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Abstract We study a class of L-statistics based on linear combinations of order statistics
divided by the sample mean. The moderate deviation and functional moderate deviation
are obtained by the method of Rényi representation. Moreover, we also apply our result to
Jackson, Gini and Fortiana-Grané tests and obtain their asymptotic properties.
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1 Introduction

Let {Xn,n ≥ 1} be a sequence of independent identically distributed random variables and
have the density

f (s) = e−x, x ≥ 0.

The order statistics of X1,X2, . . . ,Xn are denoted as X∗
1 ≤ X∗

2 ≤ · · · ≤ X∗
n . Shorack and

Wellner [9] proposed a class of L-statistics of the form

Tn =
∑n

i=1 wi,nX
∗
i∑n

i=1 Xi

, (1.1)

where {wi,n}, i = 1,2, . . . , n, is an array of coefficients. Motivated by their simple, well-
studied asymptotic behavior and nice properties of order statistics under exponentiality, the
tests Tn is widely used. Moreover, many statistics belong to this class (cf. [3, 4, 9]).
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The asymptotic behavior and applications of Tn have been studied widely. Tchirina [11]
obtained the consistency and large deviations of Tn. Mason and Shorack [6] proved the
necessary and sufficient conditions for the central limit theorem. For further references, on
can see [5, 10].

Set

Tn(t) =
∑[nt]

i=1 wi,nX
∗
i∑n

i=1 Xi

, 0 ≤ t ≤ 1.

Since the law of large numbers, central limit theorem and large deviation have been well in-
vestigated, as a complement, the purpose of this paper is to study further estimations about
this estimator, i.e. moderate deviation. We study the moderate deviation for Tn(t) from two
points of view: the parametrical statistical one when t ∈ [0,1] is fixed and the nonparametri-
cal statistical one when t varies in [0,1]. Moreover, we also apply our result to the statistics
in Jackson, Gini and Fortiana-Grané tests (cf. [3, 4, 9]). And their asymptotic properties can
be obtained.

More precisely, we are interested in the estimations of

P

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

∈ A

)

,

where A is a given domain of deviation, (b(n), n > 0) is some sequence denoting the
scale of deviation. When b(n) = √

n, this is exactly the estimation of central limit theo-
rem. When b(n) = n, it becomes the large deviations. Furthermore, when b(n)/

√
n → ∞

and b(n) = o(n), this is the so called moderate deviations. In other words, the moderate
deviations investigate the convergence speed between the large deviations and central limit
theorem.

Let {bn,n ≥ 1} be a sequence of positive numbers satisfying

bn

n
→ 0 and

b2
n

n
→ ∞. (1.2)

Throughout this paper, we assume that

(a) For wn(u) := wi,n,
i−1
n

≤ u ≤ i
n

, there exists a function w(u) defined on [0,1] such
that

wn(u) − w(u) = o(1), u ∈ (0,1);
1

n

[nt]∑

i=1

Wi,n −
∫ t

0
W(u)du = o(bn/n), t ∈ [0,1].

(b) For any t ∈ (0,1]

0 <

∫ t

0
W 2(u)du < +∞,

where W(u) = 1
1−u

∫ 1
u

w(v)dv,0 ≤ u < 1 and Wi,n = 1
n−i+1

∑n

j=i wi,n, i = 1, . . . , n.

Remark 1.1 In Sect. 4, we will find that statistics in the Jackson, Gini and Fortiana-Grané
tests satisfy our conditions (a) and (b).

Now, we state our main results as follows:
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Theorem 1.1 Let t ∈ (0,1]. For any closed subset F ⊂ R,

lim sup
n→∞

n

b2
n

logP

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

∈ F

)

≤ − inf
x∈F

I (x)

and for any open subset G ⊂ R,

lim inf
n→∞

n

b2
n

logP

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

∈ G

)

≥ − inf
x∈G

I (x)

where I (x) = x2

2
∫ t

0 W2(u)du
. In particular, for r > 0, we have

P

(
n

bn

∣
∣
∣
∣Tn(t) −

∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

)

∼ e
− b2

nr2

2n
∫ t
0 W2(u)du .

