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DISCUSSION ON ONE ALGORITHM FOR MAPPING THE RADIATION
DISTRIBUTION ON CONTAMINATED GROUND

Ruirui Liu,*† Kathryn Higley,† and Xinzhi Liu*
Abstract—Recently, due to progressions in radiation detection sys-
tems, the capability to monitor radiation on the ground by
employing detection systems high above the ground has been de-
veloped. Therefore, how to map radiation distributions on the
ground based uponmeasured data in air is an important question.
One kind of reconstructing algorithm for solving this problem is
introduced in this paper. This algorithm reconstructs the radio-
logical contamination distribution through solving the detection
response factors equation set (DRFES). The study shows that
the reconstructing algorithm performs well when the detection
height is lower than 50 m. Through this algorithm, the ability to
reconstruct the scope of contamination magnitude on the ground
by using themeasurement data obtained in the air has been estab-
lished. The algorithm discussed in the paper has the potential to
be used in emergency monitoring and nuclear decontamination.
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INTRODUCTION

ONE IMPORTANT task for responding to radiological and nu-
clear accidents is emergency monitoring; effective emer-
gency monitoring can help first responders handle the
situation more properly and safely. Obtaining the radiation
distribution on the contaminated ground can help the first re-
sponders to set up different response zones. With this, it is
clear why proper measurements and analysis of the radiation
distribution on the ground play a key role in emergency
monitoring. There are various types of scenarios that have
a need for emergency monitoring; for example, a terrorist at-
tack by detonation of radiological dispersal devices (RDD),
a radiological accident (IAEA 1988), or a nuclear acci-
dent in a nuclear power plant (Sanada et al. 2014). Further-
more, apart from the initial measurements, how to map
the radiation distribution on the contaminated region accu-
rately during the decontamination mission stage deserves re-
search attention.

Recently, a lot of research has been completed for the
development of monitoring systems, such as the develop-
ment of monitoring systems based on unmanned aerial vehi-
cles (Okuyama et al. 2005; Pollanen et al. 2009; Bogatov
et al. 2013) and the development of vehicular ground-
based monitoring systems (Long et al. 2004). However, little
attention has been paid to the development of accurate and
powerful radiation mapping algorithms based upon the mea-
surement data acquired by these monitoring systems.

During monitoring, the vehicle-mounted and plane-
mounted monitoring systems were used to measure the radi-
ation in the air. However, sometimes the radiation distribution
on the ground bears more valuable function for emergency
zoning and post decontamination. Therefore, how to recon-
struct the radiation information (i.e., surface activity) based
upon the radiation information in the air deserves research
attention. In this work, an algorithm was developed to re-
construct the radiation surface activity from the radiation in-
formation in air. The overall development for this specific
algorithm is below.
DEVELOPMENT OF THE ALGORITHM

Assumptions and parameter optimization
In order to develop this algorithm, some reasonable as-

sumptions were made. They are as follows:

• the assumption that the radiation is distributed in one
finite plane surface;

• the neglect of radiation measurement contribution from
the suspended airborne radioactive particles; and

• the fact that each measurement was taken with the detec-
tor maintained at a fixed location on ground.

The reason for neglecting the suspended airborne ra-
dioactive particles is that those particles will drop down to
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26 Health Physics July 2015, Volume 109, Number 1
the ground after a reasonably long time due towet or dry de-
position, and also the natural background airborne radioac-
tivity due to cosmic rays and radon decay is quite small
compared to the radioactivity of interest in the survey. The
method proposed in this work is basically for a helicopter-
mounted detection system, since the helicopter can stop in
one specific location, just measure the radioactivity in that
location, and move to the next location when current mea-
surement is finished.

There are numerous monitoring schemes for use; how-
ever, the easiest one is moving the detector following pre-
defined square grids as shown in Fig. 1. As displayed in
Fig. 1, i and j are the indexes used to describe grid G, so
G(i, j) is a specific point on the grid, and W is the width of
grid distance. In this monitoring scheme, the detector will
measure the radiation in the air at the grid points following
the defined monitoring route. For instance, the detector will
make a measurement at locationO and, once completed, will
move to the next measurement point in the grid where the
next radiation measurement will be obtained. During the
field monitoring, the vehicle will move at a specific speed,
allowing the detector to actually measure just at the grid point
if the measurement time cycle has been set up appropriately.

