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a b s t r a c t

In this paper, the fixed point theory combined with a monotone iterative technique is used
to investigate the unique positive solution of a boundary problem for nth-order nonlinear
impulsive singular integro-differential equations of mixed type on an infinite interval in a
Banach space. The conditions for the existence of a unique positive solution are established.
In addition, an explicit iterative sequence for approximating the solution of the boundary
value problem is derived together with an error estimate. Furthermore, the conditions of
the theorems can be easily verified.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction

The theory of impulsive differential equations has been emerging as an important area of investigation in recent years,
because its structure has deep physical interpretation and practical motivation and is based on realistic mathematical mod-
els [1–3]. However, the theory for impulsive integro-differential equations in Banach spaces has yet to be developed [4–14].
Most of the previous work in this area only discussed the first-order and second-order equations [4,9–12,14]. Recently, in
[6–8], Guo discussed the existence of solutions, multiple solutions and extremal solutions for nth-order nonlinear impulsive
integro-differential equations with nonsingular arguments in Banach spaces by using the fixed point theory, fixed point in-
dex theory and upper and lower solutions together with the monotone iterative technique. Guo also discussed, in [5], the
existence of positive solutions for a class of nth-order nonlinear impulsive singular integro-differential equations in Banach
spaces by means of the fixed point theory for completely continuous operators. The problem of uniqueness of solution has
been investigated by many scholars. However, most of the recent work in this area only discussed initial value problems
(IVPs) on bounded domains. Recently, for a special case where the IVP has no impulsive and singular arguments, Liu [15]
established a unique solution for the IVP by the monotone iterative technique with coupled upper and lower quasi-solutions.
A similar conclusion was also obtained by Liu [16]. But one of the requisite assumptions in [5–8,13,15,16] is that the forcing
function f in the equation must satisfy some compactness-type conditions, which as we know is difficult and inconvenient to
verify in abstract spaces. Recently, Liu got a unique solution for a first-order IVP with no singular arguments by the mono-
tone iterative technique with only an upper (or a lower) solution [14]. The same conclusion was also obtained by Xu in [9,10]
and Liu in [11,12] by applying the Banach fixed point theorem.
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Although various results for IVP of nonlinear impulsive integro-differential equations have been obtained, few results are
available for the unique solution of boundary value problems (BVPs). For the case where there do not exist impulsive argu-
ments, Guo [6] investigate the unique solution of a BVP for second-order nonlinear nonsingular integro-differential equa-
tions of mixed type on an infinite interval in a Banach space. However, there is no result on unique positive solution for
the nonlinear impulsive integro-differential equations at the presence of singularities. Therefore, in this paper, we shall
use the fixed point theory and monotone iterative technique to investigate the unique positive solution of a BVP on an un-
bounded domain for a class of nth-order nonlinear impulsive singular integro-differential equations in Banach spaces. We
can avoid any compactness-type conditions such as those assumed in Refs. [5–8,15,16] and also the lower or upper solution
conditions in [6,7,14–16]. The aim of this paper is to reestablish existence of a unique positive solution, develop an approx-
imation sequence of the solution and derive an error estimate of the approximation sequence for BVP (1.1) under some norm
type conditions.

Let E be a real Banach space and P be a cone in E which defines a partial ordering in E by x 6 y if and only if y� x 2 P. Let
Pþ ¼ P n fhg. So, x 2 Pþ if and only if x > h. Let x�i 2 Pþ ði ¼ 0;1; . . . ;n� 1Þ and Pik¼fx2P : x P kx�i g ðk>0; i¼0;1; . . . ;n�1Þ.
When k¼1, we write Pi ¼ Pi1. For details of the cone theory, the reader is referred to Ref. [3].

In this paper, we consider the following BVP for nth-order nonlinear impulsive singular integro-differential equations of
mixed type on an unbounded domain in a real Banach space ðE; k � kÞ:

xðnÞðtÞ ¼ f ðt; xðtÞ; x0ðtÞ; . . . ; xðn�1ÞðtÞ; ðTxÞðtÞ; ðSxÞðtÞÞ; 8t 2 J0þ;

DxðiÞjt¼tk
¼ IikðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ

ði ¼ 0;1; . . . ;n� 1; k ¼ 1;2;3; . . .Þ;
xðiÞð0Þ ¼ x0i ði ¼ 0;1; . . . ;n� 2Þ; xðn�1Þð1Þ ¼ bxðn�1Þð0Þ;

8>>><
>>>:

ð1:1Þ

where J ¼ ½0;þ1Þ, 0 < t1 < � � � < tk < � � � ; tk !1, Jþ ¼ ð0;1Þ, J0þ ¼ Jþ n ft1; . . . ; tk; . . .g; f 2 C½Jþ � P0k � P1k � � � � � Pðn�1Þk�
P � P; P� for any k > 0; Iik 2 C½P0k � P1k � � � � � Pðn�1Þk; P� for any k > 0 ði ¼ 0;1; . . . ;n� 1; k ¼ 1;2;3; . . .Þ; b > 1;
xðn�1Þð1Þ ¼ limt!1xðn�1ÞðtÞ and

ðTxÞðtÞ ¼
Z t

0
Kðt; sÞxðsÞds; ðSxÞðtÞ ¼

Z 1

0
Hðt; sÞxðsÞds; ð1:2Þ

in which K 2 C½D; J�;D ¼ fðt; sÞ 2 J � J : t P sg;H 2 C½J � J; J�. DxðiÞjt¼tk
¼ xðiÞðtþk Þ � xðiÞðt�k Þ, where xðiÞðtþk Þ and xðiÞðt�k Þ represent

the right and left limits of xðiÞðtÞ ði ¼ 0;1; . . . ; n� 1Þ at t ¼ tk, respectively. BVP (1.1) is singular because we permit that
kf ðt; x0; x1; . . . ; xn�1; xn; xnþ1Þk ! 1 as t ! 0þ or xi ! hþ ði ¼ 0;1; . . . ;n� 1Þ ðxi ! hþ means xi > h; xi ! hÞ, and
kIikðx0; x1; . . . ; xn�1Þk ! 1 as xj ! hþ ðj ¼ 0;1; . . . ;n� 1; i ¼ 0;1; . . . ;n� 1; k ¼ 1;2;3; . . .Þ.

