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1. Introduction

One of the most important questions in noncommutative algebraic projective geometry is to clas-
sify the quantum projective space P"s—noncommutative analogues of projective n-spaces. In fact, this
is a challenging and hard project, even for n = 4. An algebraic approach to construct quantum P"
is to form the noncommutative projective scheme ProjA [AZ], where A is a noetherian connected
graded Artin-Schelter regular algebras of global dimension n + 1. Then the question turns out to be
the classification of Artin-Schelter regular algebras.

The quantum P2s were classified by Artin and Schelter [AS] and by Artin, Tate and Van den Bergh
[ATV] using geometric method. As to the quantum P3s, many researchers have studied them in terms
of Artin-Schelter regular algebras. The most famous 4-dimensional Artin-Schelter regular algebra is
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the Sklyanin algebra of dimension 4, introduced by Sklyanin [Sk1,Sk2]. Homological properties and
the representations of the Sklyanin algebra were studied by Smith and Stafford [SS], Levasseur
and Smith [LS] respectively. Normal extensions of 3-dimensional Artin-Schelter regular algebras,
which are 4-dimensional Artin-Schelter regular algebras, were studied by Le Bruyn, Smith and
Van den Bergh [LSV]. The quantum 2 x 2-matrix algebra was studied by Vancliff [Va1l,Va2]. Some
classes of Artin-Schelter regular algebras containing a commutative quadric were studied by Shelton,
Van Rompay, Vancliff, Willaert, etc. [SV1,SV2,VV1,VV2,VVW].

Several years ago, Lu, Palmieri, Zhang and the second author [LPWZ1,LPWZ2,LPWZ3] started
the project to classify quantum P3s, or 4-dimensional Artin-Schelter regular algebras by using
Axo-algebraic methods. In general, 4-dimensional Artin-Schelter regular algebras have three resolu-
tion types if they are domains, i.e., the so-called type (12221), (13431) and (14641). Under some
generic conditions, Lu, Palmieri, Zhang and the second author classified the type (12221) [LPWZ2],
i.e., the type of 4-dimensional Artin-Schelter regular algebras generated by two generators of degree 1
with two relations—one of degree 3, the other of degree 4. Type (13431) is the type of 4-dimensional
Artin-Schelter regular algebras generated by three generators of degree 1 with four relations—two of
degree 2, the other two of degree 3. This type has been studied by Rogalski and Zhang recently [RZ],
where they gave all the families of Artin-Schelter regular algebras which are not normal extensions
of 3-dimensional Artin-Schelter regular algebras. Type (14641) is the type of 4-dimensional Artin-
Schelter regular algebras generated by four generators of degree 1 with six quadratic relations. Zhang
and Zhang introduced a new construction, which is called double Ore extension, and they found some
new families of this type (see [ZZ1,2Z2]).

Recently, Floystad and Vatne studied 5-dimensional Artin-Schelter regular algebras [FV]. All the
possible resolution types were given for the trivial modules of all 5-dimensional Artin-Schelter regular
algebras generated by two elements of degree 1 which are domains.

Theorem 1.1. (See [FV, Lemma 5.4 and Theorem 5.6].) Let A be an AS-regular algebra of global dimension 5
which is a domain of GK-dim A > 4. If A has two generators of degree 1, then the minimal resolution of the
trivial module k 4 has the form

n n
0> A=) — A1+ D% > P AG - > PA-a) > A1) > A> kg >0
i=1 i=1

for some integers ay < az < --- < ay and [, such that one of the following holds:

(1) n=3and (a1,az,a3) is (3,5, 5), (4,4,4) or (3,4, 7) withl =11, 10, 12 respectively;
(2) n=4and (a1,az,as,as) is (4,4, 4, 5) with1 =10;
(3) n=5and (a1, az,as,aq,as) is (4,4, 4, 5,5) with | =10.

There are 5-dimensional AS-regular algebras with the resolution types for n = 3, where the first
two cases can be realized by the enveloping algebras of 5-dimensional graded Lie algebras, while the
third one cannot be realized in such a way [FV, Proposition 3.4]. It is open that whether there is a
5-dimensional AS-regular algebra with the resolution type for n =4 or n=>5.

In this paper, we focus on the classification of quantum P*s and consider the Artin-Schelter regular
algebras of global dimension 5. The general ideas used here are similar as in [LPWZ2]. Under a generic
condition, we classify 5-dimensional Artin-Schelter regular algebras generated by two generators of
degree 1 with three generating relations of degree 4.

Theorem A. There are 9 types of Artin-Schelter regular algebras of dimension 5 which are generated by two
elements of degree 1 with three generating relations of degree 4, as listed in Section 4 as algebras A, B, C, D, E,
F, G, H and 1. Under the generic condition (GM2) (see Section 4), this is a complete list of 5-dimensional Artin—
Schelter regular algebras which are domains generated by two generators of degree 1 with three generating
relations of degree 4.
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The generic condition (GM2) mainly means that the structure matrices R = (rjj)2x2 and
T = (tys)3x3 of the corresponding Ext-algebra in (3.1) have distinct eigenvalues.
All these algebras enjoy many nice homological properties.

Theorem B. All the algebras A, B, C, D, E, F, G, H and I are strongly noetherian, Auslander regular and Cohen-
Macaulay (see Theorems 5.4, 5.5, 5.8, 5.9).

Corollary C. Let A be a 5-dimensional AS-regular algebra generated by two elements of degree 1 with three
relations of degree 4. Suppose it is a domain and satisfies the generic condition (GM2). If it is not a normal ex-
tension of some 4-dimensional AS-regular algebra, then it is either an iterated Ore extension of the polynomial
ring in one variable or falls into one of the families A, B and F, up to isomorphism.

The paper is organized as follows. In Section 2, we recall the definition of Artin-Schelter regu-
lar algebras and their properties. The canonical Ay -structures on the Yoneda Ext-algebras and the
general ideas used for the classification of AS-regular algebras by using A..-methods are explained
also in this section. In Section 3, we analyze the Frobenius structure and A, -structure of the Yoneda
Ext-algebras E(A) for 5-dimensional AS-regular algebras A generated by two elements of degree 1
with three relations of degree 4. Several systems of equations satisfied by the structural coefficients
are obtained following the Stasheff's identities. In Section 4, we introduce a generic condition (GM2)
on the algebra structure on E, and give all the possible AS-regular algebras of global dimension 5 of
the type considered. In Section 5, we prove all the possible algebras listed in Section 4 are strongly
noetherian, Auslander regular and Cohen-Macaulay with respect to the Gelfand-Kirillov dimension,
thus proving the main results.

2. Preliminaries

Throughout the paper, k is an algebraically closed field of characteristic zero and all algebras are
connected graded k-algebras generated in degree 1. Now we recall the definition of Artin-Schelter
regular algebras.

2.1. Artin-Schelter regular algebras

Definition 2.1. A connected graded algebra A is called Artin-Schelter regular (AS-regular, for short)
if the following three conditions hold:

(AS1) A has finite global dimension d,
(AS2) A is Gorenstein, i.e., there exists an integer [ such that

i ~ k@), i=d,
ExtA(k,A)_{(], i d

where k is the trivial left or right A-module A/A>1, and the notation (l) is the degree I-shifting
on graded modules,
(AS3) A has finite Gelfand-Kirillov dimension (GK dimension).

2.2. Axo-algebras

We recall the definition of Ay -algebras and the A,,-structure on the Yoneda Ext-algebras in this
subsection.

Definition 2.2. An A,.-algebra over k is a Z-graded vector space A =@, Al endowed with a family
of graded k-linear maps m, : A®" — A of degree 2 —n (n > 1), such that the following Stasheff
identities SI(n) hold:
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D (=D my (id® @ ms ® id®) =0 SI(n)

for all n > 1, where the sum runs over all the decompositions n=r+s+¢t (r,t >0 and s > 1) and
u=r+1+t.

We assume that every Ao.-algebra in this paper satisfies the strictly unital condition: there is an
element 1 € A, which is called the strict unit or identity of A, such that

e 1 is an identity with respect to the multiplication m,, and
e if n#2 and a; =1 for some i, then my(ay,...,a;) =0.

Note that when the formulas are applied to elements, additional signs appear due to the Koszul
sign rule as usual in the graded setting.

A differential graded algebra (A,d) can be viewed as an As.-algebra by setting m; =d, my be
the multiplication and m, =0 for all n > 3. On the other hand, for any differential graded algebra A,
there is a canonical As-algebra structure on its cohomology algebra HA which is unique in some
sense [Ka,Me].

Let A be a connected graded algebra, and k4 be the trivial A-module. The Ext-algebra Ext} (ka, ka),
viewed as the cohomology algebra of some differential graded algebra, is equipped with an
Axo-algebra structure. We use Extj(ka,ks) to denote both the usual associative Ext-algebra and
the Ext-algebra with the canonical A -structure. Occasionally we use E also to denote Ext with
its Axo-algebra structure.

