 ¢ ¢ (12)
Solving (12), it yields
Xp = A%lee%w] To + A%Zzzeziwﬂb + AlAllli

+ AzAzZZQ + A AzZ]ze_i(wl+w2)T0

+ Ay Agzgye’ @m0 4 e (13)

where the vectors zys’s and z5’s (r, s = 1,2) € C" are
obtained by solving (32) in Appendix A.

Substituting (11) and (13) into (10) and eliminating
the secular terms, we can obtain the equations includ-
ing DyA1 and D> A». Eliminating the coefficients of
D>A1 and Dy A; by using the left eigenvectors and
reabsorbing the parameter ¢ [6], the following bifur-
cation equations are determined:

A= Crupe A1+ Cp AT AL+ CippATA

+ Cp3A1A24s,
. 3 _ (14)
Ay = Coppe Az + Cr11A7 + C1,A1A1 A2

+ szQA%AZ’

where the expressions of the coefficients C;jx and
Ci, e are reported in Appendix B.
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To express the bifurcation equations in real form, a + l R222u3 + 1 Ryysu V2 — l 1222u2 v (17)
mixed form representation for the complex amplitudes 4 4 4
is introduced |

2 222V
1 . 1 .
Ay =—-ae?,  Ay=— jv)el0. 15 , 3 3 3
1= yae 2= 5 (utive as) o = —3ul, _Zluiaz“_ZRﬁza“v_Zliiza”2
Substituting (15) into (14) and separating the real 3

and imaginary parts in (14), the generalized ampli-
tudes and phase modulation equations are drawn

. 1 3,1 1 2
a=aR; +ZRllia +ZR112(1 u— Zlﬁza v

1 2 1 2
+ ZRlziau + ZR12Q‘“) ,

. 1 3 1 5 1 5
a9=a11+11111a +1Rﬁ2a U+Zlﬁza u
1 2 1 2
+1112§av +leziau ,

. 1 1
n=3v0 +uRy — vl + ZRma3 + ZR112“2“

16
1 2 1 3,1 2 (1o
— Zlﬁza v+ ZRZZQM + ZRDQMU
2 3
2 203U U_Z 22V

. 1 1
v=—-3ub +vRy+ulp + lella3 + ZRlizazv

1 2 1 3 1 2
+11112a M+Z 205U ‘|‘Z 222141)

+ ZRzzéu v+ ZR22QU s
where R; = Re(Cipype), Ii = Im(Cippe), Rijk =
Re(cijk) and Iijk = Im(Cijk). If a 75 0, from (162),
0 can be expressed as a function of a, u, v. Substitut-

ing 6 into (163) and (164), a set of three bifurcation
equations in standard normal form is obtained.

. 1 3,1 1 2
a:aRl—i—ZRnia —}—ZRHZCZ u— Zlﬁza v

1 , 1 )
+ ZRlzia” + ZRlzéav ,

, 3. 5, 3 3

i =3vh + 2 Ijav+ o Rijpav™ + o Iijpauv

3 3,3 2
+ 1550 +lezi“ v+uRy —vlp

4
+ZR111a +ZR112(1 M_leha v

@ Springer

=3 uv? = 215+ vRs +ul
7 lipuv = hsu +tuRy+ulp

1 3 1 2 1 2 1 3
+11111a +ZR1I2(1 U+lei2a M+le2ilzt
1 2 1 2 1 3
+ leziul) + ZRZZQM v+ ZR222U .

In order to obtain (17), we assume that a # 0, but
by observing (17), we find that a = 0 still admits
(17). If we assume that a; = |Aj| = a, ay = |Az| =
~u? 4+ v2, from (17), we obtain that

. 1 ;5 1 5 1 5
ar = Ria; + ZRllial + ZRiizalu — Zlﬁzalv
1

2
+ ZR122a1a2’

arapy = uit + v (18)

) 1 3 1 3
= Rya; + ZRma]u-l— lellalv

1 1
+ ZRlizalz“% + ZR22§“§~

Equation (18) admits the trivial solution a; =
ap = 0. However, nontrivial steady-state solutions are
possible causing monomodal or bimodal solutions.
Monomodal solution occurs when one of the two
model amplitudes vanishes. Thus, if a, = 0, namely,
u=v =0, (18,) is identically satisfied, while (18)
leads to

4R,
ap = |——.
Ryji

Similarly, if a; =0, (181) is identically satisfied, while
(18,) leads to

4R,
ay=_|———.