Theorem 1.2 Let D[0,1] denote the space of right continuous functions with left limits
in [0,1], endowed with the uniformly convergence topology. Suppose that 0

0 := 0. Then for
any closed subset F ⊂ D[0,1],

lim sup
n→∞

n

b2
n

logP

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

t∈[0,1]
∈ F

)

≤ − inf
x∈F

J (x)

and for any open subset G ⊂ D[0,1],

lim inf
n→∞

n

b2
n

logP

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

t∈[0,1]
∈ G

)

≥ − inf
x∈G

J (x)

where

J (x) =
{

1
2

∫ 1
0

(x′(t))2

W2(t)
dt, if x ∈ H ;

+∞, otherwise

and

H =
{

x ∈ D[0,1] : x is absolutely continuous with x(0) = 0

and
∫ 1

0

(x ′(t))2

W 2(t)
dt < +∞

}

.

In particular, for r > 0, we have

P

(
n

bn

sup
0≤t≤1

∣
∣
∣
∣Tn(t) −

∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

)

∼ e− b2
n
n infx∈A J (x),

where A = {x ∈ D[0,1] : sup0≤t≤1 |x(t)| ≥ r}.

For convenience, let us introduce some notations in large deviations (cf. [1, 12]).

Definition 1.1 Let (E, E ) be a metric space with metric ρ, and let {Yn,n ≥ 1} be a family of
E-valued random variables. Denoting the law of Yn by μn. Let λn be a sequence of positive
real numbers satisfying λ(n) → 0 as n → ∞.
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(1) A function I (x) : E → [0,+∞] is said to a rate function if it is lower semicontinuous
and it is said to a good rate function if its level set {x ∈ E : I (x) ≤ a} is compact for
all a ≥ 0.

(2) The sequence of probability measures {μn,n ≥ 1} or the sequence {Yn,n ≥ 1} is said to
satisfy a large deviation principle (LDP) with speed λ(n) and rate function I (·) if for
any closed set F ∈ E

lim sup
n→∞

λ(n) logμn(F ) ≤ − inf
x∈F

I (x)

and for any open set G ∈ E ,

lim inf
n→∞ λ(n) logμn(G) ≥ − inf

x∈G
I (x).

(3) The sequence {μn,n ≥ 1} is exponentially tight if for every L > 0, there is a compact
set KL ∈ E such that

lim
δ→0

lim sup
n→∞

λ(n) logP (Yn ∈ Kc
L) ≤ −L.

2 Moderate Deviations for Ln(t)

In this section, we show Theorem 1.1 by Rényi’s representation for exponential order statis-
tics (cf. [2, 8]).

2.1 Rényi’s Representation

Let {en, n ≥ 1} be a sequence of i.i.d. exponential random variables with parameter 1, then
the density function of (e∗

1, e
∗
2, . . . , e

∗
n)

f ∗(x1, x2, . . . , xn) = n!e−(x1+x2+···+xn)I[0<x1<···<xn](x1, . . . , xn)

which implies that the density function of (e∗
1, e

∗
2 − e∗

1, . . . , e
∗
n − e∗

n−1) is

g(x1, x2, . . . , xn) =
n∏

k=1

(n − k + 1)e−(n−k+1)xk I[0,+∞)(xk).

Therefore, {(n − k + 1)(e∗
k − e∗

k−1), k ≥ 1} is also a sequence of i.i.d. exponential ran-
dom variables with parameter 1, where e∗

0 = 0 which implies that {e∗
k ,1 ≤ k ≤ n}

and {∑n

j=n−k+1
en−j+1

j
,1 ≤ k ≤ n} are identical distribution, that is

{e∗
k ,1 ≤ k ≤ n}(L) =

{
n∑

j=n−k+1

en−j+1

j
,1 ≤ k ≤ n

}

.

