Acta Appl Math (2010) 109: 1165-1178
DOI 10.1007/s10440-008-9375-3

Moderate Deviations for a Class of L-Statistics

Hui Jiang

Received: 28 October 2008 / Accepted: 7 November 2008 / Published online: 15 November 2008
© Springer Science+Business Media B.V. 2008

Abstract We study a class of L-statistics based on linear combinations of order statistics
divided by the sample mean. The moderate deviation and functional moderate deviation
are obtained by the method of Rényi representation. Moreover, we also apply our result to
Jackson, Gini and Fortiana-Grané tests and obtain their asymptotic properties.
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1 Introduction
Let {X,,,n > 1} be a sequence of independent identically distributed random variables and
have the density

f(s)y=e*, x=>0.

The order statistics of X, X, ..., X, are denoted as X} < X5 <..- < X. Shorack and
Wellner [9] proposed a class of L-statistics of the form

(1.1)

where {w; ,}, i =1,2,...,n, is an array of coefficients. Motivated by their simple, well-
studied asymptotic behavior and nice properties of order statistics under exponentiality, the
tests 7,, is widely used. Moreover, many statistics belong to this class (cf. [3, 4, 9]).
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1166 H. Jiang

The asymptotic behavior and applications of 7, have been studied widely. Tchirina [11]
obtained the consistency and large deviations of 7,,. Mason and Shorack [6] proved the
necessary and sufficient conditions for the central limit theorem. For further references, on
can see [5, 10].

Set

M, X

izl Tini

Z?:l X;
Since the law of large numbers, central limit theorem and large deviation have been well in-
vestigated, as a complement, the purpose of this paper is to study further estimations about
this estimator, i.e. moderate deviation. We study the moderate deviation for 7,,(¢) from two
points of view: the parametrical statistical one when ¢ € [0, 1] is fixed and the nonparametri-
cal statistical one when ¢ varies in [0, 1]. Moreover, we also apply our result to the statistics
in Jackson, Gini and Fortiana-Grané tests (cf. [3, 4, 9]). And their asymptotic properties can
be obtained.

More precisely, we are interested in the estimations of

P(K(Tn(t) - /t W(u)du) c A),
bn 0

where A is a given domain of deviation, (b(n),n > 0) is some sequence denoting the
scale of deviation. When b(n) = 4/, this is exactly the estimation of central limit theo-
rem. When b(n) = n, it becomes the large deviations. Furthermore, when b(n)//n — 0o
and b(n) = o(n), this is the so called moderate deviations. In other words, the moderate
deviations investigate the convergence speed between the large deviations and central limit
theorem.

Let {b,, n > 1} be a sequence of positive numbers satisfying

T,(t) = 0<r<l.

b, b?
— —>0 and -~ — oo. (1.2)
n n

Throughout this paper, we assume that

(a) For w,(u) := w;,, % <uc< %, there exists a function w(u) defined on [0, 1] such
that

w, () —wm) =0(1), wuec(,1l1);

[nt] t
% > Win— / W (u)du = o(b,/n), te€l0,1].
0

i=1
(b) For any ¢t € (0, 1]
t
O</ W2w)du < 400,
0
where W(u) = - fl w)dv,0<u<land W;, = ﬁ Z;f:l. Win,i=1,...,n.

1—u Ju

Remark 1.1 In Sect. 4, we will find that statistics in the Jackson, Gini and Fortiana-Grané
tests satisfy our conditions (a) and (b).

Now, we state our main results as follows:

@ Springer



Moderate Deviations for a Class of L-Statistics 1167

Theorem 1.1 Let t € (0, 1]. For any closed subset F C R,
t
hrrlrls;lp ﬁ log P(b,l <Tn(t) — /0 W(u)du) € F) < —;gl(x)

and for any open subset G C R,

hmlnfb— logP(b (T,l(t) —/ W(u)du) € G) > — 1n£l(x)

n— 00
n

where I (x) = . In particular, for r > 0, we have

X2
2[6 W2 w)du

n

Pl =

<bn

Theorem 1.2 Let DIO, 1] denote the space of right continuous functions with left limits

in [0, 1], endowed with the uniformly convergence topology. Suppose that % :=0. Then for
any closed subset F C D[0, 1],

b%rz

g —_—n_
T,(@) —/ Wu)du| > r> ~e /WA
0

hmsup log P T.(t) — f W(u)du e F ) <—inf J(x)
by by 1€[0,1] xer

n—oo

and for any open subset G C D[0, 1],

n—00

hmmf— log P< <T ) — / W(u)du) € G) > —inf J(x)
by by rel0.1] x€G

where

L /()2 ; .
J()C)Z{2 0 Wi dt, ifx€H;
+00, otherwise

and

H= [x € D[0, 1]: x is absolutely continuous with x(0) =

L' (1))?
and/o W2 dt < +oo}.

In particular, for r > 0, we have

P( "
— su
bn OS[ISJI

where A= {x € D[0, 1] : supy_,; [x(t)| = r}.

Tn(t)—/ Ww)du| =
0

_ b g, A ()
r)~e e ,

For convenience, let us introduce some notations in large deviations (cf. [1, 12]).
Definition 1.1 Let (E, £) be a metric space with metric p, and let {Y,,, n > 1} be a family of

E-valued random variables. Denoting the law of Y, by w,. Let A, be a sequence of positive
real numbers satisfying A(n) — 0 as n — oo.
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(1) A function I (x) : E — [0, +00] is said to a rate function if it is lower semicontinuous
and it is said to a good rate function if its level set {x € E : I (x) < a} is compact for
alla > 0.

(2) The sequence of probability measures {u,, n > 1} or the sequence {Y,, n > 1} is said to
satisfy a large deviation principle (LDP) with speed A(n) and rate function I (-) if for
any closed set F € £

limsup A(n)log u, (F) < —Xlrg 1(x)

n—0o0

and for any open set G € &,
liminfA(n)log u,(G) > — inf I (x).
n—o0 xeG

(3) The sequence {u,,n > 1} is exponentially tight if for every L > 0, there is a compact
set K; € £ such that

gim limsupA(n)log P(Y, € Kj) <—L.

—Y n—oo

2 Moderate Deviations for L, (t)

In this section, we show Theorem 1.1 by Rényi’s representation for exponential order statis-
tics (cf. [2, 8]).

2.1 Rényi’s Representation

Let {e,,n > 1} be a sequence of i.i.d. exponential random variables with parameter 1, then
the density function of (e}, e}, ..., ¢e})

f*(xl s X2y eney xn) = n!e_()(]+X2+m+xn)][0<x1<»-»<x,,](x1’ ey xn)

which implies that the density function of (e}, e5 —e}, ..., e} —e;_,) is

n

g, xa, k) = [ [n =k 4+ De™ 0% g ) (x0).
k=1

Therefore, {(n — k 4 1)(ef — e{_,),k > 1} is also a sequence of i.i.d. exponential ran-
dom variables with parameter 1, where ej = 0 which implies that {e;,1 < k < n}
and {Z_’;zn_k 4l e”’f’“ 1 <k < n} are identical distribution, that is

n

e 1sk=m@={ > " i<k=ny.

Jj=n—k+1 J

Then, we have

[nt] *
i Win X
Tn([): i=1 Ln

Z?:l Xi

t
W X

L) ==5;
) Zi:lxi

2.1)
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2.2 Moderate Deviations for 7, (¢)
We first state the following lemma which is important to our proof.

Lemma 2.1 Foranyt € [0, 1], we have

[nt]

] t
) W,?n—>/ W2u)du, n—> oo.
n - ’ 0

i=1

Proof Since w,(u) —w(u) =o0(1) and

1 1
Win=T—""—""- wy, (w)du,
"1 G =D/ Jia

we can obtain by conditions (a) and (b) as n — 0o

[nt] [nt]

l W2 —l (;/‘l d>2
w2 = L 2 TG f 0
1 1 | )

B ;Z(m/_l w(u)du

i=1
1

1 2
+ T—G=D/n %(wn (u) — w(u))du>

t
- | W u)du.
/ .