Let PC½J; E� ¼ fx : x is a map from J into E such that xðtÞ is continuous at t 6¼ tk; left continuous at t ¼ tk; and xðtþk Þ exist
for k ¼ 1;2;3; . . .g and BPC½J; E� ¼ fx 2 PC½J; E� : supt2Je�tkxðtÞk <1g. It is easy to see that BPC½J; E� is a Banach space with
norm kxkB ¼ supt2Jðe�tkxðtÞkÞ.

Let PCn�1½J;E� ¼ fx : xðn�1ÞðtÞ exist at t 6¼ tk and be continuous at t 6¼ tk and xðn�1Þðtþk Þ and xðn�1Þðt�k Þ exist for k¼1;2;3; . . .g. For
x2PCn�1½J;E�, as shown in [13], xðiÞðtþk Þ and xðiÞðt�k Þ exist for i¼0;1;2; . . . ;n�2 and k¼1;2;3; . . .. Define xðiÞðtkÞ¼ xðiÞðt�k Þ
ði¼1;2; . . . ;n�1Þ. Then xðiÞ 2PC½J;E� and, naturally, in (1.1) and in what follows, xðiÞðtkÞ is understood as xðiÞðt�k Þ
ði¼1;2; . . . ;n�1Þ.

Let DPCn�1½J; E� ¼ fx 2 PCn�1½J; E� : xðiÞ 2 BPC½J; E�; i ¼ 0;1; . . . ;n� 1g. It is easy to see that DPCn�1½J; E� is a Banach space with
norm kxkD ¼maxfkxkB; kx0kB; . . ., kxðn�1ÞkBg.

Let BPC½J; P� ¼ fx 2 BPC½J; E� : xðtÞP h 8t 2 Jg and DPCn�1½J; P� ¼ fx 2 DPCn�1½J; E� : xðiÞðtÞP h 8t 2 J; i ¼ 0;1; . . . ;n� 1g. It
is easy to see that BPC½J; P� is a cone in space BPC½J; E� and DPCn�1½J; P� is a cone in space DPCn�1½J; E�.

The function x 2 PCn�1½J; E� \ Cn½J0þ; E� is called a positive solution of BVP (1.1) if xðiÞðtÞ > h ði ¼ 0;1; . . . ;n� 1Þ for t 2 J and
xðtÞ satisfies (1.1).

The rest of the paper is organized as follows. In Section 2, we give several important lemmas. The main theorems are for-
mulated and proved in Section 3, followed by an example in Section 4 to demonstrate the application of our results.

2. Preliminaries

For convenience in presentation, we list below some conditions to be used throughout the rest of the paper.

ðH1Þ

k� ¼ sup
t2J

Z t

0
Kðt; sÞds <1; h� ¼ sup

t2J
e�t
Z t

0
Hðt; sÞesds

� �
<1

and

lim
t0!t

Z 1

0
jHðt0; sÞ � Hðt; sÞjesds ¼ 0 8t 2 J:
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ðH2Þ There exist ai 2 C½Jþ; J� ði ¼ 0;1; . . . ;nþ 1Þ such that

kf ðt;u0;u1; . . . ;unþ1Þ � f ðt; �u0; �u1; . . . ; �unþ1Þk 6
Xnþ1

i¼0

aiðtÞkui � �uik 8t 2 Jþ; ui 2 Pi ði ¼ 0;1; . . . ;n� 1Þ; un;unþ1 2 P;

a� ¼
Z 1

0

Xn�1

i¼0

aiðtÞ þ anðtÞk� þ anþ1ðtÞh�
" #

etdt <1;

s ¼
Z 1

0

Xn�1

i¼0

aiðtÞkx�i kdt <1; c ¼
Z 1

0
kf ðt; x�0; . . . ; x�n�1; h; hÞkdt <1:

ðH3Þ There exist bjkl P 0 ðj; l ¼ 0;1; . . . ; n� 1; k ¼ 1;2;3; . . .Þ such that 8ui 2 Pi ði ¼ 0;1; . . . ;n� 1Þ

kIjkðu0;u1; . . . ;un�1Þ � Ijkð�u0; �u1; . . . ; �un�1Þk 6
Xn�1

l¼0

bjklkul � �ulk; b� ¼
X1
k¼1

Xn�1

j¼0

Xn�1

l¼0

bjkletk <1;

k ¼
X1
k¼1

Xn�1

j¼0

Xn�1

l¼0

bjklkx�l k <1; d ¼
X1
k¼1

Xn�1

j¼0

kIjkðx�0; x�1; . . . ; x�n�1Þk <1:

ðH4Þ There exist 0 < t� < t� <1 and r 2 C½I; J� ðI ¼ ½t�; t��Þ such that

f ðt; x0; x1; . . . ; xn�1; xn; xnþ1ÞP rðtÞx�n�1 8t� 6 t 6 t�; xi P x�i ði ¼ 0;1; . . . ;n� 1Þ; xn P h; xnþ1 P h;

andZ t�

t�

rðsÞds P b� 1:

Lemma 2.1 [8]. If condition ðH1Þ is satisfied, then the operator T and S defined by (1.2) are bounded linear operators from BPC½J; E�
into BPC½J; E� and kTk 6 k�; kSk 6 h�. Moreover, TðBPC½J; P�Þ � BPC½J; P�; SðBPC½J; P�Þ � BPC½J; P�.