Then, we have

Tn(t) =
∑[nt]

i=1 wi,nX
∗
i∑n

i=1 Xi

(L) =
∑[nt]

i=1 Wi,nXi
∑n

i=1 Xi

. (2.1)
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2.2 Moderate Deviations for Tn(t)

We first state the following lemma which is important to our proof.

Lemma 2.1 For any t ∈ [0,1], we have

1

n

[nt]∑

i=1

W 2
i,n →

∫ t

0
W 2(u)du, n → ∞.

Proof Since wn(u) − w(u) = o(1) and

Wi,n = 1

1 − (i − 1)/n

∫ 1

i−1
n

wn(u)du,

we can obtain by conditions (a) and (b) as n → ∞

1

n

[nt]∑

i=1

W 2
i,n = 1

n

[nt]∑

i=1

(
1

1 − (i − 1)/n

∫ 1

i−1
n

wn(u)du

)2

= 1

n

[nt]∑

i=1

(
1

1 − (i − 1)/n

∫ 1

i−1
n

w(u)du

+ 1

1 − (i − 1)/n

∫ 1

i−1
n

(wn(u) − w(u))du

)2

→
∫ t

0
W 2(u)du. �

Lemma 2.2 Let {ei, i ≥ 1} be i.i.d. random variables and exponential with parameter 1,
and ẽi = ei − Eei . Then {P ( 1

bn

∑[nt]
j=1 Wi,nẽi ∈ ·), n ≥ 1} satisfies the large deviations with

the speed n

b2
n

and the rate function

Jt (x) = t2

2
∫ t

0 W 2(u)du
x2.

In particular, for any sequence of intervals (xn, yn) satisfying xn → x, yn → y and x < y,

lim
n→∞

n

b2
n

logP

(
1

bn

[nt]∑

j=1

Wi,nẽi ∈ (xn, yn)

)

= lim
n→∞

n

b2
n

logP

(
1

bn

[nt]∑

j=1

Wi,nẽi ∈ [xn, yn]
)

= −min{Jt (x), Jt (y)}.

Proof For any i ≥ 1, we have

Eesẽi =
{

1
1−s

, if s < 1;

+∞, otherwise.
(2.2)
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Let

�t(λ) = lim
n→∞

n

b2
n

logEe
λbn
n

∑[nt]
i=1 Wi,nẽi .

For any λ ∈ R, we can choose n large enough such that λbnWi,n

n
< 1. By (2.2) and

E(
∑[nt]

i=1 Wi,nei) = ∑[nt]
i=1 Wi,n,

�t(λ) = lim
n→∞

n

b2
n

log(e− λbn
n

∑[nt]
i=1 Wi,nEe

λbn
n

∑[nt]
i=1 Wi,nei )

= lim
n→∞

n

b2
n

(

−λbn

n

[nt]∑

i=1

Wi,n −
[nt]∑

i=1

log

(

1 − λbn

n
Wi,n

))

.

Applying Taylor formula to the function log(1 − x), we have

n∑

i=1

log

(

1 − λbnWi,n

n

)

= −
n∑

i=1

λbnWi,n

n
− 1

2

n∑

i=1

λ2b2
nW

2
i,n

n2
+ o

(
b2

n

n

)

. (2.3)

By Lemma 2.1, we have �t(λ) = 1
2λ2

∫ t

0 W 2(u)du. Since the Legendre transform of �t(λ)

is

�∗
t (x) = sup

λ∈R

{λx − �t(λ)} = x2

2
∫ t

0 W 2(u)du
,

Gärtner-Ellis theorem implies the conclusion of the lemma. �

We can obtain the following result easily,

Corollary 2.1 Let {ei, i ≥ 1} be i.i.d random variables and exponential with parameter 1,
and ẽi = ei − Eei . Then {P ( 1

bn

∑[nt]
j=1 ẽi ∈ ·), n ≥ 1} satisfies the large deviations with the

speed n

b2
n

and the rate function Ĵt (x) = t
2x2.

