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Abstract

This paper is concerned with the problem of finite-time stability analysis of linear discrete-time systems
with time-varying delay. The time-varying delay has lower and upper bounds. By choosing a novel
Lyapunov—Krasovskii-like functional, a new sufficient condition is derived to guarantee that the state of the
system with time-varying delay does not exceed a given threshold during a fixed time interval. Then, the
corresponding corollary is developed for the case of constant time delay. Numerical examples are provided
to demonstrate the effectiveness and merits of the proposed method.
© 2013 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Numerous existing literatures mainly concern about the stability analysis and controller design
for the dynamical systems over infinite time interval. From the practical point of view, our
interests are focused on the behavior of the system over a prescribed time interval in some cases.
For instance, in the presence of saturation or controlling the trajectory of a space vehicle from an
initial point to a final one in a prescribed time interval. That is, the time interval is fixed, the state
of the system does not exceed a certain bound during this time interval. It is called finite-time
stability (FTS) [1] or short time stability. Some early results on FTS [2,3] lack the operative test
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conditions. The problem of FTS has been revisited using linear matrix inequality technique, which
allows to find feasible conditions guaranteeing FTS. Ref. [4] investigated the finite-time control of
linear systems subject to parametric uncertainties and disturbances. Ref. [5] studied the problem of
finite-time stabilization via dynamic output feedback. Refs. [6] and [7] addressed the finite-time
control of discrete-time linear systems. The problem of finite-time stabilization was developed for
nonlinear systems in [8] and [9]. However, time delay is not considered in all the above results .

In some practical systems (such as chemical engineering processing, neural network, inferred
grinding model, etc.), time delay is inevitable, and the delay is always time-varying. This
inherent feature of the system always causes instability and leads to unsatisfactory performance.
Therefore, the study for the stability and stabilization of systems with time-varying delay is of
significance. Refs. [10-16] investigated the stability criteria for systems with time-varying
delays. Refs. [17-20] developed the stabilization conditions for systems with time-varying delay.

However, most of the existing results concentrate on the asymptotical stability, exponential
stability or other problems, not the finite-time stability. In [25], San Filippo and Dorato had given
a longitudinal flight control example to illustrate the wide practical use of the theoretic results on
finite time stability. Therefore, the research on finite time stability is of great practical
significance, which is also the motivation of our study. The study of finite-time stability and
stabilization for systems with time-delay has received a lot of attention in recent years [21-23],
but the time-delay to be considered is constant, not time-varying. On the other hand, it should be
emphasized that the definition of the finite-time stability in [26,27] is different from what we
investigate. These two papers used the FTS defined in [28], which requires the state trajectory
should converge to the equilibrium in a finite time interval. On the other hand, these results
mainly focus on the continuous-time systems, while little consideration has been taken on the
discrete-time systems with time-varying delay. Ref. [24] investigated the finite-time control for
discrete-time systems with time-varying delay.

The main contribution of this paper is that a new finite-time stability criterion of linear
discrete-time system with time-varying delay is presented. We select a novel Lyapunov—
Krasovskii-like functional, and present a sufficient condition to guarantee that the state of the
system does not exceed a certain bound during a prescribed time interval. For the final part of the
Lyapunov—Krasovskii-like functional, we can select different values for the positive definite
matrices in this paper. However, there are some structural restrictions for the Lyapunov matrix in
[24]. Moreover, some free-weighting matrices [29] are introduced to handle the useful items in
the derivation process. It is shown that we can obtain better performance than that in [24] by
numerical examples.

The rest of the paper is organized as follows. In Section 2, the considered system is stated, and
some preliminaries are provided. In Section 3, by selecting a novel Lyapunov—Krasovskii-like
functional, a sufficient condition is presented to guarantee the finite-time stability of linear
discrete-time systems with time-varying delay, which is the main result of this paper. Section 4
gives numerical examples to show the advantage of the developed results. Finally, in Section 5,
some conclusions are drawn.