Lemma 2.2 [6]. If x 2 PCn�1½J; E� \ ½J0þ; E� and
R1

0 kxðnÞðtÞkdt <1, then

xðtÞ ¼
Xn�1

j¼0

tj

j!
xðjÞð0Þ þ 1

ðn� 1Þ!

Z t

0
ðt � sÞn�1xðnÞðsÞdsþ

X
0<tk<t

Xn�1

j¼0

ðt � tkÞj

j!
½xðjÞðtþk Þ � xðjÞðtkÞ� 8t 2 J: ð2:1Þ

In what follows, we write Q ¼ fx 2 DPCn�1½J; P� : xðiÞðtÞP x�i 8t 2 J; i ¼ 0;1; . . . ;n� 1g. Evidently, Q is a closed convex set in
space DPCn�1½J; E�.

Lemma 2.3. If conditions ðH1Þ; ðH2Þ and ðH3Þ are satisfied, then

Z 1

0
kf ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞkds 6 a�kxkD þ sþ c 8x 2 Q ð2:2Þ

and

X1
k¼1

Xn�1

j¼0

kIjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞk 6 b�kxkD þ kþ d 8x 2 Q : ð2:3Þ

Proof. By ðH2Þ and ðH3Þ, we have

kf ðt;u0;u1; . . . ;unþ1Þk 6
Xnþ1

i¼0

aiðtÞkuik þ
Xn�1

i¼0

aiðtÞkx�i k þ kf ðt; x�0; x�1; . . . ; x�n�1; h; hÞk

and

Xn�1

j¼0

kIjkðu0;u1; . . . ; un�1Þk 6
Xn�1

j¼0

Xn�1

l¼0

bjklðkulk þ kx�l kÞ þ
Xn�1

j¼0

kIjkðx�0; x�1; . . . ; x�n�1Þk:
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So, for x 2 Q , Lemma 2.1 implies that

kf ðt; xðtÞ; x0ðtÞ; . . . ; xðn�1ÞðtÞ; ðTxÞðtÞ; ðSxÞðtÞÞk 6
Xn�1

i¼0

aiðtÞet kxðiÞðtÞk
et

þ anðtÞet kðTxÞðtÞk
et

þ anþ1ðtÞet kðSxÞðtÞk
et

þ
Xn�1

i¼0

aiðtÞkx�i k þ kf ðt; x�0; x�1; . . . ; x�n�1; h; hÞk

6

Xn�1

i¼0

aiðtÞetkxðiÞkB þ anðtÞetk�kxkB þ anþ1ðtÞeth�kxkB þ
Xn�1

i¼0

aiðtÞkx�i k

þ kf ðt; x�0; x�1; . . . ; x�n�1; h; hÞk

6

Xn�1

i¼0

aiðtÞ þ k�anðtÞ þ h�anþ1ðtÞ
" #

etkxkD þ
Xn�1

i¼0

aiðtÞkx�i k

þ kf ðt; x�0; x�1; . . . ; x�n�1; h; hÞk ð2:4Þ

and

Xn�1

j¼0

kIjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞk 6
Xn�1

j¼0

Xn�1

l¼0

bjkl etkk xðlÞðtkÞ
etk

k þ kx�l k
� �

þ
Xn�1

j¼0

kIjkðx�0; x�1; . . . ; x�n�1Þk

6

Xn�1

j¼0

Xn�1

l¼0

bjklðetkkxkD þ kx�l kÞ þ
Xn�1

j¼0

kIjkðx�0; x�1; . . . ; x�n�1Þk: ð2:5Þ

It follows from (2.4) and (2.5) that (2.2) and (2.3) hold, and Lemma 2.3 is proved. h

Remark 2.1. If conditions ðH1Þ; ðH2Þ and ðH3Þ are satisfied, then, for any x 2 Q , the infinite integral

Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

and the infinite series

X1
k¼1

Xn�1

j¼0

IjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ

are convergent.

Lemma 2.4. Let conditions ðH1Þ—ðH4Þ be satisfied. Then x 2 Q \ Cn½J0þ; E� is a solution of BVP (1.1) if and only if x 2 Q is a solution
of the following impulsive integral equation:

xðtÞ ¼
Xn�2

j¼0

tj

j!
x0j þ

tn�1

ðb� 1Þðn� 1Þ!

(Z 1

0
f ðs;xðsÞ;x0ðsÞ; . . . ;xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ;x0ðtkÞ; . . . ;xðn�1ÞðtkÞÞ
)

þ 1
ðn�1Þ!

Z t

0
ðt� sÞn�1f ðs;xðsÞ;x0ðsÞ; . . . ;xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼0

ðt� tkÞj

j!
IjkðxðtkÞ;x0ðtkÞ; . . . ;xðn�1ÞðtkÞÞ 8t 2 J: ð2:6Þ

Proof. If x 2 Q
T

Cn½J0þ; E� is a solution of BVP (1.1), then by Lemma 2.3, we have

Z 1

0
kxðnÞðtÞkdt ¼

Z 1

0
kf ðt; xðtÞ; x0ðtÞ; . . . ; xðn�1ÞðtÞ; ðTxÞðtÞ; ðSxÞðtÞÞkdt 6 a�kxkD þ sþ c <1: ð2:7Þ

So, (2.1) holds. Differentiating (2.1), we can get

xðn�1ÞðtÞ ¼ xðn�1Þð0Þ þ
Z t

0
xðnÞðsÞdsþ

X
0<tk<t

xðn�1Þðtþk Þ � xðn�1ÞðtkÞ
� �

8t 2 J: ð2:8Þ

652 H. Zhang et al. / Applied Mathematics and Computation 203 (2008) 649–659
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Substituting (1.1) into (2.1) and (2.8), we have

xðtÞ ¼
Xn�2

j¼0

tj

j!
x0j þ

tn�1

ðn� 1Þ! xðn�1Þð0Þ þ 1
ðn� 1Þ!

