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ABSTRACT. In this paper, we consider the properties of the vacuum states for
weak solutions to one-dimensional full compressible Navier-Stokes system with
viscosity and heat conductivities for general equation of states. Under weak
conditions on initial data, we prove that if there is no vacuum initially then
the vacuum states do not occur in a finite time. In particular, the temperature
variation has no immediate effects on the formation of the vacuum. There
are no assumptions on density in large sets. Furthermore, we prove that two
initially non interacting vacuum regions will never touch in the future.

1. Introduction and main result. The full compressible Navier-Stokes system
in one-dimensional space expresses the conservation of mass, momentum

pr + (pu)e =0, (1)
(pu)t + (qu + P)m =Ugq + pf7 (2)

and the balance of internal energy
(pe): + (peu), — Kby = (uy — Puy, (3)

where (z,t) € R x R"; p(z,t) > 0, u(z,t), 6(z,t) >0, P(p,0) and e(p,d) denote
the density, velocity, temperature, pressure and internal energy respectively; f =
f(z,t) € LY([0,T); LS. (R)) is an external force; u > 0 is the constant viscosity
coefficient depending on the local properties of isotropic fluid and is a measure
of the internal friction opposing deformation of the fluid; k > 0 is the constant
heat conductivity coefficient; P,e € C1([0,00)?), 25(p,0) > 0 on [0,00)2, P(p,0) is
non-decreasing with respect to p for all § > 0 and

e(p,0)=0for p>0; P(0,0)=0for 6 >0. (4)
The one-dimensional full compressible Navier-Stokes system has been investigated

by a great many authors in a large variety of contexts. For the system away from
vacuum, the local existence of a classical solution was proved by Nash in [27].
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Uniqueness had previously been obtained by Serrin in [28]. The global existence of
classical solutions was obtained in [19, 20, 21]. For initial data with discontinuity,
Hoff in [11] and [12] proved the local existence of solutions and global existence of
solutions with small initial data, and Chen-Hoff-Trivisa [4] obtained global existence
of solutions in bounded domain for large data. Besides, the reader may consult
Amosov and Zlotnick [1], Fujita-Yashima, Padula and Novotny [10], and Jiang and
Zhang [18] and the references contained therein. For the multidimensional system,
the global classical solutions were first obtained by Matsumura-Nishida [26] for
initial data close to a non-vacuum equilibrium.

In the present of vacuum (i.e. p may vanish), Cho and Kim [6] constructed
a local strong solution, as long as a suitable compatibility condition is satisfied
initially. It should be note that solutions of the Navier-Stokes equations show certain
instabilities when vacuum states are allowed even for isentropic case (see Hoff-Serre
[13]). Moreover, there is no a priori estimate on the temperature for vacuum states
generally, and it is not clear how to set up the problem when concerning this physical
dependence on temperature. By now, most results about global well-posedness of
the full Navier-Stokes equations are limited to the existence of solutions with special
pressure. More precisely, for specific pressure laws excluding the perfect gas, Feireisl
in [9] got the existence of so-called “variational” solutions in dimension N > 2, where
the temperature equation is satisfied only as an inequality. This work is the first
attempt towards the existence of weak solutions to the full compressible Navier-
Stokes system for large initial data with vacuum. Later on, for a very particular
form of the viscosity coefficients depending on the density, Bresch and Desjardins [2]
obtained global weak solutions in T? or R3. Recently, Huang and Li [15] establish
the global existence of classical and weak solutions to the 3D full compressible
Navier-Stokes system with small energy but possibly large oscillations. For more
related problems, please refer to [8, 16, 17, 22, 23, 24, 25, 29].

It is still open whether the global solutions with possible different states at
x = oo exist for Cauchy problem of 1D full compressible Navier-Stokes equations
containing vacuum with general pressure. In this case, investigating the dynamics
of vacuum states is one of the most important aspects in studying the weak solu-
tions and the regularity of solutions. Hoff-Smollar [14] showed that if there is no
vacuum initially, the weak solutions to one-dimensional compressible Navier-Stokes
equations do no exhibit vacuum states for special “potential energy density”. And
for N(> 3) dimensional spherically symmetric compressible Navier-Stokes system,
Xin-Yuan [30] obtained the same result, which holds in the region away from the
origin. This is one of several important differences between the Navier-Stokes equa-
tions and the inviscid Euler equations, for which vacuum states may in fact occur
for large initial data and for certain equations of state (see [3, 5]).

Our main purpose here is to investigate the dynamics of vacuum states for weak
solutions to one dimensional full compressible Navier-Stokes system with viscosity
and heat conductivity (1)-(3). We prove that either near or away from z = +oo, the
vacuum states cannot appear provided there is no initial vacuum. We remove the
restriction on the quantity “potential energy density” in [14], and only assume that
the mass and energy densities of the fluid is integrable. There are no other constrains
on the pressure P except the second principle of thermodynamics and the results
hold for the solutions possibly having different states at x = +oo. Furthermore, we
prove that two separate vacuum regions will never meet each other in the future.

First, let us define the weak solution of problem (1)-(3).
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Definition 1.1. We say that (p,u,0) is a weak solution of (1)-(3) on R x [0, 7]
provided that, p, pu and pe(-,-) are in C([0,T]; H,,}(R)) with (p,6) nonnegative;
p(-, 1), pu(-,t) and pe(-,t) are in Lj, (R) for each t € [0,T]; P,pu?, pue(-,-), 0:(-,),
ug and (P — pug)u, are in LY ([—L, L] x [0,7T]) for every L. And for all test functions
¢ € C3(R x R),

[2) to
tl tl
[2) to
/pwp :/ /[PU(% +upy) + (P — pug) o, + pfoldzdt, (6)
tl tl
and
ta to
/pecp = / /[pe(soz Fupy) — (P — pug)ugp — k0zpz]dadt, (7)
t1 tl

for all t1,t2 € [0,T].