Lemma 2.2 Let {e;,i > 1} be i.i.d. random variables and exponential with parameter 1,

and e; = e¢; — Ee;. Then {P(i 5@1 Wi ne; € -),n > 1} satisfies the large deviations with

the speed bl,% and the rate function

2
! 2

A P —
) 2 [, Wz(u)dux

In particular, for any sequence of intervals (x,, y,) satisfying x, — x,y, > y and x <y,

[nt]
. n ~
n11>n<;lo b—% log P (E ; Wlﬂ,nei € (xnv yn)>

n—00
n

[nt]
1
= lim %mgP(E;Wi,néi € [xn,yn]) = —min{J;(x), J;(y)}.

Proof Foranyi > 1, we have

~ 1%, ifs <1;
Ee't = s 2.2)
+o00, otherwise.
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Let
A,() = lim — log Ee™* Tt Wit
n—o00 b%

on Wi n

For any A € R, we can choose n large enough such that < 1. By (2.2) and

t t
E(Zt[n{‘lvl"el)_ lVlJ VVi.n,

A = lim T log(e™ o T Wi " it Wincr)
n—00 b%

[nt] [nt]
n
R

Applying Taylor formula to the function log(1 — x), we have
)\bn Wl n Aby, VV, n )\zbz W2 b2
Zlog( >=_Z—__Z <7> (2.3)
i=1
By Lemma 2.1, we have A, () = %)\2 fot W?2(u)du. Since the Legendre transform of A, (1)
is
2

X
Af(x) =sup{Ax — A, (V)} = ————,
! Asﬂg ' 2f0t W2(u)du
Girtner-Ellis theorem implies the conclusion of the lemma. |

We can obtain the following result easily,

Corollary 2.1 Let {e;,i > 1} be i.i.d random variables and exponential with parameter 1,
and ¢; = e; — Ee;. Then {P(b lm] e, € -),n > 1} satisfies the large deviations with the

speed and the rate function J; (x) x2.

Now, we prove the exponential equivalence of

[nt] [nt] [nt]
Lui=1 "MinAi 1 W1 nX / W(u)du i=1 Wi,nXi _ i=1 Wi,n
n n

[m] [nt] [nt]
WinXi 2zt Wi instead of w -

n n i1 Xi

The we can study the moderate deviation of Lis

fo W(u)du.
Lemma 2.3 For any r > 0, we have

() Wi‘”Xi—/[W(u)du— L Win X Y Wi
Z:‘l:l Xi n n

Proof By simple calculation, we have

n
by

@ Springer
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n
li —1 P
im .7 log (bn

n—0o0o
n

n] lnt] . ]y
i— i nX i, nX i— in
17:1 5 / W(u)du i=1 + i=1 5
Y Xi n

=1}
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c n >I" U I’l [ntJ zn /W( )d
b, =2 et

Zz IX
where X; = X; — EX;. Then for any L > 0,

n
by

WX Y Wi X
n
Dimi Xi n

,[Z{ W, . X Z,[i’{ Wi X; T
Y X n T2

[nt]

By Lemma 2.2 and Corollary 2.1, we have

[nt]

me

lim lim — log P(

L—oo nﬁoo

1) =

—1|> )= —00.
Z["” 2L

and

lim — log P
1mb0g(

n— 00
Consequently

MW Xi 2 Wia X

i1 Xi n

|

[ntJ

24

\
N
SN———
|
2

n
hm ﬁ log P <bn

Furthermore, for any 1 > § > 0, we have that

[ntJ
{ " / Wu)du| >

ZZ’ 1X

{ § X; >5} { Zizi Wi /W(u)du zi}
b,| n(l — 2
[nt]
U{— /W(u)du }
by n(1+5)

By hypothesis (a), Lemma 2.1 and Corollary 2.1, we have

[nt]
n
nlgrolo B log P( Z, 1 X f Wwu)du| > ) . 2.5
We can immediately complete the proof of this lemma from (2.4) and (2.5). |

Proof of Theorem 1.1 By Lemma 2.2 and Lemma 2.3, Theorem 1.1 can be obtained imme-
diately. ]
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1172 H. Jiang

