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A multigroup SIR epidemiological model is used to study the effects of group-targeted vaccination
strategies on disease control and prevention. The model takes into consideration both proportionate
and preferential mixing patterns between groups. We show that the dynamical behaviors of the model
are determined by the control reproduction number R, and, under certain conditions, by the type-
reproduction number Ty,. These reproduction numbers provide criteria for evaluating control strategies
including targeted vaccination programs and reduction of interactions between groups. We also
illustrate how these reproduction numbers can be used to examine the influence of population
heterogeneities such as group preferences, activity levels, and mixing patterns. Criteria are also
established for disease eradication from the entire network of populations by applying vaccination
strategies in one or some sub-populations.
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1. Introduction

Control and prevention of infectious diseases can become
increasingly difficult as the connectivity between multiple groups
of populations (e.g., different schools or countries) increases. The
SARS outbreak in 2003 and the A-H1NT1 influenza outbreak in
2009 are two examples which demonstrated the challenges for
disease control when multiple populations are connected. Com-
mon characteristics of these epidemics/pandemics include a rapid
spread across multiple countries and transmission between
different subgroups in a population. Population heterogeneities
that may have significant influence on disease spread and control
include sizes of sub-populations, activity levels, susceptibility
(immunity) and infectivity, and contact (mixing) patterns within
and between populations. This makes it crucial to study mathe-
matical models that take into consideration these heterogeneities.

Multigroup models have been used to study transmission
dynamics of infectious diseases in heterogeneous populations
(see, for example, Lloyd and May, 1996; Thieme, 2003 and
references therein). Examples of using multigroup models to
study specific infectious diseases include the following: Huang
et al. (1992) on HIV/AIDS; Feng and Velasco-Hernandez (1997) on
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dengue; Bowman et al. (2005) on West Nile virus; Feng et al.
(2005) on age-structured multigroup models; Edwards et al.
(2010) on sexually transmitted diseases; and so on. Global
stability results on multigroup disease models have also been
studied, including those presented by Guo et al. (2006), some of
which can be applied to the model considered in this paper. The
results in Guo et al. (2006) focus more on stability properties of
their model, whereas the current paper has its emphasis on
applications of the model to the evaluation of disease control
programs. More importantly, we investigate how preferential
mixing (an important type of population heterogeneity) may
influence the effectiveness of disease control strategies.

One of the most effective control measures against infectious
diseases is to increase population immunity via vaccination. The
uses of vaccine have played a critical role in reducing the
prevalence of measles worldwide. Before a measles vaccine
was discovered in 1962, an infection with measles would occur
in almost all children. However, the measles incidence has
decreased dramatically with an increase in measles vaccination.
One of such examples is the successful vaccination program used
in Australia according to the information provided by the Better
Health Channel (2011), a website supported by the Department of
Health of the Victorian State Government. In Australia, several
measles vaccine programs have been available, including the
National Immunization Program in 1983, the introduction of a
second measles vaccine dose in 1994, and the primary school
Measles Control Campaign in 1998 (Better Health Channel, 2011;
Gidding, 2005). The average number of measles cases in Australia
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as aresult of these programs has decreased from 75 cases per year
between 1997 and 1999 to five cases per year from 2005 to 2007.

Various mathematical models have been used to study the
effects of vaccinations for infectious diseases, including Castillo-
Chavez and Feng (1998) on TB; Shulgin et al. (1998) on pulse
vaccination strategy; Kribs-Zaleta and Martcheva (2002) using a
model structured by age-since-infection; Keeling et al. (2003) on
foot-and-mouth disease; Shim et al. (2006) on rotavirus; and
Towers and Feng (2009), Glasser et al. (2010) and Qiu and Feng
(2010) on influenza. Most of these models assume a homoge-
neous mixing in the population being considered. In the case
when vaccine resources or vaccine uptake can vary significantly
across different countries or different social groups, models with
heterogeneous mixing are needed in order to better evaluate
vaccination strategies. Particulary, interesting questions to explore
include: (1) What are the effects of vaccination programs when
applied to one or more of the sub-populations? (2) How will different
mixing patterns between the sub-populations affect the outcomes of
the vaccination programs? (3) Is it possible to eradicate the infection
from the entire population by vaccinating only one or several of the
sub-populations? The main objective of this paper is to study some
of these questions.

When multiple groups or multiple populations are considered in
a single model, one of the factors that can significantly influence the
disease transmission dynamics is the mixing pattern between the
sub-populations. A more commonly used mixing assumption is
proportionate mixing, which makes the mathematical analysis much
easier. Under this assumption, the probability that an individual in
group i will have a contact with people in group j is proportional to
the total number of contacts from group j. An extension of this
mixing function is the preferential mixing, which assumes that each
subgroup will reserve a fraction of its contacts to individuals within
the same group and distribute the rest of its contacts proportionally
among all other groups. The model we study in this paper will
include both proportionate mixing and preferential mixing. Incor-
poration of preferential mixing in the model can provide more
valuable information about control programs, although it will make
the mathematical analysis more challenging. We will use the model
to examine how the effects of vaccination programs might be
affected by various factors including the degree of preference within
subgroups, group activity levels, and population sizes of subgroups.
The evaluations will be based on the control reproduction numbers
and the epidemic sizes.