We assume that the mass is locally finite for all t. That is, for any L > 0, there
is a constant C' = C(L) such that

/L p(-,t)de < C(L), forallte[0,T). (8)
-L

Also, we assume that
ue L'[0,T); Li,.(R)), wu, € L'([0,T); L}, (R)).

loc

In particular,
u(,t) € Ly (R), ug(-t) € L (R)  for almost all ¢ € [0, 7. (9)

Then we assume that, there is a constant C' = C(L) and a positive function v(t) €
L([0,T)) such that, for all L > 0 and almost all ¢ € [0, 7],

L
[ Jul e < (1+ D10, (10)
I 3
( / ui<x,t>d:c> < (14 IV hy(8), (11)
L
and
L 2
( / L[p<u2+e>1dw) < (HC(L). (12)

Finally, we assume that the momentum is locally finite, that is, for every L > 0,
L
/ (plul)(z,t)dx < C(L), for almost all ¢ € [0, 7. (13)
—L

Remark 1. If the total energy is strengthened slightly to be locally finite for all
t, we can replace the right side of (12) by some constant C' = C(L) > 0 for all
t. Then the assumption (13) follows immediately from (8) and (12); that is, finite
local mass and energy would imply finite local momentum. Moreover, if the states
of the initial data Uy = (po,uo,00) at * = too are defined by Ur = (py,usx,01),
we fix a smooth function U(x) = (p(z),u(z),6(z)) satisfying U(x) = Us, (£x > 1)
such that AUy = Uy — U € L?(R), as in [11, 12]. Then the assumptions (10) and
(11) hold as long as u — @(x), u; belong to L'([0,T]; L?(R)), which are satisfied by
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the solutions constructed in Theorem 1.3 in [11], Theorem 1.2 in [15], and more
general.

Now, we state our main results:

Theorem 1.2. Let (p,u,8) be a global weak solution of (1)-(4) satisfying assump-
tions (9)-(11). If [, p(x,0)dz > 0 for every open set E C R, then for any
t € (0,400), it holds that

2L -L
/ plz,t)de >0 and / p(x,t)dx > 0, (14)
L —2L

for all L € (L*(t),+00), where

L*(t) = max {1,01 (/Ot’y(t)>4} , for some Cy > 0. (15)

Remark 2. The above theory shows that if there is no vacuum initially, then the
vacuum states can only possibly occur in a finite set in the future. We also note
that in [14], Hoff and Smoller assumed that p cannot be close to zero on a too large
set; i.e., they defined a “potential energy density” function G and assumed that

G(p,x,t) > Cgl, for some Cy > 0,
and there exist some constants C; > 0 and 6 € [0,1), such that

zro+L
/ G(p,xz,t)de < Cy + 9(3’071[/7 for all g, L € R.
x

0

In this paper, we remove the restriction on “potential energy density” and Theorem
1.2 holds for general one-dimensional full compressible Navier-Stokes system.

Based on Theorem 1.2, we have

Theorem 1.3. Let (p,u,0) be a weak solution of (1)-(4) on R x [0,T] satisfying
assumptions (9)-(13). If

/ p(x,0)dz >0 (16)
E
for every open set E C R, then

/ plx,t)dz >0
E

for every open subset E C R and for every t € [0,T].
The next observation is about vacuum appears on two or more open intervals.

Theorem 1.4. Let (p,u,0) be a weak solution to (1)-(4) on Rx [0, T] with any T <
400 satisfying assumptions as in Theorem 1.3. If there exist constants a;,b;, i = 1,2
such that

—00 < a1 <b; < as < by < 400,

bl b2
| o000z = [ p(0.23dz =0,
a

1 as
bo+e

b1
/ p(0, z)dx > 0, / p(0,x)dz >0, for all e € (0,400),
al—eE

az
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and

bi+e b2
/ p(0,z)dz > 0, / p(0,x)dz >0, for alle € (0,az — by).
a

1 ag—¢&
Then there exist y;(t), z;(t) € C0,T], i = 1,2, such that
yi(()):ai, ZZ(O):I)“ i:1,2,
—0o < y1(t) < 21(¢) < y2(t) < 22(t) < +o00, Vi€ [0,T],

with the following properties:

Z1 (t) Zg(t)
[ st = [ platyiz =0,
y1(t) y2(t)

z1(t) zo(t)+e
/ p(x,t)dz > 0, / p(x,t)dz >0, for any € € (0, +00),
y1(t)—e y2(t)

z1(t)+e z2(t)
/ p(x,t)dz > 0, / plx,t)dx >0, for any e € (0,y2(t) — z1(t)),
y1(t) y2(t)—e

for allt €10,T7.
In particular,

y2(t) az
z1(t) b1

Remark 3. Our results also allow the possibility that U, have different states at
x = to00. Also, the proof in the following sections shows that the temperature has
no immediate effect on the dynamic of vacuum states.

The paper is organized as this. In section 2, we show that the flow velocity glows
at most linearly and an estimate on the evolution of a vacuum interval is given. In
section 3, we investigate the vacuum states at © = oo and prove Theorem 1.2.
In section 4, we focus on the properties of vacuum states and prove Theorem 1.3
by contradiction argument. In section 4, we investigate two vacuum states without
interaction and prove Theorem 1.4.

2. Preliminary Lemmas. In this section, we list two elementary facts which are
useful for later analysis.

Lemma 2.1. Let (p,u,0) be a global weak solution of (1)-(3) satisfying assumptions
(9)-(11). Then, w € L*([0,T; L;S.(R)); in fact, there is a constant C > 0 such that
for any L > 0,

[uC )l (—r,2) < CY(E)(L + 1)
for almost all t € [0,T], where (t) is the same as in assumptions (10)-(12).
Proof. For any L > 0, we choose &1(x) € C§°(R) such that
0 S £L S ]-a
ISzl < C,
€L = 1a HARS [_L7LL
&L =0, |$|ZL—|—1.

()
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From hypothesis (9), u(-,t) € H} .(R) for almost all ¢ € [0, T], pick such a ¢. Then,
we have

[uCs Ol oo (—r,L) =ess  sup |u(z, )€ (2)]

z€[—L,L]
=ess  sup / 3y(§L(y)U(y7 t))dy’
z€[-L,L] |J—L-1

S/L_l |€'L(2~/)u(y,t)|dy+/_L_1 €L (y)uy (y, £)|dy

—L L
<c [ julwtldy+ [ w0l
~L-1 ~L-1

—L L
SC/_L_l lu(y, t)|dy + C(1+ L2) </—L—1 |uy (y,1)] dy)
<C(1+ L)y(b),

1
2

where in the last inequality, we use the hypothesis (10) and (11). O

Based on Lemma 2.1, we can give an estimate on the evolution of an open interval
of vacuum states.

Lemma 2.2. Let (p,u,0) be a global weak solution of (1)-(4) satisfying assumptions
(9)-(11). For t; < T and suppose that p(-,t1) = 0 a.e. on an open interval (a,b)
with —0o < a < b < oco. Let

t1 b—a
toiﬁ%eﬂmz/ﬂwﬁwmww<ig}
t

t b—a
to = sup {t S [tlyT} :/ ”u('aS)HL"O(avb) < 2 }

Then to < t1 < ta, and for any t € (tg,t2), p = 0 on the interval

<a+‘/°|umpoawds b—k/ ull o (o) )

Proof. Since the positive function v(t) is integrable, Lemma 2.1 and the definition
of to, to show that tg < t1 < ta.