Now, we prove the exponential equivalence of

∑[nt]
i=1 Wi,nXi
∑n

i=1 Xi

−
∫ t

0
W(u)du,

∑[nt]
i=1 Wi,nXi

n
−

∑[nt]
i=1 Wi,n

n
.

The we can study the moderate deviation of
∑[nt]

i=1 Wi,nXi

n
−

∑[nt]
i=1 Wi,n

n
instead of

∑[nt]
i=1 Wi,nXi∑n

i=1 Xi
−

∫ t

0 W(u)du.

Lemma 2.3 For any r > 0, we have

lim
n→∞

n

b2
n

logP

(
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,nXi
∑n

i=1 Xi

−
∫ t

0
W(u)du−

∑[nt]
i=1 Wi,nXi

n
+

∑[nt]
i=1 Wi,n

n

∣
∣
∣
∣ ≥ r

)

= −∞.

Proof By simple calculation, we have

{
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,nXi
∑n

i=1 Xi

−
∫ t

0
W(u)du −

∑[nt]
i=1 Wi,nXi

n
+

∑[nt]
i=1 Wi,n

n

∣
∣
∣
∣ ≥ r

}
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⊂
{

n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,nX̃i
∑n

i=1 Xi

−
∑[nt]

i=1 Wi,nX̃i

n

∣
∣
∣
∣ ≥ r

2

}

∪
{

n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,n

∑n

i=1 Xi

−
∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

2

}

,

where X̃i = Xi − EXi . Then for any L > 0,

{
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,nX̃i
∑n

i=1 Xi

−
∑[nt]

i=1 Wi,nX̃i

n

∣
∣
∣
∣ ≥ r

2

}

⊂
{

1

bn

∣
∣
∣
∣

[nt]∑

i=1

Wi,nX̃i

∣
∣
∣
∣ ≥ L

}

∪
{∣
∣
∣
∣

1
1
n

∑n

i=1 Xi

− 1

∣
∣
∣
∣ ≥ r

2L

}

.

By Lemma 2.2 and Corollary 2.1, we have

lim
L→∞

lim
n→∞

n

b2
n

logP

(
1

bn

∣
∣
∣
∣
∣

[nt]∑

i=1

Wi,nX̃i

∣
∣
∣
∣
∣
≥ L

)

= −∞,

and

lim
n→∞

n

b2
n

logP

(∣
∣
∣
∣

1
1
n

∑[nt]
i=1 Xi

− 1

∣
∣
∣
∣ ≥ r

2L

)

= −∞.

Consequently

lim
n→∞

n

b2
n

logP

(
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,nX̃i
∑n

i=1 Xi

−
∑[nt]

i=1 Wi,nX̃i

n

∣
∣
∣
∣ ≥ r

2

)

= −∞. (2.4)

Furthermore, for any 1 > δ > 0, we have that

{
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,n

∑n

i=1 Xi

−
∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

2

}

⊂
{

1

n

∣
∣
∣
∣

n∑

i=1

X̃i

∣
∣
∣
∣ ≥ δ

}

∪
{

n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,n

n(1 − δ)
−

∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

2

}

∪
{

n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,n

n(1 + δ)
−

∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

2

}

.

By hypothesis (a), Lemma 2.1 and Corollary 2.1, we have

lim
n→∞

n

b2
n

logP

(
n

bn

∣
∣
∣
∣

∑[nt]
i=1 Wi,n

∑n

i=1 Xi

−
∫ t

0
W(u)du

∣
∣
∣
∣ ≥ r

2

)

= −∞. (2.5)

We can immediately complete the proof of this lemma from (2.4) and (2.5). �

Proof of Theorem 1.1 By Lemma 2.2 and Lemma 2.3, Theorem 1.1 can be obtained imme-
diately. �
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3 Functional Moderate Deviations

In this section, we prove the functional moderate deviation theorem (Theorem 1.2). It is well
known that the moderate deviation of finite dimensional distributions

P

(
n

bn

(

Tn(t1)−
∫ t1

0
W(u)du, . . . , Tn(tk)−

∫ t1

0
W(u)du

))

, 0 < t1 < · · · < tk ≤ 1, k ≥ 1

and the following exponential tightness: for any t ∈ [0,1] and η > 0,

lim
δ↓0

lim sup
n→∞

logP

(
n

bn

sup
0≤s≤δ

∣
∣
∣
∣Tn(t + s) −

∫ t+s

0
W(u)du − Tn(t) +

∫ t

0
W(u)du

∣
∣
∣
∣ > η

)

= −∞

are sufficient for the moderate deviation of {Tn(t), t ∈ [0,1]} (cf. [1, 12]).