Z t

0
ðt � sÞn�1f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼0

ðt � tkÞj

j!
IjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J; ð2:9Þ

and

xðn�1ÞðtÞ ¼ xðn�1Þð0Þ þ
Z t

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X
0<tk<t

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J:

ð2:10Þ

Letting t !1 in both sides of (2.10) and using the conclusion in Remark 2.1, we obtain

xðn�1Þð1Þ ¼ xðn�1Þð0Þ þ
Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J:

ð2:11Þ

Using the relation xðn�1Þð1Þ ¼ bxðn�1Þð0Þ, we get

xðn�1Þð0Þ ¼ 1
b� 1

(Z t

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)
: ð2:12Þ

Now, substituting (2.12) into (2.9), we see that xðtÞ satisfies Eq. (2.6). Conversely, if x 2 Q is a solution of Eq. (2.6), then, direct
differentiation of (2.6) gives

xðiÞðtÞ ¼
Xn�2

j¼i

tj�i

ðj� iÞ! x0j þ
tn�1�i

ðb� 1Þðn� 1� iÞ!

Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

�

þ
X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)
þ 1
ðn� 1� iÞ!

Z t

0
ðt � sÞn�1�if ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼i

ðt � tkÞj�i

ðj� iÞ! IjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J ði ¼ 0;1; . . . ;n� 2Þ; ð2:13Þ

xðn�1ÞðtÞ ¼ 1
b� 1

Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

�

þ
X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)

þ
Z t

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds ð2:14Þ

þ
X

0<tk<t

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J:

xðnÞðtÞ ¼f ðt; xðtÞ; x0ðtÞ; . . . ; xðn�1ÞðtÞ; ðTxÞðtÞ; ðSxÞðtÞÞ 8t 2 J0þ: ð2:15Þ

So, x 2 Cn½J0þ; E� and, by (2.13)–(2.15), it is easy to see that xðtÞ satisfies (1.1). Then, Lemma 2.4 is proved. h

Consider an operator A defined by

ðAxÞðtÞ ¼
Xn�2

j¼0

tj

j!
x0j þ

tn�1

ðb� 1Þðn� 1Þ!

�
(Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)

þ 1
ðn� 1Þ!

Z t

0
ðt � sÞn�1f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼0

ðt � tkÞj

j!
IjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J: ð2:16Þ

It is easy to verify that x 2 Q \ Cn½J0þ; E� is a positive solution of BVP (1.1) if and only if x 2 Q is a fixed point of the operator A.
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Lemma 2.5. If conditions ðH1Þ—ðH4Þ are satisfied, then the operator A defined by (2.16) is an operator from Q into Q.

Proof. Let x 2 Q . Differentiation of Eq. (2.16) gives

ðAxÞðiÞðtÞ ¼
Xn�2

j¼i

tj�i

ðj� iÞ! x0j þ
tn�1�i

ðb� 1Þðn� 1� iÞ!

�
(Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)

þ 1
ðn� 1� iÞ!

Z t

0
ðt � sÞn�1�if ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼i

ðt � tkÞj�i

ðj� iÞ! IjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J ði ¼ 0;1; . . . ;n� 2Þ; ð2:17Þ

and

ðAxÞðn�1ÞðtÞ ¼ 1
b� 1

(Z 1

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X1
k¼1

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ
)

þ
Z t

0
f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞdsþ

X
0<tk<t

Iðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ 8t 2 J:

ð2:18Þ

It follows from (2.2), (2.3), (2.17) and (2.18) that

kðAxÞðiÞðtÞk 6maxfkx0ik; . . . ; kx0ðn�2Þkget þ et

b� 1
fa�kxkD þ sþ cþ b�kxkD þ kþ dg þ etða�kxkD þ sþ cÞ

þ etðb�kxkD þ kþ dÞ 8t 2 J ði ¼ 0;1; . . . ;n� 1Þ; ð2:19Þ

which implies

kðAxÞðiÞkB 6 maxfkx0ik : i ¼ 0;1; . . . ;n� 2g þ b
b� 1

ðsþ cþ kþ dÞ þ b
b� 1

ða� þ b�ÞkxkD ði ¼ 0;1; . . . ;n� 1Þ: ð2:20Þ

Hence, by (2.16) and (2.20), we have that A : DPCn�1½J; P� ! DPCn�1½J; P� and

kAxkD 6maxfkx0ik : i ¼ 0;1; . . . ;n� 2g þ b
b� 1

ðsþ cþ kþ dÞ þ b
b� 1

ða� þ b�ÞkxkD 8 x 2 DPCn�1½J; P�: ð2:21Þ

By (2.17), we get

ðAxÞðiÞðtÞP x0i P x�i 8t 2 J ði ¼ 0;1; . . . ;n� 2Þ: ð2:22Þ

Moreover, (2.18) and condition ðH4Þ imply

ðAxÞðn�1ÞðtÞP 1
b� 1

Z t�

t�

f ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞds P
1

b� 1

Z t�

t�

rðsÞds
� �

x�n�1 P x�n�1 8t 2 J:

ð2:23Þ

It follows from (2.21)–(2.23) that Ax 2 Q and Lemma 2.5 is proved. h

3. Main results

Theorem 3.1. Let conditions ðH1Þ—ðH4Þ be satisfied. Assume that

a ¼ b
b� 1

ða� þ b�Þ < 1; ð3:1Þ
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then BVP (1.1) has a unique positive solution �x 2 Q \ Cn½J0þ; E�; moreover, for any x0 2 Q there exists a monotone iterative sequence
fxmðtÞg such that xðiÞm ðtÞ ! �xðiÞðtÞ as m!1 ði ¼ 0;1; . . . ;n� 1Þ uniformly on Jr ¼ ½0; r� for any r > 0 and xðnÞm ðtÞ ! �xðnÞðtÞ as
m!1 for any t 2 J0þ, where

xmðtÞ ¼
Xn�2

j¼0

tj

j!
x0j þ

tn�1

ðb� 1Þðn� 1Þ!

(Z 1

0
f ðs; xm�1ðsÞ; x0m�1ðsÞ; . . . ; xðn�1Þ

m�1 ðsÞ; ðTxm�1ÞðsÞ; ðSxm�1ÞðsÞÞds

þ
X1
k¼1

Iðn�1Þkðxm�1ðtkÞ; x0m�1ðtkÞ; . . . ; xðn�1Þ
m�1 ðtkÞÞ

)

þ 1
ðn� 1Þ!

Z t

0
ðt � sÞn�1f ðs; xm�1ðsÞ; x0m�1ðsÞ; . . . ; xðn�1Þ

m�1 ðsÞ; ðTxm�1ÞðsÞ; ðSxm�1ÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼0

ðt � tkÞj

j!
Ijkðxm�1ðtkÞ; x0m�1ðtkÞ; . . . ; xðn�1Þ

m�1 ðtkÞÞ 8t 2 J ðm ¼ 1;2;3; . . .Þ: ð3:2Þ

In addition, there exists an error estimate for the approximation sequence

kxm � �xkD 6
am

1� a
kx1 � x0kD: ð3:3Þ

Proof. By (2.17) and (2.18), we find

kðAxÞðiÞðtÞ � ðAyÞðiÞðtÞk 6 et

b� 1

Z 1

0
fkf ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞ

� f ðs; yðsÞ; y0ðsÞ; . . . ; yðn�1ÞðsÞ; ðTyÞðsÞ; ðSyÞðsÞÞkgds

þ et

b� 1

X1
k¼1

fkIðn�1ÞkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ � Iðn�1ÞkðyðtkÞ; y0ðtkÞ; . . . ; yðn�1ÞðtkÞÞkg

þ
Z t

0
et�sfkf ðs; xðsÞ; x0ðsÞ; . . . ; xðn�1ÞðsÞ; ðTxÞðsÞ; ðSxÞðsÞÞ

� f ðs; yðsÞ; y0ðsÞ; . . . ; yðn�1ÞðsÞ; ðTyÞðsÞ; ðSyÞðsÞÞkgds

þ
X

0<tk<t

Xn�1

j¼i

et�tkfkIjkðxðtkÞ; x0ðtkÞ; . . . ; xðn�1ÞðtkÞÞ � IjkðyðtkÞ; y0ðtkÞ; . . . ; yðn�1ÞðtkÞÞkg

8x; y 2 Q ði ¼ 0;1; . . . ;n� 1Þ: ð3:4Þ

By (2.2), (2.3), (3.4) and conditions ðH1Þ—ðH3Þ, we obtain

ðAxÞðiÞðtÞ � ðAyÞðiÞðtÞ
et

�����
����� 6 1

b� 1

Z 1

0

Xn�1

i¼0

aiðsÞes kxðiÞðsÞ � yðiÞðsÞk
es

þ anðsÞes kðTxÞðsÞ � ðTyÞðsÞk
es

(

þanþ1ðsÞes kðSxÞðsÞ � ðSyÞðsÞk
es

)
dsþ 1

b� 1

X1
k¼1

Xn�1

l¼0

bðn�1Þkletk
kxðlÞðtkÞ � yðlÞðtkÞk

etk

� �

þ
Z t

0

Xn�1

i¼0

aiðsÞe�skxðiÞðsÞ � yðiÞðsÞk þ anðsÞe�skðTxÞðsÞ � ðTyÞðsÞk
(

þanþ1ðsÞe�skðSxÞðsÞ � ðSyÞðsÞk
)

ds

þ
X

0<tk<t

Xn�1

j¼i

Xn�1

l¼0

bjkle�tkkxðlÞðtkÞ � yðlÞðtkÞk

6
1

b� 1

Z 1

0

Xn�1

i¼0

aiðsÞeskxðiÞ � yðiÞkB þ anðsÞesk�kx� ykB

(
þanþ1ðsÞesh�kx� ykB

)
ds

þ 1
b� 1

X1
k¼1

Xn�1

l¼0

bðn�1ÞkletkkxðlÞ � xðlÞkB

	 


þ
Z 1

0

Xn�1

i¼0

aiðsÞkxðiÞ � yðiÞkB þ anðsÞk�kx� ykB þ anþ1ðsÞh�kx� ykB

( )
ds

þ
X1
k¼1

Xn�1

j¼i

Xn�1

l¼0

bjklkxðlÞ � yðlÞkB 8t 2 J; x; y 2 Q ði ¼ 0;1; . . . ;n� 1Þ; ð3:5Þ
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which implies

kðAxÞðiÞ � ðAyÞðiÞkB 6
b

b� 1
ða� þ b�Þkx� ykD ði ¼ 0;1; . . . ;n� 1Þ:

Hence
kAx� AykD 6 akx� ykD 8 x; y 2 Q : ð3:6Þ

Since a < 1 on account of (3.1) and Q is a closed convex set in space DPCn�1½J; E�, the Banach fixed point theorem and Lemma
2.5 imply that A has a unique fixed point �x in Q, and for any x0 2 Q ; kxm � �xkD ! 0 as m!1, where
xm ¼ Axm�1 ðm ¼ 1;2;3; . . .Þ. By Lemma 2.4, this unique fixed point �x is the unique solution of BVP (1.1) in Q \ Cn½J0þ; E�. By
(3.6), we have

kxm � xm�1kD 6 am�1kx1 � x0kD ðm ¼ 1;2;3; . . .Þ;
and so,

kxk � xmkD 6 kxk � xk�1kD þ � � � þ kxmþ1 � xmkD 6 ðak�1 þ � � � þ amÞkx1 � x0kD ¼
amð1� ak�mÞ

1� a
kx1 � x0kD; 1 6 m 6 k:

ð3:7Þ
Letting k!1 in both sides of (3.7), we have that (3.3) holds. By the definition of the norm in DPCn�1½J; E�, we have

kxðiÞm ðtÞ � �xðiÞðtÞk 6 etkxm � �xkD 8t 2 J ði ¼ 0;1; . . . ;n� 1; m ¼ 1;2;3; . . .Þ;

and therefore, the iterative sequence fxmðtÞg satisfies that xðiÞm ðtÞ ! �xðiÞðtÞ as m!1 ði ¼ 0;1; . . . ;n� 1Þ uniformly on Jr ¼ ½0; r�
for any r > 0. Let t 2 Jþ be arbitrarily fixed. By (3.3), we have

Hðt; sÞkxmðsÞ � yðsÞk 6 am

1� a
Hðt; sÞeskx1 � x0kD: ð3:8Þ

By (3.8) and the dominated convergence theorem, we have

kðSxmÞðtÞ � ðS�xÞðtÞk 6
Z 1

0
Hðt; sÞkxmðsÞ � �xðsÞkds! 0; as m!1;

which implies that

ðSxmÞðtÞ ! ðS�xÞðtÞ as m!1 for any t 2 J: ð3:9Þ

Differentiating both sides of (3.2), we have for any t 2 J0þ ðm ¼ 1;2;3; . . .Þ

xðnÞm ðtÞ ¼ f ðt; xm�1ðtÞ; x0m�1ðtÞ; . . . ; xðn�1Þ
m�1 ðtÞ; ðTxm�1ÞðtÞ; ðSxm�1ÞðtÞÞ;

which implies by virtue of (3.9) that

lim
m!1

xðnÞm ðtÞ ¼ f ðt; �xðtÞ; �x0ðtÞ; . . . ; �xðn�1ÞðtÞ; ðT�xÞðtÞ; ðS�xÞðtÞÞ ¼ �xðnÞðtÞ 8t 2 J0þ:

Hence, Theorem 3.1 is proved. h

Theorem 3.2. Let conditions ðH1Þ—ðH4Þ and inequality (3.1) be satisfied. Denote by �xðtÞ and �yðtÞ the unique solutions in
Q \ Cn½J0þ; E� of BVP (1.1) and the following BVP

yðnÞðtÞ ¼ f ðt; yðtÞ; y0ðtÞ; . . . ; yðn�1ÞðtÞ; ðTyÞðtÞ; ðSyÞðtÞÞ 8t 2 J0þ;

DyðiÞjt¼tk
¼ IikðyðtkÞ; x0ðtkÞ; . . . ; yðn�1ÞðtkÞÞ

ði ¼ 0;1; . . . ;n� 1; k ¼ 1;2;3; . . .Þ;
yðiÞð0Þ ¼ y0i ði ¼ 0;1; . . . ;n� 2Þ; yðn�1Þð1Þ ¼ byðn�1Þð0Þ;

8>>><
>>>:

ð3:10Þ

respectively, where y0i P x�i ði ¼ 0;1; . . . ;n� 2Þ. Then

k�x� �ykD 6 ð1� aÞ�1 maxfkx0i � y0ik : i ¼ 0;1; . . . ; n� 1g: ð3:11Þ

Proof. By Lemma 2.4, �xðtÞ; �xðiÞðtÞ ði ¼ 1; . . . ;n� 2Þ; �xðn�1ÞðtÞ satisfy (2.6), (2.13) and (2.14), respectively, and �yðtÞ satisfies

�yðiÞðtÞ ¼
Xn�2

j¼i

tj�i

ðj� iÞ! y0j þ
tn�1�i

ðb� 1Þðn� 1� iÞ!

(Z 1

0
f ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞðsÞ; ðS�yÞðsÞÞds

þ
X1
k¼1

Iðn�1Þkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞ
)
þ 1
ðn� 1� iÞ!