Now suppose t > t1; the proof for ¢t < ¢ is similar, so it will be omitted. Let u®
be the usual spatial regularization of u. Then for almost all ¢ € [t1,T],

and

[ulloo = [[u%]| Lo (amepte) < Nullzoeap) = llulloo-

Now for fixed 6 € (0, (b — a)/6), define the smooth monotone function w=® by

ed _ ||u6||007 T < bJrTa - 5;
w(%”_{—mww v> by

and the smooth function ¥’ (x) by

0, T >b—9;
W(z)={ 1, a+20<z<b—26;
0, r<a+d,
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where ¥ is increasing in (a4 d, a4 26), and decreasing in (b — 26,b— §). Moreover,
let ¢° be the smooth solution of the problem

) _ .
{¢>t+w be =0, >ty a8)

¢('7t1) = \I}6~

Consider the curves x2 = z5(t), defined by

dr __ ,.ed
{dt w-, (19)

x|y, =r, reR

Set
Vi ={(z,1) : —oo <z < xf (1), t € [t1,T]},
V2 :{(I,t) : IZ+6(t) <zr< I(EH-Z(S(t)? te [tlvT]}7
Vs ={(2,1) : 25105(t) <@ <j_o5(t), t € [t1,T]},
Vi —{(.%‘,t) : xi726(t) <r< ‘Tlavfé(t)v te [tlvT]}7
Vs ={(z,t) : 25_5(t) < x < +o0, t € [t1,T]}.

It is easy to check that

0, (z,t) € ViU Vs;
s (l‘,t) S va7

—_

¢56($,t) = {
and
>0, (z,t) € Vay

¢;5 <0, (.’ﬂ,t) € Vy; (21)
=0, otherwise.

Thus ¢%° is a test function for the weak formulation of solution of (1)-(3). In

particular, from (5) we have
/ / 0 4 ug)dedt

/ pcb”
:/a / U —w ¢55da:dt

Since p(z,t1) = 0 a.e. on (a,b), we have

b—§ b—46 t
[ oo = [ [ ot~ woidsas
a+9d a-+0 t1

(22)
+ / / uf )¢ dadt.
(1 t]
Now we define 7°° by
=5 - a+b - a+b
T =supqt € [t1,T]: x5 05(s) < — = 0, xp_os5(s) > +0,Vs € [t1,t] ¢ .
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Without loss of generality, we may assume that z ., s(T%°) = ath

estimate 7°° from (19) that

— ¢, then we

. Tsé
b2a—35:(“;b—5)—(a+25):/ wdt
t1

Taé Taé
S N
t] tl
Now, we define T° by

T° —sup{te t,T / l]] oo <
then 7<% > 79,

Next, we will show

p(t) =0 ae. onls, forallte [t;,T°), (24)

where I5(t) = (a + 264 [} fulloos b—26— [ ||u||oo>.
To see this, first, if ¢ € [t1,T°], then t € [t;, T=°]. So from (20),(21),(22) and the
definition of w®?, we have

/a / uf — w*) ¢ dadt < 0. (25)

Secondly, for the term f f o P (u — u®) ¢ dxdt, we differentiate (18) with respect
to x and get

d)mt + wﬂsd)fcx = 7w;6¢xa t> tl;
Then alone the characteristics, we have
630 (w(t),1) = W (a(ty) e~ o MR (26)
Next, by the definition of w®®, we see that
w3’ (-, 5)] < CE) ][4 oo < C(O)]|u]|oos

where C'(§) — +o0 as 6 — 0, and thus by (26),

162l < C1(0),

where C4(0) is a constant only depending on ¢ and Cy(d) — 0 as 6 — 0. Hence
from (8) and note that for almost all ¢ € [t1,T], u(-,t) € H} (R), we have

t b6
/ / plu — uf) ¢ dadt
t1 Ja+d

T
scu®[|mu>—u OMlaollp( Ol (arsosy e

T
scw@Tmu®/|mmw—muMMﬁ

t1

T
§6C(a,b,T)Cl(§)/ [l (-, t)|| grdt

ty
—0 ase—0.
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That is
b—5
lim / p(u — u®) gl dadt = 0. (27)
e—0 a+6 t
Now, from (20), (22) and (25)-(27), we get

Tm | pet)dz — Tm / (p6°) (2, )
s e—0 Is

e—=0Jr
b—4

< lim (p¢=)(x,t)dx <0, t€ [t1,T7],
e—0 a+6

then (24) is proved.
If now t € (t1,t2), then j;tl ulloe < 25%, and thus there exists a & € (0, %5%)
such that if 6 € (0, ), then

t

l[ulloo <
ty

For such 6, (23) implies that ¢ < T° and then p(-,t) = 0 for almost all € I5(t).
Letting 6 — 0, we get that p(-,¢) =0 a.e. on

t t
(a+ vmm,b—/‘mtm)
tl tl

for all ¢ € [t1,t2], thus the proof is completed. O

b—a

— 40.

3. Non formation of vacuum near z = £oo. In this section, by Lemma 2.1 and
Lemma 2.2, we can show that if there is no vacuum initially, then there will be no
formation of vacuum state near infinite.

Proof of Theorem 1.2. We only prove the case that x is positive, the negative part
is similar. If L > 1, as in Lemma 2.1, we can choose £, (z) € C§°(R) such that

0<¢&r <1,

&Ll < CL1/2,
ér=1, ze[-L,L);
&, =0, |z|>3L/2.

