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Abstract After a brief introduction to Jordan algebras, we present a primal—dual
interior-point algorithm for second-order conic optimization that uses full Nesterov—
Todd steps; no line searches are required. The number of iterations of the algorithm
coincides with the currently best iteration bound for second-order conic optimiza-
tion. We also generalize an infeasible interior-point method for linear optimization to
second-order conic optimization. As usual for infeasible interior-point methods, the
starting point depends on a positive number. The algorithm either finds a solution in
a finite number of iterations or determines that the primal-dual problem pair has no
optimal solution with vanishing duality gap.
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1 Introduction

Second-order conic optimization (SOCO) problems are convex optimization (CO)
problems that minimize a linear objective function over the intersection of an affine
linear manifold and the Cartesian product of a finite number of second-order (or
Lorentz or ice-cream) cones. SOCO problems are nonlinear and convex problems,
which include linear optimization (LO) problems, convex quadratic optimization
problems and quadratically constrained convex quadratic optimization problems as
special cases, and arise in many engineering problems [1-3].

On the other hand, SOCO problems are essentially a specific case of Semidefinite
Optimization (SDO) problems. Therefore SOCO problems can be solved via the al-
gorithms for SDO problems. Several algorithms are presented in [4—7] for solving
SDO problems. However, it has been pointed out [8] that an interior-point method
(IPM) that solves the SOCO problem directly has much better complexity than an
IPM applied to the semidefinite formulation of the SOCO problem.

Several authors have discussed IPMs for SOCO. Nesterov and Todd [9, 10] con-
sidered linear cone optimization problems in which the cone is self-scaled. They pre-
sented a primal—-dual IPM for optimization over such cones. It has become clear later
that self-scaled cones are precisely the cones of squares in Euclidean Jordan algebras.
Adler and Alizadeh [11] studied the relationship between SDO and SOCO problems
and presented a unified approach to these problems. Alizadeh and Goldfarb [12] and
Schmieta and Alizadeh [13, 14] showed that Euclidean Jordan algebras underly the
analysis of IPMs for optimization over symmetric cones. Faybusovich [15] used Eu-
clidean Jordan Algebras to analyze when the search directions in the MZ-family are
well-defined.

Peng et al. [16, 17] presented primal—dual feasible [IPMs by using self-regular
proximity functions for LO, SDO and SOCO. They obtained the complexity bounds
for small-update and large-update methods, which are currently the best known iter-
ation bounds for SOCO problems. Recently, Bai et al. [18] designed a primal—dual
feasible IPM for SOCO problems based on a kernel function. They obtained the same
complexity bounds as in [17].

In so-called feasible IPMs, it is assumed that the starting point is feasible and lies
in the interior of the cone. Such a starting point is called strictly feasible. All the
points generated by feasible IPMs are also strictly feasible. In practice, however, it is
sometimes difficult to obtain an initial strictly feasible point. Infeasible IPMs (IIPMs)
do not require that the starting point be feasible, but only that it be in the interior of
the cone. I[IPMs are used in most practical implementations. Global convergence of
a primal—dual ITPM for LO was first established by Kojima et al. [19]. Subsequently,
Zhang [20], Mizuno [21] and Potra [22, 23] presented polynomial iteration complex-
ity results for variants of this algorithm. Later, Zhang [24] extended it to SDO. Ran-
garajan [25] established polynomial-time convergence of IIPMs for conic programs
over symmetric cones using a wide neighborhood of the central path. Recently, Roos
[26] established a new IIPM which uses full Newton steps. Later, Mansouri et al. [27]
generalized it to SDO.

The aim of this paper is to generalize the IIPM for LO of Roos to SOCO. Since its
analysis requires a quadratic convergence result for the feasible case, we first present
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a primal-dual (feasible) IPM with full NT-steps for SOCO and its analysis. To our
knowledge, this is the first time that a full NT-step IPM for SOCO is considered. We
use the Nesteorv—Todd (NT) direction. We obtain the same complexity bound as in
[17, 18], which is the currently best bound. Then we extend Roos’s IIPM for LO to
SOCO. We prove that the complexity bound of our IIPM coincides with the currently
best iteration bound for SOCO.

The paper is organized as follows. In Sect. 2, we briefly review some properties of
the second-order cone and its associated Euclidean Jordan algebra, focusing on what
is needed in the rest of the paper. We derive some new inequalities that are crucial for
the analysis of our algorithms. Then, in Sect. 3, we present a feasible IPM for SOCO,
and in Sect. 4 our IIPM. Section 5 contains some conclusions and topics for further
research.

2 Preliminaries

Mathematically, a typical second-order cone in R" has the form
n
E:{(xl,xz;...;xn)eR":x%ginz,xlZO}, D
i=2

where n > 2 is some natural number.
Let £ C R" be the Cartesian product of several second-order cones, i.e.,

K=r'"x£2x---x LV, )

where £/ € R™ for each j, j=1,2,..., N. A second-order conic optimization
(SOCO) problem has the form

min{ch tAx=b,x EIC}, 3)

where A e R"*" ce R" andbe R"™ andn = Z?le n ;. Without loss of generality,
we assume that A has full row rank, i.e., rank(A) = m. Due to the fact that  is self-
dual, the dual problem of (3) is given by

max{bTy:ATy—}—s:c,selC}. @)

Some notations used throughout the paper are as follows. The superscript © is used
to denote the transpose of a vector or matrix. R", Ri and R'jr n denote the set of
real vectors with n components, the set of nonnegative vectors and the set of positive
vectors, respectively. We follow the convention of some high level programming lan-
guages, such as MATLAB, and use *;” for adjoining vectors in a column. Thus for
instance for column vectors x, y and z we have

X

(xx:y;)=1|vy
Z
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Superscripted vectors such as x/ usually represent the jth block of x. It should be
noted that sometimes the notation x/ refers to the jth power of x. The meaning is
always clear from the context. R"™>" is the space of all m x n matrices. S", S’ and
S’ . denote the set of symmetric, symmetric positive semidefinite and symmetric
positive definite n x n matrices, respectively. For any symmetric matrix A, Amin(A)
(Amax(A)) denotes the minimal (maximal) eigenvalue of A. As usual, || - || denotes
the 2-norm for vectors and matrices. We denote the trace of a matrix as Tr(-) and the
trace of a vector as tr(-). The Lowner partial ordering >, of R” defined by a cone
K is defined by x >y s if x —s € K. The interior of I is denoted as /.. We write
x >y s if x —s € Ky. P and D denote the feasible sets of the primal and the dual
problem, respectively. In this paper, we assume that both the primal problem and its
dual are feasible. Finally, E,, denotes the n x n identity matrix.

2.1 Euclidean Jordan Algebras

We recall certain basic notions and well-known facts concerning Jordan algebras. For
omitted proofs the reader is refereed to the given references and also to [28-30].

Definition 2.1 Amap h: J x J — J, J is an n-dimensional vector space over R,
is called bilinear iff forall x, y,z € J and o, B € R:

(1) h(ax + By,z) =ah(x,z) + Bh(y, 2);
(i) h(z,ax 4+ By) =ah(z,x) + Bh(z,y).

Definition 2.2 Let J be an n-dimensional vector space over R along with a bilinear
map o: (x,y) > xoy € J. Then (7, o) is called a Euclidean Jordan algebra iff for
all x,ye J:

(i) x oy =y ox (commutativity);
(ii) x o (x? 0 y) =x% o (x oy), where x> = x o x (Jordan identity);
(iii) there exists an inner product, denoted by (x, y), such that (x o y, z) = (x, y 0 2)
(associativity).

2

We call x o y the Jordan product of x and y. In addition, we assume that there is
an element e € 7 such that e o x = x o e = x for all x € 7, which is called the iden-
tity element in J. The Jordan product is not necessarily associative, but it is power
associative, i.e., the subalgebra generated by a single element x € 7 is associative
(Proposition I1.1.2 of [28]).

For x € J, let r be the smallest number such that the set {e, x,x2,...,x"} is
linearly dependent. Then r is called the degree of x and is denoted by deg(x). The
rank of 7, denoted by rank(.7), is defined as the maximum of deg(x) over all x € J.
An element x € J is called regular iff deg(x) = rank(7).

For an element x of degree d, since {e, x, x2 ..., xd} is linearly dependent, there
exist real numbers aj(x), ax(x), ..., aq(x) such that

x? —a )x T Fap(0)x? 4 4 (=) ag(x) =0,
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where 0 is the zero vector. Then the polynomial
2 = a1 a4+ (D) =0

is called the minimum polynomial of x. The minimum polynomial of a regular ele-
ment x is called the characteristic polynomial of x. Since the regular elements are
dense in 7, by continuity we may extend the polynomials @;(x) and consequently
the characteristic polynomial to all elements of 7. The characteristic polynomial is
a polynomial of degree r in A, where r is the rank of 7. The roots A1, ..., A, of the
characteristic polynomial of x are called the eigenvalues (spectral values) of x [28].

Definition 2.3 Let x € J and Ay, ..., A, be the eigenvalues of x (including multiple
eigenvalues). Then,

@) tr(x):=A1 +---+ A,, is called the trace of x;
(i1) det(x) :=Ajy---A, is called the determinant of x.

As known, a nonzero element ¢ of 7 is called idempotent iff 2=c. A complete
system of orthogonal idempotent is a set {cy, ..., cx} of idempotents, where

ciocj=0 foralli#jandci+---+cp=e.

An idempotent is called primitive iff it is not the sum of two other orthogonal idem-
potents. A complete system of orthogonal primitive idempotents is called a Jordan
frame. Jordan frames always contain r primitive idempotents, where r is the rank
of J [28].