It is important to note that the uniform rectangular grid
proposed in this method is idealized, because positioning
the measurement platform is not easily controlled in a real
situation. However, the applicability of this method will
not deteriorate, since the measured data could be interpo-
lated to create a rectangular grid mathematically, although
the flying platform did not follow the rectangular grid lines.
These post-measurement interpolated rectangular grid data
could also be used to reconstruct the radiation distribution
based on this method.

During monitoring, the detector is working at a certain
height above ground; suppose the height is h (as shown in
Fig. 1. The measuring grid distribution.
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Fig. 2) and the grid width is W. The grid width determines
the reconstructed resolution for surface activity, which also
in turn determines the monitoring cost, since more grids
means more monitoring time and radiation exposure risk
for the monitoring system operators. Therefore, it is worth-
while to optimize the grid width based upon the detection
height and reconstruction resolution. As shown in Fig. 2,
suppose the surface activity concentration is A0/m

2; then the
activity in an infinitesimal area ds is A0ds. Since ds = rdrdφ,
then the count rate measured from an activity emitted in
area ds is

dN
�¼ A0rdrdφΩ rð Þε

4π
e−uR; ð1Þ

where Ω(r) is a full detection solid angle for this infinitesi-
mal area, R is the distance from the infinitesimal area to the
detector, μ is the air attenuation factor, and ε is the intrinsic
efficiency of the detector. Since the detector usually is high
enough above the infinitesimal area, one can simplify that
the detector is circular. According to the geometry shown
in Fig. 2, the full detection solid angle is

Ω rð Þ¼2πð1−
ffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2þa2

p Þ; ð2Þ

where r is the lateral distance from detector, h is the detector
height from ground, and a is the effective detector radius.
With this, the count rate from this infinitesimal radioactive
contaminated area is

dN
�¼ A0ε

2
rð1−

ffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2þa2

p Þe−u
ffiffiffiffiffiffiffiffiffi
r2þh2

p
dφdr: ð3Þ
Fig. 2. Detection layout.
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27Mapping radiation distribution c R. LIU ET AL.
If the lateral distance is x, then the total count rate is an
integration of eqn (3):

N
�
xð Þ¼πA0ε∫

x

0rð1−
ffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þh2þa2

p Þe−u
ffiffiffiffiffiffiffiffiffi
h2þr2

p
dr: ð4Þ

Also, it is noteworthy that the build-up factor was not con-
sidered in eqn (4) since the build-up effect on the count rate
will be canceled out in eqn (5).

In order to determine the optimized grid width W, it is
best to define a saturation distance L. This saturation dis-
tance L can be solved from eqn (5) coupled with eqn (4):

R Lð Þ¼ N
�
Lð Þ

N
� ∞ð Þ ¼90%: ð5Þ

Since the detector is symmetrical with the distance r, then
the grid width should be determined by eqn (6):

W¼2L; ð6Þ
where R(L) is the saturation ratio, Ṅ(L) is the count rate
when the detection region radius is L, and Ṅ(∞) is the count
rate when the detection region radius is infinitely long. It is
reasonable to consider that 90% is enough statistically to
represent the measurement contribution from the infinite
detected area, since the remaining 10% represents the con-
tribution by the remaining area out to an infinite distance
from the detector.

It is noteworthy to mention that in real field monitor-
ing, the number (such as 90%) of the saturation ratio could
be adjusted according to the measurement work assessment.
The larger the saturation ratio, the larger the grid width will
Fig. 3. Saturation ratio vs. lateral distance from detector (for 137Cs contami
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be. Less measurement work will be needed since there will
be less monitoring track for a specific monitoring area. This
is understandable from a mathematical perspective. On the
other hand, the smaller the saturation ratio, the smaller the
grid width. Then more measurement work will be needed
since there will be more monitoring track for a specific
monitoring area; however, the more accurate distribution
data could be reconstructed numerically.