{r(x) =

Then, we have

lu(-,t)| oo (—r,0) = €ss  sup |u(xz, )¢ ()]
z€[—L,L]

T

=ess sup ~9y(€r(y)uly, t)dy
we[-L,L] |J—3L
L L
< [ et olay+ [l w.0ldy

[N

L L
gCL—l/Q/SL Ju(y, H)ldy + CL* (/ |uy(y,t)2dy>

3L 3L
2 2

< Cry(t)(1+ L)
< CLiy (1),
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t t
3
/ lullmzom) < / lull = (2p) < 25CL
0 0

for all t € (0,400) and L € (1,+00). Let
t 4
L*(t) :mam{1,64804 </ 7(s)ds> } (29)
0

t
2oL o) [ s < L0)3 (30)
0
for all t € (0,400). We claim that for any t € (0, +00),

2L
/ p(x,t)dz >0

L
for all L € (L*(t), +o00) with L*(¢) defined by (29). In fact, if (14) is not true for
some tg € (0,+00) and some Lg € (L*(¢g), +00), then p(x,tg) = 0 a.e. on (Lg,2Lyg).
Then Lemma 2.2 shows that p(-,t) = 0 a.e. on

N[

/ +(s)ds, (28)
0

then

to to
(Lo+/ lull oo (£o,2L0)> 2L0—/ ||UL<>°(L0,2LO)) (31)
t t
for all ¢ € [t«,to], where
to LO
te = inf{t € [O,to] : / Hu||Loo(L072LO) < 2}. (32)
t
It follows from (28) and (30) that
to s 3 to L L
| IOl oyt <2teri [awa< <2 @)
0 0

for all Ly € (L*(tg), +00). Combining (31)-(33) yields that 0 € [¢., to], that is
po(z) = p(x,0) =0

for almost all « € (Lo + 42, 2Lo — £2). This contradicts [, p(z,0)dz > 0 for any
open set £ C R. We finish the proof of Theorem 1.2. O

4. Vacuum away from infinity. In this section, we focus on the properties of
vacuum states and prove Theorem 1.3 by contradiction argument. Let (p,u,e) be a
weak solution of (1)-(3) on R x [0, 7] satisfying assumptions (9)-(13). We suppose
that p(-,¢1) = 0 a.e. on (a,b), where, Theorem 1.2 implies —0co < a < b+ oo. The
interval (a,b) and the time ¢; will be fixed in the rest of the argument.

Let ty be as in the statement of Lemma 2.2, and define for ¢ € (tg,t1),

y(t) = inf {x 2 p(,t) =0 a.e. on (z, a4 ;_ b)} , (34)
z(t) = sup {z: p(,t) =0 a.e. on (a;rb,x)}, (35)

and
y(t1) =a, =z(t1)=h. (36)

We start with some elementary estimates and regularity properties for the curves
x =y(t) and x = z(t).
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Lemma 4.1. There exists a constant hg = ho(a,b) > 0 such that y(t) and z(t) are

absolutely continuous functions on [ty — ho,t1], and

ap < y(t) <a; < by < z(t) < by,

whereaoza—b*Ta, alza—i—bfT“, blzb—bfT“ and by = b + =2

3 -

Proof. First, from Lemma 2.2,
b—a _ a+b b b—a
2 2 2
for all t € [to,t1], where t( is as in Lemma 2.2. Let

w(t) = max{z (), ~y(t)} = 0,

then w(t;) = max{b, —a} and

t1 t1
[ Ol g pgey < [ Tty
—h

t1—h t1

y(t) <a+ < z(t)

ty

< C@u(t) +1) / A(t)dt,

t1—h
where C is a constant as in Lemma 2.1. Choose hg = ho(a,b) > 0 such that

b b—a
C(2w(ty) + 1)/ ~(t)dt < )
tl_hU 4
so that
[ ol <boa
ug-, co(atb pib—a .
t1—ho EEER o) 4
Then we can prove that for all t € [t; — ho, t1],
b
At <b+—2

(37)

(40)

(41)

In fact, if (41) fails then z(t) > b+ 25% for some t € [t; — ho,t1). Due to (38),
one gets that p(-,£) = 0 a.e. on (%’b,b + b_T“) Applying Lemma 2.2 we obtain

p(,t) =0 a.e. on

a+b K b—a !
( B +/t ||u||Loo(“T“’,b+"*T“)vb+ B _/t ||u||Loo(“§b,b+b2“)>

for all ¢ € (t,¢), where

- _ t b—a
t=supqtetT]: \ HU||LOO(:1T%’Z7+b—Ta)< 5 (-

Using (40) we have ¢, € (¢,%), then p(-,t1) =0 a.e. on

a+b b b—a b
5 ) Ml ppogey, 0 5= = | Ml g gy )

This contradicts (35) and (36) since
h—

a h
5= | Weliage gy >

Similarly, we have a — %% < y(t). Moreover,

b+

t1 t1 t1 bia
[ o < [ Nl < [ Tl s < 2
t

ti—ho t1—ho
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for all ¢ € [ty — ho, t1], then (37) holds.
Next, we can prove that y(t), z(t) are absolutely continuous by definition and
follow the ideas in [14]. O

Let S be defined as the set of all ¢ > 0 such that there exist extensions of y(t)
and z(t) to [t,t1] with the following three properties:

1. y(t) and z(¢) are absolutely continuous on [t,#;];
2. y(t ) (t) on [t,t1];
3. fy p(z,s)dz and fz(s)+€ (z,s)dx are both positive for all ¢ > 0 and

s € [t, t1 and fz(())p (z,8)dz = 0.
It follows from Lemma 4.1 that S is not a empty set and thus let
T =inf S. (42)

Concerning 7, according to Lemma 2.1, Lemma 2.2 and Lemma 4.1, we have the
following result.

Lemma 4.2. y(t) and z(t) have absolutely continuous extensions to time 7, y(7) =
z(7), and there exists an L = C' (max{—ag,bo} + 1) > 0 for some constant C' > 0,
such that for allt € [1,t1], —L < y(t) < 2(t) < L, where ag, by as in (37).

Proof. The proof is similar to Lemma 2.4 in [14]. For any t € (7,t1], y(t) and z(t)
are absolutely continuous on [¢,¢1], and y(t) < z(t) for all ¢ € [t,¢1]. Therefore for
any t € [t,t; — %], Lemma 2.2 shows that there is an h = h(t) > 0 such that

C'/ s)ds < (43)
and if |s — t| < h, then p(-,s) =0 a.e. on the interval

t t
(y(t)+ / lul Lo (—20(t),20(8)) | » 2(t) — / [l oo (—20(t),200(¢))

where C is as in Lemma 2.1, hg = ho(a,b) is as in Lemma 4.1 and w(t) is defined
by (39). Thus

t
z(s) - / ||u||L°°(—2w(t),2w(t))
and
y(s || oo (—20(t) 20 (8)) |
then we get
w(s) > w(t) — |l Loo (—20(¢), 200 (4))
S
t
>w(t)—-C / 'y‘ (2w(t) + 1)
St t
> (1—20 / 'wa(t)—C / 'y‘.

Thus for |t — s| < h(t), we have

0<w(t) < (1+20

[ fosel o]
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for some positive constant C'. On the other hand, let

dF) = inf |y(t) — =) > 0. (45)

te(t,t1]
Choose constants A, B depending on ¢ and t, such that
—2w(t) <y(t) < A< B < z(t) < 2w(t)

and

(A= y(0) + () - B) < §.

