
Computers & Operations Research 39 (2012) 1271–1289
Contents lists available at ScienceDirect
Computers & Operations Research
0305-05

doi:10.1

� Corr

E-m
journal homepage: www.elsevier.com/locate/caor
Minimizing total weighted flow time under uncertainty using dominance
and a stability box
Yu.N. Sotskov a,�, T.-C. Lai b

a United Institute of Informatics Problems, Surganova Str. 6, Minsk 220012, Belarus
b Department of Business Administration, National Taiwan University, Sec. 4, Roosevelt Rd 85, Taipei 106, Taiwan
a r t i c l e i n f o

Available online 1 March 2011

Keywords:

Single-machine scheduling

Total weighted flow time

Interval input data

Stability analysis
48/$ - see front matter & 2011 Elsevier Ltd. A

016/j.cor.2011.02.001

esponding author. Tel.: þ375 17 284 2120; f

ail addresses: sotskov2005@hotmail.com, sots
a b s t r a c t

We consider an uncertain single-machine scheduling problem, in which the processing time of a job

can take any real value on a given closed interval. The criterion is to minimize the total weighted flow

time of the n jobs, where there is a weight associated with a job. We calculate a number of minimal

dominant sets of the job permutations (a minimal dominant set contains at least one optimal

permutation for each possible scenario). We introduce a new stability measure of a job permutation

(a stability box) and derive an exact formula for the stability box, which runs in O(n log n) time. We

investigate properties of a stability box. These properties allow us to develop an O(n2)-algorithm for

constructing a permutation with the largest volume of a stability box. If several permutations have the

largest volume of a stability box, the developed algorithm selects one of them due to a simple heuristic.

The efficiency of the constructed permutation is demonstrated on a large set of randomly generated

instances with 10rnr1000.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Uncertainties are present in most real-life scheduling problems. Several approaches, which complement one another, are available for
dealing with scheduling problems under uncertainty. In a stochastic approach, an uncertain scheduling parameter (e.g., the processing
time of a job) is assumed to be a random variable with a specific probability distribution (see monograph [1], part II). However, in many
real-life situations, one may have no sufficient information to characterize the probability distribution of each random parameter. In
such situations, other approaches are needed. In the approach of seeking a robust schedule [2–9], a decision-maker prefers a schedule that
hedges against the worst-case scenario. There is also available a stability approach [10–14], which combines a stability analysis, a multi-
stage decision framework (the off-line planning stage and the online scheduling stages) and a solution concept of a minimal dominant
set of the job permutations. A minimal dominant set optimally covers all the scenarios in the sense that for any possible scenario such a
set contains at least one optimal permutation [12–14]. A minimal dominant set is useful for a scheduler to make an online decision
whenever additional information on the processing times becomes available [12,13].

In this paper, we consider a single-machine scheduling problem with interval processing times of n jobs to be scheduled. In Section 2,
we present different problem settings and the state-of-the-art. In Section 3, we calculate a number of minimal dominant sets and
describe a modification of the problem establishing the uniqueness of a minimal dominant set. An illustrative example is given in Section
4. In Section 5, we introduce a stability box of a job permutation and derive an exact formula for characterizing the stability box, which
runs in O(n log n) time. Properties of a stability box are investigated in Section 5. An O(n2)-algorithm for finding a permutation with the
largest volume of a stability box is developed in Section 6. Section 7 reports computational results. We conclude with Section 8.
2. Problem settings and state-of-the-art

There are nZ2 jobs J ¼ fJ1,J2, . . . ,Jng to be processed on a single machine. Associated with job JiAJ , there is a weight wi40
reflecting the importance of the job. The processing time pi of job JiAJ can take any real value between a lower bound pL
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upper bound pU
i ZpL

i . An exact value of the job processing time remains unknown until job completion. Let T denote the set of vectors
p¼(p1, p2,y,pn) of the processing times in the space Rn

þ of non-negative n-dimensional real vectors. Set T is the Cartesian product of the
closed intervals:

T ¼ fpjpARn
þ ,pL

i rpirpU
i , iAf1,2, . . . ,ngg ¼ �n

i ¼ 1 ½p
L
i ,pU

i �: ð1Þ

A vector pAT is called a scenario. Let S¼ fp1,p2, . . . ,pn!g be the set of all permutations pk ¼ ðJk1
,Jk2