Here, taking an unmanned vehicle-mounted monitoring
system as an example, the relationship between saturation ra-
tio and lateral distance from the detector was analyzed and is
shown in Fig. 3. In this example, one can assume that the
surface contamination is 137Cs and the effective radius of
the detector is 5 cm. Fig. 3 displays that the saturation ratio
distribution is different when the detector height from
ground is different. The higher the detector is, the shorter
the saturation distance is. During fieldmonitoring, the mon-
itoring crew can determine the detection grid width by ana-
lyzing the saturation distance. The detection grid width
should not be set up to be wider than two times the saturation
distance; otherwise, some of the contaminated area on the
ground will not be detected. The grid width can be set up as
narrow as two times the saturation distance; however, the
finer grid means higher detection costs (i.e., detection time).

Development of detection response factors equation
set (DRFES)

Note the following: gridG(i, j) is the grid at ith row, jth
column; Ṅ(i, j) is the count rate recorded at position (i,j) on
the grid as read by the detector; and A(i, j) is the activity in
the ground at grid position (i,j). Through the analysis of ex-
perimental results, it was found that the count rate at each
nation).
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28 Health Physics July 2015, Volume 109, Number 1
grid point is determined by the radiation activity at all indi-
vidual grid points, which was mathematically illustrated in
eqn (7). The authors denote f I ;Ji;j as the response factor for
grid position G(i, j) to the detector when the detector is
above the grid at G(I, J). With this, it is known that the re-
sponse factor presented is nothing but the total efficiency
of the detector. For the count rate data in all grids, one can
get following equation set:

N
�
11¼f 1;11;1 A11þf 1;11;2 A12þ…þf 1;1n;n Ann

N
�
12¼f 1;21;1 A11þf 1;21;2 A12þ…þf 1;2n;n Ann

……

N
�
ij¼f i;j1;1A11þf i;j1;2A12þ…þf i;jn;nAnn

……

N
�
nn¼f n;n1;2 A11þf n;n1;2 A12þ…þf n;nn;n Ann :

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð7Þ

If the above equation set is written in matrix form, it
looks like this:

N
� ¼F:A; ð8Þ

where

N� ¼

N
�
11

N
�
12

⋮
N
�
ij

⋮
N
�
nn

2
6666664

3
7777775
nn�1

; A¼

A11

A12

⋮
Aij

⋮
Ann

2
6666664

3
7777775
nn�1

; F¼
f 1;11;1 f 1;11;2 … f 1;1i;j … f 1;1n;n

f 1;21;1 f 1;21;2 … f 1;2i;j … f 1;2n;n
⋮ ⋮ ⋮ ⋮

f n;n1;1 f n;n1;2 … f n;ni;j … f n;nn;n

2
6664

3
7775
nn�nn :

In equation (7), vector Ṅ could be obtained by mea-
surements, while the response factor matrix, F, could be ob-
tained by experimental measurements or analytical methods.
Experimental measurements may get more accurate re-
sponse factors for the detector; however, this specific meth-
odology is more complicated and time consuming for
emergency monitoring. Because of this increase in time con-
sumption and overall complication, a simple solution that
takes both accurate performance and time limitations will
be provided in this paper.

According to the geometry of the grid, the distance be-

tween grid points G(i, j) and G(I, J ) is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i−Ið Þ2þ j−Jð Þ2L

q
.

When the detector is above grid point G(i, j) [and since the
grids maintain space translation symmetry, if any two grid
points whose distance to grid point G(i, j) are equal], then
the response factors of these two grid points are equal. Math-
ematically, the relationship could be displayed as eqn (9):

f I ;Ji;j ¼f 1þ i−Ij jð Þ; 1þ j−Jj jð Þ
1;1 ; ð9Þ

where f I ;Ji; j is the response factor for grid G(I, J ) when the
detector is above grid point G(i, j), and f 1þ i−Ij jð Þ; 1þ j−Jj jð Þ

1;1 is
the response factor for grid G 1þ i−Ij j; 1þ j−Jj jð Þ when the
www.health-phy
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detector is above grid point G(1,1). So if the values of the
first column of the response factor matrix were obtained,
then all the other elements of the response factor matrix
could be obtained based on calculation.