If h(t) is further reduced, it follows from the continuity of y(¢) and z(¢) that if
|s —t| < h, then

ly(s) —y@) <|A—y()] and |z(s) = 2(t)] < |B = 2(t)],
which means
—2w(t) < y(s) < A< B < z(s) < 2w(t).

For such s, using Lemma 2.2, we find that there exists a ¢ = o(t) depending on
%, such that if s <5< s+ o, then p(-,5) =0 a.e. on

( / ||UHL°°( 2w(t),2w(t / ||U||L<><> —2w(t),2w t)))

We can further reduce h(t) so that h(t) < o(¢). Thus if t — h(t) < s < ¢, then
s<t<s+h(t) <s+o(t), and we may take s =t to obtain

w(t) > w(s / llwll Loo (—20(t),200(2)) A1
and then

wl(s) < wlt) + C@w(t) + 1) (/t 7> . (46)

We now cover the interval [t,¢; — —] by finitely many intervals By, (s;), where
$1> 83 > -+ > s, and h; = h;(s;) as above with h; < 22 that is

ho
£, tl—?] C Ul (sj = hy, 85+ hy),
te (sp — hp,sp + hyp),

h
t1 — ?0 c (81 —h1,81 +h1)

If 7 € Bp,.,(sj41) N Bp,(s;), then by (46),

w(si1) < w(ry) + C2(r) + 1) ( I 7) ,

) [w(sj) +C

also from (44),

Tj Tj
/s /o
Sj Sj

0 <w(ry) < (1—!—20

|
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Tj Sj t
w(sjt1) < (1 +2C 7) (1 + 20/ 7) [wl + C/ 7]
Sj+1 Tj S

then

_ ; (47)
+1+2C y / ~,
Sj+1 s
which gives
_ - s; t
w(sp) < w(sjy1) < H 14+ 2C ~ 1+20/ ~ [wl—i-C/ 'y]
j=0 Sj+1 Tj S
p—1p—1 s t
+ZH<1+2C ><1+2C/ 7)/7
k=0 j—k S5+1 7 s
Now if £ 4+ -+ €4 = ¢, and each ¢; > 0, then
e\ ¢
[[a+e) < <1+ ) < e
q
Therefore,
w(sp) < 28[ 51 +C/ +ep/7
T 48
Sezfo [( )+C/’y+ef0 /’y (48)
0 0

< C'w(s1) +1),

for some constant C’. As s; € [t1 — ho,t1], by Lemma 4.1, we can bound w(sy)
independent of ¢, and so (48) bound w(t) on [t,t,] for all ¢ € (,t;], independent of
t. Thus there exists
L = C' (max{—ag,bo} +1) >0,
such that
—L<y(t) <z(t) <L, forallte (r,t],

where ag, by as in (37).

Next, we will show that y(¢) and z(¢) are uniformly continuous on the interval
(7,t1]. Let € > 0 be given. Choose § > 0 such that if 0 < s < ¢t < T and |s —t| < 4,

then
/ ||UHL<>C( L,L) < =

Now, if ¢ € (7, 1], we can find h(t) > 0 such that 1f |t — s| < h(t), then

/ ||u||Loo(—L,L) .

Now fix s < t with |s—#| < § and s,t € (7,t1], then [s, t] is covered by UN_, By, (sk),
2

|2(s) — 2(t)] <

51 < 83 < --- < sy, where s; + %’ > 841 — hjgl and h; < § for each j. Then
|sjr1 — 85| < % <max{h;,hjt1} <. Thus

Sj+1
/ lall e r.0)) -
:

J

|2(s5) — 2(s54+1)| <
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Now if for some j and k, s € Bﬁ(sj), te Bhfk(Sk), then
2(s) = 2()] < [2(8) = 2(85) ] + [2(s541) = 2(85)[ + - + |2(sx) = 2(D)]

S]+1 t
S/ / / lull oo (—,1y| +

||UHL<>O(7L,L)
k

S

t
/ lull e ony £ 2| [ lullimopy| +2 / T
Sk
< € n 2e n 2e
-+ —+ ===
5 5 5

It follows that y(¢) and z(t) have absolutely continuous extension to time 7. To
complete the proof, we have to show that y(r) = z(7). Otherwise, y(7) < 2(7),

and if 7 = 0, then fz((T) p(z,0)dx = 0 which contradicts the assumption (16); or if

7 > 0, then 7 would not be the minimal, since we can do the absolutely continuous
extensions of y(¢) and z(¢) to time 7 — h(7) for some h(7) > 0. O

Now, we define the vacuum region V' by
V={(z,t): yt) <z <z(t),r <t <t1}. (49)
The function u in V has following representation:
Lemma 4.3. Let (p,u,0) be a global weak solution of (1)-(4), then

u(z,t) = a(t)z + (1)
for all x € (y(t),z(t)) and almost all t € (7,t1], where a(t) € L}, ((7,t1]) and
B( ) € Lloc((T’tl])‘

Proof. This can be seen formally from the equation (2) and we omit the details. [

Based on Lemma 4.2 and Lemma 4.3, we can estimate the growth of x = y(¢)
and x = z(t) more precisely.
Lemma 4.4. It holds that
dz dy
=< -z >
o az+ B and 7 >ay+p (50)
for almost all t € (7,t1].

Proof. The proof can follow the idea of Hoff-Smoller [14] and Duan-Zhao [7]. O

Remark 4. Lemma 4.4 shows that integral curves of u which start in V' must
remain in V on (7,t1]. In fact, fix wy € (a,b) and for 7 < t < 1, w(t) is defined by
dw

PR (51)

w(tl) =w; <b= Z(tl).
Then by Lemma 4.4, we have

d(z —w)
——=< - .e.
o <a(z—w) ae.,

(z—=w)(t1) =b—wy > 0.

Thus .
0< 2(t1) —wy < el (z(t) —w(t)),
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so that w(t) < z(t); similarly, we have w(t) > y(t). That is
y(t) <w(t) < z(t) forallt e (7,t4]. (52)

Corollary 1. It holds that
t1
lim a(s)ds = +oo.
t—T1 t
Proof. For a < wy < ws < b and the corresponding function w;(t)(i = 1,2) defined
by (51), we have

A (®) = wa®) _ (1) = wa(t)) + B

dt
wy(t1) — wa(t1) = w1 — w,
then
wy () — wa(t) = (wy — wa)e™ " A, (53)
From (52), lim;,,(w1(t) — wa(t)) = 0 and (53) gives that lim; . fttl a(s)ds =
~+00. O

We now complete the proof of Theorem 1.3.