We will also consider the use of a type reproduction number as
defined by Roberts and Heesterbeek (2003) and Heesterbeek and
Roberts (2007) for the evaluation of vaccination strategies. As
pointed out in these studies, for multigroup models the standard
basic reproduction number (Rg) may be less useful in some cases
because it will underestimate the control effort required. They
developed a new threshold quantity, which they termed the type
reproduction number, as a measure for control efforts when a
particular subgroup is targeted. Our results show that it is
possible to eradicate the disease if sufficient vaccination efforts
are applied to only the reservoir population of the infection. In
addition, we demonstrate that the usual control reproduction
number for the entire network (R,) and the type reproduction
number (T;,) can provide different information regarding the role
of vaccination in reducing these threshold quantities.

The paper is organized as follows. In Section 2, we present an
n-groups model which includes a general mixing function and
vaccination. This model is used to compute the control reproduction
numbers including R, and T;,. Some qualitative and stability results
of the model system are also included in this section. In Section 3, we
use the model results to investigate the effects of various vaccination
strategies and their dependence on model parameters. Some con-
clusions and discussions are included in Section 4.

2. Model formulation and analysis

The uses of proportionate and preferential functions in meta-
population models have been previously considered. For example,
Busenberg and Castillo-Chavez (1991) provided detailed descrip-
tions on proportionate mixing. Various formulations of preferen-
tial mixing functions are considered by Nold (1980), Jacquez et al.
(1988), Hethcote (1996), Feng et al. (in review), and Glasser et al.
(in revision). In this section, we introduce the metapopulation
model for n subgroups that may have different properties includ-
ing activity levels, population sizes, and preferences for within
and between sub-populations. The model is used to derive
the control reproduction number and the type reproduction
number. We present threshold conditions determined by these
reproduction numbers and examine how vaccination strategies
can be influenced by various factors representing population
heterogeneities.

2.1. Model formulation

Consider a network of n populations whose sizes are denoted
by N;fori=1,2,...,n. These population sizes remain constant for
all time by assuming equal per-capita birth and death rates (u).
Each of the sub-populations (or subgroups) is divided into three
epidemiological classes: susceptible (S;), infectious (I;), and
removed either by recovery from infection or by vaccination
(R;). The recovery rate (y) is assumed to be the same for all
sub-populations. All individuals are born susceptible. For each
sub-population i, a fraction p; is vaccinated and immune. Our
multigroup model is a system consisting of the following ordinary
differential equations:

% = uN;(1-pp—(Ai(O)+ wS;,
dh 05—+ o, o
O — iNepy+ 1R

NiZSj+Ii+Ri, i:1,2,...,n.

Here, 4; represents the force of infection for susceptibles in group i
given by

n
I.
)»,v:a,v[f E Cijﬁ'
ji=1 J

2.2)

where a; denotes the average number of contacts an individual in
sub-population i has per unit of time (which represents the
activity level of group i), and f is the probability of infection
per contact when the contact is with an infectious individual.
The fraction I;/N; gives the probability that a contact is with an
infectious individual in sub-population j. The contact matrix (c;)
has the same form as the preferential mixing considered by
Jacquez et al. (1988) with

Cij= Si(sij-i—(] —Si)fj. ij=1,2,...,n 2.3)

The parameter ¢; is the fraction of contacts with individuals in the
same sub-population, J; is the Kronecker delta (i.e., 1 when i=j
and 0 otherwise), and

f,-:(1—s,)a,1\/j/2(1—sk)aka, j=1,2,...n.
k

Clearly, unless all the subgroups are isolated (i.e., no interactions
between any groups), there must be some i with ¢ <1. All
parameters and their meanings are listed in Table 1. It is easy to
verify that solutions of (2.1) remain nonnegative for all nonnega-
tive initial conditions. Thus, the model is well posed.
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Table 1
Parameter definitions and values used in the simulations illustrated in the figures.

Symbol Definition Value/
range

N; Total population of sub-population i

Si Susceptible population of sub-population i

I; Infected population of sub-population i

R; Removed population of sub-population i

Xi Fraction of susceptible population of sub-population i [0,1]

Yi Fraction of infected population of sub-population i [0,1]

B Probability of infection per contact when the contact is 0.03
with an infectious individual

b Recovery rate 0.15

u Per-capita birth and death rates 0.00016

& Fraction of contacts with individuals in the same sub- [0,1]
population

a; Average number of contacts an individual in sub- [1,50]
population i has per unit of time

Di Vaccination proportion of newborns of sub-population i [0,1]

Cjj Proportion of contacts a member of sub-population i has  [0,1]

with those in sub-population j

Note: i,j=1,2,...,n.