3 Functional Moderate Deviations

In this section, we prove the functional moderate deviation theorem (Theorem 1.2). It is well
known that the moderate deviation of finite dimensional distributions

1 I
P(;(Tn(tl)—/- W(u)du,...,Tn(tk)—/ W(u)du)), O<ti< < <1, k>1
n 0 0

and the following exponential tightness: for any ¢ € [0, 1] and > 0,
> n) =—

t+s t
T,(t+5) — / W(u)du — T,(t) +/ W(u)du
0

hin limsuplog P (l sup

n—00 n 0<s<é

are sufficient for the moderate deviation of {7,,(¢), ¢ € [0, 1]} (cf. [1, 12]).
3.1 Moderate Deviations of Finite Dimensional distributions

Lemma3.l ForO=t)y <t <--- <t <1,k>1, set

Yo(ti,....tx) = (T,,(tl)—/lW(u)du,...,Tn(tk)—/lW(u)du) 3.1
0 0

and
[ntr]

n [nt1] [nt;]

Sl wL X 1 SMw X1
Z,(t,... pn)=|=">——""— — — Winyoo,, =2t — — — Winl. 3.2
= LS, 1S ). 62

n ‘ n ‘
i=1 i=1

Then for any r > 0, we have
. n n
nll)nolob—%logP b—nIYn(tl,...,tk) —Z,(t1,....ty)| =r ) =—00.

Proof By Lemma 2.3,

n—oQ

n n l[ntlj W, nX [m‘l Xl
= lim — max log P — W(u)du
n—00 b 1<j<k b, Zz 1)(

[nt]
Ztlvvl” r)

lim = log P( (¥ (b1, .o 10 = Zu(trs oo )] = 7
b b,

e L

" NG

Lemma 3.2 Let Z,(ty, ..., t) defined by (3.2). Then
[P(bl(zn(n,tz,...,tk) —EZ,(t,ta,...., 1)) € )n > 1}
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Moderate Deviations for a Class of L-Statistics 1173

2
satisfies the large deviations in R* with the speed %” and the rate function

k

A (Xj - )ijl)2
Jll,.“,tk (x) = Z T o
o 2ffjj—l W2(u)du

where x = (x1,...,X), xo :=0.

Proof For n large enough we have 1 < [n#] < --- < [n#;] < n, so by applying the homo-
morphism

Lo, xo, 000, x0) = (X, X2 — X1, 000, Xp — Xg—1)

Z, can be mapped to the random vector V, (¢, t2, ..., 1) = Z,(t1, 12, . . ., ty) with indepen-
dent components. Then we consider the large deviations of

n
b—(Vn(tl, by, oo i) = EV,(t1, ..., 1)).
Similar to the proof of Lemma 2.2, one can get that forany A = (A, ..., Ax) € R,

k )
.. n B 1 7
Attye W) = lim - log Ege?n % 2n=EZn) = 5 doau /t W2 u)du.
n j:1 j—1
By Girtner-Ellis theorem,

{P<£(Vn(t1,t2,~-,fk) —EV,(t1,t2,..., 1)) € ')J’t > 1}

2
satisfies the large deviations in R¥ with the speed %" and the rate function
k 2
1 X5
A =2y
150250k 1 2
2 o [  W2u)du

rj—

Then by the inverse contraction principle,

{P<b£(zn(l1,f2,~--,fk) —EoZ,(t1, 12, ..., 1)) € )n > 1}

2 A~
satisfies large deviations with speed %” and the rate function J;, ;, ., (x). O

By Lemma 3.1 and Lemma 3.2, we can obtain the finite dimensional moderate deviation
of Y, (11, ..., 1) defined by (3.1).

Theorem 3.1 Suppose 0=ty <t) <t <--- <t; <. For any closed subset F C R¥,

li "
imsup
n—oo Dy

n .
logP( (Yn(t]""vtk)_EYn(tlv"~5tk))EF>E_lnf']tl,.”.tk(-x)
bn xeF
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1174 H. Jiang

and for any open subset G C R,

s b% logP<b£n(Yn(tl’ s ti) = EY(f, 1) € G) z —inf Jy .y ()
where
VAEEDY M
j=1 zf,jtl W2(u)du
and x = (x1,...,x), X0 :=0.