The authors define that Ωi; j
1;1 is the full detection solid

angle for the detector when it measures the radioactivity at
grid point,G(i, j), while above grid pointG(1,1). This yields

f i;j1;1¼
Ωi;j

1;1

4π
η; ð10Þ

where η is the intrinsic efficiency of the detector. The dis-
tance between grid G(1,1) and grid G(i, j) was found to

be r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i−1ð Þ2þ j−1ð Þ2L

q
. If one takes the effective radius

of the detector as a, based on eqn (2), one gets

f i;j1;1¼
1
2
ð1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i−1ð Þ2L2þ j−1ð Þ2L2þh2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i−1ð Þ2L2þ j−1ð Þ2L2þh2þa2

q Þη ð11Þ

According to eqn (11), one can derive the response factors
of all other grid points when the detector is just above grid
point G(1,1). Furthermore, one can also get the elements of
the response factor matrix according to eqn (9). Below are
the results for an unmanned vehicle-mounted monitoring
system with the following properties: the intrinsic efficiency
of the detector is 100%, the effective detector radius is 5 cm,
the detector is 20 m above ground, the grid width is 1 m, and
the number of grids in each track is 100. The response fac-
tors are shown as Fig. 4.

Since the response factor matrix F was obtained, in the
case of real emergency monitoring, if the count rate vector Ṅ
can be obtained, matrix eqn (8) can be solved in order to ob-
tain the activity vector, A. From the activity vector A, the ra-
dioactivity distribution on the ground can be known. In a
real monitoring situation, the dimension of matrix F is very
large. Also, it is noteworthy to point out that the response
factor matrix F is always ill-conditioned, since the condition
number of matrix F is quite large (the condition number is
around 1013 when L = 1 m, h = 50 m). Therefore, how
to solve this restrictive system quickly and accurately is
a key problem (Xue et al. 2000; Salahi 2008). In this refer-
enced work, the equation solver GMRES in Matlab (The
MathWorks 2013) is used in order to solve the matrix equation.
SIMULATION FOR ALGORITHM VERIFICATION

Simulation for measurement
Due to the lack of a real monitoring system to experi-

mentally test the algorithm, a computer simulation was used
in this work. The basic idea is simulating the detection pro-
cess in order to get measurement data. Then using the recon-
struction algorithm discussed, the activity on the ground can
sics.com
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Fig. 4. Response factors.

Fig. 5. The exposure model geometry.

29Mapping radiation distribution c R. LIU ET AL.
be reconstructed. Though the computer simulation is not
real monitoring, it is reliable enough toverify the algorithms
discussed previously. According to previously conducted
research, measurement data can be simulated using convo-
lution theory (Lu et al. 2002). For a point source, the count
rate at distance r is

N
� ¼ AΓ

r2
; ð12Þ

where Γ is the constant and is equal to the total efficiency for
the detector, which is 1 m from a point source. For the sur-
face activity distribution A(x, y, 0), one can build the follow-
ing infinitesimal model as shown in Fig. 5. The count rate at
point (x1, y1, h) by this infinitesimal gamma source is

dN
�
x1; y1; hð Þ¼ ΓA x; y; 0ð Þdxdy

x−x1ð Þ2þ y−y1ð Þ2þ 0−hð Þ2 : ð13Þ

So

N
�
x1; y1; hð Þ¼∫

þ∞

−∞ dy∫
þ∞
−∞

ΓA x; y; 0ð Þ
x−x1ð Þ2þ y−y1ð Þ2þh2

dx: ð14Þ

Note thatH x1; y1; hð Þ¼ Γ
x21þy21þh2

is the system response func-
tion for the monitoring system. Mathematically, one can
write the exposure rate at (x1, y1, h) as a two-dimensional
convolution. It is

N
�
x1; y1; hð Þ¼A x1; y1; 0ð Þ � H x1; y1; hð Þ: ð15Þ

In real measurement, the measurement noise should be con-
sidered. In this work, this issue was addressed by adding a
noise term, so eqn (15) could be adjusted as

N
�
x1; y1; hð Þ¼A x1; y1; 0ð Þ � H x1; y1; hð Þþε; ð16Þ
www.health-phy
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where ε is the measurement noise. The white noise was con-
sidered in this work, and it is created easily by Matlab.