Proof of Theorem 1.5. Let c(t) = wy(t) < wa(t) = d(t) be two curves defined by
(51). Then 0 < d(t) —c(t) — 0 as t — 7. Let w® = (a®(t)x + B°(t))x(z), where
af, B¢ are regularizations of « and § and x(z) is a smooth function defined as
following:

sptx(z) C (a,b),
} = (a1,b1), where (a1,b1) C (c(t1),b) and a1 < d(t1),

Define the smooth function () by

sptp(z) C (a1,b), where b > b,
{2 :¢(x) =1} = (az,by), where a; < ay < d(t;) and b < by < b,
0 <¢x) <1

Now let ¢° be the solution of the initial value problem

{ ¢t + wa(bw = 07
¢ (t1) = ¥(x),

then ¢° is a smooth compactly supported function. Consider the curves a2 = z5(t)

defined by
dx
{ Ezws, t € (1,t1],
x(t1) =7, r€0,+00),
Set

Vi = {(x,t) sy, (t) <w <, (t),te (T,tl}},

Vo = {(:E,t) L, () <x < ai(t),te <T,tl]}.
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Then spt¢:, is contained in Vi and V5 with the corresponding characteristics ¢ =
afx + B¢ and & = 0 respectively. Thus from (6), we have for 7 < t < 11,

ty
/ pud®
t

do = [ [ (pu(65 + u65) + (P = )65 + pf o] o
(54)
— [ tputu— w9105+ (P = ) + o) o

Now, first ‘fpu¢5|zl dz‘ < C by (13), where C is independent of ¢. Then the term
Uf pfqﬂ is bounded because of the regularity of f and (8). Also, since p = 0 a.e.

on Vi,
t1
/ / pu(u — w®)og = 0.
|

In V5, w® =0 and ¢5 YE, then in view of (

v / /‘/quwm

Next, by the assumptions (4), (9)-(12) and Definition 1.1, we have

//VP 1)) 62 // (IP| + plua ) ibe] < C.

Finally, since P(0,6) = 0, we have

//le ptig ) //Vluuqus
t1 pd(t)
/ /(t)
=—/t a(s)(67(d(s), 5) — °(c(s), 5))ds

= /ttl pe(s),

because ¢(t1) < a1 < az < d(t1) and thus ¢°(d(s),s) =1, ¢°(c(s),s) = 0. Then by

(54)
[ ats)] - ‘//‘/I(P—uux)ﬁ

t
pug® + ’// pu(u — w)ds + pfos (55)

" \//%(Puux)m
C

where C' is independent of ¢. Letting ¢ | 7, (55) contradicts Corollary 1. We finish
the proof of Theorem 1.3. O

pulu — w)gg| = < C(t1,7).

dx

Remark 5. It is clear that if the vacuum states appear on an open interval initially,
then the interval of vacuum state will persist in time. In fact, if p(z,0) = 0 a.e.
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on (a,b) C R, we can define y(t), z(t) and set S as before for ¢ € [0,T] with any
T < +00, and let
7 =supS. (56)
Then from the proof of Theorem 1.3, we get
—L<y(t) <=2(t) <L, foralltel0,7) and some L > 0;

y(t), z(t) have absolutely continuous extensions to time 7 and are uniform contin-
uous on [0,7). Now if y(7) = z(T), we obtain Corollary 1 which contradicts (55),
which means the momentum is locally finite. Thus y(7) < 2(7) and 7 = T, since
otherwise 7 < T, then 7 would not be the maximal.

5. Vacuum states on two intervals. In this section we show that two initial
non interacting vacuum regions will never meet each other in the future.

Proof of Theorem 1.4. According to Remark 5, we see that the curves y;(t), z;(¢),
1 = 1,2 are absolutely and uniformly continuous functions. Also, by Lemma 4.1,
there exists ho = ho(as, b;) > 0 such that for any ¢ € [0, ko], we have

by — by —
1 a1<b171 ai

—oo < y1(t) < a1+ < z1(t)

by — by —
2 (12<b272 a2

<y2(t) < ag + <2’2(t) < +00

since by < az. Suppose ya(t) > 21(t) is not true for some t € (hg, T, let
t =inf{t € (ho,T]: y2(t) = z1(¢)}

as the set is not empty. Thus p(-,#) = 0 a.e. on (y1(%), 22(f)), then there exists
0 < h(t) < ho, such that

t d
L Dl comom < §
t

h(D
where w(t) = max{—y(t), z2()} and
a=win{ int [0~ 20l it 1) - 20| (57)

Here d > 0 because of Remark 5. Then p(-,t) =0 a.e. on

d d
(yl@ T 2(t) — 4>
for all t € (¢ — h(¢),t). We can reduce h(t) so that if |t — €| < h(f), then
d d
() -2 < ¢ and |ya(t) - 1) < 2.
and then
d d d d
yi(t) + 1< z1(t) — 1< z1(t) and  ya(t) < ya(t) + 1< 2o(t) — 1
This shows that p(-,t) = 0 a.e. on (21(t),y2(t)) for all t € (¢ — h(¢),t) which leads

to the contradiction since ¢ is the minimum. Thus for all ¢ € [0, 7], we have
—00 < y1(t) < z1(t) < ya(t) < 22(t) < +o0.
Next, we will show (17). We first set

R - %(yi(t) +at), =12
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Moreover, for any ¢ € [%,T) one can find a small positive constant (t) > 0 such
that if |s — | < h(t), then
d
lyi(s) — wi(O)] + |2i(s) — z(t)] < 7 t=L2
where hg = ho(a;, b;), d are constants defined in (57). Thus let
_ _ d d
(1) = [B(1) — © B (1) + ) [t h(o), 1+ h(1)]

and
Vi={(z,t): yi(t) <z <z(),0<t<T}
then
Q) cv, i=1,2
Next, we can cover [hg,T] by Ute[hTO’T) (t — h(t),t + h(t)), then there exist {t;}},
and {hj}f’:l such that

0<ti <ty <---<tn,

[ho,T} C Uévzl(tj - hj,tj + hj), where hj = h(tj),

ho € (t1 — h1,t1 + h1),

T e (tN —hn,tn + hN) n [07’11}7
and UL, Q5 C Vi, QEnQi, ) # 0, where

i i d d

Q](t) = Rj(t) — Z’Rj(t) =+ 1 X [tj — hj,tj + h]}

with R;- = R(t;), j=1,2,---,N, i =1,2. Now denote Qf by

; b; —a;
0= |a; + a

4

bi—ai
,bi— 1 :| X [O,ho],

then QY C V%, i =1,2. Choose ¢° € C§°(R) such that 0 < ¢" <1,

b, —
0, z€(—00,a;+ — al]
b1 — by —
@) ={ 1 vl - a2
bo —
0, z¢€l[by— 24a2,+oo).

