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1. Introduction

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0 having infinite residue field and I
an m-primary ideal of R. The fiber cone of I is the standard graded algebra Fu(I) = @5 I"/mI"

and G(I) = @@0 I"/I"*1 is the associated graded ring of I. Let wu(I) := A(I/ml) (where A denotes
the length function) denote the minimum number of generators of an ideal I. The Hilbert polynomial
of Hn(I,n) := Z’}:O,u(lf) is denoted by P, (I,n) and write

d—1 d—2
IJIna,n):fo(n(”+ )—fm)('” >+~~+<—1>“fd<l>.

d d—1

We call fi(I) the ith fiber coefficient of F,(I).
In this paper, we are interested in the depth of F,(I).
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In order to state the main theorem of this paper, we recall some necessary definitions first. Bhat-
tacharya in [2] proved that for large values of r and s, the function A(R/m"[®) is given by a polynomial
P(r,s) of total degree d in r and s, we can write this polynomial P(r, s) in the form:

Prs)= Y ei,-<m|1><rfi> (5 . j>,

i+j<d

where e;;(m|I) are certain integers. When i+ j =d, we set e;j(m|]) =e;(m|I) for j=0,...,d. In this
case, these integers are called the mixed multiplicities of m and I.

An ideal J C 1 is called a reduction of I if there exists a positive integer n such that ["*1 = JJ".
A multiset of ideals consisting of j copies of I and d — j copies of m is denoted by (Ilil|mld—ily,
Rees in [12] introduced joint reductions to calculate mixed multiplicities. A sequence of elements
a,...,04-1 €1, ag € m is called a joint reduction of the multiset of ideals (J/~Y|m) if the ideal
(ay,...,a4—1)m+aql is a reduction of Im.

We now describe the contents of the paper. For a Cohen-Macaulay local ring (R, m), the
‘Abhyankar-Sally’ equality gives that e(m) = u(m) —d+1 +A(T—n21), where ] is a minimal reduction of
m and e(.) is the Hilbert-Samuel multiplicity. Rossi and Valla in [14], and H.-J. Wang independently
in [15] proved that if J is a minimal reduction of m in a Cohen-Macaulay local ring (R, m) such that
A(m?/Jm) =1, then depth G(m) >d — 1. Later Rossi extended this result to m-primary ideals in [13].
She showed that if I is an m-primary ideal with a minimal reduction J such that A(I?/JI) =1, then
depth G(I) >d — 1. Jayanthan and Verma in [10] proved that if I is an m-primary ideal with almost
minimal multiplicity (i.e. A(mI/mJ) =1 for any minimal reduction J of I) and depth G(I) >d — 2,
then depth F,(I) >d — 1. In Section 4, we prove that if I is an ideal with almost minimal mixed
multiplicity and depth G(I) >d — 1, then depth F,(I) >d — 1. Our general references for the paper
are [1,7-9,11].

2. Preliminaries

An element a € [ is called Rees-superficial for I and m if there exists a positive integer ro such
that for all r >rg and all s >0, aR N I'm® =al"~'m®. A sequence of elements ai,...,d4_1 €I, agem
is called a Rees-superficial sequence for I and m if for all i=1,...,d, a; is superficial for I and m,
where “ " denotes residue classes in R/(a,...,ai—1). In this case, (ai,...,aq) is a joint reduction
of (I"""Yjm) and eq_1(m|I) = A(R/(a1,...,aq)) by [12]. In particular, if aq,...,aq € I is an R-regular
sequence, eq_1(m|l) =e(l).

D’Cruz, Raghavan and Verma in [5] showed that for an m-primary ideal I in a Cohen-Macaulay

local ring (R, m), eg_1(m|) = u(l)—d+1 +A(m), where (ay, ..., aq) is a joint reduction

of (I1"=m). It follows that egq_q(m|I) > w(I) —d + 1 and the equality occurs if and only if mI =
(ai,...,ag_1)m+aql.
We say that I has minimal mixed multiplicity if eg_1(m|I) = u(I) —d+1 and I has almost minimal

mixed multiplicity if eq_1(m|I) = u(I) —d + 2 (i.e. A(m) =1).

For a € I, let a* denote its initial form in the associated ring G(I), and a® denote its initial form in
the fiber cones F, (I).
The following lemmas were proved in [4,6,5].