2.2. Control reproduction number and stability of equilibria

To study the dynamics of system (2.1), we only need to
consider the S; and I; equations as they are independent of R;.
Furthermore, as the population sizes N; are constant, it is easier to
consider the fractions:

Sy, b
N Y=

, 1=1,2,...,n
N; i n

Xi=

Thus, our analysis will focus on the following reduced system for
the fractions:

dx; )

—t' = u(1—py—4i+ wx;,

dy;

d—t' = )v,'Xi—(')/‘F,u)yiv (2.4)
n

=B ey, i=1.2,...n

i=1

It can be shown that the biologically feasible region:

D={X1,1, - XnYn) e RO <x;+y;<1,i=1,2,...,n)

is positively invariant with respect to (2.4).

For each sub-population i, if all contacts are with people
within the same group (i.e, ¢;=1 and ¢;=0 for i#j), then
the basic and control reproduction numbers for group i are,
respectively,

_ Ba;
uty’

Roi Ryi=Roi(1-py), i=1,2,...,n. (2.5)

When there are contacts between sub-populations, i.e., ¢; <1 or
& < 1 for some i, we can derive the basic and control reproduction
numbers for the metapopulation. These reproduction numbers
will be functions of Ry or R,. Following the approach of
Diekmann et al. (1990) we can obtain from model (2.4) the next
generation matrix K, (v for vaccination):

Ro1€11(1-p1) Roi1€12(1-py)
Ro2€21(1-p3)  Ro2C22(1-p)

Ro1C1n(1-py)
Ro2C2n(1—
K, — 02 2n:( D2)

RonCn1(1=pp)  RonCn2(1-py) RonCnn(1—pp)

Ruici1 Rz Ry1Cin
Ry2€21 Ry2C22 Ru2Can

= . ) ) (2.6)
Run Cn1 Rvn Cn2 Rvn Cnn

The control reproduction number R, for the metapopulation is
given by

Ry = p(K,,), (2'7)

where p(K,) denotes the dominant eigenvalue of K, (Diekmann
and Heesterbeek, 2000). Note that R, =Ry({p;.D2,---.Pp) IS a
function of vaccination fractions p; The basic reproduction
number Ry for the metapopulation is given by R, when p;=0
for all i, i.e., Rg =Ry(0,0,...,0).

2.2.1. Equilibria of system (2.4) and their stability
System (2.4) always has the disease-free equilibrium:

Eo=(x9,0,x5,0, ...,x2,0),

where x? =(1-p)(i=1,2,...,n). Let % denote the interior of D.
Then system (2.4) may have an endemic equilibrium

E* = (x4,y5.x5,5, ... x5y in ZO), that is, xf <1 and yf>0 for
i=1,2,...,n. The existence and stability of these equilibria are
summarized in the following result, which demonstrates that the
control reproduction number R, will determine whether or not
the disease can be controlled.

Theorem 2.1. Consider system (2.4) and let R, be the reproduction
number defined in (2.7).

(1) If Ry <1, then the disease-free equilibrium E, is the only
equilibrium and is globally asymptotically stable (g.a.s.) in D.
Thus, the disease can be eradicated when R, < 1.

(2) If Ry > 1, then Eq is unstable. In this case, a unique endemic

O
equilibrium E* exists and is g.a.s. in D. Moreover, the system is

O
uniformly persistent in D, which implies persistence of the
disease in the population.

A proof of Theorem 2.1 can be carried out using arguments
similar to those used by Guo et al. (2006). If we let B = (b;) be the
matrix with b;=a;fc;, then the system (2.4) has a similar
mathematical structure as the system (1.3) in Guo et al. (2006).
We omit the details here, as the main focus of this study is on the
application of the model to the evaluation of disease control
strategies.

It is clear that the control reproduction number R, is a very
useful quantity in disease control. An effective vaccination strat-
egy should aim to achieve R, <1 so that the disease will
eventually be eradicated in the whole population. If R, > 1, the
disease will become endemic in some sub-populations or the
entire population.

2.3. Type reproduction number for targeted sub-populations

Although the control reproduction number R, is the most
commonly used quantity for a multigroup model or a metapopu-
lation model to provide threshold conditions for eradicating an
infection from the entire population, it may not be as useful for a
particular sub-population which the control program targets. In
some cases, the use of R, may lead to an underestimate of the
control efforts required to achieve a certain goal. Roberts and
Heesterbeek (2003) developed a new threshold quantity, which
they termed the type reproduction number, and explained how it
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can be used to evaluate effects of control measures when a
specific sub-population is targeted. Without loss of generality,
we consider the case when sub-population 1 (or type 1 hosts) is
being targeted by control efforts. The type reproduction number
for sub-population 1, denoted by Ty, is the cumulative number of
infected individuals in sub-population 1 produced by one primary
infection from sub-population 1 as a result of chains of infection
that link sub-populations 2 to n without other infected indivi-
duals in sub-population 1 being allowed to reproduce.

Let Ry be the basic reproduction number in the absence of
control measures, i.e., Ry = p(K) where

Ro1€11 Roi1C12 Ro1C1n

Ro2€21  Ro2€22 Ro2C2n
K= . . .