Ry

Finally, if a; and a; are different from zero, a bimodal
(quasiperiodic) solution exists. From (181) and (185),
we have

1
B 4a?(Risy it + Rinlipy)

1
—aiu
14
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X (—RllI[]]]ai1 —4R1T11]a%

— Ripshnajas — Rijliata;
—4Ro 111,03 — Rp3 111243),
1 1
F 4a?(Ryio 11 + Rini Iin)
x (Ri11 Ryjjaf + 4R Rinai
+ Rit1 R 30705 — Ry, Rijpa;a3
4R2R112a2 R222R112a2)
By applying the relationship u? + v* = a%, we get
1N 1V 1 ,,
(Za1u> + <Za1v) 16a1a2 (19)

By instituting %alu and %alv into (19), we can ob-
tain the relationship of a; and ay, then we can get the
region in which the bimodal (quasiperiodic) solution
exists.

3 An example

In this section, as a sample, we investigate the dynam-
ics of two van der Pol oscillators with time delay cou-
pling [19]. Our work is motivated by applications to
laser dynamics and the coupling of microwave oscil-
lators. The motion of this system is governed by the
following delay differential equations:

. 2 . 2 . .
V1 + oyt + By +yyiyi =ay(t — 1),
10 1 (20)

o + @3y + By +yy3ve =ayi(t — 7).

Letting x; = y1, X2 = y1, X3 = y2 and x4 = y7, (20)
can be rewritten as

X1 =x2,
: 2 2
Xy = —wipX1 — Bx2 +axa(t — 1) — yx7X2,
10 1 @1
X3 = X4,
X4 = —w%o)g — Bxg+axy(t —1) — yx32X4.
Linearizing (21) at 0(0, 0, 0, 0), we obtain
X1 =x2,
. 2
X2 = —wiyx1 — Bxa +axs(t — 1),
10 (22)
X3 = x4,
X4 = —w%o)g — Bxg 4+ axy(t — 7).

The characteristic equation corresponding to (22) is

(A% + Br + ) (A2 + BA + w3y) = (are 7). (23)

Supposing that 11 3 = £iw (w > 0) is one pair eigen-
values of (23), then A 4 = £3iw are also one pair
eigenvalues of (23). Substituting A = iw into (23), we
have

(w%o - wz)(w%o - ‘“2) - pro’
+ifo(wy +wy —20°)
o2o?

c0s 2wt + o*w? sin 2wr.

Separating the real and imaginary parts, we derive that
2 2\ ()2 2 2,2
(0fp — @°) (@) — @*) — P
= —a?w? cos2wrt, 24)
,Ba)(a)%o + w3y — 20%) = 0w sin201.

Similarly, substituting A = 3iw into (23) and separat-
ing the real and imaginary parts, we have

(a)lo Sw )(a)%o — 9a)2) —98%0?
= —9a°w” cos bwT, (25)
18a)2) =92’ w’

3pw(wfy + wsy — sin 6.

From (24), we obtain that
[(0fg — %) (@3y — &®) — 2‘”2]2
+[Bo(oly + 0l — 207 = (@)’ @6)
Similarly, from (27), we get that
[(0Fy — 90°) (03 — 90°) — 9:32”2]2
+ [3B0(wl + why — 180°) " = (90’0?)”.  (27)

Noticing that cos 3wt = (cos 1)’ =3 coswt(sinwr)?,
we have

9820 — (0}; — 90°) (@3, — 90?)

92 w?
_ ﬂz 2 - (w%o - wz)(wgo - w2) 3
- a?w?
S B — @l — D)@y — o)
B a?w?
B (@} + w3, — 207\
x < 1°a2w22° ) (28)
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20 | ) = —wjgX1 — Bex2 + acxa(t — T)
151

: +ogxq(t — 1) — yxfx2,
10+ !

! X3 = x4,
5t I

= ] X4 = —w3yx3 — Pexa +acxa(t — 1)

(o}

5l ’:‘ +ogxp(t —1) — yx§x4.
-10 : Then
|
18 | 0 1 0 0
‘ ‘ ‘ 1 2
205 -15 -1 05 0 05 F° —wp 000
R(A) X 0 0 0 1)’
0 0 —wy O
Fig. 1 The eigenvalues of system (21) at point (8., &, 7c) =
(0, 1.00664, 1.5233) with wjg = 1.1 and wjo = 2.9 0 0 0 0
0 0 0 0 a
.. . Fxr =
Fixing wig = 1.1 and w9 = 2.9 and solving the (26), 0 0 0 0
(27), and (28), we can obtain that w = 1.03118, 8 =0, 0 a 0 0

o = 1.00664. Substituting this values into (26) and
(27), we have

sin2wt =0, cos2wt = —1,
(29)
sinbwt =0, cosbwt = —1.
It follows that
2wt = +2jr, j=0,1,2,..., (30)
then
2
= THET o 31)
2w