The spectral decomposition theorem (Theorem III.1.2 of [28]) of an Euclidean
Jordan algebra J states that for x € J there exists a Jordan frame cy, ..., ¢, (r is the
rank of 7) and real numbers Ay, ..., A, (the eigenvalues of x) such that

x=XAic1+---+Xrecr.
Using this, for each x € J we can define the following [12]:

1 1

square root: x% = )fcl + -+ 4+ A7 ¢, whenever all A; > 0, and undefined other-

wise;

inverse: x 1 := kl_lc1 + -+ Ar_lcr, whenever all A; # 0, and undefined other-

wise;

square: x%.= A%cl + -4 )\%cr.
Indeed, one has x2 = x o x and ()c%)2 = x. If x ! is defined, then x o x~! = ¢, and
we call x invertible.! Also note that, since e has eigenvalue 1, with multiplicity r,
tr(e) = r and det(e) = 1.

10ne should be careful here. If x o5 = e, then s is not necessarily equal to x~1. For an example, see [31,
Example 2.1.8].
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The square x> of any x € J has nonnegative eigenvalues, and, vice versa, if an
element x € J has nonnegative eigenvalues, it is a square. The set of squares in J is
given by

Kg::{xz:xej}.

It is well-known that this set is a convex cone with nonempty interior. It is called the
cone of squares in J. Below we denote this cone simply as K. We have x € K, iff
all eigenvalues of x are positive. For each x € 7, L(x) denotes the linear map of 7
defined by

L(x)y:=xoy, ©)
and
P(x):=2L(x)* — L(x?), (6)

where L(x)> = L(x)L(x). The map P is called the quadratic representation of J.
Due to Definition 2.2(ii), the maps L(x) and L(x?) commute. Hence, also P (x) com-
mutes with L(x). One has

P(x*))=P)?%  P(x})=Px)?,  Pxe=P(x)x=x% ()

where the relations involving x2 only hold if x € K. The automorphism group of
(any convex cone) K is defined by

Aut(K) = {g € GI(K) : g(K) =K},

where GI(K) is the set of invertible linear maps g from J into itself. The cone K is
called homogeneous iff Aut(K) acts transitively on the interior of C, i.e., for all x, y
in K4, there exists g € Aut(/C) such that gx = y. The cone X is called symmetric iff
it is homogeneous and self-dual. The cone of squares K = K 7 is self-dual (cf. [31,
Proposition 2.5.3]). Therefore, the next two results imply that the cone of squares be
symmetric.

Proposition 2.1 (Proposition 2.2 in [32]) For each x € K, P(x) is an automor-
phism of K and P(x)K4 = K. Furthermore, P(x) is positive definite for each
X € K:+.

Proposition 2.2 (Proposition 2.4 in [32]) Suppose that x,s € K. Then there exists
a unique w € K4 such that

P(w)s =x.

Moreover,
w=P(s})(P(s})x)? = P(x3)(P(x~1)s7)2. ®)
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The point w is called the scaling point of x and s (in this order). For the equality
of the two different expressions for w we refer to, e.g., [32, Theorem 2.8].

We recall a few more results that will be needed in the sequel. Recall that two
square matrices A and B (of the same size) are similar iff B = PA P! for some
invertible matrix P; in this case, we write A ~ B. If A and B are symmetric, then
A ~ B holds if and only if A and B share the same set of eigenvalues (taking mul-
tiplicities into account). Analogously, we say that two elements x and y in J are
similar, denoted as x ~ y, if and only if x and y share the same set of eigenvalues.
For more details we refer to [33].

Proposition 2.3 (Proposition 19 in [14]) Two elements x and y of an Euclidean
Jordan algebra are similar iff L(x) and L(y) are similar.

Proposition 2.4 (Corollary 20 in [14]) Let x and y be two elements in K. Then x
and y are similar iff P(x) and P(y) are similar.

Proposition 2.5 (Proposition 2.1 in [32]) The following holds for any x and s in R".

(1) x is invertible iff P(x) is invertible. In this case:
Px)x ' =nx, P(x)~! =P(x_l).

(ii) If x and s are invertible, then P(x)s is invertible and (P(x)s)"'=pP s L.
(iii) For any two elements x and s:

P(P(x)s) =Px)P(s)P(x).
@v) Ifx,s € K4, then P(x%)s ~ P(s%)x.

The third identity is far from trivial; it is known as the fundamental formula for
Jordan algebras. Since P(e) = E,,, taking s = e it gives

P(xz) = P(x)z.

The fourth item follows from the fundamental formula. The proof is simple. It also
uses Proposition 2.4 and goes as follows:

P(P(x?)s) = P(x2)P(s)P(x2) ~ P(x)P(s) ~ P(s?) P(x) P(s?) = P(P(s7)x).

A for our goal very important generalization is the following result. Because of its
importance, we include the proof.

Lemma 2.1 (Proposition 21 in [14]) Let x, s, p € K+. Defining x = P(p)x and s =
P(p_l)s, one has
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Proof Since P(P(x7)s) ~ P(x)P(s), and similarly, P(P(¥2)§) ~ P (%) P (5), it suf-
fices to show that P(x) P(s) ~ P(x) P(s). Using the fundamental formula we obtain

PE)PGE) = P(P(p)x)P(P(p~")s) = P(p)Px)P(p)P(p~')P(s)P(p~")
=P(p)P(X)P(s)P(p).

The last matrix is similar to P (x) P (s). Hence the proof is complete. Il

The next lemma depends on Proposition 2.5, especially on part (ii) and the funda-
mental formula in part (iii).

Lemma 2.2 (Proposition 3.2.4 in [31]) Let x,s € K4. If w is the scaling point of x
and s, then

1
(P(xf)s) 2~ P(w)%s.
2.2 Algebraic Properties of Second-Order Cones

In this section, we briefly review some algebraic properties of the second-order cone
L as defined by (1) and its associated Euclidean Jordan algebra. For more details and
proofs we refer to, e.g., [13, 17, 18, 34]. To our knowledge, Lemmas 2.3(iii), 2.3(iv)
and 2.6 are new. These results play a key role in our analysis.

For x, s € R", we define the bilinear operator o as follows:

T T = -
Xos§:= (x S; X182 +81X2; ... X185, —I—s1xn) = (x S;X18 +s1x),

where X = (x2; ...; x,). One easily checks that (R", o) is an Euclidean Jordan alge-
bra, with the vector

e=(1;0;...;0) e R"

as identity element. In the sequel, we denote the vector (x3; ...; x,) briefly as x. So
x = (x1; x). One easily verifies that each x € R" satisfies the quadratic equation

x? = 2x1x + (xf — |1%[*)e =0.

This means that A2 — 2x; A + (xf — IX1I®) =0 is the characteristic polynomial of x.
Hence the rank of this Jordan algebra is 2 and the two eigenvalues of x are

Amax (X)) = x1 + [IX]], Amin(x) = x1 — [|X]|. ©)]
Therefore, the trace and the determinant of x € R" are

tr(x) = Amax (X) + Amin(x) = 2x7,

det(x) = Amax (X)Amin (x) = x7 — | )12
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Lemma 2.3 Forall x,s € R" one has
() tr(x os) =2xTs;
(i1) det(x os) <det(x) det(s); equality holds iff x = as, o > 0;
(1) [Amax ()] + [Amin(x)] = 2 max{|x; ], [l%][};
@v) Ixosll < llxls]l.

Proof The relation (i) is obvious. For (ii) we refer to (its elementary proof in [17,
Lemma 6.2.3]). Turning to the proof of (iii), we write

[ Amax ()| 4 [min (6] = et + 1F 1] + 21 — 1211]-
If x; > ||x||, then the last expression equals 2x1, and if x; < —||x||, then it equals
—2x1.Onthe other hand, if x; € (—||x||, [|x]|) then it equals 2|/ x||. Hence (iii) follows.
Finally, using the triangle inequality and also 2ab < a® + b, we may write
IFSS1% = 015 + 1217 < (IS + s %)
= 271517 + sTIEN + 20w st 1%115)
< {11512 + sTIEIP + xfsf + 151712117
= ( + IZIP) (s + I51%) = lx 111511,
which implies (iv). This completes the proof. g
It is worth pointing out that (ii) does not always hold with equality. This is related

to the fact that the second-order cone is not closed under the Jordan product. The
spectral decomposition of x € R" is given by

X = Amax(X)c1 + Amin(X)c2,

where the Jordan frame {cy, c»} is given by

1 X 1 —X
a==|1L-—=), ==L -—=).
2 [l x| 2 [lx|l

Here, by convention, ﬁ =0 if x = 0. Note that ¢; and ¢, belong to £ (but not
to £+)

Since x2 = (||x||%; 2x1X), one easily understands that {cy, c2} is also a Jordan
frame for x2. This implies that the matrices L(x) and L(x?) commute. See, e.g.,
[14, Theorem 27]. (It also confirms Definition 2.2(ii).) The natural inner product is
given by

(x,s) :=tr(xos5) = 2xTs, x,seR".
Hence, the norm induced by this inner product, which is denoted as || - || ¢ (cf. [12]),
satisfies

el = a0 = Jr(62) = (max 0 + Amin(0)?) : = V2x[. (10)

We proceed with some simple properties of this inner product and the induced norm.
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Lemma 2.4 Let x e R" and s € K. Then
Amin (X) tr(s) < tr(x o5) < Amax (X) tr(s).