ROn Cnm ROI‘I Cn2 7zOn Cnn

Note that the (ij) element, Rg;cy, represents the expected number
of secondary infections in sub-population i that can be generated
by a typical primary infection in sub-population j within the
susceptible population. To derive the type reproduction number
T;, let e denote the unit vector with the first element being 1 and
others being 0, I denote the n x n identity matrix, and P = (py)
denote the projection matrix on sub-population 1 (i.e., p;; =1 and
p; =0 for all other entries). The second generation of infected
individuals is described by the vector Ke, whose i-th element (Ke);
gives the new infections in sub-population i generated by the
primary infected individual in sub-population 1.

Note that the second generation of infected individuals in sub-
populations 2,3, ...,n can also be expressed by (I-P)Ke, and these
infected individuals will produce new infections in the third
generation of infection given by the vector K(I-P)Ke. It includes
PK(I-P)Ke new infections in sub-population 1 and (I-P)K(I-P)Ke
in sub-populations 2,3,...,n. Notice that the new infections
described by K(I-P)Ke do not include the contribution from
infected individuals in sub-population 1 in the second infection
generation. If this counting process is continued, then at the
(j+1)-th infection generation, the expected number of infections
in sub-population 1 is eTK(I—P)KyY~'e. Thus, the total number of
the secondary infections in sub-population 1 arising from the
primary infected individual is eTK i l((I—P)K)"*le. This series is
convergent under the condition p((I-P)K) < 1 (i.e., the disease will
die out if there is no infection in sub-population 1), and it
converges to eTK(I—(I-P)K) 'e. Thus,

T, =e"K(I—-(I-P)K) e. 2.8)
Let K, be the matrix given in (2.6), and let
T, =e'K,(I—-(I-P)K,) e. (2.9

Then, the following result can be proved using arguments similar to
those in Roberts and Heesterbeek (2003, Appendix A (c) and (d)).

Theorem 2.2. Let T, and T,v be defined in (2.8) and (2.9), respectively.
Assume that the conditions p((I-P)K) <1 and p((I-P)K,) <1 hold.

(i) Ty >1(Ty,>Difand only if Ro>1 (Ry > 1);

(ii) If only sub-population 1 is targeted for vaccination, then an
infection will be eliminated over time from the entire population
if the vaccination fraction p, satisfies p; > 1-1/Tq;

(iii) The disease will be eradicated from the entire population if
T]v <1.

Remark 2.1. As pointed out by Roberts and Heesterbeek (2003),
the above results can be generalized to consider targeted control
efforts in several of the n sub-populations. Without loss of
generality, assume that sub-populations i (i=1,2,...5) are tar-
geted. Let E; and P; be n x s and n x n projection matrices defined

by (Es)j = (Ps)j =1 for i=1...s, (Es); = (Ps);; = 0 otherwise. Then,
Ts = p(EXK(I—(I-P)K)'Es),  T! = p(EK,(I—(I-P5)K,)'Es)

are the type reproduction numbers of (2.1) without and with
vaccination, respectively.

3. Vaccination strategies

Results in the previous section suggest that threshold conditions
such as R, <1, p; >1-1/T¢, or T1, <1 can be used to evaluate
vaccination programs. How likely these conditions can be satisfied
may depend highly on the degree of population heterogeneity.
Particularly, the effect of vaccination on the reduction of R, can be
influenced by the preferential mixing (¢;), activity levels (a;), and
population sizes (N;). In this section, we present some analytical
results for the case of n=2 sub-populations. Some numerical
simulations are carried out for n > 2 sub-populations.

3.1. Vaccination strategies based on the control reproduction
number R,

In the case of n=2, an explicit formula for R, can be obtained

Ry = % {A+D+\/(A—D)2+4BC},

where A=7Rpic11(1-p1), B=Roic12(1-p;), C=Rp2c21(1—py),
D =RgaC22(1-p;), and Ry; (i=1,2) are given in (2.5). If p; =
p, =0, then R, reduces to

3.1

Ro=1% {Ran +Ro2C22 + \/(Rm C11—R02€22)* +4R01C12R02C21 |-

To study effects of vaccination strategies, assume that Ry > 1 in
the absence of vaccination and

Ro1 > 1, Roz > 1. (32)
Let
Q={(p1,p2)| 0<p; <1,0<p, <1}. (3.3)

Then each point (p;,p,) € Q represents a vaccination strategy.

To demonstrate the influence of preferential mixing on the
effectiveness of vaccination, we consider R, = R,(&1,€2) as a function
of &1 and ¢;. Let 4, denote the set consisting of all values of ¢; and &,
in [0,1] except &; = &; = 1, which represents the case when the two
sub-populations do not interact. That is,

Ay ={(e1,62,)| 0<g; < 1,i=1,2}\{(¢1,62) |61 = &2 =1}. 3.4
It can be shown that
ORy ORy
2, >0, 26 >0 for all (¢1,&) € 45. 3.5
The result in (3.5) is based on the inequality
R, 1 [(1—&2)a;N,]?
== |Ron(1—
dey ~ 2 | o pl)[(l—sl)alM +(1—&2)a;N, T
(1-&)?a1N1 ;N
+Ro2(1-p3)
2 [(1—enaiNy +(1—&2)a;N,
n [Ro1(1—p1)ai N1 —Roa(1—p,)aaNo 1P (1-€2)%a;No -0
[(1—&1)a1N; +(1—&2)a2N,1*\/(A—D)* +4BC
(3.6)

and a similar one for 6R,/d¢,. For ease of presentation, we first
consider the simpler case in which