Z t

0
ðt � sÞn�1�if ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞðsÞ; ðS�yÞðsÞÞds

þ
X

0<tk<t

Xn�1

j¼i

ðt � tkÞj�i

ðj� iÞ! Ijkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞ 8t 2 J ði ¼ 0;1; . . . ;n� 2Þ; ð3:12Þ
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and

�yðn�1ÞðtÞ ¼ 1
b� 1

(Z 1

0
f ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞðsÞ; ðS�yÞðsÞÞdsþ

X1
k¼1

Iðn�1Þkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞ
)

þ
Z t

0
f ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞðsÞ; ðS�yÞðsÞÞdsþ

X
0<tk<t

Iðn�1Þkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞ 8t 2 J: ð3:13Þ

Arguing similar to (3.5), for any t 2 J and i ¼ 0;1; . . . ;n� 1, we have from (2.6), (2.13), (2.14), (3.12) and (3.13) that

�xðiÞðtÞ � �yðiÞðtÞ
et

����
���� 6 max kx0i � y0ik : i ¼ 0;1; . . . ;n� 2f g þ 1

b� 1

Z 1

0
fkf ðs; �xðsÞ; �x0ðsÞ; . . . ; �xðn�1ÞðsÞ; ðT�xÞðsÞ; ðS�xÞ

� ðsÞÞ � f ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞðsÞ; ðS�yÞðsÞÞkgdsþ 1
b� 1

�
X1
k¼1

fkIðn�1Þkð�xðtkÞ; �x0ðtkÞ; . . . ; �xðn�1ÞðtkÞÞ � Iðn�1Þkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞkg

þ
Z t

0
e�sfkf ðs; �xðsÞ; �x0ðsÞ; . . . ; �xðn�1ÞðsÞ; ðT�xÞðsÞ; ðS�xÞðsÞÞ � f ðs; �yðsÞ; �y0ðsÞ; . . . ; �yðn�1ÞðsÞ; ðT�yÞ

� ðsÞ; ðS�yÞðsÞÞkgdsþ
X

0<tk<t

Xn�1

j¼i

e�tkfkIjkð�xðtkÞ; �x0ðtkÞ; . . . ; �xðn�1ÞðtkÞÞ

� Ijkð�yðtkÞ; �y0ðtkÞ; . . . ; �yðn�1ÞðtkÞÞkg
6 maxfkx0i � y0ik : i ¼ 0;1; . . . ;n� 2g þ ak�x� �ykD; ð3:14Þ

which implies that

k�x� �ykD 6 maxfkx0i � y0ik : i ¼ 0;1; . . . ;n� 2g þ ak�x� �ykD:

So, (3.11) holds and the theorem is proved. h

Remark 3.1. In [5], by requiring that f satisfies some noncompact measure conditions and P is a normal cone, the author
establishes the existence of positive solutions for BVP (1.1). In this paper, we do not impose any compactness condition
on f, but we also obtain the unique positive solution of BVP (1.1).

Remark 3.2. Form (3.11) we know that xðiÞðtÞ ! yðiÞðtÞ ði ¼ 0;1; . . . ;n� 1Þ uniformly on any finite sub-interval of J when
x0i ! y0i ði ¼ 0;1; . . . ;n� 2Þ. This means that, when conditions ðH1Þ—ðH4Þ and inequality (3.1) are satisfied, the unique solu-
tion of BVP (1.1) in Q \ Cn½J0þ; E� is continuously dependent on the boundary values x0i ði ¼ 0;1; . . . ;n� 2Þ.

Remark 3.3. In [5], the author obtains only the existence of positive solutions for BVP (1.1). In this paper, we not only estab-
lish the conditions for the existence of a unique positive solution for the BVP, but also develop an iterative sequence for
approximating the solution and give an error estimate for the approximation. The iterative sequence fxmg defined by
(3.2) is expressed explicitly, which is an important improvement of existing results.

Remark 3.4. For the special case where IVP (1.1) has no singularities and J ¼ ½0; a� and the condition xðn�1Þð1Þ ¼ bxðn�1Þð0Þ is
replaced by xðn�1Þð0Þ ¼ x0ðn�1Þ, papers [9–12] also get a unique solution.

4. Example

Example 4.1. Consider the infinite system of scalar second-order impulsive singular integro-differential equations

x00nðtÞ ¼ e�2t

60M
ffiffi
t
p 360M

n2 þ xnþ1ðtÞ þ x0nðtÞ þ 1
n2xnðtÞ þ

1
16n4x02n

ðtÞ

� 

þ 1
10n e�2t 1þ

R t
0 e�ðtþ1ÞsxnðsÞds

� 2
� ��1

þ 1
100 e�3t

R1
0 te�2s sin2ðt � sÞx2nðsÞds

8 0 < t <1; t 6¼ k; k ¼ 1;2;3; . . . ;

Mxnjt¼k ¼ 100�k

ek ðx2nðkÞ þ x0nþ1ðkÞ þ 1
n2xnðkÞÞ; k ¼ 1;2;3; . . . ;

Mx0njt¼k ¼ 200�k

ek ðxnþ1ðkÞ þ x02nðkÞ þ 1
n4x0nðkÞ

Þ; k ¼ 1;2;3; . . . ;

xnð0Þ ¼ 1
n ; 2x0nð1Þ ¼ 3x0nð0Þ; n ¼ 1;2;3; . . . ;

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð4:1Þ
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where M ¼
R1

0
e�tffiffi

t
p dt > 0. The infinite system has a unique positive solution fxnðtÞg satisfying xnðtÞP 1

n, and x0nðtÞP 1
n2 for

0 6 t <1 ðn ¼ 1;2;3; . . .Þ: This unique solution can be obtained by taking limit of an iterative sequence.