Notations. R" and R"*™ denote the n-dimensional Euclidean space and the set of n x m real
matrices. Ayq(-) and A, () are the maximum and the minimum eigenvalues, respectively. N*
represents the set of positive integers. In addition, in symmetric block matrices, we use * as an
ellipsis for the term that is induced by symmetry. diag{...} stands for a block-diagonal matrix.
Matrices, if their dimensions are not explicitly stated, are assumed to be compatible for algebraic
operations. The notation P>0 (>0) means P is symmetric and positive definite (positive semi-
definite). I and O represent identity matrix and zero matrix, respectively.
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2. Problem formulation and preliminaries

Consider the following linear discrete-time systems with time-varying delay:
x(k + 1) = Ax(k) + Dx(k—d(k))
x(k)=¢(k), Vke[—dy,0] (1

where x(k)ER" is the state vector. The time delay is assumed to be time-varying and has lower
and upper bounds such that 0<d,, <d(k) <dy. A, D are constant matrices with appropriate
dimensions. Define that y(k) = x(k 4+ 1)—x(k), which satisfies y7 (k)y(k) <8, for k€[—d,;, —1].

To study the finite-time stability of the linear discrete-time system (1), the following definition
is necessarily introduced.

Definition 1. The linear discrete time-delay system (1) is said to be finite-time stable (FT'S) with
respect to (c1, 2, R, N), where R is a positive definite matrix, and NEN™, if

xL(K*)Rx(k*) <c1, Vk*€[—dy,0] = x'(k)Rx(k)<c), V ke[l,N]
Remark 1. The definition of FTS for time delay systems is quite different from that for systems
without time delay, which requires all the initial states x(k)=¢(k), V k€[—dy, 0] satisfying
x"(k)Rx(k) <c,. Furthermore, it is of interest to minimize the trajectory bound ¢, (or maximize
the finite-time interval N). The smaller the ¢, is (or the bigger the N is), the better performance
the system has.

3. Finite-time stability analysis

In this section, we will develop the finite-time stability criterion for system (1).

Theorem 1. System (1) is FTS with respect to (ci, ¢, R, N), if for scalar y>1, there exist
symmetric positive definite matrices P, Qy, Q», R|, R,ER™", U, SERY™ 2" and matrices L, M,
WER> ™ and scalars A1 >0, 1,>0, 13>0, 14 >0, A5>0, >0, such that

MI <P <Myl (2)
0<0, <hl, 0<Q, <hul A3)
O<R| <51, O<R,<Ael 4)

PNeilo 4+ ™ dyds + yin T dda]— ek
—1 dM(dM_l)_dm(dm_1)/15 + }/dm_l dm(dm_l)

+yVs |y 5 5

As| <O (5)

6,>0, i=1,2,3 (6)

Q1 Q1 M —W, —L,
¥ Qpn M-W, —L,
¥ % —y0, 0
% x  —rh,

Q= <0 (7)

where

P=R'?’PR'?, 0, =R'"?QR'? Q,=R'?Q,R7'?
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’ Tl % Snl|’ L My T W,
U L o U M o S W
IR AT O B L7

% }’dm+]R1
Q1 =ATPA—yP + Q) + O, + (A—D)" O\(A=D) + WT + W, + (dy—d,)Ur1 + dnSii

Uy Un
* Unxn

0, =

Q1 =A"PD + (A—D)"O\D + Li—M, + W} + (dy—d,)U1> + d,nSia
Qp=D"(P+ 0\)D + L] + L,—M} —M; + (dyy—du)Uns + duS2

0, = (dM_dm)Rl +d,Ro
Proof. By defining y(k) = x(k + 1)—x(k), we get y(k) = (A—I)x(k) + Dx(k—d(k)). Let us select
the following Lyapunov—Krasovskii-like functional

V(k) = Vi(k) + Va(k) + V3(k)
where

Vi (k) = x" (k)Px(k)

k—1 k=1
Vo) = Y AT @0+ X N (9)00x(s)
s =k—dy s =k—dpn
—dy—1 k-1 P —1 =
Vi)=Y X YRy + Y X T )Ry
s=—dyv=kts s= —dyv=kts