3.1 Moderate Deviations of Finite Dimensional distributions

Lemma 3.1 For 0 = t0 < t1 < · · · < tk ≤ 1, k ≥ 1, set

Yn(t1, . . . , tk) =
(

Tn(t1) −
∫ t1

0
W(u)du, . . . , Tn(tk) −

∫ t1

0
W(u)du

)

(3.1)

and

Zn(t1, . . . , tk) =
(∑[nt1]

i=1 Wi,nXi

n
− 1

n

[nt1]∑

i=1

Wi,n, . . . ,

∑[ntk ]
i=1 Wi,nXi

n
− 1

n

[ntk ]∑

i=1

Wi,n

)

. (3.2)

Then for any r > 0, we have

lim
n→∞

n

b2
n

logP

(
n

bn

|Yn(t1, . . . , tk) − Zn(t1, . . . , tk)| ≥ r

)

= −∞.

Proof By Lemma 2.3,

lim
n→∞

n

b2
n

logP

(
n

bn

|Yn(t1, . . . , tk) − Zn(t1, . . . , tk)| ≥ r

)

= lim
n→∞

n

b2
n

max
1≤j≤k

logP

(
n

bn

|
∑[ntj ]

i=1 Wi,nXi
∑n

i=1 Xi

−
∫ tj

0
W(u)du −

∑[ntj ]
i=1 Wi,nXi

n

+
∑[ntj ]

i=1 Wi,n

n
| ≥ r√

k

)

= −∞. �

Lemma 3.2 Let Zn(t1, . . . , tk) defined by (3.2). Then

{

P

(
n

bn

(Zn(t1, t2, . . . , tk) − EZn(t1, t2, . . . , tk)) ∈ ·
)

, n ≥ 1

}
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satisfies the large deviations in R
k with the speed b2

n

n
and the rate function

Ĵt1,...,tk (x) =
k∑

j=1

(xj − xj−1)
2

2
∫ tj

tj−1
W 2(u)du

where x = (x1, . . . , xk), x0 := 0.

Proof For n large enough we have 1 < [nt1] < · · · < [ntk] < n, so by applying the homo-
morphism

� : (x1, x2, . . . , xk) → (x1, x2 − x1, . . . , xk − xk−1)

Zn can be mapped to the random vector Vn(t1, t2, . . . , tk) = �Zn(t1, t2, . . . , tk) with indepen-
dent components. Then we consider the large deviations of

n

bn

(Vn(t1, t2, . . . , tk) − EVn(t1, . . . , tk)).

Similar to the proof of Lemma 2.2, one can get that for any λ = (λ1, . . . , λk) ∈ R
k ,

�t1,t2,...,tk (λ) = lim
n→∞

n

b2
n

logE0e
λbn〈λ,Zn−EZn〉 = 1

2

k∑

j=1

λ2
j

∫ tj

tj−1

W 2(u)du.

By Gärtner-Ellis theorem,

{

P

(
n

bn

(Vn(t1, t2, . . . , tk) − EVn(t1, t2, . . . , tk)) ∈ ·
)

, n ≥ 1

}

satisfies the large deviations in R
k with the speed b2

n

n
and the rate function

�∗
t1,t2,...,tk

(x) = 1

2

k∑

j=1

x2
j

∫ tj
tj−1

W 2(u)du
.