Proof For any x € R" we have Apax(x)e — x € K. Since also s € IC, it follows that
tr((Amax(x)e — x) o 5) > 0. Hence the second inequality in the lemma follows by
writing

tr(xos) < tr(kmax(x)e o s) = Amax (X)tr(e 0 8) = Amax (X)tr(s),
the proof of the first inequality goes in the same way. g

Lemma 2.5 Forall x,s € R" one has
() 1Nl < llxI1%; equality holds iff 1x1| = || %]|;
(i) tr((x 0 $)?) < tr(x? o0 s2);
(iii) lx o sl% < Amax(XD)Is 1% < Ix 1% 1513
Proof Using x2 = (||x|1%; 2x1%) we may write, also using 2ab < a?+ b2,
_ _ 2
1217 =2(Ix1* + @xp1XD?) < 2(Ix 1 + (xF + 151%)°) = 4lx1* = x| %
which implies (i). The proof of (ii) uses that
tr((x 05)?) =2[x o s> =2(x"s)> + 2/|x15 + 5152

Proceeding in a similar way as in the proof of Lemma 2.3(iv), one can obtain part (ii)
of the current lemma. Finally, using part (ii) we may write

Ix o513 = tr((x 05)?) < tr(x? 0 5%).
Due to Lemma 2.4 and part (i), this implies
Ix 05117 < Amax (¥*)tr(s%) = Amax (x*) 15117,

which is the first inequality in (iii). The second inequality in (iii) follows by applying
(10). This completes the proof. g

As we mentioned before, the Jordan product is not associative. However, remark-
ably enough, the trace function is associative (which confirms Definition 2.2(iii)). We

have (cf. Proposition I1.4.3 in [28])

tr((xoy)oz)ztr(xo(yoz)). (11D

An important consequence of the associativity of the trace function is that L(x) is
self-adjoint with respect to the above inner product:

(Lx)y,z)=tr((xoy)oz)=tr((yox)oz) =tr(yo (x02)) =y, L(x)z).
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Since P(x) is a linear combination of the self-adjoint matrices L(x)? and L(x?),
P (x) is self-adjoint as well (cf. [25, p. 1214]). It easily can be verified that the cone of
squares of the current Jordan algebra is given by (1). For each x € R", the matrices
of L(x) and P(x) with respect to the natural basis will be denoted with the same
notations as the maps themselves. As a consequence, we have

=T 2 =T
_|x X _ |l 2x1x
Leo= I:JE X1E, } P = |:2x1i det(x)E,_ + 257 |

The eigenvalues of L(x) are Amax(x) and Amin(x), both with multiplicity 1, and x1,
with multiplicity n — 2, and those of P(x) are Amax(x)? and Amin(x)2, both with
multiplicity 1, and det(x), with multiplicity n — 2 (cf. [12, Theorem 3]).> This implies
the following two important facts.

(i) x € L (x € L) if and only if L(x) is positive semidefinite (positive definite);
(ii) if x € £ then P(x) is positive semidefinite; if x € £ then P(x) is positive defi-
nite.

The first property implies that SOCO be a special case of semidefinite optimization
(SDO). We conclude this section with a result which is new and crucial for the pur-
pose of this paper.

Lemma 2.6 Letx,s € L, u= P(x)%s and z=xos € L. Then we have
u? =2 <22 =272

Proof Using that L(x) and P(x) are self-adjoint and also Proposition 2.5 we may
write:

=

’S
Nl

<
=
|

<
=

ez —u | =
=(u,e) — ( ,e)

<
<u ,u2) 2(14 7,u )+<u ,u %>
<P<x% >

<P(x) 2s ,e)
<s P(x)2e> <s ! ,P(x)™ Ze)
= (s.x) = 2fe, e>+( ‘,x )
The last equality is due to (7). With z = x o s € L, we derive in a similar way the
following:
22 =272 5 = (o) = 2e.e) + (7 )
=(xos,e) —2(e, e) +<(x os)fl,e>
= (s, x)—2(e,e) + ((x os)” 1, e).

2Qbserve that this means that the determinant of P (x), being the product of its eigenvalues, equals det(x)".
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So the inequality in the lemma will follow if
tr(x_1 o s_l) = (x_l, s_1> < ((x o s)_l, e) = tr((x o s)_l).
Since x ! = (x1; —x)/det(x), for each x € L4, one has

2T

_ 20x151 +x75) _ 2T _
" det(xos)’

—1 —1 -1
i os™) = det(x) det(s)  det(x)det(s)’ w((os)™)

The hypothesis in lemma implies that det(x), det(s) and det(x o s) are positive. Also

xTs > 0, because z = x o s € L. Hence the inequality in the lemma will hold if

det(x os) < det(x)det(s).

But this is true, by Lemma 2.3(ii). Hence the proof is complete. 0

2.3 Rescaling the Cone £

When defining the search direction in our algorithm, we need a rescaling of the space
in which the cone lives. Let x, s € L. Since Amin(x) and Apin(s) are positive, x!
and s~ ! exist. By Proposition 2.2, there exists a unique w € £ such that P(w)s = x,
with w as given in (8). Due to Proposition 2.1, P(w) is an automorphism. As a
consequence, there exists v € £ such that

5= P(w) 2x = P(w)?s. (12)

We call this Nesterov—Todd (NT)-scaling of R”, after the inventors. In the follow-
ing lemma, we recall several properties of the NT-scaling scheme. Because of their
importance, we include their short proofs.

Lemma 2.7 (Cf. Proposition 6.3.3 in [17]) Let W = P(w%)for some w € K. Then
the following holds for any two vectors x, s € R".

(1) tr(Wso W~lx) =tr(s o x);
(i) det(Ws) = det(w) det(s), det(W~'x) = det(w™") det(x);
(iii) if w is the scaling point of x, s € K+ then det(Ws o W1lx) = det(s) det(x).

Proof The proof of (i) is a direct consequence of the fact that W is self-adjoint:
tr(Ws o W_lx) = <Ws, W_1x> = (s, WW_lx) ={(s,x) =tr(s ox).
For the proof of (ii) we need the matrix
R =diag(1,-1,...,—1) e R"™*", (13)

Obviously, R? = E,,, where E,, denotes the identity matrix of size n x n. Moreover,
det(s) = sT Rs, for any s. It is well known that WRW = det(w)R.> Hence we may

3By Proposition 3 in the appendix of [34], W is an automorphism iff WRW = AR for some A > 0.
This condition implies (W R)? = AE,,. Since det(R)2 = 1, it follows that A" = det(W2) = det(P (w)) =
det(w)", whence A = det(w).
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write
det(Ws) = (Ws)T R(Ws) =sT WRWs =det(w)s’ Rs = det(w) det(s).

In a similar way, we can prove det(W—1x) = det(w™1) det(x). Finally, for proving
(iii), we say that, if w is the scaling point of x and s, then Ws = W~!x. Hence, using
Lemma 2.3 and part (ii) of the current lemma, we write

det(Ws o W™ 'x) = det(Ws) det(W ~'x) = det(w) det(s) det(w ") det(x)
= det(s) det(x),

where we used that det(w) det(w~!) = 1. Hence the proof is complete. Il

2.4 Rescaling the Cone

In this section, we show how the definitions and properties in the previous sections
can be adapted to the case where N > 1, when the cone underlying the given prob-
lems (3) and (4) is the Cartesian product of N cones £/, as given in (2).

First, we partition any vector x € R" according to the dimensions of the succes-
sive cones £/, so

x:(xl;...;xN), x/ e R,

and we define the algebra (R", o) as a direct product of the Jordan algebras (R"/, o),
by defining
xXos§:= (xl osl; ...;xNosN).

Obviously, if e/ € £/ is the unit element in the Jordan algebra for the jth cone, then
the vector

e=(e...;eM) (14)

is the unit element in (R”, o). Moreover, tr(e¢) = 2N, which is the rank of (R", o).
One easily verifies that L(-) and P(-) are given by (cf. [12]):

L(x) :=diag(L(x"),..., L(x")),
P(x) :=diag(P(x"),..., P(xV)).

The NT-scaling scheme for the general case can be obtained as follows.
For x/, s/ € Ei, let w/ be the scaling point in L7 . Then

PN G L
P(w/) 2x/ =P(w/)?s/, 1<j<N.
The scaling point of x and s in K is then defined by

w::(wl;...;wN).
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Since P(w/) is symmetric and positive definite for each j, the matrix
P(w) :=diag(P(w'), ..., P(w"))

is symmetric and positive definite as well and represents an automorphism of /C such
that P(w)s = x. Therefore P(w) can be used to rescale x and s to the same vector

vi= ('), (15)

according to (12). Since L(x) := diag(L(x"), ..., L(x")), one easily gets
Jmax (¥) = Amax (L (1)) = max{Amax () 1 1< j < N}, (16)
Amin(%) = Amin (L (x)) = min{Amin(x/) : 1 < j <N} (17)

Furthermore,

Mz

mm(xj) +)\max(xj)]7 (13)

tr(x) = Ztr

I
-

J

nan—ZfoHF Z i (¢7) + Damax (v7) ], (19)

N
det(x) = 1_[ det xf 1_[ Amin (xj)kmax(xj). (20)

Jj=1

3 A Feasible Full NT-step Algorithm

In this section, we present a full NT-step feasible IPM and its analysis. The results of
this section will be used later on, when dealing with the purpose of this paper, a full
step infeasible IPM.

3.1 The Central Path for SOCO

We assume that both (3) and (4) satisfy the interior-point condition (IPC), i.e., there
exists (xo, 59, yo) such that

Axozb, xOEIC+, ATy0+SO=c, SOGIC+.

It is well known that the IPC implies that (3) and (4) have optimal solutions with
duality gap zero [12]. Under the IPC assumption, finding optimal solutions of (3) and
(4), is therefore equivalent to solving the following system (see also [15]):

Ax=b, xelk,
ATy+s=c, selC, (21)
xos=0.
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The basic idea of primal-dual IPMs is to replace the third equation in (21), the so-
called complementary condition for (3) and (4), by the parameterized equation x os =
e, with o > 0. Thus we consider the system

Ax=b, xelk,
ATy+s=c, sek, (22)
Xos = ue.

For each p > 0 the parameterized system (22) has a unique solution x(u) and
(y(u), s(n)). We call x(u) and (y(u), s(n)) the p-center of (3) and (4), respectively.
Note that at the p-center we have

1 1
*(W5(1) = Str(x(o) 0 5(w) = Str(ue) = Strle) = N,

where tr(e) = 2N. The set of p-centers (with p running through all positive real
numbers) gives a homotopy path, which is called the central path of (3) and (4) [15].
If & — O then the limit of the central path exists and, since the limit points satisfy the
complementarity condition, the limit yields optimal solutions for (3) and (4) [15].

3.2 The Nesterov—Todd Search Direction

The natural way to define a search direction is to follow the Newton approach and to
linearize the third equation in (22), which leads to the system

AAx =0,
ATAy+As =0, (23)

XoAs+soAx =ue—xos.
This system not always has a solution, due to the fact that x and s do not opera-
tor commute in general (i.e., L(x)L(s) # L(s)L(x)). For an example of this phe-
nomenon we refer to [17, Sect. 6.3.1]. It is now well known that this difficulty can

be solved by applying a scaling scheme. This goes as follows. Let u € KC.. Then we
have

xos=ue < Puxo P(Lfl)s = le.