We assume also that the Ag-algebras in this paper are Z2-graded. In fact, the Ext-algebra
Ext} (ka,ka) of a connected graded algebra A is a typical example of Z2-graded Aoo-algebras; the
first grading, written as a superscript, is the homological one, and the other grading, which is some-
times called the Adams grading, written as subscript, is induced by the grading on the original
graded algebra A. The degree of the multiplication maps m, in Z2-graded As.-algebras is (2 —n, 0),
i.e.,, m, preserves the Adams grading. For the construction of the A, -structure of the Ext-algebra
Ext} (ka, ka), see also [LPWZ3, Proposition 1.2].

2.3. Axo-Ext-algebras of AS-regular algebras
The following theorem is one bridge for the classification of AS-regular algebras by A.,-methods.

Theorem 2.3. (See [LPWZ1, Theorem 12.9] or [LPWZ4, Corollary D].) Let A be a connected graded algebra and
let E be the Ext-algebra of A. Then A satisfies the conditions (AS1) and (AS2) in Definition 2.1 if and only if
E is a Frobenius algebra.

This was proved by using A,-algebra methods. Theorem 2.3 is a generalization of a result of Smith
in [Sm], where A is assumed to be noetherian Koszul.

If A is not Koszul, then the associative algebra Ext} (ka,ka) does not contain enough information
to recover A (see, say, [LPWZ1, Ex. 13.4]). Generally speaking, the information from the A,,-algebra
Ext} (ka, ka) is sufficient to recover A. This is the main point of the following theorem, which serves
as another bridge for the classification of AS-regular algebras by As.-methods.

Theorem 2.4. (See [LPWZ3, Corollary B].) Let A be a connected graded algebra which is finitely generated in
degree 1, and let E be the corresponding A.-algebra Ext}, (ka, ka). Let R = EBn>2 R, be the minimal graded

space of relations of A such that R, C A1 ® Ap—1 C Af’". Leti:R, — A?” be the inclusion map and i* be its
k-linear dual. Then the multiplication my, of E restricted to (E1)®" is equal to the map

i*: (EN®" = (A1)®" - RE C E2.
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Keller stated the result for quiver algebras kQ /I where Q is a finite quiver and I is an admissible
ideal of kQ [Ke, Proposition 2]. Theorem 2.4, giving an explicit correspondence between the minimal
graded space of relations of A and the A.-multiplications of the Ext-algebra Ext} (ks,k4), works for
graded algebras generated in degree 1.

Let us give an example to illustrate this.

Example 1. Let A be a 3-dimensional AS-regular algebra of Type A in Artin-Schelter’s classifica-
tion [AS], i.e.,

3 2 2
x>+ axy< + ay“x + byxy
A=k
kix, 9/ <y3 +ayx® +axly + bxyx)
with a,b € k \ {0}. Then minimal projective resolution of the trivial module k4 has the following

form

0— A(—4) > A(—=3)®? 5> A(—1)®? > A > k4 — 0,

and the Yoneda Ext-algebra E = Ext}(ka,ka) =k ® E' ; ® E>, ® E, as a Z2-graded vector space,
where the lower index is the Adams grading and the upper index is the homological grading. The
dimensions of the subspaces are

dimE', =dimE?; =2, dimE3,=1.

By choosing the basis suitably, let E!, = kay @ kaa, E2; =kBy @ kBy, and E3, = ks. Then the
Asc-multiplication m3 on (E1)®3 is

ms(a; ® @1 @ 1) = P, m3(o; @ 1 ® p) =apy,

m3(@1 @2 @) =bBy,  m3(1 @z ® a) =apy,

m3(a2 @1 @ 1) =afa, Mm@ @a; ® ) =bp,

m3(a2 @2 ® 1) =apfy, m3(a2 @2 ®a2) = fo.
The following is also needed later in the classification.

Theorem 2.5. (See [Ke, Proposition 1].) As an Aso-algebra, E = E(A) can be generated by E® and E', i, E
itself is the smallest k-subspace of E which is closed under the A..-multiplications my’s containing E° and E.

The process of recovering the algebra from its Ext-algebra is the main idea used in [LPWZ2] to
classify a type of 4-dimensional AS-regular algebras. This is also the idea in this paper. We analyze the
Aco-structures of the Ext-algebras, then we recover the original algebras and check the homological
properties.

3. Aoo-structural analysis on E(A)

In this paper we focus on the 5-dimensional AS-regular algebras which are generated by two ele-
ments with three relations of degree 4. We classify the algebras of this type under a generic condition.
Following [FV] (see Theorem 1.1), the proof of the following proposition is an easy exercise.

Proposition 3.1. Let A be a 5-dimensional AS-regular algebra which is generated by two elements of degree 1
with three generating relations of degree 4. Then the minimal resolution of the trivial module k4 is of the
following form:
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0— A(—10) > A(—9)®? > A(—6)®3 > A(—9)®3 > A1) > A > ky — 0,

and the Hilbert series of A is (1 — t)~2(1 — t2)~1(1 — t3)~2. The Yoneda Ext-algebra E of A is isomorphic to

1 2 3 4 5
k@OE G2, 0 E®E g E°

as a Z?-graded vector space, where the lower index is the Adams grading inherited from the grading of A and

the upper index is the homological grading of the Ext-group. The dimensions of the subspaces are

dimE!, =dimE*g=2, dimE*,=dimE}4=3, dimE> ,=1.

With the canonical Aso-algebra structure, E = (E, my, m3, my), thatis, m, =0 for alln > 5.

3.1. Frobenius algebra structures on E

Now we start to classify all possible Frobenius algebra structures on the bigraded space

E=k®E ;02,030 0E,

with dimE! | =dimE*g =2, dimE? , =dim E3 ; = 3, dim E® ;, = 1. All possible non-trivial actions of

the higher multiplications m, are listed as follows.
The possible non-trivial actions of m, on E®? are

E',®E'g > E>,,, E'@E',—>E

E2_4®E3,6_> Ei][ﬁ E3,6®E2_4_> ES,]Q-

The multiplication m; gives a Frobenius structure on E if and only if that there exists a basis
{a1, a0} of E1|, a basis {B1, B2, B3} of E2,, a basis {n1,12,n3} of E>4, a basis {y1, 2} of E*, and

a basis {8} of E> , such that
oiyj= (S,’jé, Yidj = 1’,']'5, Trij € k;
BrNs = ks, MeBs = trsd,  tys €k,
with the matrices R = (rjj)2x2 and T = (txs)3x3 non-singular.
3.2. Non-trivial actions of m3 and m4 on E

Possible non-trivial actions of m3 on E®3 are

El,®@E , ®E2, > E,, EL®F,®E,->E, E:L,®E,®E, > E
E]_] ®Ez_4®52_4—>5i9, E2_4®El_1 ®Ez_4_> Eigv E2_4®E2_4®El_1 — Eig-

Now, for 1 <i,j <2 and 1<k,s <3, we assume that

m3 (&, &, Br) = a3ijk1 + A23ijkM2 + A33ijk N3,

m3(a, B, 0¢j) = A12ijkN1 + A22ijkN2 + A32ijk13»

(3.1)
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m3(Bk, &, &j) = Ay1ijk + 21ijkN2 + A31ijk N3,
ms3 (e, Bk, Bs) = b11iks¥1 + bariks V2,
m3 (B, i, Bs) = b12iks Y1 + baziks ¥z,
m3(Bk, Bs, i) = basiks V1 + basiks V2,

where the coefficients are scalars in k.
Possible non-trivial actions of m4 on E®* are

(L)%

)P @Es—EYy  (EL)PQE®E, — E,

2
— EZ,,

B (E )" > Ey B, @B ®(E,)% - .

Then, for 1<i, j,h,m<2 and 1 <s <3, we assume that

mg (i, &, Qp, Om) = X1ijimB1 + X2ijhm B2 + X3ijim B3,
ma(o, &, On, Ns) = Y14ijhs Y1 + Y24ijhs V2,
my (@i, &, Ns, Ap) = Y13ijas V1 + Y23ijhs V2>
ma(ns, &, &, &h) = Y11ijhs Y1 + Y21ijhs V2,
ma (i, Ns, &j, Ap) = Y12ijhs V1 + Y22ijhs V2>

where all the coefficients are scalars in k.

3.3. Stasheff identities for the A~,-algebra E

We assume first that the structure matrices R and 7 given in (3.1) are diagonal for simplicity, and

let
t
R:(g] ) and 7':( ty )
&2 ¢
3

It is easy to see that SI(n) holds trivially for n =1, 2,3 and n > 7. Now we look at SI(n) forn =4,5
and 6.
SI(4) is equivalent to

m3(m2 ® id®? — idm; ®id +id®2 ®m2) =my(m3 ®id + id ® m3).