It follows from (5) that
/ p¢’
R

y2(t) az
/ p= / p(0,z)dx, for all t € [0, ho].
z1 (t) by

Now fOI‘j =1,t,—hy € [O,ho}, then

y2(t1—h1) asz
/ p= / p(0,z)dz, for all t € [0, ho).
z1(t1—h1) b1

t

t
:/ /(pu¢>g+p¢?), for all ¢ € [0, ho),
0 JR

0
thus
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Define ¢! € C§°(R) by 0 < ¢!(z) <1 and

d

07 IE(*OO,R%fz]

d d

P (x) =< 1, xG[R%Jr*,R%—Z]

0, z€[R?+ T +00).

Thus (5) shows that

/ 2
R t1—hy

y2(t) y2(t1—h1)
/ p(z,t)dx z/ p(x,t1 — hy)dx
z1(t) z1(t1—h1)

t

¢
z/ /(pud)}c+p¢%), for all t € [ty — hi,t1 + ha],
ti1—h1 JR

that is

az
:/ p(0,x)dz, forallt € [t; — hi,t1 + hi].
by

Repeating the above process shows that

y2(t) az
/ plx, t)dx = / p(0,z)dz, for allt e [0,T].
Zl(t) by

We finish the proof of Theorem 1.4. O

Remark 6. If we choose the smooth function s(x) in Remark 1 to be monotone
and assume (p — p(x)) € L*([0,T], L*(R)) for some a > 1, then we can bound
(y2(t) — 21(t)) from below. To see this, from (17) we have

/zyz(t)(/’(x,t) — p(x))dx + /yz(t) pz)dx = /a2 (0, z)dz,

1(t) Zl(t) b1
and
y2(t) y2(t)
| ot = pande < [ e t) - pla)ldo
21(t) z1(t)
_ a=1
< |lp = pllo (o, 1720 r)) (Y2(t) — 21(2)) =

a—1

= C(y2(t) — 21 () =,
where C = ||p — [_)HLOC([07T];LQ(R)). Then

a _1
| pl0.0)d < Claat) = 21(6)* + max{py.p-Ya(t) = 51)
for all ¢t € [0,T]. If there exist some ¢ € [0, 7] such that y2(t) — z1(£) < 1, then

a2 —1
p(0,z) \
( ~ C’ > < yQ(t) - Zl(t) <1,
where C" = max{C, py, p_}. Otherwise, (y2(t) — z1(¢)) > 1, then
ba12 p(0, z)dz

I < ya(t) — 21 (1)
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Thus

" p(0.2))

Yy2(t) — 21(t) > min . c

) 1 )

where C" = max{||p — pl| ([0, 1), (R))s P+, p—} for all t € [0, T] with 7" > 0.

Acknowledgments. The authors would like to express their sincere thanks to
Professor Zhouping Xin for his interests in this work. Zhen would like to thank
Professor Tao Luo for stimulating discussions. The first author is supported by
Priority Research Centers Program through the National Research Foundation of
Korea (NRF) funded by the Ministry of Education, Science and Technology grant
2012047640. The second author is supported by the National Science Foundation of
China (NSFC) grant 11171223 and the Fundamental Research Funds for the Central
Universities grant 2012121005.

[1]

2]

3]

[4]

[5]
[6]
7]
(8]
[9)

(10]

(11]

(12]
(13]
(14]
15]

(16]

REFERENCES

A. Amosov and A. Zlotnik, A semidiscrete method for solving equations of the one dimen-
stonal motion of a non homogeneous viscous heat conducting gas with nonsmooth data, Izv.
Vyssh. Uchebn. Zaved. Mat., 41 (1997), 3-19.

D. Bresch and B. Desjardins, On the existence of global weak solutions to the Navier-Stokes
equations for wviscous compressible and heat conducting fluids, J. Math. Pures Appl., 87
(2007), 57-90.

T. Chang and L. Hsiao, “The Riemann Problem and Interaction of Waves in Gas Dynamics,”
Longman Scientific and Technical, Harlow; copublished in the United States with John Wiley
and Sons, Inc., New York, 1989.

G. Chen, D. Hoff and K. Trivisa, Global solutions of the compressible Navier-Stokes equations
with large discontinuous initial data, Comm. Partial Differential Equations, 25 (2000), 2233—
2257.

G. Chen and J. Glimm, Global solutions to the compressible Euler equations with geometrical
structure, Comm. Math. Phys., 180 (1996), 153-193.

Y. Cho and H. Kim, Ezistence results for viscous polytropic fluids with vacuum, J. Differential
Equations, 228 (2006), 377-411.

R. Duan and Y. Zhao, A note on the non-formation of vacuum states for compressible Navier-
Stokes equations, J. Math. Anal. Appl., 311 (2005), 744-754.

D. Fang and T. Zhang, Compressible Navier-Stokes equations with vacuum state in one
dimension, Comm. Pure Appl. Anal., 3 (2004), 675-694.

E. Feireisl, “Dynamics of Viscous Compressible Fluids,” Oxford University Press, Oxford,
2004.

H. Fujita-Yashima, M. Padula and A. Novotny, équation monodimensionnelle d’un gaz
vizqueux et calorifére avec des conditions initiales moins restrictives, Ric. Mat., 42 (1993),
199-248.

D. Hoff, Global well-posedness of the Cauchy problem for the Navier-Stokes equations of
nonisentropic flow with discontinuous initial data, J. Differential Equations, 95 (1992), 33—
74.

D. Hoff, Discontinuous solutions of the Navier-Stokes equations for compressible flow, Arch.
Ration. Mech. Anal., 114 (1991), 15-46.

D. Hoff and D. Serre, The failure of continuous dependence on initial data for the Navier-
Stokes equations of compressible flow, STAM J. Appl. Math., 51 (1991), 887-898.

D. Hoff and J. Smoller, Non-formation of vacuum states for compressible Navier-Stokes e-
quations, Comm. Math. Phys., 216 (2001), 255-276.