Denote
&' (k) =[x (k) x" (k—d(k))]
T k,s) =[x (k) 2" (k—d(k)) ¥ (5)]
0" (k) =[x (k) x" (k—d(k) x"(k—dy) x(k—dy)]

Let AV(k) be the difference operator. By taking the difference of V(k) and using y > 1, we can
obtain

AV(k)—(y—1)V(k) = x" ()[ATPA—yP + Q) + Q> + (A—D)" O\ (A—D)x(k)
+2x"()[ATPD + (A—1)" O, D)x(k—d(k))
+x"(k—d(k))D" (P 4 O,)Dx(k—d(k))

—yxT (k—dp) O x(k—dp)—y " x" (k—d,,) Q,x(k—d,,)
—dy—1 —1
— Y O *k+9)Ryk+s5)— Yy (k+9)Roy(k +5)

s = —dy s = —d,

®)

<x"([ATPA—yP + Q, + Q, + (A—I)" O1(A—D)]x(k)
+2xT(k)[ATPD + (A—I)" O, D)x(k—d(k))
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+x" (k—d(k))D" (P + O,)Dx(k—d(k))
—y " (k—dp) Qi x(k—dpg)—y " x" (k—dy) Qo x(k—d)

k—d,,—1 k—1
—p it V@R -y X Y (SR(s)
s =k—dy s =k—d,,
k—d(k)—1
+2£7 (k)L [x(k_d(k))_x(k_dM)_ _;d y(S)]
k—d,—1
+2&" (k)M [X(k—dm)—x(k—d(k))— ) )’(S)]
5 = k—d(k)
k—1
+2&" (k)W [X(k)—x(k—dm)— _;_d y(S)] )
Since
a OSE0- % EwSER) =0 (10)
k—d(k)—1 k—d,,—
(du—dw)E" () UE(k)— _Ed EN(k)UE(k)— kzd EN(k)UE(k) =0 (11)
we also have
k—d,,—1 k—d(k)—1 k—d,,—1
Y Y (ORs) = Z YRS+ Y Y (IRYGs)
s =k—dy s =k—dy s = k—d(k)

Adding the above Egs. (10)—(11) to Eq. (9) and using Schur complement, we get

k—d(k)—1
AV()—(y=1)V (k) <n" (k)n(k)— ;d "k, )01 (k, 5)
k—dpu—1 k—1 )
- Z z:T(ka S)@2C(ka S)— E gT(ka S)Q3C(k7 S) (12)
s = k—d(k) s =k—d,

It is easy to see that Egs. (6) and (7) ensure
AV(k)<(y—DV(k) (13)
Note that condition (13) can be rewritten as
V(k)-V(k—1)<(@y—1)V(k—1)
V(k)<yV(k—1)
By iteration, it follows that:
V(k)<y*V(0)

On the other hand, as x(k)=¢(k), V k€[—dy, 0], then

V(0) = x" (0)Px(0) + Z i T(s)Q1x<s)+ Z y ' (5)Qpx(s)

s = —dy = —dy
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—d,—1 -1 —1 —1

+ Y TR+ Y X Y RHO)

s=—dyv=s s=—dy,v=s

nar(P)x" (0)Rx(0)
. -1
+7dM_1/1max(Ql) E T(S)R.X(S) +y i l/lmax(QZ) Z T(S)RX(S)

s=—dy s = —dy

d,—1 - —1
+ydM_l/1max(Rl) Z Z yT(V)y(v) + ydm_lﬂmax(RZ) Z Z yT(v)y(v)

s=—dyv=s s=—d,v=s

S[/1nmx(P) + 7dM_1dMAmux(Q1) + }/dm_ldm)vmax(QZ)]cl

dy(dy—1)—dy(d,—1) dpu(dn—1)

+ 7 Dnax(Ry) 5 + 1 D (Ro) 5| 8
Note that
V (k)2 Apin(P)x" (k)Rx(k)
By Egs. (2)—(5) and (/)T(k)R(/)(k) <c, we get
x" (k)Rux(k) <r* ) <o (14)
where
E= [Amax(i)) + }/dM_ldM/lmax(Ql) + }/dm_ldm)vmax(é2)]cl
dy(dy—1)—d,(d,,—1 _ d,(d,,—1
ydM_llmax(Rl) M( M )2 ( )‘H’d"’ llmax(R2) ( 2 ) é