By applying to elements, it is easy to see that if one of the components is in E® =k then the formula
holds trivially. If no component is in E® =k, then the action of the left-hand side of the above for-
mula is always zero. The possible non-trivial actions of the right-hand side of the above formula are
on

1 1 2 2 1 2 1 2 1 2 2 1
', ®F',®E*,®E*,, E'|®FE*,®E',®E*, E | ®F,®E,QE,,
E*,®E' ,®FE!',®F*,, E*,®FE ®E*,®E', E,®F,QE ®E!,.
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By applying SI(4) to (o, &}, Bk, Be), (@i, B, &j, Be)s (s Brs Ber &), (Br, i, &, Be)y (Brs @i, Be, @) and
(Bk» Be, i, aj), it follows that SI(4) holds if and only if

bi1 jke = ae3ijite, bizjke = acijite,
bizjke = gjbjtike Uk3ijc = —Actijkle, (3.2)
akzijc = —&jbj2ike»  kiijc = —&jbj3ike-

It follows from (3.2) that for any i, j € {1,2} and k, c € {1, 2, 3} by eliminating the b’s,

Aitijc + &igjtcacsijk =0,
Aitijetk + aesijk =0, (3.3)
gitcacajik + Aroijc = 0.

SI(5) is equivalent to

m3(m3 ®id®? +id ® m3 ® id + id®* ® m3)
=my(id ® my —mg @ id) +m4(id®* @ my — id®? @ my ® id + id ® my ® id®? —my ® id®?).
The left-hand side of the above formula is always zero. If one of the components is in E? =k, the

formula holds trivially by applying it to elements. The possible non-trivial actions of the right-hand
side of the above formula are m;(id ® my — m4 ® id) acting on

1 \®4 3 1 \®3 3 1 1 \®2 3 1 \®2
(EL))" ®Elg (EL) ®ELG®EL, (EL) ®EG®(EL) ",
3 4
ELeE e (EL), Ego(E)%
By applying ma(id ® mgq — myq ® id) to (ai, @, &, O, Ns), (@i, Ajf, A, Ns, Am), (i, A, s, Ap, Om),

(o, ns, aj, o, o) and (s, @4, &, oy, &), it follows that SI(5) holds if and only if, for any i, j,h,m
{1,2} and s € {1, 2, 3},

Xsijhm = Yi4jhms 8&mYmaijhs = Yi3jhms, &mYm3ijhs = Yi2jhms>
EmYm2ijhs = Yi1jhms> EmYmiijhs = tsXsijhm- (3.4)

It follows that for any i, j,h,m € {1,2} and s € {1, 2, 3}

Xsijhm (ts — ZiZj&h&m) = 0. (3.5)

By Theorem 2.4, for any fixed s € {1, 2, 3}, there exist some i, j, h and m such that

ts=8ig;8nem. (3.6)

SI(6) is equivalent to

ma(m3 ®id®? +id ® m3 ® id®? +id®? @ m3 ® id +id®* @ m3)
= m3(m4 ® id®% _id QRmy ®id + id®? ® m4).
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The possible non-trivial actions of the above formula are on
(EL)®, (EL)®er, (E,)"eF,eF,. (E,)"eF,o(E )"
1 \®2 2 1 \®3 1 2 1 \®4 2 1 \®5
(EL) " @EL,®(EL)™, ELi®@EL,®(EL)", EL,®(EL)™.
By applying SI(6) to (c;, aj, &, &tm, 0tn, 1), (@i, O, A, O Oy Br), (s €, A,y O, Bre, @), (i, &, Ol

Brs Om, otn), (o, &, Bi, A,y O, On), (i, Bie, O, QA O, ), (Bi, @i, O, O, O, O, it follows that SI(6)
holds if and only if

3 3 3
szijhmaclnls - szjhmnacm‘ls + szhmnlac3ijs =0,
s=1 s=1 s=1

3 3 3
D AsamnkYiaijhs + Y Xsijhmbiznsk — ) Xsjhmnbisk =0,
s=1 s=1 s=1
3 3 3
ZGSmakJ’Bijns - ZGSZmnkYMijhs - szijhmansk =0,
s=1 s=1 s=1
3 3 3
Z As3jhkY12imns — Zaszhmk}’Bijns + Zaslmnky14ijhs =0,
s=1 s=1 s=1
3 3 3
Z As3ijkY11hmns — Zaszjhk}’lzimns + ZaslhkaBijns =0,
s=1 s=1 s=1
3 3 3
Zaszijk}’l]hmns - Z As1jhkY12imns — szjhmnblliks =0,
s=1 s=1 s=1
3 3 3
D astijkYihmns + Y Xsijhmbisnks — _ Xsjhmnbiziks =0, (3.7)
s=1 s=1 s=1

where i, j,h,m,n,l € {1,2} and k,c € {1, 2, 3}.
Using (3.2), (3.3) and (3.4), plugging bicusk, dcinis and Yiceijns in (3.7), we obtain a system of equa-

tions with respect to acnis, Gc3ns and Xsjpmn as in the following:

3 3 3
ZGSBnlcgngltsxsijhm + Zadilsxsjhmn - Zac3ijsxshmn1 =0,
s=1 s=1 s=1

3 3 3

Zas3mnkxslijh + Zakzlnsthsijhm - Zal@listhsjhmn =0,

s=1 s=1 s=1

3 3 3
Z As3hmk &nXsnlij — ZaSZmnkxslijh - Zaldnlsgnthsijhm =0,
s=1 s=1 s=1

3 3 3

ZGSthkgmxsmnli - Z As2hmkXsnlij — Zakansgmthslijh =0,

s=1 s=1 s=1
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3 3 3
ZGSBijkghxshmnl - Zaszjhkxsmnli - Zaldhmsghthsnlij =0,
s=1 s=1 s=1
3 3 3
s2ijkém n&shmn 3jhs jémaén smnli — s3liktsAsjhmn — Y,
as2ijk8m8EnEnXshmnl + ) k3 jhs8h&j&mEntiXsmnli g3liktsXsjhmn = 0
s=1 s=1 s=1
3 3 3
Z 0k3ijs&h8i 8 &mEnliXshmnl — Za53nlkgntsxsijhm + ZGSZIiktsijhmn =0 (3.8)
s=1 s=1 s=1

where i, j,h,m,n,l€{1,2} and k,c € {1, 2, 3}.
In fact, the seven families of equations in (3.8) is just equivalent to one family by (3.3) and (3.5),
say the first one:

3 3 3
> AsanicEn8itsXsijhm + Y GczilsXsjhmn — Y Ac3ijsXshmnl =0 (3.9)

s=1 s=1 s=1
where i, j,h,m,n,l € {1,2} and c € {1, 2, 3}.
4. Classifications
4.1. A generic condition on the algebra structure of E
Let
T ti1 tiz 13
R=('1" "2 and T =ty ¢ty t
1 122
t31 32 133
be as given in (3.1) and let g1, g2 and t1, t, t3 be the eigenvalues of R and 7, respectively.

Lemma 4.1. Let E be the Yoneda Ext-algebra of A as considered, R and T be the structure matrices as given
in (3.1). If R is diagonal, then so is T

Proof. Let {f, f2, f3} be a minimal generating relation of A. We may assume that, for any 1 <1<3,
there exists a monomial in x and y appearing only in f; (that is, its coefficient is non-zero). Let

r=(* ).

The first four identities in (3.4) still hold. By applying SI(5) to E3 ® (E1,)®* (see (3.4)), we get
321 tscXcijhm = &mYmiijhs. 1t follows that Y"2_; tecXcijhm = Em&n&igjXsijhm, that is,

(tss — EnEh&ig ) Xsijhm = Y _ tscXcijhm- (4.1)
C#S

Now for any 1 <1< 3, there exist some i, j, h, m such that Xgjn, =0 if and only if ¢ #1, by Theo-
rem 2.4 and the discussion in the first paragraph.

Taking some i, j, h, m so that xyjjzm # 0 and X2jjum = X3ijnm = 0, it follows from (4.1) for s =2 (re-
spectively, s = 3) that t31xyjjmm = 0 (respectively, t31X1;jum = 0). Hence tz1 = 0 (respectively, t31 = 0).
Similarly, we have t13 =t3y =t13 =t3 =0. So 7T is diagonal. O
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We introduce a generic condition (GM2) for m;, which is suggested by (3.6).

(g1g;") #1 for1<i<4 and t#t; for1<s#j<3. (GM2)

From now on, we assume that the algebra structure on E satisfies the condition (GM2). Then,
without loss of generality, we may assume

t1
R:(g] ) and 7':( ty )
&2 ¢
3

If E is the Yoneda Ext-algebra of some domain A, then (GM2) implies that ts # gf for any i and s.
Again, by (GM2), without loss of generality, we may assume that

t1=g182, th=gigs, t3=28183. (4.2)
By (3.5), (4.2) and (GM2), all other x;jnm’s are zero except
X11112,  X11121,  X11211,  X12111;

X21122, X21212, X22121, X22211, X21221, X22112;

X31222, X32122, X32212, X32221.