3.2 Exponential Tightness
We first state the following maximum inequality, which will be used soon.

Lemma 3.3 Suppose {§,,n > 1} be a sequence of i.i.d random variables and S, = & +
-o-+E&,n>1.Then forallr >0,

P(max |5, >3r) <3 max P(ISj| > r).
=j=n

1<j=n
Lemma 3.4 Foranyt €[0,1] andn > 0,

N N .
Y WL X Y Wil X
n n

Zi:l Xi Zi:l Xi

> 17) = —00,

N n n
1{31fn11m sup b_ﬁ log P — sup

n—o0o0 bn 0<s<$§
where X,‘ = X,‘ - E()X,'.

Proof By simple calculation, for L > 1,

{ n Z,[n:[rns] W, X ,[":t} W, X }
—— Ssup n - n >
by 0<s=<8 Zi:l Xi Zi:l Xi
1 [nt+ns] _ n
C y— sup WinXi|>n/L Uy =—— > L ;.
:bn 0<s<8 i:X[n:t] > iz Xi

By Corollary 2.1, we have

—logP| =—— > L) =li — log P 1 Mf( < ! —1)=- (3.3)
o > L | =lims 0 ; =-o00. (3.

i=1 i n—00 n

By the Ottaviani inequality (Lemma 3.3), for any 1 > 0,

[nt+ns]

Z u]i,n)?i

i=[nt]

[nt+ns]
Z Wi,nXi

i=[nt]

1
Pl — sup >n/L) <3 sup P >b,n/3L |,
bn 0<s<$§ 0<s<$§
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Moderate Deviations for a Class of L-Statistics 1175

and the Chebyshev inequality,

{

)\bZn b [nt+ns] . b [nt+ns) ~
§exp{—3L"n }(Eoexp AZH > WinXit + Egexp —A;" > WX )

i=[nt] i=[nt]

[nt+ns]

Z W, . X

i=[nt]

> bnn/3L)

By simple calculation

b [nt+ns] . [nt+ns] )\,sz ) b2
EQCXp )\.; Z Wi,nXi = 1_[ <1+7Wl”+0<ﬁ>>

i=[nt] i=[nt]
Consequently,

[nt+ns]

Z W, . X

i=[nt]

it g

N
>b,n/3L ) =— lim —=—-o00. (34)

2 r—>+o0 3L

The proof of this lemma can be completed by (3.3) and (3.4). O

Applying Lemma 2.1 and Lemma 3.4, the following exponential tightness can be ob-
tained.

Lemma 3.5 Foranyt €[0, 1] and n > 0,

t+s t
laiﬁ)llimsuplogP(bl sup |T,(t +s) —/ Wu)du — T,(t) +/ W (u)du
0 0

n—o00 n 0<s<§

>7]) = —00.

3.3 Proof of Theorem 1.2

By Theorem 3.1 and Lemma 3.5,

{P(E(Tn(z) —/t W(u)du) c )}
b" 0 te[0,1]

b,2
n

satisfies the large deviations with the speed -% and the rate function
J () =sup{dyy i (x(11), -, X (1));
O=th<t1<---<t;y <1,k>0}, x € D[O, 1].

It is enough to prove that f(x) = J(x). For x(¢t) € D[0, 1], set F(t) = fot W2(u)du for t €
[0,1l.Ifx e H,thenforO=1ty<t; <--- <t <1,

Xk: (x(t;) —x(tj_1))*

o 2ft;f;] W2u)du

_ly x(t) = () )’
=5 ;(Fa,-) - F(rjl))<F(lj) - F(tj_l))
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1176 H. Jiang

Ly (F F(t ! O e ’
5; (1) — (j_l))(F(zj)—F(tj_l) W0 ())

1 (x/(t))zt
—2Jo W@

which implies that J x)=<J (x)Afor allx e H.
On the other hand, suppose J(x) < +00. Denote by o} =
gence of martingales,

2n ,0 <i <2". By the conver-

" x(of ) —x(af) x'(s)
Y (s) = Z—F( 2y @ )~ gy

By Fatou lemma,

1 /
% /O (;((?)) dF(s) < ‘l‘n“li‘ip f [y ()P F (s) < J (x) < +oo.