Lemma 2.1. There existay, ...,aq4_1 € I, ag € msuchthatay, ..., aq is a Rees-superficial sequence for I and m.
Suppose that depth G(I) > d — 1, we can choose the above ax, ..., aq such that ay, ..., ay_, is a G(I)-regular
sequence.

Lemma 2.2. Letay,...,a4_1 € I, ag € m be a Rees-superficial sequence for I and m. Then

fol) =eq1 (miD) — lim A( ml )

@, ...,ag_1)min=1 4 qqI"
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Definition 2.3. (See [6, Definition 1.2].) Let L = (ay, ..., aq) be a joint reduction of (1'~H|m). If there
exists an integer n such that mI" = (ai,...,aq_1)mI"~! 4+ a4I", define r;(I|/m) to be the smallest
such n, otherwise, r; (I|m) = oo. The smallest of all r;(I/m) where | is varying is denoted by r(I|m).

If f:7Z— Z is a function, let A denote the first difference function defined by A[f(n)] = f(n) —
f(n—1), and let A’ be defined by A![f(n)] = AI"1[A[f()]].

Let a € I be a Rees-superficial element for I and m, then for all large n, Hm(I,n) = A[Hw (I, n)]. In
particular, f;(I) = fi(I) fori=0,...,d — 1, where “ " denote the image modulo (a).
Remark 2.4. Let L = (aj,...,ay) be a joint reduction of (I'“"Y|m), and let “~
modulo (ay). If r (Ilm) = co. Then rj(I|m) = co.

” denote the image

Proof. Put | = (a1,...,a4_1). If r;(I|M) < oo, then there exists an integer ng such that mi™ =
Jmlm—1 4 gzl It follows that mI® € JmI™ ! + aqI" + (a;) for all n > ng. Again, as a; is a Rees-
superficial element for I and m, there exists a positive integer nqy such that (a;) N mI® = aymI"~!
for all n > nq. Thus for all n > max{ng, n1}, we have mI" = mI" N (JmI" ! + aqI" + (a1)) = JmI" ! +
agI" + (a1) NmI" = JmI™~ ! 4 a4I", contradicting the assumption that r;(Ij/m) =co. O

3. Bounds on reduction numbers

In this section, we will give a bound on the reduction number of an m-primary ideal. Furthermore,
we use this bound to prove the almost maximal depth condition for fiber cone of an ideal with almost
minimal mixed multiplicity.

Let L= (ay, ..., dq) be a joint reduction of (IY"U|m) and J = (a3, ..., a4_1).

We firstly consider the sequence of ideals {Ap}n>0 with A; = Uk>1(m1”+’< : J%, this filtration
of ideals behaves quite similar to the Ratliff-Rush closure of an ideal. We summarize some of its
properties.

Proposition 3.1.

(1) Ap: J=Ap—q foralln>1;
(2) Ap = Uk}l(ml’”k k..., a§_1)) foralln>0;
(3) Ifgrade(I) > 0, then A, =mlI" forn> 0.

Proof.

(1) Note that m/™*1: J CmI™2: J2 C ... is an increasing chain of ideals of R, we get A, = m["tk: Jk
for k> 0. It follows that for k> 0,

An: ] = (m1n+k . ]k) D] = m1n+k . ]k+1 =An_1.

et (@) = (a1, ...,a4—1) and (@™ = (@, ...,d¥_,). Obviously m cJkCcm s (@M. Since

(2) Let () ) d ( )[k] ( l; lé 1) Obvi I 1n+k ]k 1n+k ( )[k] Sj R
is a Noetherian ring, we have Uk>1(m1”+k S (@K = mImth (@) for k> 0. Let z € mI™tk : (q)i1]
for k>0 and [ > k(d — 1). Then

1 _ o1 Qd—1
z]' = Z zay...a;0
ar+tag_1=l

i o
c Z m[" kg ~.aft.ay* where o > k
oy +-tog_q =l

c mIn+l

Therefore z e mI"t : Jl C A,.
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(3) If grade(I) > 0O, then by Remark 6.6 of [4] there exists a; € I such that it is Rees-superficial for I
and m and it is also R-regular. Then mI™*1:aq; =mI" for n>> 0. It follows that m/® C mI™t1: J C
mI"™1:ay =mI" for n>> 0. Thus we can show by using induction on k that mI"*; J¥ =mI" for
n > 0. Therefore A, =mI" forn>>0. O

Write

d d—1
Pmu,n):fé(l)(”; )—f{u)(”z_l )+-~+<—1>"fé<l>-

Then, comparing with the earlier notation, we get that f(I) = fo(I) and f,.’(I) = fil)+ fi-1 (D), i=
1,...,d.