Now, we can conclude that conditions (2)—(7) guarantee system (1) with time-varying delay is
finite-time stable.
This completes the proof of Theorem 1. O

Remark 2. In the proof of Theorem 1, we choose a new Lyapunov—Krasovskii-like functional
involving variable ratios y*~!=5(y*=1="), which is different from that in [24]. By doing so, no
inequality enlargement is required to obtain AV(k)<(y—1)V(k). In Ref. [24], however, a
traditional Lyapunov—Krasovskii candidate was constructed. As a result, AV is enlarged by
AV(k)<(y—DxT (k)Px(k) = (y—1)Vi(k) < (y—1)V(k) (see Eq. (17) in Ref. [24]). It demonstrates
that our method contains more information of the system states and yields less conservatism.

Remark 3. If we ignore —ydnt! Y54 ayY Y ($)R1y(s) and —y Y52, ¥ (s)Ryy(s), the final two
negative terms of Eq. (8), conservatism is inevitable. Here we introduce Eqs. (10) and (11) as
well as the free-weighting matrices U, S, L, M, W in Theorem 1 to avoid such a treatment.

Remark 4. In Theorem 1, for the given N, y, dy, and d,,, if ¢, is fixed, ¢, can be viewed as an
optimization parameter. We can give the following optimization algorithm to get the minimal
value of ¢,:

min ¢
P) Qla Q29R19R29 U,S,
LM,W,(i=1,...,6)
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s.t.  Inequalities (2)—(7) (15)

Now, we consider the case where the time delay is constant.

Corollary 1. System (1) with constant time delay d is FTS with respect to (cy,c3,R,N), if for
scalar y>1, there exist symmetric positive definite matrices P, Q;, R{€R"", SER™ ™ and
matrices WER? " and scalars ¢, >0, 6,>0, 63>0, 64>0, such that

O']ISIN) SGzI (16)
0<Q, <ol (17)
0<R| SO’4I (18)
d—1
Neror + 7N ey dos + (2 ) N e 504 —cr01 <0 (19)
0>0 (20)
a= 9" 22| @)
o

where

P=R2PR?, O, =R2Q,R?

_ m

Qi =A"PA—yP + O, + (A—D)"dR(A—1) + W] + W, +dSy,

* S»

_ St S
- ES }’R]

[

Q1 =A"PD + (A—D"dR,D—W, + W] 4 dS,

2y =D"(P+ dR\)D—y"Q,— W} W, + dS,

Proof. In this case, we select V(k) as follows:

V= PR+ 3 A0+ 3T AT R0

s =k—d s=—dv=k+s
The remaining part of the proof is similar to that of Theorem 1, thus omitted. O

Remark 5. In Corollary 1, for the given N, y and d, if c; is fixed, ¢, can be viewed as an
optimization parameter. Similarly, we can get the minimal value of ¢, by the following:

min ¢
Pa QlaRl’RZ’Sa
W,oi(i=1,...,4)

s.t.  Inequalities (16)—(21) (22)
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4. Numerical examples

In this section, numerical examples are provided to show the effectiveness of the method
developed in this paper.

Example 1. Consider the system (1) with the following data:
08 0 —0.1 0
A = N D =
0.08 0.9 —-02 -0.1

10
R:[O J, N=10, y=12, dy=5, d,=2, =1

For ¢; =1 and ¢, = 36, a feasible solution exists for Theorem 1. The computed results are
listed below

496.8662 —0.6007
—0.6007 495.2389

36.6533  13.0610 346372 —8.1141
"7 113.0610 68791 |7 <2 | —8.1141 25149

51.9934 18.1162 70.3504  46.5769
YT18.1162 147738 |7 TP | 46.5769  39.8650

Fig. 1 depicts several state trajectories starting from different initial points, and all the initial points
are in the inner ellipsoid x” (k)Rx(k) = c¢;. We can see that the state trajectories will not exceed the

oL x"(k)Rx(k)=C1

X2
o

-2}

-4}

X1

Fig. 1. State trajectories of system for Example 1.
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outer bounding ellipsoid x7 (k)Rx(k) = ¢, in the fixed time interval N for Example 1. By the given
Definition 1, we can say that system (1) with time-varying delay is finite-time stable.