Therefore, J(x) = J (x). O

4 Application to Some Examples

Now we apply our results to the three statistics of type (1.1) to get their moderate deviations.
We only have to check that the conditions (a) and (b) are satisfied.

4.1 Gini Test

XX =X
"T2m—-DY X

where {X;,i > 1} be i.i.d. random variables and exponential with parameter 1. Gail and
Gastwirth [4] showed that G,, — % is a normalized L-statistics with coefficients

i—-1 3

n—1 2

Wip =

Moreover, Tchirina [11] shows that w,, (u) deﬁned in conditions (a) converges to w(x) =
2x — 2 uniformly on [0, 1] and W (x) = x — 1. Then we have

1 ‘ n—i—2
Win:zi in=— T >
’ n—i—l—l;wj’ n—1 2

which implies that for ¢ € [0, 1],

[nt]

EZW' _ [nt]( + [n2]) nlnt] [l 2[ni]

n -
i=1

= / W(x)dx +o(1/n).
0
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Moderate Deviations for a Class of L-Statistics 1177

Therefore, the conditions (a) and (b) are satisfied. Then

Theorem 4.1 {P(;—n(Gn - %) € -),n > 1} satisfies the large deviation principle with rate

2
% and rate function I,(x) = 6x%. In particular, for r > 0, we have

n 1 6b3r2
P b—G,,—— >r|~e .

2
Fortiana and Grané [3] have represented a characterization-based 1 — F'G,, in the form of
normalized L-statistics with coefficients

4.2 Fortiana-Grané Test

wi,=1—logn —(m—i)logln —i)+ (n—i+1)log(n —i +1).

and

i—1
Wi =1+log<1 — —)
n

w, (#) defined in condition (a) converges pointwise to w(x) =2 + In(1 — x) in (0, 1) and
the corresponding function W(x) =1 4 log(1 — x). It is easy to obtain that

[nt]

22 W= [ Wads+ 0a/m)
nia 0

which implies the following result:

Theorem 4.2 {P(ﬁ(l — FG,) €-),n > 1} satisfies the large deviation principle with rate

2
}i—:’ and rate function I(x) = x*/2. In particular, for r > 0, we have

n byr?
P(b—|1 — FG,| zr) ~e i

n

4.3 Jackson Test

Jackson statistics [7] is a L-statistics with the expectations of order statistics exponential
sample for coefficients:

n k

;L _n X
! ni =i+ 1 X
Moreover
EO.],1:2—an:l—>2, n— oo
nkzlk
and
Win:l_l n l_ n l+n—i+ll.
, nk:lk k:lk k=1 k
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1178 H. Jiang

It is easily calculate (cf. [11]),

w(x) =2+log(l —x), W(x)=1+log(l —x).

Since for any ¢ € (0, 1)

IA

n 1 n 1 n+1 1 n+1 1
— +logt - — —d —d logt
Z 3 +log Z f x|+ /[ x + log

k=[nt] k:[nt]k [nt] X nt] X

< (L - 1) —Hog(l + i) = o(1/m)
“\r] »n nt —1 ’

we have

[nt] 1 [nt]

1 [nt] [nt]
w2 Won =2 Z___Z Zn—k+1

i=1 k=1 i=k+1

n

=1-0 > % + O(logn/n)

k=n—[nt]+2

—(1=1)log(1 — 1) + O(logn/n).

Therefore, the conditions (a) and (b) are satisfied. Then

2
Theorem 4.3 {P(b'—ln(J,, —2) €-),n > 1} satisfies the large deviation principle with rate %”

and rate function I3(x) = x? /2. In particular, for r > 0, we have

n h,21r2
P<b—|J,, —2| Zr) ~e .
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