&1 =& =¢

and consider R, =R,(¢) as a function of ¢. Then, for each fixed
¢€[0, 1), the curve R, (¢) = 1 divides the region Q into two parts: one
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is the region

Q: ={(p1.p2)] 0<Ru(e) < 1,(p1.p2) e R0 <e <1},

which includes all points above the curve, and another is the region
D: = {(p1,p2)| Ru(&) > 1,(p1,p2) e Q0<e <1},

which includes all points below the curve. It can be shown that
Q:2Q;, D;c=D;, ifO<é<é<l.

This implies that if & < &, then the curve corresponding to R,(8) =1
is below the curve corresponding to R, (&) =1 (see Fig. 1). All these
curves intersect at a single point (p;.,p,.) with

1 1
Pre=1-2—,

=1-—. 3.7
RO] Dac ROZ ( )
Let
Q'c () Q. D'c () D. (3.8)
O<e<1 O0<e<1

Fig. 1 depicts these two regions Q* and D* as subsets of Q. We
observe from Fig. 1 that the region Q* (lighter-shaded) is determined
by the two inequalities

Pic<p1 <1, ppe<pr<1, 3.9)
where p;. and p,. are defined in (3.7). For region D* (darker shaded),
the upper bound is determined by the line

pa=—Ap; +B, (3.10)

where

_ Roa1Ng

_ B (Ro1—1)aiN1 + (R —1)azN,
Re2@Ny' '

Ro2a2N>
The two regions intersect at the point (p;.,DPyc)-

The above analysis for the case of ¢y = ¢, can be extended to
the case when &; #¢,. Let

3.11)

Q" ={(p1.02)|P1c <P1 <1, ppc <p2 <1},

D* ={(p1,p2)|0<p1 <1, py > —Ap; + B}, (3.12)

where p,. and p,. are defined in (3.7), and A and B are given in
(3.11). Note that the regions Q* and D* defined in (3.12) are the
same regions as shown in Fig. 1. The following result is helpful for
understanding how the effect of vaccination strategies may be
influenced by mixing patterns (represented by &; and &;).

1 F
\\ \
‘.
\\ \, Q*
Pt \\s increases
RN 14 R,<1
« N \
SY \ '
N \\
Dacl D* ;\;\\\_\_— -
R,>1 N g increases
Ok : L
0 Pic 1

D1

Fig. 1. Plot showing the regions Q* and D* defined in (3.8). Several curves of
Ry(e)=1 for different ¢ values are also shown, with the dashed curves corre-
sponding to 0 < ¢ < 1, the thin solid lines (boundary of Q*) corresponding to ¢ =1,
and the thick line corresponding to ¢ =0 (the upper bound of the region D*). The
arrows indicate the direction of change of the curve R,(¢)=1 as ¢ increases from
0 to 1. All of the R,(¢) =1 curves intersect at the single point (p;,pyc)-

Theorem 3.1. Let Q* and D* be the regions defined in (3.12) and let
A, be the set defined in (3.4).

(i) If (p1,p2) € %, then R, < 1 for all (¢1,63) € 45.

(ii) If (p1,p,) € D*, then R, > 1 for all (&1,63) € 45.

(iii) For every point (¢1,&) € A,, the curve determined by R, =1 lies
in the region Q\(Q* U D*), and all of these curves intersect at a
single point (p;.,p,.)- Moreover, these curves have the property
that the curve corresponding to (&1,€;) is higher than that
corresponding to (£1,82) if &1 <& and &; < é,.

The proof of Theorem 3.1 is provided in Appendix.

Remark 1. The result in part (i) of Theorem 3.1 suggests that there
is a “lower bound” for vaccination efforts (p,,p,), above which the
infection can be eradicated regardless of mixing patterns. Similarly,
part (ii) of Theorem 3.1 provides an “upper bound” for vaccination
efforts (p;,p,), below which the infection cannot be eradicated
regardless of mixing patterns. For an “intermediate level” vaccination
strategy (p;,p,), part (iii) of Theorem 3.1 shows that mixing para-
meters ¢; and &, can play an important role in influencing the effect
of vaccination strategies on reducing R,. Thus, when designing
vaccination strategies, one should take into consideration mixing
patterns within and between sub-populations.

Notice that for given &; and &,

Ry 1
) Ro1€11+Ro2C22

i Ro1€11(1-p1)+Ro1Ro2(1-py)(1+C12€21) -

\/(A—D)?> +4BC

and similarly, 6R,/0p, < 0. When the curve R, =1 lies between
regions D* and Q, the curve intersects the p;-axis and p,-axis at
(p%,0) and (0,p3%), respectively, where

0, (3.13)

pr=1— 1-Ro2C22
! Ro1€11(1-R02€22)+Ro1Ro2€12C21
1-Roic11
=1— . 3.14
b2 Ro2€22(1=Ro1€11) +R22R01C12C21 ( )

Since Rg;>1 for i=1,2, it is possible that Rg;cq; >1 and/or
Ro2€22 > 1. Thus, it is possible that pf > 1 and/or pj > 1. When
pi>1, we know from (3.13) that R, >1 for any vaccination
strategy (p;,0). Thus, it is impossible to eradicate the infection if
only sub-population 1 is vaccinated.