Since x, s € K4, this is an easy consequence of Proposition 2.5(ii), as becomes clear
when using that x o s = pe holds if and only if x = ,us’l (cf. Lemma 28 in [14]).
Now, replacing the third equation in (23) by P (u)x o P(u~')s = jre, and then apply-
ing Newton’s method, we obtain the system
AAx =0,
ATAy+As =0, (24)

P)x o P(u_l)As + P(u_l)s o P(u)Ax = pe — P(u)x o P(u_l)s.
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By choosing u appropriately, this system can be used to define search directions. In

the literature, the following choices are well known: u = s%, u= x_% andu =w"2,
where w is the NT-scaling point of x and s. The first two choices lead to the so-called
xs-direction and sx-direction, respectively [12, 14]. In this paper, we focus on the
third choice, which gives rise to the NT-direction. For that case we define

vi= P(w)*x [z P(w)%s}, (25)
NG Vi
and
1 1
- P T2A P 2A
A= JEAPYS,  dp= PO 2AX o PWEAS )
Vi NG
This enables us to rewrite the system (24) as follows:
Ad, =0, (27)
A
AT g =0, (28)
uw
di+dy =v" —v. (29)

That substitution of (25) and (26) into the first two equations of (24) yields (27)
and (28) is easy to verify. It is less obvious that the third equation in (24) yields
(29). After the substitution we get, after dividing both sides by u, v o (dy + dy) =
e — v%. This can be written as L(v)(ds + d,) = e — v>. After multiplying of both
sides from the left with L(v)~!, while using L) le=v"1and L(v) 102 =0, we
obtain (29). It easily follows that the above system has unique solution. Since (27)
requires that dy belongs to the null space of A, and (28) that d; belongs to the row
space of A, it follows that system (27)—(29) determines d, and d; uniquely as the
(mutually orthogonal) components of the vector v~! — v in these two spaces. From
(29) and the orthogonality of dy and d; we obtain

_ 2
IdellF + |7 = ldy +dsl1F = Jo™" = ][5 (30)

Therefore the displacements dy, dy (and since A has full row rank, also A y) are zero
if and only if v™! — v = 0. In this case it easily follows that v = e, and that this
implies that x, y and s coincide with the respective p-centers.

To get the search directions Ax and As in the original, we simply transform the
scaled search directions back to the x- and s-space by using (26):

Ax = JEPW)2dy,  As=.JEP(w) d;. 31)

The new iterates are obtained by taking a full step, as follows.

X4 =x+ Ax,
y+=y+Ay, (32)
s+ =5+ As.
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Using definition (25) and Lemma 2.7(i), it readily follows that

% tr(vz) =tr(x os). (33)
3.3 Proximity Measure

In the analysis of the algorithm, we need a measure for the distance of the iterates
(x,y,s) to the current p-center (x(u), y(u),s(wn)). The aim of this section is to
present such a measure and to show how it depends on the eigenvalues of the vector v.
The proximity measure that we are going to use is defined as follows:

1 U, et
o(rs; ) =)= o™t —vf o= | DO 1(v) I (34)
j=1

In the sequel, we will often use the following relation:

48(v)? = Jv— vl Hi = tr(vz) + tr(v_z) —2tr(e), (33)
which makes clear that §(v)? depends only on the eigenvalues of v? and its inverse.
3.4 The Feasible Algorithm
The full NT-step feasible algorithm is given in Algorithm 1. We show below (cf.
Lemma 3.3) that after a full NT-step (targeting at the u-center), the duality gap x”'s

gets its target value N . Hence, if the algorithm stops, then the duality gap equals
Nu/(1 —0), which by then is less than ¢/(1 — 6).

Algorithm 1 PRIMAL-DUAL FEASIBLE IPM

Input:
accuracy parameter & > 0;
barrier update parameter 6,0 < 6 < 1;
threshold parameter T > 0;
strictly feasible pair (x°, s°) and ® > 0 such that

xOTSO = N/,LO and (S(XO, SO; MO) =T

begin
x:=x%5:=5% pu:=pub
while Ny > ¢
(x,y,8):=(x,y,5) + (Ax, Ay, As);
wi=1-0)u;
endwhile
end
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3.5 Analysis of the Full NT-step
3.5.1 Feasibility of the Full NT-step

Our aim is to find a condition that guarantees feasibility of the iterates after a full
NT-step. As before, let x, s € K4, > 0 and let w be the scaling point of x and s.
Using (25), (31) and (32), we obtain

Xp = x4 Ax = JEP W) (v +dy), (36)

sy =5+ As = JEPW) "2 (v +dy). (37)

Since P(w)% and its inverse P(w)’% are automorphisms of /C, x4 and s will belong
to K4 if and only if v 4+ d,, and v + d; belong to K. For the proof of our main result
in this section, which is Lemma 3.2, we need the following lemma.

Lemma 3.1 If§(v) <1 then e+dy ods € K. Moreover, if §(v) <1, then e+d, od; € K.

Proof Since d, and d; are orthogonal, Lemma A.2(i) implies that the absolute values
of the eigenvalues of dy o d; do not exceed %de + d; ||%. Since

dx+dS=v_1—v, Hv_1 —v”i=46(v)2,

it follows that the absolute values of the eigenvalues of dy o d; do not exceed §(v)2.
This implies that 1 —§(v)? be a lower bound for the eigenvalues of e +d, ody. Hence,
if §(v) <1thene+d,ods € IC,and if §(v) < 1, then e + dy o dg € K. This proves
the lemma. (|

Lemma 3.2 The full NT-step is feasible iff 5 (v) < 1 and strictly feasible iff § (v) < 1.

Proof We introduce a step length o, 0 < o < 1, and define
VY =v+ ady, vy = v+ ad;.

We then have v) = v, v] =v+d, and v? = v, v! = v +d;. Since dy +d; =v~! —v,
it follows that

vy ovd = @Ww+ady)o(v+tady) = V2 +avo (dy +dy) + o?d, od,
=v’+avo (v_l —v) —|—oe2dx ody, =(1 —oz)vz—i-ote—i—azdx od.
Since §(v) < 1, Lemma 3.1 implies that d, o d; >x —e. Substitution gives
v o =i (1— v’ +ae —ale=(1— oz)(v2 +ote).
If 0 <« < 1, the last vector belongs to K. Hence we then have det(v{ o vy) > 0.

By Lemma 2.3(ii), this implies that det(v¥)det(vy) > 0, for each o € [0, 1). It
follows that det(v¥) and det(vY) do not vanish for o € [0, 1). Since we have
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det(vg) = det(v?) = det(v) > 0, by continuity, det(v$) and det(v{) stay positive for
all a € [0, 1). Again by continuity, we also find that det(v;) and det(v}) are nonneg-
ative. This proves that if §(v) < 1,then v+d, € K and v+ d; € K. If §(v) < 1 then
we have d, o ds >x —e and the same arguments imply that det(v$) det(v) > 0, for
each @ € [0, 1], whence v + d, € K4 and v 4+ d; € K. This proves the lemma. [J

An important consequence of the above lemma is
)<l = (v4dy)o(w+dy)eky. (38)
The next lemma shows that the target duality gap is attained after a full NT-step.
Lemma 3.3 Let (x,s) € K and u > 0. Then
xf_s+ =Npu.

Proof Due to (36) and (37), we may write

sy = (VEPW)2 (0 +d0) (VEP) 2 (0 +dy) = u( +do)" (v +dy).
Using the third equation in (28), we obtain

(v +dx)T(v +dy) = vlv+ UT(dx +dy) —|—dedS =vlv+ vT(v_1 — v) —i—dedS
=ele +deds.

Since d, and d; are orthogonal, and eTe = N, the lemma follows. O

3.5.2 Quadratic Convergence

In this section, we prove quadratic convergence to the target point (x (1), s(w)) when
taking full NT-steps. According to (25), the v-vector after the step is given by

- P(wy) 2xy |:_ P(w+)%5+i|
BN VN

where w is the scaling point of x4 and s .

(39)

Lemma 3.4 (Proposition 5.9.3 in [31]) One has
vy~ (PO +d)i(v+dy).
Proof It readily follows from (39) and Lemma 2.2 that
e = Pw)isg ~ (P(rp)tsy).
Due to (36), (37) and Lemma 2.1, with p = w%, we may write
Pra)isy = uP(Pw)t v+ d0)? Pw) ™ (v +dy) ~ pP+do)} (v +dy).