Then by the inverse contraction principle,

{

P

(
n

bn

(Zn(t1, t2, . . . , tk) − E0Zn(t1, t2, . . . , tk)) ∈ ·
)

, n ≥ 1

}

satisfies large deviations with speed b2
n

n
and the rate function Ĵt1,t2,...,tk (x). �

By Lemma 3.1 and Lemma 3.2, we can obtain the finite dimensional moderate deviation
of Yn(t1, . . . , tk) defined by (3.1).

Theorem 3.1 Suppose 0 = t0 < t1 < t2 < · · · < tk ≤ 1. For any closed subset F ⊂ R
k ,

lim sup
n→∞

n

b2
n

logP

(
n

bn

(Yn(t1, . . . , tk) − EYn(t1, . . . , tk)) ∈ F

)

≤ − inf
x∈F

Jt1,...,tk (x)
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and for any open subset G ⊂ R
k ,

lim sup
n→∞

n

b2
n

logP

(
n

bn

(Yn(t1, . . . , tk) − EYn(t1, . . . , tk)) ∈ G

)

≥ − inf
x∈G

Jt1,...,tk (x)

where

Jt1,...,tk (x) =
k∑

j=1

(xj − xj−1)
2

2
∫ tj

tj−1
W 2(u)du

and x = (x1, . . . , xk), x0 := 0.

3.2 Exponential Tightness

We first state the following maximum inequality, which will be used soon.

Lemma 3.3 Suppose {ξn, n ≥ 1} be a sequence of i.i.d random variables and Sn = ξ1 +
· · · + ξn, n ≥ 1. Then for all r > 0,

P
(

max
1≤j≤n

|Sj | > 3r
)

≤ 3 max
1≤j≤n

P (|Sj | > r).

Lemma 3.4 For any t ∈ [0,1] and η > 0,

lim
δ↓0

lim sup
n→∞

n

b2
n

logP

(
n

bn

sup
0≤s≤δ

∣
∣
∣
∣

∑[nt+ns]
i=1 Wi,nX̃i
∑n

i=1 Xi

−
∑[nt]

i=1 Wi,nX̃i
∑n

i=1 Xi

∣
∣
∣
∣ > η

)

= −∞,

where X̃i = Xi − E0Xi .

Proof By simple calculation, for L > 1,

{
n

bn

sup
0≤s≤δ

∣
∣
∣
∣

∑[nt+ns]
i=1 Wi,nX̃i
∑n

i=1 Xi

−
∑[nt]

i=1 Wi,nX̃i
∑n

i=1 Xi

∣
∣
∣
∣ > η

}

⊂
{

1

bn

sup
0≤s≤δ

∣
∣
∣
∣
∣

[nt+ns]∑

i=[nt]
Wi,nX̃i

∣
∣
∣
∣
∣
> η/L

}

∪
{

n
∑n

i=1 Xi

> L

}

.

By Corollary 2.1, we have

lim sup
n→∞

n

b2
n

logP

(
n

∑n

i=1 Xi

> L

)

= lim sup
n→∞

n

b2
n

logP

(
1

n

[nt]∑

i=1

X̃i ≤ 1

L
− 1

)

= −∞. (3.3)

By the Ottaviani inequality (Lemma 3.3), for any η > 0,

P

(
1

bn

sup
0≤s≤δ

∣
∣
∣
∣
∣

[nt+ns]∑

i=[nt]
Wi,nX̃i

∣
∣
∣
∣
∣
≥ η/L

)

≤ 3 sup
0≤s≤δ

P

(∣
∣
∣
∣
∣

[nt+ns]∑

i=[nt]
Wi,nX̃i

∣
∣
∣
∣
∣
≥ bnη/3L

)

,
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and the Chebyshev inequality,

P

(∣
∣
∣
∣
∣

[nt+ns]∑

i=[nt]
Wi,nX̃i

∣
∣
∣
∣
∣
≥ bnη/3L

)

≤ exp

{

−λb2
nη

3Ln

}(

E0 exp

{

λ
bn

n

[nt+ns]∑

i=[nt]
Wi,nX̃i

}

+ E0 exp

{

−λ
bn

n

[nt+ns]∑

i=[nt]
Wi,nX̃i

})

.