For convenience, let

X11112 =4, X11121 =D, X11211 =¢(, X12111 =T,
X21122 =11, X21212 =2, x22121 =13, X22211 =g, X21221 =15, x22112 =l¢;
X31222 =b, X32122 =d, X32212 = U, X32221 =V (4.3)

with a,b, p,q,r,d,u, v,li,l2,13,14,15,lg € k.
So, by Theorem 2.4, the possible AS-regular algebras are of the form A =k(x, y)/(f1, f2, f3), with
the generating relations f1, f, and f3 as in the following:
fi=ax’y + px2yx + qxyx® +ryx>,
fo = hx?y? + Lxyxy + 3yxyx + 4y?x? + Isxy?x + I yx*y,
f3 =bxy> +dyxy? + uy®xy + vy3x. (4.4)

If A is a domain, then ab # 0, vr # 0 and none of (I1,12,15), (l1,l2,16), (I3,1s,15) and (I3, 14, 1)
equals (0, 0,0). We may assume that a=b=1.

4.2. Classification under the generic condition (GM2)

Proposition 4.2. Suppose that E is the Yoneda Ext-algebra of some AS-regular algebra considered, satisfying
the generic condition (GM2). Then, for some 2 <n <8,

ghg," " =1.
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Proof. By Theorem 2.5, the Yoneda Ext-algebra E should be A..-generated by E® and E'. It follows
that m3 is non-trivial. So, not all the parameters ds;j. and byixs are zero. By (3.2), not all the param-
eters dgjjx and ass;j are zero for i, j € {1,2} and s,k € {1, 2, 3}.

If all the ags;j’s are zero for i, j € {1,2} and s,k € {1,2, 3}, then there exists acympy # 0 for some
m,ne{1,2} and c, h € {1, 2, 3}. It follows from (3.3) that

0 = acomnn + &nthGhanme = Ac2mnh + &nth(—8&mtcAcamnh) = (1 — En&mthtc)Acamnh-

S0 1 — gngmtntc =0, which implies that g,gmg "“ghtc =1 by (4.2).

If there exists as3;jk # 0 for some i, j € {1,2} and k, s € {1, 2, 3}, then the first two equations in (3.3)
have non-zero solutions. So

1—gigjtsty =0.

It follows that gig;g®*Sgh*s =1 by (4.2).
Both of the two cases imply that there exists an integer n with 2 < n < 8 such that g’}g;o_” =1. O

By Proposition 4.2, there are only four cases need to be considered, i.e.,

(i) gigs=1, () gg=1 (i) gg=1, @ gHg=1

Proposition 4.3. Except the case (iv), any other case gives no AS-regular algebras.
Proof. Case (i): By (3.3), (1 — gn&mthtc)acommn = (1 — gngmgf’h’cgg”)aczmnh = 0. It follows from
(GM2) that gngmgf’h’cg’z’“ =1 if and only if h=c=3 and n =m = 2. So, except asyz»3, all other
Qeomnh’S are zero.

By the first two equations in (3.3), (1 — gigjtcti)acsijk = 0. So, except ass3pp3, all other agsjji’s are
zero. Since dcsjjk = —tyAk1ijc, all other ayyjjc’s are zero except asq223.

In summary, except d31223, a32223, 33223, all other acgji's are zero.

It follows that 1y, 12 € E3_6 are not contained in Imms. So, E can not be Ay -generated by E°
and E', and E is not an Ext-algebra of some AS-regular algebra.

Case (ii): In this case, gngmgls’h’cgg“ =1 if and only if that h=c=n+m=3 or h+c =5,
n=m=2 by (GM2). It follows that except

(32213, 032123, (32222, 022223,

all other acympp’s are zero. In particular, ajympy’s are zero.
Similarly, by (GM2) and (1 — g;gjtct)acsijx = 0, except

(33213, 033123, (33222, 023223,

all other acsjj’s are zero. In particular, all ay3;ji’s are zero. Since acsjjx = —ti0riije, all arqjjc’s are
Zero.

So, 1 € E3 4 is not contained in Immj3 and E is not Ax-generated by E® and E!. In this case, E is
not an Ext-algebra of some AS-regular algebra either.

Case (iii): By (GM2) and (1 — gngmgf_h‘cgg“)aczmnh =0, except

as32113, 022123, 0d22213, 032122, 032212, @12223, 032221, 22222,

all other acympp’s are zero. In particular, except aq2223 all ajampn’s are zero.
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Similarly, by (GM2) and (1 — g;gjtcty)acsijx = 0, except

(33113, 023123, (23213, 0a33122, 033212, {13223, 033221, ({23222,

all other acs;ji’s are zero. In particular, except ai3z23 all ags;jk’s are zero.

Since ac3ijk = —trakiijc, €xcept arqz23 all other aqqijc’s are zero.

let I=k=1and i=j=h=m=n=2 in the second, third and fourth equations of (3.8), we get
the following equations:

a33221X31222 =0,
033221X3212282 = (32221X31222,
(33221X3221282 = (32221X32122 + A13223X3122282L1-

It follows from x31222 =1 that

33221 = G32221 = A13223 = 0.

Since as3pz1 = —t1a11223 and A12223 = —g2t3a32221, (11223 = A12223 = 13223 = 0. Hence all ayg¢’s are
zero.

So, in this case, 01 € Eie is also not contained in Imms and E is not A.-generated by E? and E!.
Hence E is not an Ext-algebra of some AS-regular algebra. O

The only interesting case left is the case (iv) g?gg’ =1, which will be discussed in the next sub-
section.

4.3. Case g3g5 =1
Using the third equation in (3.3) for ajjc, we have (1 — gjgjtcty)arijc =0 with i, j € {1,2} and
k,c € {1, 2,3}. Then we get the following equations:
52,3 5342 4243
022113 = — 87183032112, a32121 = — &7 82012213, 022122 = — 87185022212,
a12123 = —g1g3032211, a12222 = —g%ggazzzzl,

and all other ayyjjc's are zero.
Solving the first and second equations in (3.3) for ays;jc with i, j € {1,2} and k, ¢ € {1, 2, 3}, we get
all a3jjc’s are zero except

3113, 0433112, 033121, (13213, 023122, 023212, @d13123, 0433211, 013222, 023221

Plugging the Xgijnm's with the parameters as listed in (4.3) in the family of Egs. (3.9), we get the
following 50 equations:

8385012213 + 11033112 = 0, pg;gia12213 — g g2a13123 + bassi12 =0,

—gig2a1313 — hasa112 + 1503312 =0,  —g3g3a13202 + 82831022212 + a23113 =0,

483 g3a12213 — pgTg3a13123 + lsass12 =0, —pgigiais13 — basiz +13a33112 =0,
—Pg3 83013222 + 838312022212 + daz3113 =0, —g185ha23113 — Isa32112 + 14033112 =0,
838315022212 + uaz3113 — g3831a23122 =0, Va3 — 385123212 + 8183032112 =0,

2 o4 4 342 4,2
—818511a23221 + 8185032211 =0, 18185012213 — 8785013123 +a33121 =0,
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4,2 3,3 2,3
—qg185913213 — ls@32112 + padsz121 =0, —qg7185913222 + 818516022212 + 11023122 =0,
4,2 2,3 3,3
—8185ha23113 — 13a32112 + qas3121 =0, 818313022212 + 1023122 — 878312023122 =0,
l — g3 dg?g3asnz =0 — g2l dg1g4aso11 =0
5023122 — 818312023212 + dg7 85032112 =0, 13123 — 818512023221 + 8185032211 =0,
4,2 2,3 3,3
— 818515023113 — l4as2112 +1asz121 =0, 818314022212 — 878315023122 + l6a23122 = 0,
I _ o3 31 253 =0 d _ o2 4l 4 =0
3023122 — 878515023212 + Ug7 85032112 =0, 13123 — 818515023221 + Ug185032211 =0,
243 3,3 4 2,4
laz3122 + vg183032112 — 8185933112 =0, uai3i23 + vg18,032211 — 8185033121 =0,
2,4 4,2
vaizizz — 8185033211 =0, —rg{85a013123 + a33211 =0,
4,2 343
—Ig785013213 — 032211 + PaA33211 =0, —T8785013222 — U22221 + 1123212 =0,
4,2 343
— 818516023113 — Pdsza11 +qass =0, —DPaz221 — 818316023122 + [2a23212 =0,
3,3 2,3 2,4
—l1a22212 + 15023212 — 878516023212 =0, a13213 + 818511022221 — 878516023221 =0,
4,2 3,3
—818513a23113 — qasa211 +rass =0, —qaz2221 — 818313023122 + l6a23212 =0,
343 2,3 2,4
—la2212 + 13023212 — 878513023212 =0, daq3213 + 878312022201 — 818513023221 =0,
3,3 2,3 254
—15a22212 + 14023212 — dg7 85033112 =0, uai3n13 + g1 8515a22221 — dgyg5a33121 =0,
2,4 4,2
—@12213 + Va13213 — dg1 85033211 =0, —8185laa23113 — razx11 =0,
3,3 3,3
—raz221 — 8718314023122 + d23221 =0, —lga22212 — g7 8314023212 + pazs21 =0,
2,3 2,4 3,3
lia13222 + 818516022221 — 818514023221 =0, —13a22212 + qa23221 — Ug7 85033112 =0,
253 2,4 2.4
ba13222 + 272513022221 — ug7g5a33121 =0, —daq2213 + 15013222 — Ug7 85033211 =0,
353 2,3 2,4
—l4022212 + 1023221 — vg785033112 =0, lsa13222 + 878514022221 — vg1 85033121 =0,
2,4
—uai213 + 13013222 — vg1 85033211 =0, —Va12213 + 14013222 = 0.
(4.5)

To find all the possible generating relations, it suffices to find all the solutions of the system of
equations (4.5) for p, q, r, d, u, v, l1, Iz, I3, I4, I5, lg as defined in (4.3). It follows from the middle two
equations in (4.5) that if ay3123 # 0 then v = g1 gor.