From this the lemma follows. O
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The above lemma implies
W2 ~ P(v+do)} (v +dy).
Now let §(v) < 1. Due to (38), we have
z=@W+dy)o(v+ds) €Ly,

By Lemma 3.2, we also have v + dy, v 4+ d; € K. Hence we may use Lemma 2.6.
This yields the following inequality:

45(u)? = oy —vi' |7 = 22 =272 5 (40)
Using dy +ds = v~ — v, we obtain
z=vP4vo(dy+d)+diodi=v*+vo (v —v)+diody=e+dyods. (41)
Lemma 3.5 If§ :=5§(v) < 1, then the full NT-step is strictly feasible and
52
V2 —-s%

That the iterates are strictly feasible after a full NT-step follows from Lemma 3.2.
To simplify the notation, we denote the eigenvalues of dy od as A;, 1 <i <2N. We
deduce from (40) that 48(1)4_)2 <tr(z) + tr(z~!) — 2tr(e). Since the eigenvalues of
z=e+dyodg are 1 + X;, we get

§(vy) = Q(8) == (42)

2N 1 2N )Lg
48(vy)? < 1+ + —2)= i
() —;< Y ) ;HA,
We now write
2N 2 2 2
A A A
SOley iy A @
i S i <0 I+Ai

Recall that d, and ds are orthogonal. Hence tr(d, ody) = 0. This implies the existence
of a nonnegative number o such that

i, ;>0 i,A;i <0

2
Lemma 3.1 implies that 1 + A; > O for each i. Therefore, l-t—lk, is convex in A;. Since

this function vanishes if ; = 0, we may apply Corollary A.1. This gives

)»,-2 o2 )»1.2 o?

z:1+Ai§1+a’ Zl+k,~§1—o'

i,)»,'>0 l’,)»,'<0
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Substituting these bounds into (43), we obtain

48( ) - o2 n o2 202
v = .
Yol "1 1-02

The last expression is monotonically increasing in o. Hence we may replace it by an
upper bound. Applying part (iii) and part (iv) of Lemma 2.3, we may write

N

2N
1 1 . . . .
=52 [idiod)| =2 (|Amax(di 0 )|+ [hmin(di 0 7))
i=l1

j=1

N N
. . 1 . ,
Codl [} <Yl lal] =5 D0 Nad | plad |-
j=1 j=1

l\-)l'—‘

N
E max

Now using 2ab < a® + b* and the orthogonality of d, and d,, we obtain
s fay 1 1
<37 Z (1 + 1 1) = 5 (el + s l17) = 7 Nl + ds 1 = 8%,

With § = §(v), we thus proved that o < 82. Substitution of this bound for o yields

28%

48(vy)? < ——,
(U+) _1—84

which implies the lemma. g

Corollary 3.1 If§(v) < % then §(vy) < S(v)3, showing that the NT-process con-

verges quadratically fast to the p-center.
3.5.3 Updating the Barrier Parameter |4

In this section, we establish a simple relation for our proximity measure just before
and after a p-update.

Lemma 3.6 Let (x,s) € Ky, xTs =N, and 8§ =8(x,s; w). If um =1 —0)u for
some 0 <0 < 1, then
2

0“N
8(x,s; M+)2 = 30=5) + (1 —6)8%.

Proof When updating u to ™, the vector v is divided by the factor /1 — 6. Hence
we may write

2

48(x,s;/t+)2=H«/1—9v_l— v +v1—9(v_l—v)

2 H Ov
J1—6

N

F F
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Yet we observe that the vectors v and v—! — v are orthogonal. This is due to tr(x os) =
2N 1, which by (33) implies that tr(vz) = 2N. Hence we have

tr(v o (v_1 — v)) = tr(e — v2) =tr(e) — tr(vz) =2N —2N =0.
Therefore, using || v||% = tr(v?) = 2N, we may proceed as follows:

0% 1 g2 20°N 5
T I+ A=) —vfp =T +40 - 0)8".

48(x,s; ,u+)2 =

This implies the lemma. g
3.6 Iteration Bound

We conclude this section with an iteration bound for the Algorithm 1. Since we are
mainly interested in the question how fast the number of iterations grows as a function
of N, it suffices to find a valid upper bound for large values of N. The next theorem
only holds for N > 6, but one can easily show that for smaller values of N the bound
remains O (+/N).

N _ 1 . .
Theorem 3.1 [f N > 6,0 = e and T = N then the number of iterations of

Algorithm 1 does not exceed

N 0
«/ZNlog—M.
€

Proof Let x, s be iterates at the start of an iteration and x”s = N . At the start of
the first iteration we have §(x, s; u) < . We claim that this property is maintained
during the course of the algorithm. In other words, if 6(x, s; ) < 7 at the start of
some iteration, then after the NT-step and the p-update we have §(x, s ; u™) <.
Due to Lemmas 3.5 and 3.6, this will hold if

N, (1-0)0(1)* <7°
—_ - T T°.
2(1 —0) -
Assuming for the moment that t < %, we have Q(7) < 72. Hence the above in-
equality will hold if
0*N
— 4+ (1 —0)14—1250.
2(1 —0)

Since 6§ = Nk this inequality reduces to

I NS Y S S DAY
4(1_9)+(1 MOt —te=(1 9)(z 20_9)) <0,

and this holds for the value of t in the lemma. It remains to deal with the above
assumption that 7 < (‘sz' Using the definition of 7, one easily verifies that the as-

sumption holds if N > 6. The iteration bound follows from [35, Lemma 1.36]. Hence
the proof is complete. O
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4 An Infeasible Full NT-step Algorithm

In this section, we present our infeasible interior-point algorithm. As has become
usual for infeasible IPMs, we start the algorithm with a triple (xo, yO, so) and /LO >0,
such that

O=ce, =0, P=ge, W0=¢2 (44)
where ¢ is a (positive) number such that
x*+s* < Ce, (45)

for some optimal solutions (x*, y*, s*) of (3) and (4). We call a triple (x, y, s) an
e-solution of (3) and (4) iff the duality gap and the norms of the residual vectors
b— Ax and c — ATy — 5 do not exceed ¢. The algorithm generates an g-solution of
(P) and (D), or it establishes that there do not exist optimal solutions satisfying (45).

The initial values of the primal and dual residual vectors are denoted as r,? and r?,
respectively. So we have

r)i=b— Ax, (46)
rOi=c— ATyO — 0. (47)

c

In general, we have r,? # 0 and r? # 0. In other words, the initial iterates are not
feasible. The iterates generated by the algorithm will (in general) be infeasible for (3)
and (4) as well, but they will be feasible for perturbed versions of (3) and (4) that we
introduce in the next subsection.

4.1 Perturbed Problems
For any v with 0 < v < 1, we consider the perturbed problem (P, ), defined by
min{(c—vr?)Tx:b—szvrg,xelC}, (Py)

and its dual problem (D,), which is given by
max{(b—vrg)Ty:c—ATy—s:vrg,seIC}. (Dy)

Note that these problems are defined in such a way that if (x, y, s) is feasible for (P,)

and (D,), then the residual vectors for the given triple (x, y, s), with respect to the

original problems (3) and (4) are vrg and vr?, respectively. If v = 1, then x = x°

yields a strictly feasible solution of (P,), and (y,s) = (9, 5% is a strictly feasible
solution of (D,)). This means that if v = 1, then (P,) and (D,) satisfy the IPC.

Lemma 4.1 Let (3) and (4) be feasible and O < v < 1. Then the perturbed problems
(Py) and (D)) satisfy the IPC.
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Proof Let x be a feasible solution of (3) and (y, 5) a feasible solution of (4). Then
AXx=band ATj +5 =c, with ¥ € K and 5 € K. Consider

x=(1—v)x+vx°, y=(1=v)y~+vy°, s=(1—v)5+ vs°.

Since x is the sum of the vectors (1 — v)x € K and vx° € K, we have x € K.
Moreover,

b—Ax=b—A[(1 =i +vx"]=b— (1 —v)b—vAx" =v (b — Ax?) = vr},

showing that x is strictly feasible for (P, ). In precisely the same way, one shows that
(y, s) is strictly feasible for (D,). Thus we have shown that (P, ) and (D,) satisfy the
IPC. O

It should be mentioned that the problems (P, ) and (D, ) have been studied first in
[36], and later also in [37].

4.2 The Central Path of the Perturbed Problems
Let (3) and (4) be feasible and 0 < v < 1. Then Lemma 4.1 implies that the problems

(Py) and (D) satisfy the IPC, and therefore their central paths exist. This means that
the system

b— Ax =vr), x ek, (48)
C—ATy—s:vrg, selC, 49)
Xos = ue.

has a unique solution, for every pu > 0. This solution is denoted as x(u,v) and
(y(u,v),s(, v)). These are the p-centers of the perturbed problems (P,) and (D).
In the sequel, the parameters © and v will always be in a one-to-one correspondence,
according to

n=vu’=v¢?,

and, therefore, we feel free to denote x(u, v) and (y(u, v), s(u, v)) simply as x(v)
and (y(v), s(v)). Due to the choice of the initial iterates, according to (44), we have
x%0s0 = MOe. Hence x9 is the /Lo-center of the perturbed problem (P;), and (yo, so)

the u”-center of (D1). In other words, (x(1), y(1), s(1)) = (x?, y°, s9).
4.3 An Iteration of our Algorithm

We just established that if v =1 and = u?, then x = x°, and (y, s) = (y°, s°) are
the p-center of (Py) and (D,), respectively. These are our initial iterates.

We measure proximity to the p-center of the perturbed problems by the quan-
tity 8(x, s; i), as defined in (34). So, initially we have §(x, s; u) = 0. In the sequel,
we assume that at the start of each iteration, just before the p-update, &(x,s; u)
is smaller than or equal to a (small) threshold value T > 0. Since we then have
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8(x,s; u) =0, this condition is certainly satisfied at the start of the first iteration,
and also x”'s = N 0.

Now we describe one (main) iteration of our algorithm. Suppose that for some
v € (0, 1] we have x, y and s satisfying the feasibility conditions (48) and (49) for
n= vuo, and such that xTs = Np and 8(x,s; u) < t. Now, we reduce v to v =
(1 —0)v, with 6 € (0, 1), and find new iterates x, y4 and s, that satisfy (48) and
(49), with v replaced by v and y by ut =vTu® = (1 —0)p, and such that xT s, =
Nutand 8(xy, s ut) <.

One (main) iteration consists of a feasibility step and a few centering steps.
The feasibility step serves to get iterates (x, ys,sy) that are strictly feasible for
(Py+) and (D,+), and such that for some positive number 77, one conclude that
S(xp,sr; uth) < T < /2. Because the NT-step is then quadratically convergent,
a few centering steps, starting at (x ¢, y s, sy) and targeting at the ™ -centers of (P,+)
and (D,+), will generate iterates (x4, y+, s+) that are feasible for (P,+) and (D,+),
and that satisfy §(x, s4; uh <. By Lemma 3.5, after k centering steps, we obtain
iterates (x, y+, s+ ) that are still feasible for (P,+) and (D,+) and such that

8(xp,sii ™) = 0 ()
with the function Q as defined in (42). Hence we will have 8 (x,sy; u™) < 1 if

0*(tp):=0(0(...0(tp)) <. (50)
———’
k times

From this one easily obtains an upper bound for the required number of centering
steps.