By simple calculation

E0 exp

{

λ
bn

n

[nt+ns]∑

i=[nt]
Wi,nX̃i

}

=
[nt+ns]∏

i=[nt]

(

1 + λ2b2
n

n2
W 2

i,n + o

(
b2

n

n2

))

.

Consequently,

lim
λ→+∞ lim

δ↓0
lim sup

n→∞
n

b2
n

logP

(∣
∣
∣
∣
∣

[nt+ns]∑

i=[nt]
Wi,nX̃i

∣
∣
∣
∣
∣
≥ bnη/3L

)

= − lim
λ→+∞

λη

3L
= −∞. (3.4)

The proof of this lemma can be completed by (3.3) and (3.4). �

Applying Lemma 2.1 and Lemma 3.4, the following exponential tightness can be ob-
tained.

Lemma 3.5 For any t ∈ [0,1] and η > 0,

lim
δ↓0

lim sup
n→∞

logP

(
n

bn

sup
0≤s≤δ

∣
∣
∣
∣Tn(t + s)−

∫ t+s

0
W(u)du−Tn(t)+

∫ t

0
W(u)du

∣
∣
∣
∣ > η

)

= −∞.

3.3 Proof of Theorem 1.2

By Theorem 3.1 and Lemma 3.5,
{

P

(
n

bn

(

Tn(t) −
∫ t

0
W(u)du

)

t∈[0,1]
∈ ·

)}

satisfies the large deviations with the speed b2
n

n
and the rate function

Ĵ (x) = sup{Jt1,...,tk

(
x(t1), . . . , x(tk)

);
0 = t0 < t1 < · · · < tk ≤ 1, k ≥ 0}, x ∈ D[0,1].

It is enough to prove that Ĵ (x) = J (x). For x(t) ∈ D[0,1], set F(t) = ∫ t

0 W 2(u)du for t ∈
[0,1]. If x ∈ H , then for 0 = t0 < t1 < · · · < tk ≤ 1,

k∑

j=1

(x(tj ) − x(tj−1))
2

2
∫ tj

tj−1
W 2(u)du

= 1

2

k∑

j=1

(F (tj ) − F(tj−1))

(
x(tj ) − x(tj−1)

F (tj ) − F(tj−1)

)2
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= 1

2

k∑

j=1

(F (tj ) − F(tj−1))

(
1

F(tj ) − F(tj−1)

∫ tj

tj−1

x ′(t)
W 2(t)

dF (t)

)2

≤ 1

2

∫ 1

0

(x ′(t))2

W 2(t)
dt,

which implies that Ĵ (x) ≤ J (x) for all x ∈ H .
On the other hand, suppose Ĵ (x) < +∞. Denote by αn

i = i
2n ,0 ≤ i ≤ 2n. By the conver-

gence of martingales,

ψn(s) =
2n

∑

i=0

x(αn
i+1) − x(αn

i )

F (αn
i+1) − F(αn

i )
I[αn

i
,αn

i
)(s) → x ′(s)

F ′(s)
, a.s.

By Fatou lemma,

1

2

∫ 1

0

(
x ′(s)
F ′(s)

)2

dF(s) ≤ 1

2
lim sup

n→∞

∫ 1

0
|ψn(s)|2dF(s) ≤ Ĵ (x) < +∞.

Therefore, J (x) = Ĵ (x). �

4 Application to Some Examples

Now we apply our results to the three statistics of type (1.1) to get their moderate deviations.
We only have to check that the conditions (a) and (b) are satisfied.

4.1 Gini Test

Gn =
∑n

i,j=1 |Xi − Xj |
2(n − 1)

∑n

i=1 Xi

,

where {Xi, i ≥ 1} be i.i.d. random variables and exponential with parameter 1. Gail and
Gastwirth [4] showed that Gn − 1

2 is a normalized L-statistics with coefficients

wi,n = 2
i − 1

n − 1
− 3

2
.