X. Huang and J. Li, Global classical and weak solutions to the three-dimensional full compress-
ible Navier-Stokes system with vacuum and large oscillations, preprint, arXiv:1107.4655.
X. Huang, J. Li and Z. Xin, Global well-posedness of classical solutions with large oscilla-
tions and vacuum to the three-dimensional isentropic compressible Navier-Stokes equations,
Comm. Pure Appl. Math., 65 (2012), 549-585.


http://www.ams.org/mathscinet-getitem?mr=MR1480303&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2297248&return=pdf
http://dx.doi.org/10.1016/j.matpur.2006.11.001
http://dx.doi.org/10.1016/j.matpur.2006.11.001
http://www.ams.org/mathscinet-getitem?mr=MR0994414&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1789926&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1403862&return=pdf
http://dx.doi.org/10.1007/BF02101185
http://dx.doi.org/10.1007/BF02101185
http://www.ams.org/mathscinet-getitem?mr=MR2289539&return=pdf
http://dx.doi.org/10.1016/j.jde.2006.05.001
http://www.ams.org/mathscinet-getitem?mr=MR2168431&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2005.02.065
http://dx.doi.org/10.1016/j.jmaa.2005.02.065
http://www.ams.org/mathscinet-getitem?mr=MR2106295&return=pdf
http://dx.doi.org/10.3934/cpaa.2004.3.675
http://dx.doi.org/10.3934/cpaa.2004.3.675
http://www.ams.org/mathscinet-getitem?mr=MR2040667&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1283358&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1142276&return=pdf
http://dx.doi.org/10.1016/0022-0396(92)90042-L
http://dx.doi.org/10.1016/0022-0396(92)90042-L
http://www.ams.org/mathscinet-getitem?mr=MR1088275&return=pdf
http://dx.doi.org/10.1007/BF00375683
http://www.ams.org/mathscinet-getitem?mr=MR1117422&return=pdf
http://dx.doi.org/10.1137/0151043
http://dx.doi.org/10.1137/0151043
http://www.ams.org/mathscinet-getitem?mr=MR1814847&return=pdf
http://dx.doi.org/10.1007/s002200000322
http://dx.doi.org/10.1007/s002200000322
http://arxiv.org/pdf/1107.4655
http://www.ams.org/mathscinet-getitem?mr=MR2877344&return=pdf
http://dx.doi.org/10.1002/cpa.21382
http://dx.doi.org/10.1002/cpa.21382

2564 BEN DUAN AND ZHEN LUO

[17] S. Jiang and P. Zhang, On spherically symmetric solutions of the compressible isentropic
Navier-Stokes equations, Comm. Math. Phys., 215 (2001), 559-581.

[18] S. Jiang and P. Zhang, Global weak solutions to the Navier-Stokes equations for a 1D viscous
polytropic ideal gas, Quart. Appl. Math., 61 (2003), 435-449.

[19] Y. Kanel, The Cauchy problem for equations of gas dynamics with viscosity, Siberian Math.
J., 20 (1979), 208-218.

[20] A. Kazhikhov, On the Cauchy problem for the equations of a viscous gas, Siberian Math. J.,
23 (1982), 44-49.

[21] A.Kazhikhov and V. Shelukhin, Unique global solution with respect to time of initial-boundary
value problems for one-dimensional equations of a viscous gas, J. Appl. Math. Mech., 41
(1977), 273-282.

[22] H. Li, J. Li and Z. Xin, Vanishing of vacuum states and blow-up phenomena of the compress-
ible Navier-Stokes equations, Comm. Math. Phys., 281 (2008), 401-444.

[23] P. Lions, “Mathematical Topics in Fluid Mechanics. II. Compressible Models,” The Clarendon
Press, Oxford University Press, New York, 1998.

[24] T. Luo, Z. Xin and T. Yang, Interface behavior of compressible Navier-Stokes equations with
vacuum, SIAM J. Math. Anal., 31 (2000), 1175-1191.

[25] Z. Luo, Local existence of classical solutions to the two-dimensional viscous compressible
flows with vacuum, Comm. Math. Sci., 10 (2012), 527-554.

[26] A. Matsumura and T. Nishida, The initial value problem for the equations of motion of
viscous and heat-conductive gases, Math. Kyoto Univ., 20 (1980), 67-104.

[27] J. Nash, Le probleme de Cauchy pour les équations différentielles d’un fluide général, Bull.
Soc. Math. France., 90 (1962), 487-497.

[28] J. Serrin, On the uniqueness of compressible fluid motions, Arch. Ration. Mech. Anal., 3
(1959), 271-288.

[29] Z. Xin, Blowup of smooth solutions to the compressible Navier-Stokes equation with compact
density, Comm. Pure Appl. Math., 51 (1998), 229-240.

[30] Z. Xin and H. Yuan, Vacuum state for spherically symmetric solutions of the compressible
Navier-Stokes equations, J. Hyperbolic Differential Equations, 3 (2006), 403-442.

Received June 2012; revised March 2013.

E-mail address: bduan.math@gmail.com
E-mail address: 11uozhen@gmail.com


http://www.ams.org/mathscinet-getitem?mr=MR1810944&return=pdf
http://dx.doi.org/10.1007/PL00005543
http://dx.doi.org/10.1007/PL00005543
http://www.ams.org/mathscinet-getitem?mr=MR1999830&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0530493&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0651877&return=pdf
http://dx.doi.org/10.1007/BF00971419
http://www.ams.org/mathscinet-getitem?mr=MR0468593&return=pdf
http://dx.doi.org/10.1016/0021-8928(77)90011-9
http://dx.doi.org/10.1016/0021-8928(77)90011-9
http://www.ams.org/mathscinet-getitem?mr=MR2410901&return=pdf
http://dx.doi.org/10.1007/s00220-008-0495-4
http://dx.doi.org/10.1007/s00220-008-0495-4
http://www.ams.org/mathscinet-getitem?mr=MR1637634&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1766564&return=pdf
http://dx.doi.org/10.1137/S0036141097331044
http://dx.doi.org/10.1137/S0036141097331044
http://www.ams.org/mathscinet-getitem?mr=MR2901319&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0564670&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0149094&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0106646&return=pdf
http://dx.doi.org/10.1007/BF00284180
http://www.ams.org/mathscinet-getitem?mr=MR1488513&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2238736&return=pdf
http://dx.doi.org/10.1142/S0219891606000847
http://dx.doi.org/10.1142/S0219891606000847
mailto:bduan.math@gmail.com
mailto:lluozhen@gmail.com

	1. Introduction and main result
	2. Preliminary Lemmas
	3. Non formation of vacuum near x=
	4. Vacuum away from infinity
	5. Vacuum states on two intervals
	Acknowledgments
	REFERENCES