We provide a formula, in dimension 2, for the first fiber coefficient of Fy, (I). This formula is crucial
for obtaining the bound on the reduction in Remark 3.5.

Theorem 3.2. Let d = 2, a; € I, ap € m a Rees-superficial sequence for I and m such that af is a G(I)-regular
element. Set L = (aq, ap). If rp (Il'm) < oo. Then

A= 3 An/ s +aai") =1 ).

n>1
Proof. Consider the exact sequence:

R v R R ¢ (a1, az)
0— — — @ — -0
(":a1)N(Ap—1:az) 1" Apr @'+ a1Ap—

where () = (a17, —ayr) and ¢ (r, S) =raz + sa;. It follows that for all n > 1,

R R R (a1,a2)
M=) +a[—)=2xr + A
n An—1 (I":ay) N (Ap—1:a2) aI" +a1An—q
R R R
=A + A — A .
(" :ay) N (Ap—1:a2) aI" +a1Apq (ar,az)

Therefore

eq(m|l) — A I +A m =2 R + A R
! min mln-1 - (I":ay) N (Ap—1:a2) axI™ 4+ ai1An—1
R R " m-1
=)= -2 +al ——
n An—1 min mjn-1
R R An
=X ol — )+ A —————
(" :a1) N (Ap-1:a2) An aI" +a1Ap—1
A R A R + A R A R
An—1 min mjn-1 -1
A A An_
o —An ) (A g A
axI" +a;An_1 min mjn—1

_)L<(1" 1a1) N (Ap—q 202)).

n—1
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Since r (Ilm) < oo, we have that fo(I) = eq(m|I) by Lemma 2.2 and notice that A2[P (I, n)] = fo(D).
It follows that

Ap Ap An—1
A?[Py(,n) —Hu(, m)] =2 ————— ) -2 +A
[ m(l,m) m )] (azl”—{-a]An,]) (ml”) (“llni])

_)L((I" 1a1) N (Ap— 2(12)).

n—1

As aj is a G(I)-regular element, we have I" :a; = "1 for all n > 1. Hence for all n > 1,

An Ap An—1
A2 [Pm(l,n) — Hu(I,m)] =2 ——2 ) — 2 by )
[ m ( ) m ( )] (a21"+a1An_1) (ml”) + (mln—l>

write P (I,n) = f(D("3%) — f{(D(n + 1) + f5(), we have Y50 A2 [P (I, m]t" = 28 Let

- a-o-
Zn>0 Hyn(I,n)t" = (1):(?)3' Then fi(I) = f'(1) by Proposition 4.1.9 of [3].

Note that Hy, (I,n) =1 for all n < 0. We have that

fO(I)*f(t)_ 2 n_ (1 _ 2 n
Tioy = 3 A2 [P m)]" — (120 +1%) Y Hu(l m)t
n=0 n>0
= Z AP (I, m)]e" - Z A [Hum(I,m)]t" — 2H (1, —1)
n>0 n>=0

+Hn(,-2)+tHn(l,-1)

=Y A[Pu(l.n) — Hu(I.m]t" = (1—1).

n>0

Set v, = A2[Pm (I, n) — Hw (I, n)], we have that
vo = A%[Pr(1,0) — Hn(I,0)] = A?[ P (1,0)] — A*[Hm(1,0)] = fo(I) — 1,

A A An_q
= A%[Pu(,n) — Hn(l, =i —= ) —a i A u .
Vn [ m(,n) m( Tl)] ((121" +a1An,1) (ml“) + (ml”*l

Therefore fo(I) — f(t) = (1—t) 2@0 vat" — (t2 =2t +1) and hence f(t) = fo(I) —(1—1t) 2@0 Vpt" +
t2 — 2t + 1. It follows that

FO=) vat"=(1=0)) nvat" " 42t —2.

n>0 n=>0

Hence

[M=f Q=) va=vo+Y vy

n>0 n>1

_ Aq Aq Ao
= fo(h) —1 +A<r +a1A0> - A(m) +A(F)

A L — ﬂ LA An— 4.
a4+ ai1An_1q min min-1
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R
_f0(1)+2 (ail”ﬁ-a]/\n 1)—A(A—0).