Now we start to solve (4.5) in the following four subcases:

e Subcase a13123 75 0, l] =0.
e Subcase aq3123 =0, [; =0.
e Subcase ai3123 =0, l; #0.
e Subcase ai3123 #0, 1 #0.
To save the tedious work, we will just list the relations fi1, f> and f3 in the form as in (4.4).

4.4. Subcase ai13123 75 0, ll =0

In this case, the system of equations (4.5) gives only one solution:

p=0, q=0, r=£0, d=0, u=0, v=r;
1120’ 12750, 13#0, 1420, 15,:07 1620



S.-Q. Wang, Q.-S. Wu / Journal of Algebra 362 (2012) 117-144 131
with v2 4 (I3/I2)® = 0, which gives the relations

fi=xy —3yx,
fa=xyxy — 2 yxyx,
fa=xy> =c3y>x, cek\{0}.

There are four overlap ambiguities xyxy3, x3yxy, x3y> and xyxyxy if one uses the diamond
lemma [Be]. The first three are resolvable. Resolving xyxyxy gives a relation yxyx?y = xy2xyx. It
follows that

(yxyxty)y = (xy*xyx)y = xy* (xyxy) = c*xy*xyx = y>x* yx.
Then y(xyx?y% — c>y%x2yx) = 0 while xyx%y% — c®>y2x2yx # 0. So the given algebra is not a domain.
4.5. Subcase a13123 = 0, 11 =0

In this case, except az3122 and az3212, all other agsiji’s and all acy;j’s are zero by solving (4.5). In
particular, all aygj’s and asg;ji’s are zero. So, in this case, neither 77 nor 73 is contained in Imms and
E can not be Ay -generated by E and E'. So this case gives no AS-regular algebras.

In fact, if neither az3122 nor azszq2 is zero, then we have I4 =0, Is =g and L3 = lé. In this case,

fo =bxyxy + 3yxyx + Isxy?x + lsyx?y = 12_] (I,xy +I5yx)? and this case gives no AS-regular algebras
which are domains.

4.6. Subcase ai3123 = 0, l] ;ﬁ 0
Then as3z11 =0 and we may assume [ = 1.

If azp211 =0, then all the a;ji’s are zero by (4.5) and no desired algebra arises in this sub-subcase.
If asp11 # 0 and I, =0, there is one solution

p=0, q=0, r=£0, d=0, u=0, v=r;
Lh=1, I, =0, I3=0, I4 #0, Is =0, lg=0
with r* + I2 = 0, which gives the relations
fi=xy> +ry’x,
=%y +1y*x%,
f3=2y+ryx’
where r,1 € k\ {0} such that r* + I3 = 0. The given algebra is not a domain because
y2 (rzyxz + lxzy) _ x2y3 + (—x2y3) —0.

If asp11 # 0 and [, # 0, there is one solution
p#0, q=p? r=p’, d=p, u=q, v=rn
L =1, L=p, I3 =p3, Iy =p*, Is = p%, ls = p*

which gives the relations:
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f1=x3y + px2yx + p*xyx> + p2yx°,
fa=x2y* + pxyxy + pPyxyx + p*y*x* + p2xy*x + p?yx%y,
fs=xy* +pyxy* + p?y*’xy + p*y’x, pek\|{0}.

By the diamond lemma [Be], a monomial is irreducible if and only if it does not contain x>y, x2y?
or xy> as a sub-word. Such monomials are of the form

yi(xyZ)h (xy)kl (xzy)ll o (xyz)j" (xy)k” (Xzy)lnxm,

where all the power indices are non-negative integers. It follows that the subalgebra generated by
xy?, xy and x?y is a free algebra in three variables. So this solution gives an algebra with infinite GK
dimension.

In fact, the Hilbert series of the given algebra is 1 + 2t + 4t% + 8t3 4+ 13t* + 22> +36t6 + ...,
which is different from the standard Hilbert series 1 + 2t + 4t + 8t3 + 13t* + 20t> 4+ 315 + - .. of
the 5-dimensional AS-regular algebras considered. So, we can also get that the given algebra is not
AS-regular.

4.7. Subcase a13123 #0,11 #0

Without loss of generality we assume that [; = 1. As we noted before that if a3123 # 0 then
v = g1gr. By using the first two equations and the last one in (4.5), we know [ # 0. It follows
also from the first two equations in (4.5) that p #I,. If further d = p, then az212 = 0 by using the
fourth and seventh equations in (4.5). The discussion in this subcase is divided into the following five
sub-subcases:

Sub-subcase az3212 = 0.

Sub-subcase ay3z12 #0, d
Sub-subcase az3212 # 0, d
Sub-subcase ay3p12 #0, d
Sub-subcase az3z12 #0, d

pb.q
p. q
p.q
p

=0.
40,1, =0.
2 #0.

,ql

Il

4.7.1. Sub-subcase az3y12 =0
There is one solution

p=0, q=0, r=£0, d=0, u=0, v=r;
ll=l, 12#0, 13?50, 14?50, 15=O, 16=0

with I3 = —r%g3ly, lsg1 = 1> and l4g3r? = —1 where g1g; = 1. Then r° = —g3. Let r =3 for some
t ek\{0}. Then r=v =t3, I3 = —t%I, and I3 = —t*. This gives an algebra:
Algebra A:

fi=xy+yx,
fa=x2y? +Lxyxy — Plhyxyx — t*y*x?,
fa=xy? +2y3x,  thek\ {0}
By the diamond lemma [Be], we have that {y'(xy2)J(xy)*(x2y)!x™ | i, j,k,I,m € N} is a k-linear

basis. Algebra A is indeed an AS-regular algebra and enjoys many good homological properties as
proved in Theorems 5.2 and 5.4.
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4.7.2. Sub-subcase az3p12 #20,d=p,q=0
There is no solution.

4.7.3. Sub-subcase ay3212 #0,d=p,q#0,1, =0
If I3 =0, then (4.5) has one solution

p#0, q=p? r=p’ d=p, u=q, v=r;
li=1, =0, I3=0, I4#0, Is=0, [g=0

with 12 = p? and p> = —g;, which gives two algebras:

Algebra B:

fi =x3y + pxlyx + pxyx* + p2yx3,

fa=x2y? + pty?e,

fa=xy> +pyxy*> + p*y’xy + p’y’x, pek\ {0}
Algebra C:

f1=x2y + px*yx + p2xyx* + pyx3,
fa=xy* — pty’x?,

fs=xy* +pyxy? + p?y*xy + p*y°x, pek\ (0.

By the diamond lemma [Be], {y!(xy?)? (xy)X(x2y)!x™ | i, j, k,I,m € N} is a k-linear basis of algebra B
and algebra C. The algebra C has a normal regular element of degree 3, but the algebra B does
not have any normal element of degree 3. Both algebra B and algebra C are strongly noetherian,
AS-regular, Auslander regular and Cohen-Macaulay (see Theorems 5.2, 5.5 and 5.9).

If I3 # 0, then (4.5) has one solution

p#0, q#0, r=-p@2p*+q), d=p, u=q  v=r

h=1 =0 Bb=-p(p*+q), la=—-¢* Is=q—p°>, le=q—p

where p, q € k\ {0} satisfy 2p* — p2q + g = 0, which gives an algebra:
Algebra D:

fi =Xy + pPyx +qxyx* — p(2p* +q)yx3,

2.,2,2

fa=x*y% = p(p? +q)yxyx — > y*x* + (q — p*)xy*x + (q — p*) y*%y,

f3 =xy> + pyxy* +qy*xy — p(2p* +q)y°x,

where p,q e k\ {0} satisfy 2p* — p?q +q> =0.

By the diamond lemma [Be], {y'(xy?)? (xy)¥(x2y)'x™ | i, j, k,I,m € N} is a k-linear basis of D, and
D does not have any normal element of degree 3. Algebra D is an iterated Ore extension of a poly-
nomial ring, so it is strongly noetherian, AS-regular, Auslander regular and Cohen-Macaulay (see
Theorem 5.8).
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4.7.4. Sub-subcase az3p12 #0,d=p, ql, #0
By the first, second and fifth equations in (4.5), ¢ — lg = p(p — [2). By the seventh, eighteenth
and twenty-second equations in (4.5), u —Is = d(d — I3). It follows from the seventh and eighteenth

equations in (4.5) that

a13123 + g185(d — 1)ax3221 = 0.