Then a 1:3 resonant double Hopf bifurcation maybe
occur at point (B, o, ) = (0,1.00664,1.5233)
where j = 0. In order to verify the eigenvalue con-
dition, we show all the eigenvalues of system (21)
in Fig. 1. We can see that system (21) has two
pairs of purely imaginary eigenvalues and all the re-
maining eigenvalues A, (h > 5) have negative parts
at bifurcation point. Then the point (B, o, T.) =
(0, 1.00664, 1.5233) is a 1:3 resonant double Hopf bi-
furcation point with the frequencies w; = 1.03118 and
w) = 3w 1-

In order to obtain the neighboring solutions derived
from such double Hopf bifurcation point with 1:3 res-
onance, welet B =B, + Be, @ = ot¢ + g, T = T¢ + Te,
where f;, o and t, are very small. Then (20) can be
rewritten as

X1 =x2,

@ Springer

Using (3), we obtain that

. w%o - “’% i(“’%o - ‘0%)
pl - 17 lwl ’ ’ £
o] (72
2 2 .2 2
_ . w; — wjy (w; — o))
p2=\1,iw, , ,
o) o
) ) 2 2 2 2
_ 109 i(a; — wj + wy)) wjy — ]
ql =e1\ — s by T ) 5
w1 o2 dew]

) 2 — 2 o2 2_ 2
_ O ) i(a; —w; +wiy) 0; — oy,
Q@ =e| — 1, )

W o T e
where
o = i(xgan ’
2ol + (@i — ©})’]
iotga)z

ey = .
a2ty + @ — @3)?]

Therefore, if we let 8, = 82,38, o, = &24, and 7, =
€21, and use the same procedure as in the previous sec-
tion, we can get Cj, ue and C;ji. Substituting Cj, fe
and C;jy into (17), three bifurcation equations in real
form are obtained.

In the following, our analysis is performed around
the bifurcation point (0, 1.00664, 1.5233). For (20),
one is usually interested in the effects of variations of
either the delay t or the feedback «. Therefore, we as-
sume that 38 is fixed at 0, then we analyze the effects

of variations of 7, and &, in the (7, @)-plane. As
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Fig. 2 The cross-section 2 F ' 4
and phase portraits for 1:3 —(a) | e
resonant double Hopf r | 0
i ion: VI v
bifurcation: (a) the I H e i
cross-section at S, = 0; - > T ]
Fig. (I) to (VI): phase | J
portraits in regions (I) i
to (VI); (i) and (ii): two . 1 Vo
selected paths along which Te I ‘ |
. . . 0r I I -
the bifurcation diagrams are | !
drawn T P S _? L
L ) u ,
—1r - L v -
L E\ 4
- 11 : AN
//"' : ‘J& ]
g ii 1
-2 Cu 1 s 1 L I ( ! ) L L 1]
—10 =5 0 5 10
Qe
1 IT II
Y
az
Y v
F 3
v ' VI
¥
as ‘
'Y
al al ail

shown in Fig. 2, the classification and phase-portraits
for 1:3 resonant double Hopf bifurcation are given.
Hopf bifurcations for the state variables x appear as
divergence bifurcations for the amplitude variables
(a1, ap). The critical boundaries labeled as D; and D,
have been represented in Fig. 2(a). The (T, &, )-plane
is divided into six regions and the number and the sta-
bility of analytical solutions in regions (I)=(VI) are
displayed by a; versus az. As shown in Fig. 2, there is
a stable trivial solution E((0, 0) in region (I) which is
an amplitude death region. With (7., &) changing into
region (II), the trivial solution loses its stability and a
stable solution E|(ajg, 0) appears. When (7., &) en-
ters into region (III), the solutions (0, 0) and (ajg, 0)

still exist, and a unstable solution E> (0, azg) appears.
In region (IV), a stable nontrivial solution E3(ai2, a22)
appears together with two unstable solutions (ajg, 0)
and (0, ax). In region (V), there are three solutions
(0,0), (aip, 0) and (0, azg). In contrast with the situ-
ation in region (III), the solution (0, ayp) is stable and
(a0, 0) is unstable. In region (VI), the solution (ajg, 0)
disappears and the solution (0, ag) become stable so-
lution.