Fig. 2 illustrates all four possible cases, which are p¥>1
(i=1,2) (see (a)); pf <1 and p3 >1 (see (b)); p¥ <1 and p5>1
(see (c)); pf <1 (i=1,2) (see (d)).

The results described above are based on the control reproduction
number. Fig. 3 shows some simulation results illustrating the effect of
vaccination on the prevalence of infection. System (2.4) is used in
these simulations with &; = 0.2, &, = 0.4. This represents a scenario
in which the second group has a higher preference (0.4) of contacting
people in its own group. Other parameter values used are 5= 0.03,
y=0.15 (an infectious period of about 6 days), and a; =12, a; =8,
11=0.00016 (a duration of 17 years in school). These values corre-
spond to Rg; =2.4 and Rq, = 1.6. Since some people have natural
immunity to certain infectious diseases, such as most people have
natural immunity to the seasonal flu (U.S. Department of Health
and Human Services, 2011), the initial conditions used are x;(0) =
51(0)/N1(0)=04,  y,(0)=11(0)/N1(0)=0.00002,  x,(0) =S»(0)/
N,(0)= 0.6, y,(0)=1,(0)/N,(0)=0.00002. For this set of para-
meters, pf =0.77 and p3 > 1. Fig. 3(a) is for a vaccination strategy
(p1,0) with p; =0.2 < p%, for which the infection persists (R, = 1.8),
and Fig. 3(b) is for a vaccination strategy (p;,0) with p; =0.8 > p%, in
which case the infection dies out (R, = 0.97).
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3.2. Vaccination strategies based on the type reproduction
number Ty,

Notice that for n=2, p((I-P)K)=TRgyc22 and p(I-P)K,)=
Ro2€22(1—p,). Here, we consider two cases. Case 1: The sub-
population 1 is the only reservoir of the infection so that it is
possible to eradicate the infection by vaccinating sub-population
1 only. In this case, from Theorem 2.2, the condition Rgyc2> <1
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Fig. 2. Effective sets of vaccination in p; —p, plane. The curves are created by R, =1
with different preference parameters (¢1,&,) € 4, and the region above R, =1 is the
effective set of vaccination with respect to (£1,&2). Q is the absolutely effective set of
vaccination and D* is the absolutely ineffective set of vaccination, which are
independent of the preference parameters (£1,62) € 42. (a) p§ > 1,p5 >1; a; =10,
a;=12. One has to vaccinate both sub-populations simultaneously with
(P1.P2) € 2, )~ (b) P} < 1,p5 > 1; a; =8, a = 7. One can vaccinate both sub-popula-
tions simultaneously with (p;,p,) € €, s, oOr vaccinate sub-population 1 alone pro-
vided that p§ < p; <1 for given (¢1,&) € 4. (c) p¥ > 1,p5 <1; a1 =6,a, = 11. One can
vaccinate both sub-populations simultaneously with (p;,p,) € Q, ,) or vaccinate sub-
population 2 alone provided that p3 < p, <1 for (¢1,€2) € 45.(d) p§ <1,p% <1;a; =6,
a, = 8. One can vaccinate both sub-populations simultaneously with (p,p,) € Q, ¢,),
vaccinate the sub-population 1 alone with p} <p; <1, or just vaccinate the sub-
population 2 such that p5 <p, <1 for (&,&) € 45. Here, Ny =50 000, N, = 30 000,
(¢1,62)=(0.2,0.3) for the dash curve, (&1,62)=(0.4,0.5) for the dot dash curve,
(¢1,&2) = (0.6,0.5) for the dot curve, other parameters are given in Table 1.
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holds, and the disease will die out with the vaccination effort
p; > 1-1/T4, where T, is given in (2.8).

Case 2: The sub-population 2 is also a reservoir, i.e., Rg2C22 > 1.
In this case, both sub-populations need to be vaccinated to
eradicate the infection. Assume that for a given vaccination level
p> the sub-population 2 is no longer a reservoir. This can be
achieved if Rpyc22(1—p,) < 1, which is equivalent to

_ 1
Ro2C22

py>1

From Theorem 2.2, the infection can be eradicated if T, <1,
where T, is defined in (2.9), and T;, <1 if and only if R, < 1.
Notice that T;, depends on both the vaccination effort p; and the
mixing parameter ¢;. For any given (&q,&;) € 45, Ty, and R, are
both functions of p; and p, and the intersection of the two
surfaces is determined by Ty, =R, =1, which is a curve in the
p1-p2 plane (see Fig. 4). Although these two quantities Ty, and R,
provide the same threshold value 1 for disease eradication, their
evaluations for other vaccination strategies (p;,p,) can be very
different. As pointed out by Roberts and Heesterbeek (2003), Ty,
focuses on the disease risk in sub-population 1, while R, reflects
the average risk in the whole population. From Fig. 4, we observe
that when Ty, and R, are both greater than 1, Ty, > R, with the
difference T;,—R, varying with (p;,p,). In addition, when p; =1,
T1, =0 for all p, <1 while R, >0 for p, < 1. Hence, the disease
transmission risk in sub-population 1 is higher than that pre-
dicted by the control reproduction number R,. These differences
can have important implications for disease control.