Since ay3123 # 0, d # [>. By the fourth and seventh equations in (4.5) and d = p, (p — [2)a22212 = 0. So
az2212 = 0. Then it is easy to see that az312p #0, g1g2 =1 and Is =1lg. Hence v=r and u =q.
If Is =1 =0, then (4.5) has one solution:
p#0, q=p(p-h), r=@p-L)? d=p, u=q,  v=n
li=1, bL#0, Il=-h(p-h?* lL=—-(p-h?* I15=0 Ilg=0

with (p —I)°> = —g1, which gives an algebra:
Algebra E:

f1=x3y + px>yx + ptxyx> + 3 yx3,
fa=x2y*+ (p — Dxyxy + t2(t — p)yxyx — t'y?x?,
fs=xy> + pyxy?* + pty*xy + £y3x, p,tek\ {0}, p#t.

Algebra E is a normal extension of a 4-dimensional AS-regular algebra (see Theorem 5.9), so E is
AS-regular of dimension 5, strongly noetherian, Auslander regular and Cohen-Macaulay.

If Is =1Ig # 0, and q = p% (which is equivalent to that s = ply or az321 = 0), then (4.5) has one
solution:

p#0, gq=p? r=p’, d=p, u=q, v=r;

h=1, bL#0, L=p’h, la=p* Is=ph, Ils=ph,
which gives an algebra:
Algebra F:
fi =2y + pxlyx+ p>xyx® + p3yx,
f2 =x2y% + Lxyxy + L p?yxyx + py?x® + Lpxy*x + lLLpyx®y,
f3=xy> + pyxy* + p*y*xy + p’y’x,  p.lh €k \ {0}, p #b.
By the diamond lemma [Be], {y!(xy%)/ (xy)*(x2y)'x™ | i, j, k,I,m € N} is a k-linear basis of F. Alge-
bra F is strongly noetherian, AS-regular, Auslander regular and Cohen-Macaulay (see Theorem 5.5).
If Is =15 # 0, q # p?, then the solution gives the following:
Algebra G:
f1 =2y + px2yx 4 qxyx® +ryx,
fa =2y + Lxyxy + l3yxyx + lay*x® +lsxy*x + 15 yx%y,
f3=xy> + pyxy* + qy*xy +1y°x,

where
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Piag’t+g’  _re-e  _ pepr—q)

= - ) 2= s 3=
r3g g(g+qn) q(qr+g)
g _pr¥+qg
li=-2%, ls="—_"%
r qr+g

g 0, q satisfies the equation ¢3r8g3 + (> +qrg? +g3)3 =0, ¢>r> £ g2, r° +qrg® + g3 + ¢*r’g #0
and r° 4+ g2 #£0.

Algebra G is an iterated Ore extension of a polynomial ring, so it is strongly noetherian, AS-regular,
Auslander regular and Cohen-Macaulay (see Theorem 5.8).

4.7.5. Sub-subcase az3p12 #0,d # p
If I =0, then it follows from d # p that azz212 # 0 and I3 = 0. Since az3212 # 0, both I5 and I are
not zero.
Suppose I; =0 and I5 # 0, then lg =0 and (4.5) has one solution
—n2 —_ 3 i i .
p#0, gq=p°, r=p’, d=ip, u=-igq, v=r;
Lh=1, 1L=0, [3=0 Iy=—ip* I5=p*(1—-i), Ilg=0

where p e k\ {0} and i € k satisfies i2 + 1 =0 which gives an algebra:
Algebra H:
fi=x3y 4+ pxyx + pxyx® + p3y,
f2=xy* —ip*y’x* + p*(1 —ixy’x,
fa=xy? +ipyxy® —ip’y*xy + p’y’x, pek\ {0}, ¥ +1=0.

Algebra H is a normal extension of a 4-dimensional AS-regular algebra (see Theorem 5.9), so H is
AS-regular of dimension 5, strongly noetherian, Auslander regular and Cohen-Macaulay.
Suppose I; =0 and I5 =0, then Ig # 0 and (4.5) has one solution
_ . _ . _ _ 2 _ 3'
p=di, q=—iu, r=v, d#0, u=d-, v=d’;
h=1, 1L=0 13=0 ly=-d%, I15=0, Ig=d*(1—1i),

where d € k\ {0} and i € k satisfies i2 + 1 =0 which gives an algebra:
Algebra H':
fi =3y +dix’yx — d%ixyx® + d>yx,
fa=xy* —d%iy’x* + d*(1 — i) yx*y,
f3=xy3 +dyxy? +d*y’xy +d°y3x, dek\{0}, i?+1=0.

After changing x and y, algebra H’ is in fact isomorphic to algebra H with p =d~1.
Suppose I # 0. If neither I5 nor Ig is zero, then (4.5) has no solution.
If I #0 and Ig =0, then I5 # 0 and (4.5) has one solution:
p=—c(1+g’). q=-cg(1+g’), r=cg’
d=—cg?(1+g). u=-cg*l+g. v=Cgh
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h=1, bh=cgl+g, bk=—Cgl+g),
lh=—c'g’, Is=-c2(1-g°)., Ig=0,
where c e k\ {0} and g = g1g», which gives an algebra:

Algebra I:

fi=xy —c(1+g%)Pyx— ?g*(1+ g¥)xyx* + A g?yx,
fa=xy* +cg(1 + @xyxy — g1+ Qyxyx — A y*x* — (1 — g%)xy’x,
fr=xy? =@+ 2yxy* — ' 1+ g)y*xy + 3 y*x,

where c e k\ {0} and g € k satisfies the equation 1+ g+ g%+ g3+ g*=0.
Algebra I is a normal extension of a 4-dimensional AS-regular algebra (see Theorem 5.9), so I is
AS-regular of dimension 5, strongly noetherian, Auslander regular and Cohen-Macaulay.
If I #0 and I5 =0, then lg # 0 and (4.5) has one solution:
p=—c+g, q=-cg0+g, r=cg
d=—cg(1+g%)., u=-cg(1+g%)., v=c%
h=1, bL=cg®(+g. b=-C1+g).
Lh=—c'g®, 15=0, Ig=c*(1-g%
where c e k\ {0} and g = g1g», which gives an algebra:
Algebra I':

fi=xy —cQ+9xPyx— g (1 + gxyx® + 3gtyx?,

fa=xy* +cg? 1+ gxyxy — (1 + @yxyx — c* @ y*x* + (1 — %) yx’y,
fa=xy? —cg(1+ &) yxy* —c*g(1+ &%)y*xy + y’x,

where ¢ € k\ {0} and g €k satisfies the equation 1+ g+ g2+ g3 +g*=0.
Algebra I' is isomorphic to algebra I by exchanging x and y.

5. Proof of the AS-regularity and other properties
In this section, we study homological properties of the algebras given in the previous section.
5.1. Algebras A, B and F

Let A be the quotient algebra k(x, y)/(f1, f2, f3), where the generating relations f1, f and f3
are
fi =x3y + pxPyx + qxyx* + ryx>,
fa=x2y? + xyxy + l3yxyx + lay*x® +lsxy*x + 15 yx%y,
f3=xy* + pyxy* + qy*xy +ry’x,

with the parameters p,q,1,1l2,13,14,15 €k, p #1 and r #0.
The algebras A, B and F are of this type, and {y!(xy2)/ (xy)X(x2y)!x™ | i, j, k,I,m € N} is a k-linear
basis for each of them, as we have already seen by using the diamond lemma.
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Lemma 5.1. Suppose that {y' (xy?)I (xy)*(x2y)!x™ | i, j, k,1,m € N} is a k-linear basis of A, and that there is
a complex of right A-modules of the form:

0 A(—10) B A(—9)%2 2 4—6)®3 Ly 4—4)® 2 412 I 4 S ky >0, (51)

where € is the augmented map and each d; is the left multiplication of a matrix given by

di=x y),
4 X2y + pxyx +qyx®  xy2 +Lyxy +Isy%x y3
2= rx3 Lxyx +1ayx% +15x2y  pxy? +qyxy +ry*x )’
0 Dy? Hxy + Kyx
ds = Ay? Exy + Fyx Lx? ,
Bxy + Cyx Gx? 0
PX2Y + qXyX + ryx> X
dy= | Byxy +L3y*x+1sxy? x*y +Lxyx+1syx* |,
ry? xXy* + pyxy +qy*x

(3

for some A,B,C,D,E,F,G,H, K, L €k such that ADGL # 0 and K # pH. Then the complex (5.1) is exact
and A is an AS-regular algebra of dimension 5.