Moreover, Tchirina [11] shows that wn(u) defined in conditions (a) converges to w(x) =
2x − 3

2 uniformly on [0,1] and W(x) = x − 1
2 . Then we have

Wi,n := 1

n − i + 1

n∑

j=i

wj,n = n − i − 2

n − 1
− 3

2
,

which implies that for t ∈ [0,1],

1

n

[nt]∑

i=1

Wi,n = [nt](1 + [nt])
2n(n − 1)

+ n[nt]
n(n − 1)

− 3[nt]
2n

− 2[nt]
n(n − 1)

=
∫ t

0
W(x)dx + o(1/n).
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Therefore, the conditions (a) and (b) are satisfied. Then

Theorem 4.1 {P ( n
bn

(Gn − 1
2 ) ∈ ·), n ≥ 1} satisfies the large deviation principle with rate

b2
n

n
and rate function I1(x) = 6x2. In particular, for r > 0, we have

P

(
n

bn

∣
∣
∣
∣Gn − 1

2

∣
∣
∣
∣ ≥ r

)

∼ e− 6b2
nr2

n .

4.2 Fortiana-Grané Test

Fortiana and Grané [3] have represented a characterization-based 1 − FGn in the form of
normalized L-statistics with coefficients

wi,n = 1 − logn − (n − i) log(n − i) + (n − i + 1) log(n − i + 1).

and

Wi,n = 1 + log

(

1 − i − 1

n

)

.

wn(u) defined in condition (a) converges pointwise to w(x) = 2 + ln(1 − x) in (0,1) and
the corresponding function W(x) = 1 + log(1 − x). It is easy to obtain that

1

n

[nt]∑

i=1

Wi,n =
∫ t

0
W(x)dx + O(1/n)

which implies the following result:

Theorem 4.2 {P ( n
bn

(1 − FGn) ∈ ·), n ≥ 1} satisfies the large deviation principle with rate
b2
n

n
and rate function I2(x) = x2/2. In particular, for r > 0, we have

P

(
n

bn

|1 − FGn| ≥ r

)

∼ e− b2
nr2

2n .

4.3 Jackson Test

Jackson statistics [7] is a L-statistics with the expectations of order statistics exponential
sample for coefficients:

Jn = 1

n

n∑

k=1

k∑

i=1

n

n − i + 1

X∗
k∑n

i=1 Xi

.

Moreover

E0Jn = 2 − 1

n

n∑

k=1

1

k
→ 2, n → ∞

and

Wi,n = 1 − 1

n

n∑

k=1

1

k
−

n∑

k=1

1

k
+

n−i+1∑

k=1

1

k
.
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It is easily calculate (cf. [11]),

w(x) = 2 + log(1 − x), W(x) = 1 + log(1 − x).

Since for any t ∈ (0,1)

∣
∣
∣
∣
∣

n∑

k=[nt]

1

k
+ log t

∣
∣
∣
∣
∣
≤

∣
∣
∣
∣
∣

n∑

k=[nt]

1

k
−

∫ n+1

[nt]

1

x
dx

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

∫ n+1

[nt]

1

x
dx + log t

∣
∣
∣
∣
∣

≤
(

1

[nt] − 1

n

)

+ log

(

1 + 1 − t

nt − 1

)

= O(1/n),

we have

1

n

[nt]∑

i=1

Wi,n = [nt]
n

− [nt]
n2

n∑

k=1

1

k
− 1

n

[nt]−1∑

k=1

[nt]∑

i=k+1

1

n − k + 1

= (1 − t)

n∑

k=n−[nt]+2

1

k
+ O(logn/n)

= −(1 − t) log(1 − t) + O(logn/n).

Therefore, the conditions (a) and (b) are satisfied. Then

Theorem 4.3 {P ( n
bn

(Jn − 2) ∈ ·), n ≥ 1} satisfies the large deviation principle with rate b2
n

n

and rate function I3(x) = x2/2. In particular, for r > 0, we have

P

(
n

bn

|Jn − 2| ≥ r

)

∼ e− b2
nr2

2n .
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