4. Discussion

In this paper, we considered a multigroup model with the
focus on investigating the effects of mixing patterns (proportional
and preferential mixing) and group-targeted vaccination pro-
grams on the control and prevention of infectious diseases. We
derived the threshold conditions for the disease elimination with
group-targeted vaccination strategies based on the use of the type
reproduction number Ty, (see Theorem 2.2). Our results described
in Theorem 3.1 demonstrate that the degree of mixing preference
(&) can play a critical role in the effects of vaccination strategies
(pi)- It suggests that to identify the best disease control strategies
in a heterogeneous population, policymakers must take into
account the structure of mixing both within and between the
sub-populations. This may have significant implications for public
health.

x 1073

14/N;
G |2/N2

2000 3000

t

Fig. 3. When p% <1 and p3 > 1, the disease is eventually eradicated if the vaccination is applied to sub-population 1 alone at a level above p}. (a) (p;,p,) =(0.2,0) and
p1 <pj=0.77, the disease persists (R, =1.8); (b) (p;.p;)=(0.8,0) and p; > p} =0.77, the disease eventually disappears (R, =0.97). Here, x;(0)=S;(0)/N;(0)=04,
¥1(0) =1;(0)/N;(0) = 0.00002, x,(0) = S,(0)/N2(0) = 0.6, y,(0) =1>(0)/N>(0) = 0.00002, a; =12, a, =8, & =0.2, ¢; = 0.4, other parameters are given in Table 1, and then

pr=077,p5> 1.
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Fig. 4. Effect of (p;,p,) on the type reproduction number Ty, and the control reproduction number R,. It is obvious that T;, has the same threshold property as R,. Ty,
focuses on the disease risk in sub-population 1 while R, reflects the averaging risk in the whole population. In addition, T, >R, > 1. When p; =1, Ty, =0 for any
0<p, <1 while R, >0 for 0<p, < 1. The risk of the infection in sub-population 1 (i.e., T;,) is larger than that provided by the control reproduction number R,. Here,
N; =50000, N, =30000, a; =15, a; =11, &, =0.3, &, = 0.5 and R, 2 = 1.36, other parameters are given in Table 1.
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Fig. 5. For a 4-group model (n=4), if the vaccination strategy satisfies p; > 1-1/R; for i=1,2,3,4, then the disease is eventually eradicated without considering the
regulation of cross-contacts between different sub-populations (i.e., the values of ¢;, i=1,2,3,4). (a) (p1,P2.P3,P4) = (0.3,0.3,0.2,0.1) and p; < 1-1/R;(i =1, 2,3,4), then the
disease persists (R, = 1.88); (b) (p1,p2.P3.P4) =(0.7,0.5,0.4,0.2) and p; > 1-1/Ri(i=1,2,3,4), then the disease eventually disappears (R, = 0.94). Here, a; =15, a, =10,
a3=8,a4=6,& =0.2, & =0.3, &3 =0.4, &, = 0.5, other parameters are given in Table 1, and then 1-1/Rg; =0.67, 1-1/Rg2 = 0.5, 1—-1/Rg3 = 0.37, 1-1/Rg4 = 0.17. Initial
conditions are x;(0) = 0.4, x,(0) = 0.4, x3(0) = 0.5, x4(0) = 0.5, ¥;(0) = y,(0) = y3(0) = y,(0) = 0.00002.

The analytical results we obtained are for the case of n=2 sub-
populations. These derivations require the uses of explicit for-
mulas for the control reproduction number R, and the type
reproduction number Ty,. For n > 3 and preferential mixing (i.e.,
0<¢ <1 for some i=1,2,...,n), the explicit formulas for these
reproduction numbers are very difficult to obtain. Nevertheless,
we have conducted numerical simulations to verify some of the
threshold conditions and results regarding the effect of vaccina-
tion and the influence of mixing patterns (see, e.g., Figs. 5 and 6).

Fig. 5 shows some time plots for a system for four sub-
populations and two different vaccination strategies. The numer-
ical simulations suggest that similar threshold conditions still
hold. For example, the infection will die out if vaccination efforts
pi satisfy p; >1-1/Rq; for i=1,2,3,4. For the given set of para-
meters, 1-1/Ro; =0.67, 1-1/Rp; =0.5, 1-1/Ro3 =0.37, and
1-1/Ro4 =0.17. In Fig. 5(a), p; < 1-1/Rq; fori=1, 2,3, 4. It shows
that the fraction of infection size I;(t)/N; stabilize at positive levels
for all i (R, =1.88). In Fig. 5(b), p; >1-1/Rq; for i=1,2,3,4. It
shows that the fraction of infection I;(t)/N; tends to 0 as t — oo for
i=1,2,3,4 (R, =0.94).

