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Abstract The main purpose of this paper is to use the properties of the Gauss sums, primitive
characters and the mean value of Dirichlet L-functions to study the hybrid mean value of the error
term E(n,1,c, q) and the hyper-Kloosterman sums K (h,n+1, q), the asymptotic property of the mean
square value > F_, E?*(n,1,c,p), and give two interesting mean value formulae.
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1 Introduction

Let ¢ > 2 and ¢ be two integers with (¢,¢) = 1. For each integer 0 < a < ¢ with (a,q) = 1,
we know that there exists one, and only one, integer 0 < b < ¢ with (b,¢q) = 1 such that
ab = ¢(mod q). Let

where 2/2:1 denotes the summation over all a such that (a,q) = 1. The second author [1] used
the estimates for the Kloosterman sums and trigonometric sums to obtain a sharp asymptotic

formula for M (k, ¢, q), and proved the following:

Proposition Let ¢ > 2 and ¢ be two integers with (q,c) = 1. Then, for any positive integer

k, we have the asymptotic formula

M(k,c,q) =

4k+1

1 2k 2 2 2
O (4 d 1
ok 1)(l<:+1)<25(f1)61 + ( q 2 d*(q)In q),
where ¢(q) is the Euler function, and d(q) is the divisor function.

For k =1 and any fixed positive integer ¢ with (g,c¢) =1, let

B(L,c,0) = M(Le.) - z0a)a’* ~ 5a][(1-p).
plg
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The second author [2] showed that, for any integer ¢ > 2, we have the asymptotic formula

a, 5 %”3)—% 4Ingqg
Z B2(1 _ 2 3,3 plp2+l)  pieTt 5

( 7Caq) 36q ¢ (q) 1_‘_l+i2 +O 4 exp hllnq ’
c=1 e |lq p P

where Hp"‘l\ , denotes the product over all prime divisors of ¢ with p®|g and p®*t1 t q. This
proves the error terms in the Proposition are the best possible.

For similar results about the error terms, see reference [3] and [4].

In reference [5], Mordell introduced the high-dimensional generalization of the Kloosterman
sums as follows:

q q q
/ / 1 nth-aias---a,
K1, = 303 o 3 o (et H B T

ai1=1las=1 a,=1

which is called the hyper-Kloosterman sums. The various properties of the hyper-Klooster-
man sums have been investigated by many authors. Applications of the hyper-kloosterman
sums were found in the estimation of Fourier coefficients of Maass forms [6] and the work on
Selberg’s eigenvalue conjecture [7]. On the other hand, Smith [8] has built some interesting
connections between the hyper-Kloosterman sums and the Heibronn sums.

Now we consider a generalization on the problem in the Proposition. For any integers ¢ > 2

and n > 1, letting

for n =1, we have M(1,k,c¢,q) = M(k,c,q), which has been stated above; while for n > 1 and

k =1, we still know nothing about it yet, that is,
q
!/ !/

M(n,l,c,q):Z/-~-Z Z (a1-~-an—b)2.

a1=1 an=1 b=1
ay--anb=c( mod q)

We now define
" (" (@) | g "
E(n>1acaq):M(na17c7Q)+ _< 3 +EH(1_p))

on
plg
n 2 n—1
plq

In this paper, we shall use the properties of the Gauss sums, primitive characters and the
mean value of Dirichlet L-functions to study the hybrid mean value of the error term E(n, 1, ¢, q)
and the hyper-Kloosterman sums K (h,n + 1,q), the asymptotic property of the mean square
value Zle E?(n,1,¢,p), and give two interesting mean value formulae. That is, we shall prove

the following:

Theorem 1  For any integers q,n with ¢ > 2 and n > 1, we have the asymptotic formula

q

/ -1 nin+1q2n+1¢ q pn 1 . .
§ E(?’L,17C,q)K(C,n+l,q):( ) n+1 ()H(1H)+O(q2 +1+),
=1 u pile p(p—1)

where € denotes any fixed positive number.
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Theorem 2  For any odd prime p and any integer n with n > 1, we have the asymptotic

formula
P 3n+3

ZEQ(TL’ 17C,p) _ p 5 (%)271 H (1 _ 11)202”7%> + O(p3n+2+s)’

c=1 P1F#P 1

where Hm#p denotes the product over all primes p1 with py # p, and CI = m!/nl(m — n)L.
Taking ¢ = p, an odd prime in our Theorem 1, we immediately deduce the following;:

Corollary  For any odd prime number p and positive integer n with n > 1, we have

p / (_1)nin+1p2n+2 ) .
Z E(n71,c’p)K(C’n+1’p):T+O(p n+ +€).
c=1

2 Several Lemmas
In this section, we use several lemmas to complete the proof of the theorems. First we have

Lemma 1 Let x be a character modulo q, generated by the primitive character X., modulo

m. Then we have the identity
_ ), (L
7(X) = Xm (m) p (m) 7(Xm),
where T(x) = G(1,x) is the Gauss sum, and p(n) is the Méobius function.
Proof See reference [9].