So the following equation set is obtained:

N
�
x; y; hð Þ¼A x; y; 0ð Þ � H x; y; hð Þþε

H x; y; hð Þ¼ Γ
x2þy2þh2

:

8<
: ð17Þ

In this work, the authors mathematically produce an activity
distribution function A(x, y, 0) and detection system re-
sponse function H(x, y, h). Using these calculations for the
convolution using eqn (15) to get the simulated count rate
distribution, Ṅ(x, y, h) can be completed.

A different distribution function, A(x, y, 0), can be pro-
duced according to the requirements of the simulation; for
instance, the circular uniform surface distributions were pro-
duced mathematically in this work to simulate the surface ra-
dioactive contamination on the ground.
sics.com
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30 Health Physics July 2015, Volume 109, Number 1
Simulation results and discussion
Fig. 6 displays the simulation results when the algo-

rithmwas used for reconstructing the single ground contam-
inated area. The simulation parameters are as follows:
effective detector radius 5 cm, grid width 1 m, detection
height 20 m, and detection area 100 � 100 m2. In this sim-
ulation, one can assume that there is a circular 137Cs con-
taminated area with a radius of 10 m on the ground as
shown in Fig. 6a. Knowing this convulsion theory can be
used to produce the simulated measurement distribution in
air when the detection height is 20 m as displayed in Fig. 6c.
This effectively shows that it is difficult to tell how the
ground contamination is distributed precisely no matter
the contamination magnitude and scope. However, Fig. 6d
shows that the algorithm performs well in determining the
contamination magnitude and scope on the ground. Also,
the algorithm can tell the exact location of the contaminated
area on ground. As for the magnitude difference between
the proposed activity (displayed in Fig. 6a) and recon-
structed activity (displayed in Fig. 6d), the difference is

105−0:96� 105
�� ��

105
� 100%¼4%:

Fig. 7 displays the simulation results when the algo-
rithm was used for reconstructing the single ground
Fig. 6. The simulation results for a single contaminated area (h = 20 m).

www.health-phy
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contaminated area. The simulation parameters are the same
as the simulation parameters shown in Fig. 6 except for the
fact that the detection height is 50 m. In this simulation, one
can assume that there is a circular 137Cs contaminated area
with a radius of 5 m on the ground as shown in Fig. 7a.
Fig. 7c shows that the measurement data will be distrib-
utedmuchmorewidely than the actual contamination distri-
bution on ground, so it is very hard to tell how the ground
contamination is distributed precisely regardless of the con-
tamination magnitude and scope. However, Fig. 7d shows
that the algorithm cannot perform well in telling the con-
tamination magnitude, and the reconstructed contamination
scope was wider than the actual contamination distribu-
tion. One can know that the algorithm can tell the location
of the contaminated area on the ground. As for the magni-
tude difference between the proposed activity (displayed in
Fig. 7.a) and reconstructed activity (displayed in Fig. 7d),
the difference is

105−7:5� 103
�� ��

105
� 100%¼92:5%:

Figs. 8 and 9 show the simulation results when the al-
gorithm was used for reconstructing two ground contami-
nated areas. The simulation parameters are the same as the
simulation parameters shown in Fig. 6. In this simulation,
sics.com
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31Mapping radiation distribution c R. LIU ET AL.
one can assume that there are two circular 137Cs contami-
nated areas with radii of 5 m as shown in Fig. 8a. Fig. 8c
shows that the measurement data will be distributed on a
much wider scale than that of the actual contamination dis-
tribution on the ground. Furthermore, the two contaminated
areas were overlapping in the measurement data as shown in
Fig. 9c, so it is very hard to tell precisely how the contami-
nation is distributed on the ground regardless of the contam-
ination magnitude and scope. However, as displayed in
Figs. 8d and 9d, the algorithm performswell to tell that there
were two separate contaminated areas on the ground and the
contamination scope and location were reconstructed cor-
rectly. Also, the reconstructed contamination magnitude is
near the actual contamination magnitude (slightly smaller
than the actual). Figs. 8 and 9 show that the algorithm is able
to reconstruct the contamination location on the ground cor-
rectly when there are two contaminated areas on the ground.
As for the magnitude difference between the proposed ac-
tivity (displayed in Fig. 8a) and reconstructed activity
(displayed in Fig. 8d), the difference for these two contam-
ination areas are

5� 104−1:06� 104
�� ��

104
� 100%¼78:8%
Fig. 7. The simulation results for a single contaminated area (h = 50 m).

www.health-phy
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4� 104−8:2� 103
�� ��

4� 104
� 100%¼79:5%;

Fig. 10 shows the simulation results when the algorithmwas
used for reconstructing the two ground contaminated areas.
The simulation parameters are the same as the simulation
shown in Fig. 6. In this simulation, one can assume that
there are two circular 137Cs contaminated areas with radii
of 5 m as shown in Fig. 10a. Fig. 10c shows that the mea-
surement data will be distributed much more widely than
the actual contamination distribution on the ground and that
the two contaminated areas overlap in the measurement data
as shown in Fig. 10c.With this, it is very hard to tell how the
contamination is distributed on the ground precisely, regard-
less of the contamination magnitude and scope. In this sce-
nario, the algorithm cannot separate the two contaminated
area as shown in Fig. 10d; however, the algorithm performs
well in that the reconstructed contamination magnitude is
around the actual contamination magnitude, which is a little
bit smaller than the actual one. As displayed in Fig. 10d, the
algorithm can reconstruct where the highest contamination
is located, so based on this information, it can tell the con-
tamination location roughly. As for themagnitude difference
between the proposed activity (displayed in Fig. 10a) and
sics.com
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Fig. 8. The simulation results for two contaminated areas (h = 20 m).
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reconstructed activity (displayed in Fig. 10d), the difference
cannot be simply determined since two contamination areas
cannot be separated by algorithm.
Fig. 9. The simulation results for two contaminated areas (h = 20 m; displa

www.health-phy
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It is important to know that the boundary condition is a
vanishing boundary; for instance, the proposed contamina-
tion distribution was idealized as being circular as displayed
yed in plane).
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Fig. 10. The simulation results for two contaminated areas (h = 50 m).

33Mapping radiation distribution c R. LIU ET AL.
in Figs. 6, 7, 8, 9, and 10. It is an idealized condition com-
pared to real measurements, since the real measurements do
not vanish and can have substantial magnitude due to envi-
ronmental radioactivity. A proper way to address the differ-
ence between the examples and real measurements could be
expanded by measurement data interpolation so as to get a
pseudo-idealized vanishing boundary condition. This could
be finished by a trivial computation workload, so there is
no substantial reason for the application of this method to
the real measurements.
CONCLUSION

In this study, one kind of reconstruction algorithm
was developed that can be used in nuclear emergency mon-
itoring and decontamination monitoring situations. Due to
a lack of in-field testing systems, computer simulations
were used to verify the performance of the proposed algo-
rithm. According to the results discussed, it is known that
the algorithm performs well in mapping the contamination
on the ground based upon the measurement data obtained
by the above-ground detection system. The results show that
the algorithm also has its disadvantages. For instance, its
performance becomes worse when the detection height is
over 50 m. However, current emergency detection systems
www.health-phy
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mounted on small, unmanned helicopters usually can fly
lower than 50 m. That being said, the algorithm proposed
here still qualifies for continued research efforts to be used
in in-field radiation monitoring situations.
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