In order to have a clearer picture of the analyt-
ical predictions, in Fig. 2(a), two straight paths are
considered, along which the bifurcation diagrams of
the amplitudes a; and a, are built up. Along path (i)
(e = —0.5), a bifurcation takes place at point A and a

@ Springer



46 W. Wang, J. Xu
Fig. 3 Bifurcation 4 - 4—
diagrams along paths (i) @) (i)
and (ii) for the 1:3 3 o 3
resonance a1l N a2
2 2
1 1
0 A D 0
8 4 4 8 8 4 0 4 )
Qe e
5
(ii)
4
az 4
G
2 )
H o EIF
N 1 2 -2 -1 0 . 1 2
Te Te

stable branch E| arises, then another unstable branch
E» bifurcates from (0, 0) at point B. At point C, E;
loses its stability and an stable branch E3 occurs. At
point D, E3 collapses with E», then E3 disappears and
E3 becomes stable (Fig. 3(i)). Along path (ii) (&, = 6),
in contrast to the former path, the parameter & is fixed
and the parameter 7, is varied. The relevant bifurcation
diagrams are displayed in Fig. 3(ii). The equilibrium
paths E; and E bifurcate from point H and E, respec-
tively, are both unstable. At point F, E; bifurcates and
its stability changes, then an stable branch E3 occurs
at point F and disappears at point G. The results are in
accord with those of previous analytical predictions.

In Fig. 4, numerical simulations for the original
system in the plane of o« — 7 are given. Six regions
responding to the six regions in Fig. 2 are divided.
In regions I, the origin is stable. In regions II and III,
there is a stable periodic solution with a frequency w;
responding to the monomodal solution E(ajp,0) in
the region II and III of Fig. 2(a). In regions V and VI,
a stable periodic solution with frequency w» respond-
ing to the monomodal solution E»(0, ayp) in the re-
gion V and VI of Fig. 2(a) exists. In region IV, a stable
quasiperiodic solution exists. Obviously, the results of
numerical simulations are in accord with those of the
analysis in Fig. 2.

In this paper, there are three control parameters «,
and 7. In the following, the effects of the third control
parameter on (21) will be shown. By fixing &, = 0,

@ Springer

the dynamical behavior around the bifurcation point
are classified in the plane of ,35 — 7, (Fig. 5). In Fig. 5,
we can find that there are different dynamical behavior
when the parameter Be changes into different region.
Therefore, ,38 is a bifurcation parameter. In addition,
some numerical simulation results in the plane of § —
T of original system are given in Fig. 6. The results
of numerical simulations are in accord with those of
analytical predications. Some interesting phenomena
such as amplitude death, periodic solution, and period
three solution occur. In Fig. 7, the Poincaré map in
region IV in Fig. 6 is given. The Poincaré map has
three points and it means that the system has a period
three solution.

4 Conclusion

We have proposed an analytical method to investigate
a general n-dimensional delay differential equations
undergoing a 1:3 resonant double Hopf bifurcation. By
using MMS and truncating the analysis at the &*-order,
first-order bifurcation equations are obtained. In order
to obtain a set of three bifurcation equations in stan-
dard normal form equations, a mixed polar-Cartesian
representation for the amplitudes is used. Then the rel-
evant complex bifurcation equations are recast in real
form. By analyzing the bifurcation equations, the dy-
namical behaviors of the original system are obtained.
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Fig. 4 The cross-section ! T T ! T
and phase portraits for (21) 1.56 - 7
when B =0, Fig. (I) to [
(VI): the phase portraits in
regions (I) to (VI) I
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As an example, a pair of coupled van der Pol oscil-
lators are studied. For a suitable choice of three control
parameters, a 1:3 resonant double Hopf bifurcation
can occur. By varying the set of control parameters,
the dynamical behaviors of the system in the neigh-
borhood of the bifurcation point are investigated. By
employing the software package AUTO [20], the bi-
furcation diagrams are obtained by fixing two of the
three control parameters. Then the dynamical behav-
iors arising from the bifurcation are classified quali-
tatively in a two-parameter cross-section. The results
show the rich dynamical behaviors including the am-
plitude death, periodic solution, quasiperiodic solu-
tion and period three solution. In order to verify the
theoretical results, the Runge—Kutta scheme is adopt

to produce the numerical results. The comparison be-
tween analytical predictions and numerical results re-
veals a qualitatively excellent agreement.
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Appendix A

The vectors zys’s and z5’s (r, s = 1,2) € C" appear-
ing in (13) are obtained by solving the following equa-
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Fig. 5 The cross-section
and phase portraits for 1:3
resonant double Hopf
bifurcation: (a) the
cross-section at &, = 0;
Fig. (I) to (VI): phase
portraits in regions (I)

to (VI)
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Fig. 6 The cross-section
and phase portraits for (21)
when o = 1.00664, Fig. (I)
to (VI): the phase portraits
in regions (I) to (VI)
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Fig. 7 The Poincaré map in region IV in Fig. 6
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