Proof. Since {y(xy2)J (xy)*(x2y)!x™ | i, j, k,1,m € N} is a k-linear basis of 4, the Hilbert series of A
is (1—6)"2(1=¢t2)"1(1 —t3)~2 and GK-dim.A = 5. Since y is not a left zero-divisor, the complex (5.1)
is exact at A(—10).

The composition di o dy is exactly the generating relations of A. The complex (5.1) is exact at
A(-1), A and k by [AS, (1.4)].

To show (5.1) is exact, it suffices to check the exactness at A(—9)®? and A(—6)®3 by using the
Hilbert series.

Suppose that (f, g)T € Kerds. Writing g in the standard form, by modulo Imds we may assume
that no monomial appearing in g starts with y. Since ry> f +xy2g+ pyxyg+qy?xg =0, then (xy2)g =
—y(ry?f + pxyg + qyxg). It follows that g = 0. Hence f =0 (mod Imds), and Kerds = Imds, that is,
(5.1) is exact at A(—9)®2.

Notice that H = 0. In fact, if H =0, then Dy%(x*y + Lxyx +Isyx?) + Kyx(xy* + pyxy + qy?*x) =0,
ie., (D —Kls)y?(x*y) + (Dl — KI3) y* (xy)x+ (D5 — Kl) y>x* + K (p ~ L) y (xy)* + K (@ —15) y (xy*)x = 0.
It follows from p — I, # 0 that K = 0. Then Dy?(x%y + l,xyx + Isyx?) = 0. This contradicts D = 0.

Suppose that (f, g, h)T e Kerds. Writing h in the standard form, by modulo Imd4 we may assume
that no monomial appearing in h starts with xy2 or y3. Then h = yh; + y2hy + (xy)'h3 (I > 0), with
no monomial appearing in hy or hy starts with y, and no monomial appearing in h3 starts with y
or xy2. Since Dy2g + (Hxy + Kyx)h = 0, Hxy2h; + H(xy)"t'h; = yz for some z € A. It follows that
h1=h3=0.So h= y2h2. Then

0= Dy?g + (Hxy + Kyx)h = Dy*g + Hxy>hy + Kyxy?hs,
which implies
Dy%g + (K — pH)yxy*hy = Hqy*xyhy + Hry>xh,.
Writing the terms in the above equation in the standard form, it follows from K — pH # 0 that hy = 0.

So h =0. It follows from Dy%g =0 and D # 0 that g =0. Then Ay?f =0, which implies that f =0
as A#£0.So (f,g,h)T elmd, and Kerds =Imdy, ie., (5.1) is exact at A(—6)®3,
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So the complex (5.1) is a minimal projective resolution of the trivial module k.
Applying Hom 4(—, A) to this projective resolution, we get a complex of left .4-modules

0 A% A1®2 %2 4@ 5 46)2 % 49)%2 5 A(10) - 0, (52)

where each df is given by the right multiplication of the corresponding matrix. The complex (5.2) is
exact at A since x is not a right zero-divisor. It is also exact at .4(9)®2 again by [AS, (1.4)] and the
dimension of the homology group at .A(10) is 1. Similarly, to show the exactness of (5.2) at all other
positions, it suffices to check the exactness of (5.2) at .A(1)®2 and A(4)%3.

Suppose (f, g) € Kerd;. By modulo Imd} we may assume that no monomial appearing in f ends
with x. Since f(x2y + pxyx + qyx?) +rgx> = 0, which implies that the monomials in fx?y would end
with x, then f =0. Since r #0, g =0. So Kerd; =Imdj, i.e., (5.2) is exact at A(1)®2,

Suppose (f, g, h) € Kerd;. By modulo Imd; we may assume that no monomial appearing in f ends
with x2y or x3. Writing f as f = fix+ f2x% + f3(xy)® (s > 0) with that no monomial appearing in f;
or f, ends with x, and no monomial appearing in f3 ends with x or x?y. Since f(Hxy+ Kyx)+Lgx? =
(fix+ f2%* + f3(xy)*) (HXy + Kyx) + Lgx* =0,

Hf1x*y + Hfs(xy)*T! = Hf2(pX%yx + qxyx* +1yx®) — K(f1x + fox* + f3(xy)*)yx — Lgx®.

Writing the right-hand side in standard form, it follows from H # 0 that f; = f3=0. So f = fox?
and

0= fox’(Hxy + Kyx) + Lgx* = (K — pH) f2x*yx — Hf» (qux2 + ryx3) + Lgx?.
Since K — pH #0, f, =0. So f =0. Then Lgx? =0, which implies g =0 as L # 0. It follows from
Ghx? =0 that h=0 as G # 0. Hence Kerd} =Imdj, i.e. (5.2) is exact at .A(4)®.
Therefore A satisfies the Gorenstein condition with gldim A = GK-dim.A =5, i.e., A is a 5-dimen-
sional AS-regular algebra. 0O
Now we can prove the regularity for the algebras A, B and F.

Theorem 5.2. Algebras A, B and F are all AS-regular.

Proof. It suffices to list the suitable parameters satisfying the conditions of Lemma 5.1.
For algebra A, take

A=—t5 B=—t, Cc=-tL, D=1, E=F=0,
G=—t H=-Dt™* K=-t2% L=1
For algebra B, take
A=p® B=0, Cc=-p'°, D=1, E=p?
F=p®, G=p% H=—p3, K=0, L=1
For algebra F, take
A=p®  B=Lp®, C=@0-pp’. D=1,
E=p?, F=p>, G =pb, H=0—-pp*

and K=hLp=3 L=1. O
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To prove other homological properties, let A(l,t) =A=k{x, y)/(f1, f2, f3), where

fi=x3y+yx3,
4.2.2

fo= x2y2 + Ixyxy — tzlyxyx —ty°x,

f3 :xy3 +t3y3x, t,lekandtl #0.
Lemma 5.3. The algebra A(l, t) is graded twist-equivalent [Zh1] to A(I?/t%,1/t).
Proof. Let o : A(l,t) = A(l,t), o (x) =t2x, 0 (y) =ly. Then A® = A(?/t2,1/t). O

Theorem 5.4. Algebra A is strongly noetherian, Auslander regular and Cohen-Macaulay.

Proof. It suffices to prove the properties for A(t%,t) for some t # 0 by [Zh1, Theorem 1.3] under the
condition that A(t2,t) is noetherian. Now

A t) =kix, y)/(Py + By, Py* + Pxyxy — thyxyx — t4y2x%, xy° + Ey3x).

Note that {x3, y3, x2y2 — t*yxyx} is a sequence of normal regular elements of A(t2, t). By [ASZ, Propo-
sition 4.9] and [Le, Theorem 5.10] it is enough to show that A(t2,t)/(x3, y3, x>y —t*yxyx) is strongly
noetherian, Auslander-Gorenstein and Cohen-Macaulay.

Let A; = A(t2,6)/(x3, y3, x2y% — tdyxyx) Zkix, y)/(x3, y3, x2y? — thyxyx, y>x* — t~2xyxy).
Now twisting A1 by the graded automorphism

o:A1— A, o(®=x, o=ty

we get a new algebra

Ar= (A1) =k(x. )/ (. ¥, ¥*y* — tyxyx, xyxy —t " y*x%).
By [Zh1, Theorem 1.3] it suffices to show that A, is strongly noetherian, Auslander—Gorenstein and
Cohen-Macaulay.
Let

21 =xy*xyx + yxyly + ty*xyx® and 22 =xy’x%y +t yxy?x® + 71 y2x% yx.

Then §21 and §2, are normal elements of A, such that £21£2; = £2,§1 =0.
Let A3 = A/ (821, §22), then

A3 Zkix, y)/ (X, y°, 21, 22, y* — tyxyx, xyxy — 7' y*x%).
Similarly, we can find two normal elements

w1 = (xyz)3 + y(xyz)zxy +y? (xyz)zx and wy = (xzy)3 + xy(xzy)zx + y(x2y)2x2

of A3 such that wiwy; = wyw; =0.
Let A4 = A3/(w1, 7). Then

As=kix, )/ (3, y3, 21, 22, 01, 02, ¥ y* — tyxyx, xyxy —t 7' y?x?)
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is a finite-dimensional algebra. So A4 is strongly noetherian. It follows that A; is also strongly noethe-
rian by [ASZ, Proposition 4.9].

Since {§21, §£22, w1, w2} is a sequence of normal elements of A, Ay has enough normal elements.
So it is Auslander-Gorenstein and Cohen-Macaulay by [Zh, Theorem 1] which ends the proof. O

Theorem 5.5. The algebras B and F are strongly noetherian, Auslander regular and Cohen-Macaulay.

Proof. If we set I =0 in algebra F, then F reduces to B. By [Zh1, Theorem 1.3], it suffices to prove
the conclusion for the twisted algebra F° where o is the automorphism defined by o (x) = x and
o(y) = p~ly. Or equivalently, we may assume p =1 in F. Then x%, y*, 21 = (x*y — yx?)?, 2, =
(xy? — y%x)? and £23 = (xy + yx)* are central regular elements of F.