Lemma 2  For any positive integer q, let x be a non-primitive character modulo q¢ and x4 <

Xg- If (n,q) > 1, we have

Gln) = (s ) () o (g ) oo (G ) q*:(nzlqu
0’ q*# 1

where q1 is the greatest divisor of q that has the same prime factors as q*.

If (n,q) = 1, we have
G(n,x) =X"(n)x" (q%) I (q%) T(X").

Proof See reference [9].

Lemma 3 Let q,n be any integers with ¢ > 2,n > 1. Then, for any positive integer ¢ with

(¢,¢) = 1, we have

QinJrlanrl e G(t X) n+1
E(nvlvc7Q) I RN Y(C)( : > ’
Tt | 2 YO\
x(=1)=-1

where x denotes a Dirichlet character modulo q with x(—1) = —1.
Proof From the orthogonality relation for a character modulo ¢ we have
M(”’ ]‘) C7 q)
q a q
/! ! !/ 2
Y

a;=1 anp,=1 b=1
ay+-anb=c( mod q)
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~ 2\ n—1 oy 2 2 VAN 2 _ 1 i
z_) @S —@(Z) w2 X(C)(;ax(a))
_ <¢ %)qQ +% i _p)> L ¢ (?ff)q2 ¢" g( a) I ¢"(q2)f"“ LB 1,eq),
plg plg

q/ ’1, 2
Y= ¢(g)q, S = ¢(q3>q +% (1—p).
a=1

a=1 plg
Now if X(— ) =1 and x # X0, then we have

Zax Z g—a)x(g—a) = (q—a)x(a) =~ ax(a)=0.

On the other hand,

ZX (9 - —) = % > bx(b), if x(-1) =L

We may immediately get

q n+1
Blnlea) = % x<c>(zax<a>)

x mod g¢q a=1
x(=1)=-1
L xS (i)
x(—=1)=-1
- I e(Se((6)
x(—=1)=-1

i x(a) sin(27rta/q)>n+1

x mod gq t=1
x(=1)=-1
2¢" ! Y ¥ (—1 o~ G(t,x) — G( tX)) i
= X 5= Z
#la) | o= it t
x(—=1)=-1
2in+1qn+1 o0 G(ﬁ,X) n+1
DR CIOWE S
4 +1¢(q) x mod gq t=1 L
x(=1)=-1

where we have used the identities

1 X sin(2nta) , Ui i
((ﬂ?))——;;in , o osinw= (e —eT™).

This proves Lemma 3.

Lemma 4 Let q and r be integers with ¢ > 2 and (r,q) = 1, x be a Dirichlet character
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modulo q. Then we have the identities

o= Y w()ew

x mod g d|(gq,r—1)
and
q
=2l ()
Q)= nde(),
dlq
where Z*x mod ¢ denotes the summation over all primitive characters modulo q and J(q) de-

notes the number of primitive characters modulo q.
Proof See Lemma 3 of [11].

Lemma 5 Let ¢ = uv, where (u,v) =1, u be a square-full number oru =1, v be a square-free

number. Then we have the asymptotic formula

M= 33 u M (dy) - p(dnyr)pe(d) - - p(dnga)

d - dyy
dlv dilg  dnialg nr

X Z X (dy - dnyr) L"HH(1,X)

x mod wud
x(=1)=-1
qn¢2(Q) ( pn -1 ) +1+
L2 T (1- 22— ) +0(g"™").
2 H pr(p—1)? ( )

Proof Let 7,41(s) denote the (n + 1)-th divisor function (i.e. the number of positive integer
solutions of the equation s = s1s2 - s,4+1). Then for any parameter N > s and non-principal
character xy modulo s, applying Abel’s identity, we have

n+1 X Tn+1 X Tn+1 > A(yaY)
LX) = Z = > i /N e

1<s<N

where A(y,X) = X n<s<y X(S)TnH(S)-
Using a similar method to that of proving Lemma 5 in [12], we can easily get

u L dn T e (dy) - d(dpr) pldy) - - - (dpit
M= 3 ¢(dy) - - Pdny1)p(dy) - - pi(dn1)

dl’U dl ﬁ dn+1‘% 1 n+1
N g1 () . B qn+g+e
Tl S s o [C)
S N nt1
s=1 x mod ud
x(=1)=-1