Since each main iteration reduces the duality gap x”s with the factor 1 — 6, and
the size of the residual vectors are reduced with the same factor, given 6 we can
also compute the number of main iterations that is necessary to satisfy the stopping
criterion in the algorithm. If our aim is to get the duality gap and the norms of the
residual vectors less than or equal to some small number ¢, then this number is given
by

1 max{N 2, rO, 0
log {NZ= il IICII}.

0 €

It may be clear that we only need to define and analyze the feasibility step. This
is the most difficult part of the analysis in this paper. In essence, we follow the same
chain of arguments as in [26], but at several places the analysis is more tight and also
more elegant.

In the rest of this section we describe the feasibility step in detail. The analysis
will follow in subsequent sections. Suppose we have strictly feasible iterates (x, y, s)
for (P,) and (D,). This means that (x, y, s) satisfies (48) and (49), with u = v;z.
We need displacements A/ x, A/y and A/ s such that

619

Xfi=x+ Afx,
yri=y+aly, (52)
spi=s+ Afs,
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are feasible for (P,+) and (D,+). One may easily verify that (x¢, yr,sy) satisfies
(48) and (49), with v replaced by vt and u by ut = v u® = (1 — 0)p, only if the
first two equations in the following system are satisfied.

AAT x =9vr£,
ATA Ty + A s =ovr?, (53)
PwxoPu " )A s+ Pu™")so P@)A x = (1 —0) e — P(u)x o P(u™")s.

The third equation is inspired by the third equation in the system (24) that we used
to define search directions for the feasible case, except that we target at the u™-
centers of (P,+) and (D, +). As in the feasible case, we use the NT-scaling scheme to
guarantee that the above system has a unique solution. So we take u = w_%, where
w is the NT-scaling point of x and s. Then the third equation becomes

P(w) 2x0P(w)2 AT s+ P(w)2soPw) 2 AT x = (1—6)pe— P(w) 2x0 P(w)?s.

(54

Due to this choice of u, the coefficient matrix of the resulting system is exactly the
same as in the feasible case, and hence it defines the feasibility step uniquely.

By its definition, after the feasibility step, the iterates satisfy the affine equations

in (48) and (49), with v = v*. The hard part in the analysis will be to guarantee that
xy, 87 € K4 and to guarantee that the new iterates satisfy §(x s, sr; ut) < 7.

4.4 The Infeasible Algorithm

A formal description of the algorithm is given in Algorithm 2. Recall that after each
iteration, the residuals and the duality gap are reduced by the factor 1 — . The algo-
rithm stops if the norms of the residuals and the duality gap are less than the accuracy
parameter €.

4.5 Analysis of the Feasibility Step

Let x,y and s denote the iterates at the start of an iteration with xTs=N u and
8(x, s; u) < t.Recall that at the start of the first iteration this is certainly true, because
@x9Ts0 = Np0 and §(x°, s9; u% =0.

We scale the matrix A and the search directions, just as we did in the feasible case
(cf. (26)), by defining

_Pwialx ¢ Pw)iAls
N/TE b N/TE

with w denoting the scaling point of x and s, as defined in (8). With the vector v as
defined before (cf. (25)), equation (54) can be restated as

A= JEAPw)?,  di:

,uvo(d){—i-dsf)z(l —Q)y,e—,uvz.
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Algorithm 2 PRIMAL-DUAL INFEASIBLE IPM
Input:
accuracy parameter € > 0;
barrier update parameter 6,0 <6 < 1;
threshold parameter T > 0;
initialization parameter ¢ > 0.
begin
¥V i=ce, sV :=¢e,y0:=0; u0:=¢?
while max(xTs, v|[r2|l, vIr2]) > &
feasibility step:
x,y,8):=(x,y,5)+ (Afx, Afy, Afs);
update of w and v:
nw=10=0)u,v:=>0-==0)v;
centering steps:
while §(x,s; u) > 1
(x,y,8):=(x,y,5)+ (Ax, Ay, As);
endwhile
endwhile
end

By multiplying both sides of this equation from left with 'L (v)~!, this equation
gets the form

dl +df = - —v.

Thus we arrive at the following system for the scaled search directions in the feasi-
bility step:

Ad{ =ovr),
1 - 1 1
“ATA y v af = —ovPw)r?, (56)
m RN ¢

d){ +d‘§f =( —ow ! —v.

To get the search directions A/ x and A/s in the x- and s-space we use (55), which
gives

Ax=yaPw)id{, As=yaPw) 4. (57)
The new iterates are obtained by taking a full step, as given by (52). Hence we have
f 3 f
xf=x+A‘x=«/ﬁP(w)2(v—|—dx), (58)
sp=s+As=JuPw) 2 (v+d). (59)
From the third equation in (56) we derive that

(v+dl)o(w+d)=v2+vo[(1—0)w " —v]+d] od! =(1 —0)e+df 0 d].
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As we mentioned before, the analysis of the algorithm as presented below is much

more difficult than in the feasible case. The main reason for this is that the scaled
.. f f .

search directions dy and dy are not (necessarily) orthogonal.

4.5.1 Feasibility of the Feasibility Step

By the same arguments as in Sect. 3.5.1, it follows from (58) and (59) that x y and s ¢

are strictly feasible if and only if v + d,{ and v + dsf belong to K. Using this, we
have the following result.

Lemma 4.2 The iterates (xy, yy,sy) are strictly feasible if
(1—0)e+dl oadf eK,.
Proof Just as in the proof of Lemma 3.2, we introduce a step length «, 0 < @ < 1,
and we define
v?:v—l—ad{, vf:v—i—ad&f.
We then have v0 = v, v! =v+df and v =v, ! =v+d.
Since dxf + dsf =(1—6)v~! — v, it follows that
VYol = (v+ad{)o(v+adsf)
=’ +avo (d{ +de) —i—azd){od‘vf
=v>+avo [(1 — 9)1)71 — v] + a?dy ody
=1 —-a)>+a(l —0)e+a’d, ods.

The hypothesis in the lemma implies that d){ o df - x —(1 — 6)e. Substitution gives
v ov? = (1 —a)v? +a(l —0e —a?(1 — e = (1 —a)(v* +a(l —O)e). (60)

Since v2 € K and a(l —0)e € K, we have 2 +a(l —0)e e K. Hence,if 0 <a <1,
then (1 — a)(v? + a(1 — A)e) € K. Due to (60), this implies that Ve 0¥ e K.
Therefore, all eigenvalues of v§ o v{ are positive, whence we have det(v¥ o vY) > 0,
for each o € [0, 1]. By Lemma 2.3(ii), this implies that det(v{) det(vy) > 0, for each
a € [0, 1]. It follows that det(v$) and det(v{) do not vanish for o € [0, 1]. Since
det(vf()) = det(v?) = det(v) > 0, by continuity, det(v$) and det(v{) stay positive for
all o € [0, 1]. Since det(v§) and det(vy), do not vanish for all & € [0, 1], it follows
that the eigenvalues of v and vy stay positive for all o € [0, 1]. In particular, the
eigenvalues of v! and v! are positive, which means that v + dl and v +df belong
to /C. Hence the proof of the lemma is complete. O

Clearly, from the above lemma that the feasibility of the iterates (xz, yr,sy)
highly depends on the eigenvalues of the vector d; ) dsf . It will be convenient to
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denote the 2N eigenvalues of any vector x € R” as A;(x), 1 <i <2N. Then it fol-
lows from Lemma 4.2 that (x ¢, yr, s ) is strictly feasible if

(A=6)+2r(d] od!)>0, i=1,...,2N. 61)
We assume below that these inequalities hold.
4.5.2 Proximity After the Feasibility Step
We proceed by deriving an upper bound for §(x s, ss; u™). Let ws be the scaling

point of x r and s . When denoting the v-vector after the feasibility step, with respect
to the T -center, as v f»according to (25), this vector is given by

o Pwp iy [: P(wf)%sf} )
N =] -0

Lemma 4.3 One has

1

ST=0vs~[P(v+df)? (v +dl)]*.
Proof 1Tt follows from (62) and Lemma 2.2 that
mW = P(wf)%sf ~ (P(xf)%sf)%.
Due to (58), (59) and Lemma 2.1, with p = w 5 , We may write
P(.Xf)%Sf = MP(P(w)% (v+ d;{)) 3 P(w)fé (v+ dsf)
~uP(v+di)? (v +df).

Thus we obtain

S =0yvy ~ Ja[P(v+df) (v +d!)]:.

From this the lemma follows. O

The above lemma implies that
1

UZNP(erd{)z(erd!)
! JI=0 Ji=a/)

In the sequel, we denote §(x s, sy; w) also briefly by 3(vy). By Lemma 2.6 (with

_ v+dxf _ v+ds/ _ % _ .. . . . .
X= e ST g U= P(x)2s and z = x o s) this implies the inequality below:

48 = o —vp' 7 = Juz —u2 [ < 22 =72
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Since dy, +dy; = (1 — 0)v—! — v, one has
(1-0)z=(@+d)o(+dy) =v>+vo(dy+ds) +dy ody
=v’+vo((1 -0 —v)+diody =1 —0)e+dyod,.

So we have
dy o d,

4<S(vf)2 < ||z% —17% ||2F =tr(z) —i—tr(zfl) —2tr(e), z=e+ —o "

(63)

In what follows, we denote the eigenvalues XA;(dy o ds) of dy o ds simply as A;,
1 <i <2N, and A will denote the vector in R2Y with the eigenvalues A; as entries (in
some arbitrary order). We can prove the following result. In this result ||A||; denotes
the 1-norm of A, i.e., the sum of the absolute values of the eigenvalues A;.