Proof. Let E ¼ c0 ¼ fx ¼ ðx1; . . . ; xn; . . .Þ : xn ! 0g with norm kxk ¼ supnjxnj, and P ¼ fx ¼ ðx1; . . . ; xn; . . .Þ 2 c0 :

xn P 0;n ¼ 1;2;3; . . .g. Then, infinite system (4.1) can be regarded as a BVP of form (1.1) in E with n ¼ 2. In this situation,
u ¼ ðu1; . . . ;un; . . .Þ; v ¼ ðv1; . . . ; vn; . . .Þ;w ¼ ðw1; . . . ;wn; . . .Þ; z ¼ ðz1; . . . ; zn; . . .Þ, Kðt; sÞ ¼ e�ðtþ1Þs, Hðt; sÞ ¼ te�2s sin2ðt � sÞ;
x00 ¼ ð1; 1

2 ; . . . ; 1
n ; . . .Þ, b ¼ 3

2, f ¼ ðf1; . . . ; fn; . . .Þ and Iik ¼ ðIik1; . . . ; Iikn; . . .Þ ði ¼ 0;1Þ, in which

fnðt;u; v;w; zÞ ¼
e�2t

60M
ffiffi
t
p 360M

n2 þ unþ1 þ vn þ
1

n2un
þ 1

16n4v2n

� �
þ 1

10n e�2tð1þw2
nÞ
�1 þ 1

100
e�3tz2n ð4:2Þ

and

I0knðu; vÞ ¼
100�k

ek
ðu2n þ vnþ1 þ

1
n2un

Þ; ð4:3Þ

I1knðu; vÞ ¼
200�k

ek
ðunþ1 þ v2n þ

1
n4vn
Þ: ð4:4Þ

Let x�0 ¼ x00 and x�1 ¼ ð1; 1
4 ; . . . ; 1

n2 ; . . .Þ. Then P0k ¼ fx ¼ ðx1; . . . ; xn; . . .Þ : xn P k
n ;n ¼ 1;2;3; . . .g and P1k ¼ fx ¼ ðx1; . . . ; xn; . . .Þ :

xn P k
n2 ;n ¼ 1;2;3; . . .g for k > 0. It is clear, f 2 C½Jþ � P0k � P1k � P � P; P�; Iik 2 C½P0k � P1k; P� for any k > 0 ði ¼ 0;1; k ¼

1;2;3; . . .Þ. It is easy to see that

k� ¼ sup
06t

Z t

0
e�ðt�1Þsds ¼ sup

06t

1
t þ 1

ð1� e�ðtþ1ÞtÞ 6 1; h� ¼ sup
06t
fte�t

Z 1

0
e�s sin2ðt � sÞdsg 6 sup

06t
ðte�tÞ ¼ e�1

and Z 1

0
jHðt0;sÞ�Hðt;sÞjesds6

Z 1

0
jðt0 � tÞsin2ðt0 � sÞjþ tjsin2ðt0 � sÞ�sin2ðt� sÞj
h i

e�sds6 ð1þ2tÞjt0 � tj!0; t0 ! t ðt2 JÞ:

So, condition ðH1Þ is satisfied. By (4.2), we have

fnðt;u; v;w; zÞP
1

n2
ffiffi
t
p 6e�2t ; t 2 Jþ; u 2 P0; v 2 P1; w 2 P; z 2 P ðn ¼ 1;2;3; . . .Þ;

Z 1

1
2

6e�2tffiffi
t
p dt P 6

Z 1

1
2

e�2tdt ¼ 3ðe�1 � e�2Þ > 1
2
¼ b� 1:

So, condition ðH4Þ is satisfied for t� ¼ 1
2 ; t

� ¼ 1 and rðtÞ ¼ 6e�2tffiffi
t
p . We see from (4.2) that, for any t 2 Jþ; u 2 P0; v 2 P1

ðPi ¼ Pi1 ði ¼ 0;1ÞÞ; w 2 P; z 2 P,

jfnðt;u; v;w; zÞ � fnðt; �u; �v; �w;�zÞj 6 e�2t

60M
ffiffi
t
p junþ1 � �unþ1j þ jvn � �vnj þ

jun � �unj
n2un�un

þ jv2n � �v2nj
16n4v2n�v2n

� �

þ e�2t

10n jð1þw2
nÞ
�1 � ð1þ �w2

nÞ
�1j þ e�3t

100
jz2n � �z2nj; n ¼ 1;2;3; . . . ;

and therefore for any t 2 Jþ; u 2 P0; v 2 P1; w; z 2 P

kf ðt;u; v;w; zÞ � f ðt; �u; �v; �w;�zÞk 6 e�2t

30M
ffiffi
t
p ku� �uk þ e�2t

30M
ffiffi
t
p kv� �vk þ e�2t

10
kw� �wk þ e�3t

100
kz� �zk;

hence ðH2Þ is satisfied for a0ðtÞ ¼ a1ðtÞ ¼ e�2t

30M
ffiffi
t
p , a2ðtÞ ¼ e�2t

10 , a3ðtÞ ¼ e�3t

100 with

a� 6
Z 1

0

e�t

15M
ffiffi
t
p þ e�t

10
þ e�2t

100e

� �
dt ¼ 1

6
þ 1

200e

and s ¼ 1
15 ; c ¼ 6M þ 14

5 .
Similarly, it is easy to get for any u0 2 P0;u1 2 P1,

kI0kðu0;u1Þ � I0kð�u0; �u1Þk 6
2

ð100eÞk
ku� �uk þ 1

ð100eÞk
kv� �vk; kI1kðu0;u1Þ � I0kð�u0; �u1Þk

6
2

ð200eÞk
ku� �uk þ 1

ð200eÞk
kv� �vk;

so, ðH3Þ is satisfied for b0k0 ¼ 2
ð100eÞk

; b0k1 ¼ 1
ð100eÞk

; b1k0 ¼ 2
ð200eÞk

; b1k1 ¼ 1
ð200eÞk

with b� ¼ 1
33þ 3

199 ; k ¼ 3ð 1
100e�1þ 1

200e�1Þ;

35emd ¼ 7
4 ð 1

100e�1þ 1
200e�1Þ. On the other hand, we can obtain
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b
b� 1

ða� þ b�Þ < 0:75

i.e. inequality (3.1) is satisfied. Hence, our conclusion follows from Theorem 3.1 immediately. h
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