Example 2. Here we show the advantage of Theorem | and Corollary | in two aspects.
Case (1). Consider system (1) with parameters as follows:

06 0 01 0
A= , D=
035 0.7 02 0.1

10
R=[O J, N=50, y=10011, d,=2, 6=1.1

For ¢; =2.1, ¢; =50, using Theorem 1 in this paper, we can get the maximum value of the
finite-time interval dy; = 8, which is bigger than d); = 6 computed in [24]. The bigger the N is,
the better performance the system has. This demonstrates the superiority of our method.

Case (2). Consider system (1) with constant time delay and the following data:

06 O 02 025
A = 5 D =
0.35 0.7 0.25 0.15

We consider Corollary 1 to perform the optimization (22) over ¢, using the algorithm sketch
below, with the aid of the Matlab LMI Toolbox:

Step (1) Choose some given fixed values for ¢, N,y, R, d and 6.

Step (2) Decide an initial value for c,.

Step (3) Solve the LMIs (16)—(21).

Step (4) If the problem is unfeasible, then the initial value for ¢, is need to be increased.
Otherwise, we decrease ¢, until we get its minimum value.

For c; =2.1, N=10, y =1.7258, R=1,, d=2, 6 = 1.1, we can get the minimal value of the
trajectory bound ¢, = 674.62, which is much smaller than ¢, = 2425.04 computed in [24].

Remark 6. The computational complexity of the above algorithm can be estimated from the
number of scalar decision variables v and the number x of LMI rows. Based on the interior point
methods used by LMI Control Toolbox, the complexity of the above algorithm can be estimated
as being proportional to t°k [30]. In Case (2) of Example 2, v = 6.5 + 1.5n + 4 and k = 8n +
1 (or for optimization problem (15), v = 14.5n> + 2.5n + 6 and x = 18n + 1), where n=2 is the
dimension of state variable.

Remark 7. Fig. 2 depicts several state trajectories starting from the inner -ellipsoid
xT(k)Rx(k) = ¢; will not exceed the outer bounding ellipsoid x”(k)Rx(k) = ¢, during a fixed
time interval. The solid ellipsoid in Fig. 2 is plotted using the computed minimum value
¢ =674.62, and the dashed one is ¢, = 2425.04 computed in [24]. The smaller the ¢, is, the
better performance the system has. We can directly see that our method has obvious superiority.

Remark 8. Fig. 3 plots the system states during fixed time interval N=10 for the trajectory in
the first quadrant in Fig. 2. We can see that the system states, which start from the inner bound
J/¢1, do not exceed the outer bound ,/c,. The system, which is not asymptotically stable, may
still be finite time stable.
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50 . . —— === . .
.- -~
4} -7 RS 1
e The computed C2 using our method AN
30 | 4 N i
4 N
4 .
- 4 B
20 . \\
/ \
10 i
! \
~ I
X Of i
\ 1
-10 1V 1]
\ 1
\ ’
_20 - N 7 4
N ’
\ 4
80 AN The computed C2 using method in [20] e 1
~ 7’
-40 | RS P g -
~ -
~ ~ - -
~o _ -
-50 L L L T e == X X X
-50 -40 -30 -20 -10 0 10 20 30 40 50
X1

30 T T T T T T T T T
25 1
X1
————— X2
= = = The outer bound
207r -+ Theinnerbound| |

System state
>

Time(k)

Fig. 3. System states for Case 2 of Example 2.

5. Conclusions

In this paper, a new criterion has been established to ensure the finite-time stability
of the discrete-time system with time-varying delay. Based on the above result, we get the
corresponding corollary for the case of constant time-delay. It is shown that
all these results are given in terms of matrix inequalities. Finally, we have presented
two numerical examples to illustrate the effectiveness and the merits of the proposed method.
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