Let F/ = F/(x4,y4, £21, §22, £23) be the quotient algebra. Then F’ is a finite-dimensional algebra
with a basis {y (xy2)J (xy)*(x2y)'x™ | 0 < i,k,m < 3, 0< j,1<1}. Since F' is strongly noetherian,
Cohen-Macaulay and has an Auslander dualizing complex, by [YZ, Theorem 5.1] F is strongly noethe-
rian, Auslander regular and Cohen-Macaulay. O

5.2. Algebras D and G

Recall that a ring B is an Ore extension A[z; o, 48] of a ring A, for some endomorphism o of A
and o -derivation 4, if and only if that B =P, AZ' as a free A-module with zA € Az + A [GW,MR].
Graded version of Ore extensions is defined accordingly. We show in this subsection that the alge-
bras D and G are given by iterated Ore extensions.

Let A be the graded polynomial ring k[y] over k with degy = 1. We proceed to construct an
algebra A4 from A by an iterated Ore extension in the following four steps.

Step 1: Let z; be a new variable of degree 3 and A; = A[z1; 01] be the graded Ore extension of A,
where o7 is the automorphism of A given by

o1(y) =ay

for a fixed 0 #£a ek.
Step 2: Let z; be a new variable of degree 2 and let 0 #b € k and

Ar=Kk(y,z1,22)/(z1y = ayz1, 22y = byzp + 71, 2221 = 4z122).

It follows from the diamond lemma [Be] that A, = EB,->OA122 as a free Aj-module. Obviously,
z2A1 € A1z3 + A1. So Ay = Aq[z2; 02, 82] is a graded Ore extension of A{, with o2 and &, defined by

02(y) =by, 02(21) = azy;
8y =121, 82(z1) =0.

Step 3: Let z3 be a new variable of degree 3 and let

zny=ayz;, zy=byzm+z1, z3z1=b3z2123+ @~ b)z%,)

A3 =k(y,z1,22,23)/ 3 1 )
2221 =04212p, 23723 —=A0Z23Z3, z3y =b’a""yz3 +22

Again by the diamond lemma, A3 = @i>0 Azzg as a free Ay-module. It follows from z3A; C
Ayz3 + A that A3 = Ay[z3; 03, 83] is a graded Ore extension of A;, with o3 and 83 defined by

o3(y)=b*a"ly,  o3(z1)=bz1,  03(z2) = az;

B3 =2, &@)=(@-bz, §(z)=0.
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Step 4: Let x be a new variable of degree 1. Suppose that a # —b. Let

21y =ayzy, 2221 = 042123, 7325 = (2323,

Aa=kiy.21. 20,23, x)/ 22y =byzy + 71, 2321 =b3z1z3 + (a — b)zg, XZ3 = az3X,
zzy=b3a7lyzzs+23, xzy=b*a"'zix+ (@® —b3)(@® +ab)~'22,
xy =b%a lyx+ 25, xz3 =bzox+ (@ — b3)(@® +ab) 123

Similarly, A4 = @i>0 Agxi as a free As-module and xA3 C Asx + A3 which implies that A4 =
Asx; 04,684)] is a graded Ore extension of A3, with o4 and 84 defined by

os(y)=b%a"ly, os(z)=ba'zi, o4(z2)=bzy,  04(z3) =azs;
3 3 3 3

_ 5 _
b =
Z5, 4(22) a@+b)

z3, 84(z3) =0.

34(y) = 22, da(z1) = a@+b)

Lemma 5.6. Given a, b € k such that ab(a + b) # 0. Then the algebra A4 is an AS-regular algebra of dimen-
sion 5 with Hilbert series (1 — t)~2(1 —t2)~1(1 — t3)2.

Proof. By [ZZ2, Lemma 5.3], A4 is 5-dimensional AS-regular. By the definition of graded Ore exten-
sions, A4 is a free left A-module, and

1
(] _ tdegz1)(l _ tdegzz)(] _ tdeg23)(1 _ tdegx)
1
T A-021-2)Q-0)2

Ha,(8) = Ha(t) -

Now, let A(a, b) =k(x,y)/(f1, f2, f3), with the generating relations f;, f, and f3 as follows:

fi1 =Xy + px’yx + qxyx® + ryx>,
f2 =x%y% + Lxyxy + l3yxyx + 14 y?>x?> + Isxy*x + Isyx°y,
fa=xy> + pyxy* + qy*xy + ry’x

where
__ab+b*+d _b@+b?tay
- a 9 - a 9 - 9
a? +ab + 2b? b>(2a® +ab + b?) b® b?(a® — b3)
h=————7"—  b=——5——, 4=——, 5=———. (53)
a+b a’(a+b) a a?(a+b)

Then we have the following proposition.

Proposition 5.7. Given a, b € k such that ab(a+b)(a® +b?)(a® —b3) # 0. Then A(a, b) is isomorphic to A4 as
a graded algebra. So, A(a, b) is strongly noetherian, Auslander regular, AS-regular of dimension 5 and Cohen-
Macaulay.

Proof. By the construction, A4 = k(y, z1, 22, z3, X) /I, where I is generated by the following ten rela-
tions:
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z1y =ayz, (5.4)
22y =byzy + 71, (5.5)
2221 =0az122, (5.6)
z3y =ba"lyz3 + 22, (5.7)
7321 =b3z123 4 (a - b)z3, (5.8)
Z32) = 0273, (5.9)
xy =b%a"'yx+ 23, (5.10)
XZ1 = ?mx—i— %zﬁ, (511)
Xzy =bzyx + ;za:—blj) z3, (5.12)
XZ3 = AZ3X. (5.13)

By (5.10) zp =xy — b%a~lyx, by (5.5) z; = xy*> — (b*a ! + b)yxy + b3a~'y%x, and by (5.12)

_a(a+b)x*y — (a+b)*bxyx + (a + b)b3yx?

Z3
PE

So A4 is generated by x and y as a k-algebra. Moreover, replacing z1, z, and z3 with these expressions,
the relations (5.4), (5.11) and (5.13) turn out to be the following three relations:

xy3 4+ pyxy? 4+ qy*xy +ry’x =0,
2.2 2,2 2 20
X“y° + Lhxyxy +3yxyx +14y°x" +Isxy“x +lsyx“y =0,

Xy + pxlyx + qxyx® +ryx> =0,

where the parameters are given in (5.3). The relations (5.6), (5.7), (5.8) and (5.9) can be derived from
the above three relations by using a® + b2 0. So, A4 = A(a, b).

It follows from [ASZ, Proposition 4.1] and [YZ, Theorem 5.1, Corollary 6.8] that A(a, b) is strongly
noetherian, Auslander regular, AS-regular of dimension 5 and Cohen-Macaulay. O

Theorem 5.8. Algebras D and G are strongly noetherian, Auslander regular, AS-regular of dimension 5 and
Cohen-Macaulay.

Proof. It is easy to check that
D= Aa,b) witha=q?/p>, b=—q/p;
GEA(a,b) Witha:rz/g, b=qr3g/(r5+qrg2+g3).

The conclusions follow from Proposition 5.7. O
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5.3. Algebras C, E, Hand I

In this subsection, we show the algebras C, E, H and I are normal extensions of some 4-dimen-
sional AS-regular algebras given in [LPWZ2].

Theorem 5.9. Algebras C, E, H and I are all AS-regular algebras of dimension 5, which are strongly noetherian,
Auslander regular and Cohen-Macaulay.

Proof. By the diamond lemma [Be], xy2 + p2y2x is a normal regular element of C and C/(xy%+ p2y2x)
is isomorphic to D(0, p) [LPWZ2, Theorem A]. So C is a normal extension of D (0, p).

Algebra E is a normal extension of D(p —t,t) since xy% + (p — t)yxy + t2y%x is a normal regular
element of E and E/(xy? + (p — t)yxy + t2y2x) is isomorphic to D(p —t, t) [LPWZ2, Theorem A].

Algebra H is a normal extension of B(p) since xy? —ip?y?x is a normal regular element of H and
H/(xy? — ip2y®x) is isomorphic to B(p) [LPWZ2, Theorem A].

Algebra I is a normal extension of D(cg(1+g), cg?) since xy% +cg(1+g)yxy +c?g3y?x is a normal
regular element of I and 1/(xy? + cg(1 + g)yxy + c2g3y2x) is isomorphic to D(cg(1 + g), cg?).

These algebras B(p), D(0, p), D(p —t,t) and D(cg(1 + g), cg?) are strongly noetherian, Auslander
regular, Cohen—-Macaulay and AS-regular of dimension 4 as given in [LPWZ2, Theorem A].

So, all the algebras considered here are normal extensions of AS-regular algebras of dimension 4.
They are all noetherian by [ATV, Lemma 8.2]. By [Le, Theorem 5.10] and [LPWZ2, Lemma 7.6], they
are AS-regular of dimension 5.

It follows from [ASZ, Proposition 4.9] and [YZ, Theorem 5.1] that all these algebras are strongly
noetherian, Auslander regular and Cohen-Macaulay. O
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