It follow that

_ _ An (R
f1(1)—f1(1)—fo(I)—Zk<a21n+a1An_l> A(A()). O

n>1

Let R(I) = Py ["t" denote the Rees algebra of I. For an R(I)-module M, put Annp(M) = {x €
IV | xt"M = 0}.

Lemma 3.3. (See [13].) Let I and ] be ideals of a Noetherian local ring R with | C I, M an R(I)-module of
finite length as R-module. Let v be the minimum number of generators of M/R(J)+M as an R-module. Then

1V = J1I""' + Annp (M).

We now give a bound for the reduction number of an m-primary ideal.

Theorem 3.4. Let ay,...,a4_1 € I, ag € m be a Rees-superficial sequence for I and m. Put L = (aq, ..., aq)
and | = (ai,...,a4_1). Ifrr(Ilm) < oo. Then
A R
r(lm) < M—"L ) - + 2.
i ; (]Ajfl'f'ad“) (Ao)

Proof. Let M := @n>0 Ap/mI™. Then M is a finitely generated R(I)-module and Ar(M) < oo by

Proposition 3.1(3). For j > 1, [R(])+M]] _M]/]JMO—i—]J "Mi+--- 4+ JMj_1 and [ﬁ]o= %
For 1 <i< jand k> 0, we have

J'Mji=]]""Mj
in—l Uk}l(mlj_i_‘—k . _’k) 4 m]j
N mlJ

]Uk>‘1(mlj_]+k:]k)+mlj
C = -
B mlJ

Ai_ g
g] j 1+m

mlJ = IMj-1-

Therefore [

Ry li = Aj/JAj-1 +ml). We have

1A}/ JAjr +mb) < A(Aj/JAjr +agl)

and equality occurs if and only if mI/ C JAj_1 + agld. Since r(Ilm) < oo, there exists an integer n
such that mI" = (ay, ..., a4_1)mI" ' 4+ a4I" C JAn_1 +agl™. Let k =min{j | mI/ C JAj 1 +agliy, Wi
the minimum number of generators of [%]j as an R-module. Then, for j > 1, uj <A(Aj/JAj_1+

ml¥) and po < A(%). Let u = Zj>0 W j. Then by Lemma 3.3, I* = JI*=1 4 Annju (M). Therefore
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mI4HK = m K = mI*(J14T + Anngu (M)
= JmI*H= Lo mi* Annge (M)
C JmH =T 4 (J Ay + agl¥) Annji (M)

g]m[“+k7] +adIM+k

where the last relation holds because of JA;_jAnnu (M) C JmI*tk=1 Hence

A.
rL(I\m)<u+k=2w+k<uo+zx(—’)+k

j>0 =1 JAj-1+mlJ
Note that
My 1 =1, k-1
< Aj )< ]A)'—l"‘ad]j , J=1... s
. j = Aj .
JAj1+ml M) i=k

Therefore we get that

k—1

I <)L - AM—m—— ) —1 M —m—— k
rifm) (m)+§|: (]Aj_1+ad11 +j§ JAj-1+agl! i
-2 ) (&) 2 0
- JAj_1+agli Ao .

i1

Remark 3.5. Let d =2, a1 € I, a; € m a Rees-superficial sequence for I and m such that a7 is a G(I)-
regular element. Set L = (a1, ay). If rp (I|/m) < oo. Then rp(Ilm) < f1(I) + 2.

4. Ideals with almost minimal mixed multiplicity

In this section, we prove that fiber cones of ideals with almost minimal mixed multiplicity have
high depth. We begin with the following lemma.

Lemma 4.1. Let d = 2 and I an ideal with almost minimal mixed multiplicity. Let a; € I, a, € m be a Rees-
superficial sequence for I and m such that a} is a G(I)-regular element. Set L = (ay, az). If rp(Ilm) < oo. Let
“~ " denote the image modulo (a1). Then

rplm) =ri(m) = fi() +1.