Note that for (a,q) = 1, by Lemma 4, we have

S x=5 Y - x-1)x@

x mod g x mod g
x(=1)=-1

2
r|(g,a—1) 7|(g,a+1)

Therefore,

M= %Z Z o Z un+1dn+1¢(d1) - ¢(dn+1) ( n+1 Z le"Jrl

d"U dllLd) dn+1|%
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ud ud qn+%+e
X [ > u(—) o(r) — > u<—> o(r) +O< - >
r r N n+1
r|(ud,dy--dny1s—1) rl(ud,dy -+dpy15+1)
1 q""" S+e
_ = n+1 gn+1
_de d J(ud)—i—O( == )
Ndq-- dﬂ+1
—i—O(ZZ Z u"+1d"+1¢(d1)"'¢(dn+1)z¢( ) (Ir+1)° 1)
dl’U dl‘(% dn+1‘% r|ud =1
Ndj-dpyy
+ O(Z Z Z u" T d"  g(dy) dnt1 Z o(r) (Ir — 1) >
dI’U dl‘ z ,H,l‘ d Tlud =1

n+%+e

n¢2 ZdnJrlJ <
Nn}rl

(- o) o

>+0@MH3

ol N n+1
_q"*(q) pr—1 grite e 1te
2 IF Cre-2) POV O™,
prliq

where we have used the estimate 7,11(s) < s¢, the fact that v is a square-full number, v is a

square-free number, and the identity J(u) = ¢?(u)/u, where u be a square-full number.

Taking N = ¢ 25 in the above, we immediately obtain the following asymptotic formula:

qn¢2(‘I) p"—1 +1+
M = 1-——— nriTe) .
7 L= pg=e) 7o)
rllq
This completes the proof of Lemma 5.

Lemma 6 Let p be any odd prime. Then we have the asymptotic formula

) w@xW“2=@gﬂ(%)MH[10_155&>+mﬁ»

X#Xo P1
x(—1)=-1

where O}, = 273)2'.

Proof See Lemma 6 of [13].

3 Proof of Theorems

In this section, we complete the proof of the theorems. Let ¢, n be any integers with ¢ > 2,n > 1.

Then, for any character x mod ¢, we have

7, B 02 7, _ a1 +as+ - +ap+c-@ay---an
S rKen 1o =3 3 3T Y xe e ( : )

a1=1azx=1 anp=1c=1
Sl
q
On the other hand, let k = uwv, Where (u,v) = 1, u is a square-full number or u = 1, v is a

square-free number. Note that y* ( ) (%) f and only if m = ud, where d | v. So, from
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Lemma 1, Lemma 2 and Lemma 3, we have

q
Z/E(n, 1,¢,q)K(e,n+1,q)
c=1

2in+1qn+1 |: q _ :||:OO G(t,x):|n+1
= c)K(e,n+1,

PG mZOd q ;X() ( q) 2
x(—1)=-1

2imtlgnt! 3 Tnﬂ(x){i G(t,x)]”+1

7rn+1¢(q) x mod ¢ t=1 t
x(—=1)=-1

2,Ln+1 n+1

ST T e ()

d|lv x mod ud

x(—1)=-1
(@)x (7)1 (7)) 7O L (1, x) 1™
" LZI ho() |-

Note the identities

v () =x (g e, u(5) =n( g5 . ol = o )otan).

and

where x* is a primitive character modulo m with x(—1) = —1.

Then, from Lemma 5, we have

q
I
E E(n,l,c,q)K(c,n—l—l,q)
c=1

_2-nintignt Yy Z* B(dy) - d(dnyr)p(dr) -+ p(dpir)

T o(q) di - dpt1

dlv di]y dpi1|y x mod ud
x(=1)=-1
x (ud)" ™ (dy - -+ dpga) L"TH(1,X)
—_1)" n+1 2n+1 no_ 1
:( )Z Qb()H 1— p _’_O(q2n+l+€).
ﬂ-nJrl pn(p _ 1)2

pllq

This proves Theorem 1.

From Lemma 3 and Lemma 6, we have
_1)n+1 2n—+2

S E*n,le,p) = 4 Xﬂgm(p 7pl) S )T LT (1L, )L (LX)

x mod p
x(—1)=-1
4p3n+3 42
= S > L™
T2 (p — 1)
x mod p

x(=1)=-1

_ p3;+3 (%)Q”H (1 - p02n> + O,
P1

1

Thus we complete the proof of Theorem 2.

221
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