Lemma 4.4 If (1 —0)e +d od] € K., then

4500, f<ll)»||1>

2

1 t
fO =1t —2= . <1, (64)

where

Proof First note that the eigenvalues of z are 1 + A; /(1 — ), and by (61) these are
positive. For the moment, define o; = A; /(1 — 6). Then 1 + o; > 0, for each i. Using
(63), we obtain

2N 1 2N 0__2 2N 0__2
43(vf)252<1+ai+m—2)=21 e D e e
2 — U -

i=1 i=1
2 2
o o
lol> _ lol

S l—lolle ~ 1—llolli’

For the last inequality we used that |0 || < ||o|| < ||o||1. This implies the lemma. [

Using Lemma 2.3, an upper bound for ||A]; can be obtained as follows:

2

||A||1—Z!A (@l od!)| =3 (Ihmax (@) o (d))] + [2min((d) o (@))])

i=1 j=1

=2 Zmax{ | ((djcf)j)T(d&f)j

j=1

(@)’ (@)} <2ZI| V' [ @)’]

N

=2 I @) 1)1 < 1Z(H(df) 5+ @) 1)

= S 1%+ 14/ ).
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In the present case, contrary to the case of a feasible method, the scaled search
directions d{ and dsf are not orthogonal. As has become clear in the case of LO, this
fact complicates the analysis drastically [26]. To deal with this complication it will

be convenient to define
1
o) = 2 lldf 17+ 1af 117

Then, since [|A]l1 < 2w (v)?, it follows from Lemma 4.4 that

2w(v)?
48(vs)? < .
() < f( —o )
We need to have §(vy) < 7. Clearly, from the above inequality, it suffices for this if
¥ 2a)(U)2 <472 (65)
T%.
1-6 )=/

Obviously, f(¢) is (strict) monotonically increasing for ¢ € [0, 1), and therefore has
an inverse function g(s), s € [0, 00). Defining

p(8) :=8++1+82, (66)

it can be easily verified that

g(s) = 4 5s>0
p(5/5)
Therefore, by applying g to both sides of (65), we obtain the equivalent inequality
2w(v)? 2t
<gldry) =L
1-0 p(Ty)

Hence we should find 6 such that it is positive (and as large as possible) and such that
it satisfies

2 _ (I—Q)Tf.

67
o) = o(tr) (67)

It should be noted that by its definition, w (v) depends on d f and dxf , and hence on 6
itself. In the next section we investigate this dependence.

4.5.3 Upper Bound for w(v)

Recall that the scaled search directions d){ and d&f are determined by the system (56).
Let us define the linear space S as follows:

S:={eeR": A =0}.
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Clearly, from the first equation in (56) the affine space
£ eR": At = 0vr)

equals djcf + S. Also, from linear algebra, we know that the orthogonal complement
of the linear space S is the row space of A, i.e.

St={ATy:9 eRrR"}.

From the second equation in (56), Clearly, the affine space
1 | -
—ovPw)2rP + ATy 9 € R’”}
|Jroorms

equals dsrf + St. Since S NSt = {0}, the spaces d;f + S and dsf + St meet in a
unique point. We call this point g. So ¢ is uniquely determined by the system

Ag=6vry, (68)
AT 4q = ——0vPw)hr. (69)
Ji

Lemma 4.5 One has

40 < llgl3+ (g1 F + V41 = 6)28(v)* + 262N)°.

Proof To simplify the notation, in this proof we denote r = (1 — 8)v~! — v. Using
exactly the same arguments as in the proof of Lemma 4.6 in [26], one shows that

4o @)? =Nl 13 + 1] 15 = g3 + g — 713
Since ||g —r|lF < llgllF + |7 ||, by the triangle inequality, we get
40 )* < llgllF + Ulgllr + IrllF)>. (70)

Recall that v is the v-vector of vectors x and s that are feasible for (P,) and
(D,). These vectors are obtained after a full-NT-step for a feasible problem, whence
v ||%,- =2xTs = 2N . The latter means that v is orthogonal to v — v~!. So we may
write

ey = [ =0 — vz = [a =0 —v) ~6v]}
= (1 =02v" = o] % + 6%l
Since [[v™! — v||% =48 (v)? and [v]|% = 2N, we obtain
7% =41 — 6)%8(v)> +26°N.

Substitution into (70) yields the lemma. Il
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4.5.4 Upper Bound for ||q ||

Recall that the vector ¢ is determined by Egs. (68) and (69), where A= /WAP (w) 5 ,
with w denoting the scaling point of x and s, as defined in (8). So we have

JEAPw)? g = 0, 71)
VEPW)? AT +q = ﬁ@vP(w)%r?. (72)

We proceed by proving the following upper bound for ||g|| r.

Lemma 4.6 If (x°, 0, s%), (x*, y*, s*) and ¢ are as defined in (44) and (45), then

lgllF < 6y/vir(w? +w=2). (73)

Proof To keep the notation simple, we introduce
D := P(w)%, rp ::9vr£, Te = Gvr?.
Then equations (71) and (72) get the form
VIAD g =T,

1
wDATY 4 q = —Dr,.

Exactly the same system occurs in [26, Sect. 4.4]. There it has been shown (cf. [26,
Eqn. (4.14)]) that it implies the following inequality:

Sl <0u/ [ D(s0 =593 + [ D=1 (x0 — x*) |2 (74)

where we used || - || = +/2]| - ||. Since x* is feasible for (3), we have x* > 0. Also
s* € K4. Hence we have 0 <xc x™ <) x* 4+ 5™ < ¢e. In a similar way we derive for
s* > 0 that 0 < s™ < ¢e. Therefore it follows that

0=<i x*—x* <k Ce, 0=k s" —s* < Ce. (75)

We first consider the term || D (s® — s*)||%. Using that D is self-adjoint with respect
to the inner product (-, -) and D%e = P(w)e = w2, we may write

[D(s° = 57) [ = (D(s* = 57). D(s” = 57)) = (D?(s° = 57).5° = %)
= (D2(s0 —s%),¢e)— (Dz(sO —s5%),te— (so —s%))
< (Dz(so — s*), ;e) = (so — 8%, nge) = {(so —s*, w2>
= tfgew?) = gfee—(s" = %), w?)
g

2) = §2<e, wz) = §2tr(w2).
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In the same way it follows that
[D7! (=2 [ < Pu(w™?).
Substitution of the last two inequalities into (74) gives

Jilglr =00 /52te(w?) + Cu(w2) = ve, fir(w? + w-2).

Finally, by using = vuu® = v¢?, the inequality in the lemma follows. g

Our next task is to find an upper bound for tr(w? 4+ w~2). Before doing this, we
recall the following relations:
1 1 L \2 _1\2 2
P(SZ)X’\’P(XZ)S’\'(P(U))ZS) :(P(w) 2x) = uv*, (76)
where the similarities are due to Proposition 2.5(iv) and Lemma 2.2, and the equality

to (25). We now can prove the following result.

Lemma 4.7 Let x, s € K and w the scaling point of x and s. Then

tr(x +s)

lgllr <6 ———.
¢ Amin (V)

Proof For the moment, let u := (P(x%)s)_%. Then, by (8), w = P(x%)u. Using that
P(x%) is self-adjoint, and also Lemma 2.4, we obtain

1

tr(wz) = <P(x§)u, P(x%)u) = <u P(x)u) < Amax(u)tr(P(x)u).

By using the same arguments and also P (x)e = x>

, We may write
tr(P(x)u) = tr(P(x)u o e) = (P(x)u, e) = <u, P(x)e) = (u, x2) < Amax(u)tr(xz),

where the last inequality follows from Lemma 2.4. Combining the above inequalities
we obtain

)»min(P(x%)s) N PAmin(0)?

Thus we obtain

5 tr(x?)
tr(w?) = PAmin (V)2
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By noting that w~! is the scaling element of s and x, it follows from the above
inequality, by interchanging the role of x and s, that

tr(s2)

t )< —_—
r(w ) - IU)\min(U)2

By adding the last two inequalities we obtain

tr(xz) + tr(sz)

w(w? 4 w-2) <
r(w v )_ /JL)‘«min(U)2

(77)

Since x, s € IC, we have tr(x o s) > 0. Hence, also using that tr(z2) < tr(z)? for each
zeK,

tr(x?) +tr(s?) < tr(x?) + tr(s?) + 2tr(x 0 5)
=tr((x +)%) <tr(x + )% (78)

Substituting (77) and (78) into (73), also using that yu = v;z, yields

tr(x2) + tr(s2) tr(x +5)2  tr(x +5)
”q”FSQ\/ T min(v)? S9\/ Dm0 Chmin(0)

which completes the proof. g

Lemma 4.8 Let § = §(v) be given by (34) and p(5) as defined in (66). Then we have

- = Amin(v)) < Amax(v/) < p(8),  je{l,....N},

Proof Using (35), the proof is easy and similar to the proof of Lemma I1.60 in [35]. [J

As a consequence of Lemma 4.8, we have A (v) > —L_ Hence we obtain from

p(d) "
Lemma 4.7 that
6p(8)

lgllF < tr(x +s). (79)

4.5.5 Upper Bound for tr(x + s)
In this section, we compute an upper bound for tr(x 4 s).
Lemma 4.9 Let x and (y, s) be feasible for the perturbed problems (P,) and (D,),

respectively, with xTs = N, and (x°, y°, s°) as defined in (44) and ¢ as in (45). We
then have

tr(x +s) <4N¢.
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Proof Let (x*, y*, s*) be optimal solutions satisfying (45). We define

X =x—vx"— (1 —v)x*,
Y =y—wy’—(1—vy*

s =s—vs® = (1 —v)s*.