Proof. Set s = ry(I|m). Clearly s < rp(Ijm). Note that fi(I) = fi(I), dim R=1 and s < oo, fo(I) =
e(m) = e(m) by Lemma 2.2. By Theorem 3.3 of [6], we have f(I) =e(@) —2+r (I|m) = fo(I) =2+
rr(Ilm). Hence f1(I) = f{(I) — fo(I) = ry(I|m) — 2. Therefore ry(I|m) = f1(I) + 2.

Since I has almost minimal mixed multiplicity, we get w(I) =eq(m|I). By Lemma 2.2, we have
fo(I) = ey (m|I). Thus from Theorem 4.3 of [6], we have f{(I) = u(I)—2+4r.(Ilm) = fo(I) —2+r.(I|m).
Hence fi(I) = fi(I) — fo() =r.(Ilm) —2. O

Now, we can prove the main result of this section.
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Theorem 4.2. Let d > 2 and I an ideal with almost minimal mixed multiplicity. Let aq, ...,aq_1 €, ag e m
be a Rees-superficial sequence for I and m satisfying af, ..., a}_, is a regular sequence in G(I). Then depth
Fa(l)>d—1.

Proof. We apply induction on d. Let d = 2. Since I has almost minimal mixed multiplicity,
A(m) <1 for all n > 1 by Lemma 2.2 of [6]. Let “~ " denote the image modulo (a;). Then

ml _ —
)‘(alﬁ+a2i)_)‘(a1m+azl) 1

If rp(Ilm) < oo, then by Lemma 4.1, we have that ri(i|n_1) =r(Il/m) and hence A(#) =

agmin—14a,In
m["
— >
)t(a]mln,hrazln) foralln>1

. min 1 ml"
Now, if r; (Ilm) = oo, then by Remark 2.4, A(W) =1= A(a71m1"4+a2l") foralln>1
For n > 1, consider the following exact sequence:

mi":a; o mi" m"

0— = — - —
m/n-1 agmI™ 1 +apI"  gmin1 4+ aIn

We have that mI" : a; = mI["~!. Therefore a? is a regular element in Fy,(I) and depth F,(I) > 1.
Let d > 2. Let *7” denote the images modulo (ai,...,d4_»). Then dim R = 2 and

A )<1

(a,...,aq— 1)m+udl

If )t( ) =0, then we get depth Fz(I) > 1 by Proposition 5.6 of [6].

g 1)m+adl

Now, 1f A(ﬁ) 1, then I has almost minimal mixed multiplicity. Therefore, applying
d—1 d

induction assumptions, depth Fw(I) > 1. Since aj,...,aj_, is a regular sequence in G(I), Fa(h) =

% and hence by Sally machine, depth F,(I) >d—1. O
1ol ) tm

The following example shows that the assumption in Theorem 4.2 that depth G(I) >d — 1 cannot
be dropped.

Example 4.3. Let R =k[[x, y, z]| be a three dimensional regular local ring with k a field and x, y, z
indeterminates m=(x,V,2). Let | =(—x%+y2, —y%+22,xy, yz, zx). It can be seen that x2I C I, but
x% ¢ I. This shows that the Ratliff-Rush closure T is not equal to I. Hence depth G(I) =

Let L = (—x% + y2, —y? 4+ 2%, x). Then it is a joint reduction of (I"!|m). It can be seen that mI =
(=2 +y2, =y + Z2)m+xI + (xy?) and m(xy?) C (—x2+ y2, —y% +2z%)m~+xI. Hence I has almost min-
imal mixed multiplicity. Since I is generated by homogeneous elements of same degree (equal to 2),
Fa (D) Zk[—x% + y%, —y? + 22, Xy, yz, zx]. Therefore depth F(I) > 1. Let n denote the graded maxi-
mal ideal of F,(I) and i the graded maximal ideal of Fy, (I)/(—x? + y%)Fwm (I). Then, it can be easily
checked that fi(—x2z2 + y2z2) = 0. Note that, since z% ¢ Fn(I), —x222 4+ y222 # 0 € Fu (I)/(—x* +
y?)Fm (I). Therefore we have produced a nonzero element in Fp, (I)/(—x% + y?)Fu (I) which is killed
by the maximal ideal of Fi(I)/(—x% + y%)Fm(I) and hence depth Fp,(I)/(—x% 4+ y2)F(I) = 0. This
shows that depth F, (1) =1.
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