Fig. 6 is similar to Fig. 5 except that only the sub-population
1 is targeted for vaccination, i.e., p; >0 and p, =p; =p, =0. For
the given set of parameter values, we can numerically compute
the value p%, which is defined in a similar way as in (3.14) and
pi =0.78.In Fig. 6(a), p; =0.2 <0.78 = p* and the disease persists
(Ry=1.95). In Fig. 6(b), py=0.8>0.78=p} and the disease
eventually disappears (R, = 0.98).

Figs. 5 and 6 provide two examples showing that the results for
n=2 also hold for n=4. Our additional simulations (not shown here)
suggest that, in general, the following results can be extended to the
case of n sub-populations.

(i) For any (&1,62,...,én) €4y, the disease will die out if
(p1 P2y - -pn) € Q(81v82v---v811)'
(ii) If p; >1—-1/Ry; for all i=1,2,...,n, then the infection will be
eradicated regardless of the values of the mixing parameters
&j (l= 1,2,...,n).
(iii) Let p} denote the intersection point of axis-i and the surface
determined by R, =1. If 0<p*<1 for some i=1,...,n,
eradication of the infection is possible by vaccinating only
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Fig. 6. For a 4-group model (n=4), when 0 < p% <1, one could control the epidemic by just vaccinating sub-population 1 alone with p, > p%. (a) (p;,P2.P3.p4) = (0.2,0,0,0)
and p; =0.2 <0.78 = p%, then the disease persists (R, =1.95); (b) (py.P2,P3.p4) =(0.8,0,0,0) and p; = 0.8 > 0.78 =p%, then the disease eventually disappears (R, =0.98).
Here, a; =14, a0, =6,a3 =8, a3 =9, &, =0.2, &, =04, &3 =0.3, &4 = 0.2, other parameters are given in Table 1, and then p} =0.78, p¥ > 1(i = 2, 3,4). Initial conditions are

X1(0) = 0.4, X2(0) = 0.6, X3(0) = 0.6, X4(0) = 0.5, ¥, (0) = y,(0) = y3(0) = y4(0) = 0.00002.

sub-population i with p; > p#. If p¥>1 for all i=1,...,n, all
sub-populations need to be vaccinated in order to eliminate
the infection.

In this paper, we focused on vaccination alone as a control
measure. Similar analyses can be conducted for models that
consider other control measures. Our main objective is to explore
the influence of population heterogeneities on disease spread and
control, particularly, the roles of heterogeneous mixing between
multiple sub-populations are examined. We identified scenarios
in which the preferential mixing patterns (represented by ¢;) can
have a significant impact on the effectiveness of vaccination
strategies. Effect of other heterogeneities, such as activity levels
(a;) and populations sizes (N;), can also be studied using a similar
approach. We will leave these studies for future work.

Appendix A

We provide a proof for Theorem 3.1 in this appendix.
For part (i), we prove the result by considering four cases:

Roi€11 >1, RpC>1; R >1, Rtz <1;

Roic11 <1, Reac2>1; Roici1 <1, Rl <1

As the proof for these cases are similar, we provide details for
only the case Rgi1c11 > 1,Rg2¢22 > 1. In this case, the fact that
(p1.py) € QF implies that

Ro1(1-p1) <1, Re(l-py)<1. (A1)

Let &4=1 and O0<e <1, then A=Rp1(1-p;), B=C=0, and
D =Rg2(1—p,). From (A.1),

Ry=1 {A+D+ \/(A=D)? +4BC} = max{A,D}

=max{Ro1(1-p;),Ro2(1-py)} < 1.

From 0R,/0¢; =0 (see (3.6)) we have R, <1 for 0<é&; <1 and
0 < & < 1. Similarly, it can be shown that R, <1 for0<e&; <1 and
0 <&, < 1. This completes the proof of Part (i).

For Part (ii), assume that (p;,p,)eD*. Note that when
&1 =& =0, the expressions of ¢; reduce to

ayNy
a;N1+a;N,'

aN,

Clp=Cn=—7 -
aiN1+a;N;

Cl1=0Cn1=
Using the above expressions and the condition p, < —Ap;+B
we can show that R, | —e-0> 1 Then, from éR,/0¢; =0 and

&1

ORy /ey = 0, it follows that R, > 1 for all (g1,&) € 45. The proof of
Part (ii) is finished.
Part (iii) can be proved using the following information. Define

Qeer e = {(P1,02)| Ry < 1,(p1.2) € R, (61,82) € 42},

Dey.ep) = {(P1,P2)|Rv > 1,(p1.02) € 2, (£1,62) € 42}

Then Q(g],gz) =] Q(éw‘:'z) and D(51,§z) QD(élyéz) for & <&; and &, <&,

and
*

Q S m D(ﬂl,ﬂz)'

(&1,62) € 43

m Q(S],Sz)t D* =

(€1,82) € 4

This completes the proof of the Theorem 3.1.
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