From the feasibility conditions (48) and (49) of the perturbed problems (P,) and
(D)), it is easily seen that (x’, y’, s") satisfies

Ax' =0,
ATy +5 =0.
This implies that x” and s’ are orthogonal, i.e.,
tr((x —ux?— - v)x*) o (s —vs®— (- v)s*)) =0.
By expanding this equality, we obtain

0

vtr(s ox+x%0 s) =tr(sox) + 1)2tr(s0 ) xo) + - v)ztr(s* o x*)

+ v(l — v)tr(so ox*+x%0 s*) —(1- v)tr(s ox*+s*o x).
We have tr(x* o s*) = 0, because the triple (x*, y*, s*) is optimal for (3) and (4).
Furthermore, tr(x o s) = 2N u, because the triple (x, y, s) is obtained after a full NT-
step with respect to the problems (P, ) and (D, ). Moreover, since (xO, yo, so) is as in
(44), we have tr(s® o x +x% 0 5) = ¢tr(x + ), tr(s® 0 x%) = 2N¢?, and tr(s® o x* +
x005%) = ¢tr(x* + s*). Due to (45) we have
tr(x* + %) < ¢tr(e) =2N¢.
Substitution gives
vitr(x +5) =2Np 4+ 202Ne2 + (1 — V) (vetr(x® +5) —tr(s o x™ + 5" 0 x))

<2Np+2v*Ng2+2v(1 = v)Ng2 — (1= v)tr(s ox* +5* ox)

=2Nu+2vNe2—(1— wtr(s ox* + 5% ox).
Since x, s, x* and s* belong to K, we have tr(s o x* 4+s* 0 x) > 0, and since v¢2 = pu,

we obtain v {tr(x + s) < 4vN¢?2. By dividing both sides by v¢, the inequality in the
lemma follows. 0

Substitution of the bound in Lemma 4.9 into (79) gives

ligllF <48p(8)N. (80)
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4.5.6 Putting All Things Together

We proved in Sect. 4.5.2 (cf. Eqn. (67)) that, in order to have §(vs) < 7, one should
have

1—-6
ww)? < L=9% 1)
p(ty)
Then, in Lemma 4.5 (Sect. 4.5.3), we showed that
402 < lgl% + (gl F + V41 — 0)282 + 262N, (82)
Due to this (81), certainly holds if
1-6)t
g1+ (lq e+ VA( — 07257 + 202N <4 L= DT (83)

o(ty)

At the start of each main iteration we have § = §(v) < t. Since p(§) is monotonically
increasing in 8, it follows from (80) that ||g||r < 46p(7)N. Hence we conclude that
if 6 and 7 satisfy the following inequality, then we certainly have §(vy) < 7.

(I —-0)ty

(49;)(r)1\/)2 + (40p(T)N + VAl —0)272 + 292N)2 <4 &)
p(Tf

Since p(r) > 1 and 77 < %,O(Tf), this inequality implies 2(40N)% < 2(1 — 0),
whence 6 < ﬁ. We may therefore write

o 1
f=—, 0<a=<-. (84)
N 4
The above inequality then reduces to
2 2\ 2 _a
2 o 20 (I—F)r
dap(7))” + <4ap(r) + /4(1 - —) 2+ —) <4—"
(@) N N p(zs)
This certainly holds, for all N > 1, if
41 —
(4ap(D))* + (dap() + /412 +202)% < 4l —ayry (85)

p(tr)

4.6 Iteration Bound

Assuming that 7, and T are given, and the function Q be as defined in (42), according
to (50) the number of required centering steps in each main iteration is the smallest
positive integer such that

of(rp) <t (86)
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Table 1 Best lower bound if

7 = 1/+/2 as a function of k T o Bound
1 0.707107 0.408248 0.058472 34.204611 N
2 0.707107 0.119523 0.141262 21.237170 N
3 0.707107 0.010103 0.163000 24.539823 N
4 0.707107 0.000072 0.164311 30.430070 N
5 0.707107 0.000000 0.164320 36.514089 N

With k fixed, we may assume that T = Q¥ (z ). Apart from the k centering steps,
each main iteration contains one feasibility step. Therefore, according to (51), the
total number of inner iterations is bounded above by

L+k  max{Ne2, 1790, 1701
log :

0 e ®7)

Since 6 = /N, we need to find values of « and t that minimize 12—", while satisfying
(83) for each N > 1. This minimization problem has been numerically solved for
several choices of k and 7y, with T = Qk(rf). For example, when doing this for
T = 1/\/5 and 1 <k <5, we find the results in Table 1. So, for 7y = 1/«/5 the best
upper bound is obtained for k = 2, and then at most 22 inner iterations are needed. We
did similar computations for 7y € (0.2 : 0.000001 : 0.8), and concluded that the best
lower bound obtained in this way is 17 and this occurs for 7/ € [0.25752, 0.45397]
and k = 1. As a consequence we may state our main result as follows.

Theorem 4.1 Ler (3) and (4) have optimal solution (x*, y*, s*) such that x* + s* <
Ce. Then, by taking

1 o
.’:f:gﬂ TZQ(Tf), ezﬁv

where a is the largest value satisfying (85), the algorithm needs no more than

2 0
max{N¢2, [Ir21l, 17211}

&

17N log
inner iterations to generate an e-solution of (3) and (4).

Proof Since 15 = % and k =1, we have t = Q(zy) = 0.079057. Substituting these
values, with « =2/17, the value of the left-hand side of the inequality (83) becomes
0.805148, and the value of the right-hand side 0.847952. This implies the theorem. [J

The above iteration bound has been derived under the assumption of the existence
of optimal solutions x* of (3) and (y*, s*) of (4) with vanishing duality gap and such
that x* 4+ s* < ¢e. One might ask what happens if this condition is not satisfied.
One should note that, if after each feasibility step the proximity measure & (x, s; 1)
does not exceed the value 77, then the algorithm will continue to run until it has
found an e-solution of (3) and (4). If, however, during the course of the algorithm it

@ Springer



854 J Optim Theory Appl (2013) 158:816-858

happens that, after some feasibility step the proximity measure §(x, s; 1) exceeds the
value 7, then it tells us that the above assumptions are violated, which means that
either the problems (3) and (4) do not have optimal solutions with vanishing duality
gap less than or equal to ¢, or the value of ¢ has been chosen too small. In the latter
case one might run the algorithm once more with a larger value of ¢.

5 Concluding Remarks

The first contribution of this paper is a new primal-dual IPM for solving SOCO
problems that uses full NT-steps only. So no line searches are required. Then, using
the method proposed first in [26] for LO (see also [38, 39]), and that was extended
to SDO and linear complementarity problems (LCPs) in [27, 40, 41], we extended
this algorithm to an infeasible primal-dual IPM for SOCO that uses full NT-steps
only. In both cases the order of the iterations bounds coincide with the currently best
known iteration bounds for SOCO. Our bounds do not use the order symbol, however,
and as such they are better than all known iteration bounds for SOCO. Even more,
when realizing that R, can be considered as the direct product of 7 one-dimensional
second-order cones, the bounds turn into iteration bounds for an IPM and an IIPM
for LO, and these bounds improve existing bounds.

A more challenging task is to unify the analysis for LO, SOCO and SDO by con-
sidering optimization problems over general symmetric cones. Another topic for fur-
ther research is to consider large-update variants of the algorithm, since such methods
are much more efficient in practice. Finally, a question that might be considered is
whether full step methods (either of Newton or NT-type) can be made efficient by
using dynamic updates of the barrier parameter. This will not improve the theoretical
complexity, but it will enhance the practical performance of the algorithm signifi-
cantly.
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Appendix A: Technical Lemmas

Lemma A.1 Fori=1,...,n, let fj : Ry — R denote a convex function. Then we
have, for any nonzero vector 7 € R"_, the following inequality:

n 1 n r
D fit= E‘Zz,»(f,-(e 2) +Zﬁ<0>).
i=1 Jj=1 i#]
Proof We define the function F : R’} — R by
n
F@)=)_ fiz), z=0.
i=1
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Letting e; denote the jth unit vector in R"”, we may write z as a convex combination
of the vectors (el z)e j» as follows.

2,z

J

——(e z e
ZQTZ J
j=l1

Indeed, Z — =1and z,/e z > 0 for each j. Since F'(z) is a sum of convex
functions, F (z) 1s convex in z, and hence we have

n n
F(Z)SZEZT—/ZF((eTz)ej)zz LN Zf, e’2)(ej);).
j=1 j=1 i=1
Since (e;); = 1if i = j and zero if i # j, we obtain

F<z><Z (f, e’z +Zf,<0)>

i#]

Hence the inequality in the lemma follows. U

Corollary A.1 Let f : Ry — R be a convex function such that f(0) = 0. Then we
have, for any vector z € R} , the following inequality:

n n
S e = f(zz,-).
i=1 i=1
Proof In Lemma A.1, take f; = f for each i; then the result follows. g

In the lemma below, we use that the cone I of squares in a Euclidean Jordan
algebra defines a partial ordering <x of R” according to the definition

x=xs & s—xek.

Lemma A.2 Letx,s € R* and xTs = 0, then one has

: 1 2 1 2
(i) —§llx +sl}e < x o5 <k flx +sl}e
) 1 2

< 4
(i) llxoslr < 34lx + 513

Proof We write
xos:%((x—i—s)z—(x—s)z). (88)

Since (x +s)%isa square, it belongs to K. This means that x o s + %(x —s5)?%ek, o,
equivalently,

1 2
XOSEIC—Z(X—S) .
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Since x < ||x|| e for every x, also using Lemma 2.5(i), we may write
(x = )7 < Ix — )%l re <k Ix = slFe,
whence it follows that
s (= )% 2~ — s 2
xXos ——(x-—ys ——|lx — s||5e.
ZK 4 ZK 4 F
In the same way one derives from (88) that
1 2 1 2
xos =k —(x+5) =2k —llx+s|re.
4 4
Thus we have shown that one has, for all x, s € R",
1 2 1 2
—lex —slpe 2 xo0s 2k lex +sllze.

Since x and s are orthogonal, we have tr(x o s) = 2x”s =0, whence ||x + 5| =
lx — s|| 7. Hence part (i) of the lemma follows.
For the proof of (ii) we return to (88). Using ||z ||% = tr(z2), we obtain

2

= itr[(()c +5)2—(x — s)2)2]

||xos||2F: H%((x-{-s)z_(x—sﬂ) kT

(9 (e - 9)*) ~ 200+ (- 57)]

Since (x 4 5)% and (x — 5)? belong to K, the trace of their product is nonnegative.
Thus we obtain

1 1
e osiE < sel(Ce+ %) + (0 = 9%)] = [l +92 5+ @ - 9?3].

Using Lemma 2.5(i) and ||x + s||F = ||x — s||F again, we get

1 1
Ix os]% < R[||x+s||‘;+ Ix —sll}] = §||x+s||‘;.

This implies (ii). Hence the proof of the lemma is complete. g
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