, . . . ,Jkn
Þ of n jobs J . Given a

permutation pkAS and a scenario pAT, let Ci ¼ Ciðpk,pÞ denote the completion time of a job JiAJ in the semi-active schedule [1,12]
defined by the permutation pk. The criterion

P
wiCi denotes the minimization of the sum of the weighted completion times:P

Ji AJ wiCiðpt ,pÞ ¼minpk A Sf
P

Ji AJwiCiðpk,pÞg, where permutation pt ¼ ðJt1
,Jt2

, . . . ,Jtn ÞAS is optimal. By adopting the three-field notation
ajbjg from survey paper [15], this problem is denoted by 1jpL

i rpirpU
i j
P

wiCi.
If a vector pAT of the processing times is fixed before scheduling ( pL

i ¼ pU
i ¼ pi, iAf1,2, . . . ,ng, i.e., segment [pi

L, pi
U] is degenerated into

a point piA ½pi,pi�), then an uncertain problem 1jpL
i rpirpU

i j
P

wiCi reduces to the deterministic problem 1J
P

wiCi, which can be
solved in O(n log n) time [16]. Since a scenario pAT is not fixed for an uncertain problem 1jpL

i rpirpU
i j
P

wiCi, the completion time Ci of
a job JiAJ cannot be calculated for a permutation pkAS. The value of the objective function for permutation pk remains uncertain until
the jobs have been completed. In the OR literature, several approaches for solving an optimization problem with uncertain objective
function values have been developed. Next, we survey such settings and some results for scheduling jobs with uncertain processing
times.

An uncertain problem with the objective function g¼ f ðC1,C2, . . . ,CnÞ is denoted by ajpL
i rpirpU

i jg, its deterministic counterpart by
aJg. For problem 1jpL

i rpirpU
i jg, there usually does not exist a permutation pt AS, which is optimal for each scenario from the set T. So,

an additional criterion is often introduced for dealing with problem 1jpL
i rpirpU

i jg. In particular, a robust schedule minimizing the
worst-case absolute (or the worst-case relative) deviation from optimality has been introduced in [3,4] to hedge against data
uncertainty. In the robust approach, the scenario set T could contain a continuum of scenarios, i.e., T is the Cartesian product of the
closed intervals as defined in (1), or just contains a finite number h of discrete scenarios [3,5,7,17,18]: T ¼ fpj ¼ ðpj

1,pj
2, . . . ,pj

nÞ

jpjARn
þ ,jAf1,2, . . . ,hgg. Permutation pt AS is optimal for problem 1Jg with scenario p, if f ðC1ðpt ,pÞ,C2ðpt ,pÞ, . . . ,Cnðpt ,pÞÞ ¼ gt

p ¼

minpk ASgk
p ¼minpk ASf ðC1ðpk,pÞ,C2ðpk,pÞ, . . . ,Cnðpk,pÞÞ. For permutation pkAS and scenario pAT, the difference gk

p�gt
p ¼ rðpk,pÞ is called

the regret. The value ZðpkÞ ¼maxfrðpk,pÞjpATg is called the worst-case absolute regret. The worst-case relative regret is defined as
Z0ðpkÞ ¼maxfrðpk,pÞ=gt

pjpATg, where gt
pa0.

While a deterministic problem 1J
P

Ci is polynomially solvable [16], finding a permutation pt AS minimizing the worst-case
absolute regret ZðptÞ or the worst-case relative regret Z0ðptÞ are both binary NP-hard even for two scenarios [3,7], h¼2. The latter
problem becomes unary NP-hard for an unbounded number of discrete scenarios [7]. In [5], it was proven that minimizing the worst-
case absolute regret ZðpkÞ for problem 1jpL

i rpirpU
i j
P

Ci is binary NP-hard even if the intervals [pi
L, pi

U] for all jobs JiAJ have the same
center (pi

U
�pi

L)/2. In [19], the binary NP-hardness was proven for finding a permutation pt AS that minimizes the worst-case absolute
regret ZðptÞ for an uncertain two-machine flow-shop problem with the makespan criterion Cmax ¼maxfCiðpt ,pÞjJiAJ g even for two
scenarios, h¼2.

Only a few special cases of scheduling problems are known to be polynomially solvable for minimizing the worst-case regret. An
O(n4)-algorithm was developed [20] for minimizing the worst-case regret for problem 1jpL

i rpirpU
i ,dL

i rdirdU
i jLmax with the criterion

Lmax of minimizing the maximum lateness maxfCiðpt ,pÞ�dijJiAJ g ¼minpk A SfmaxfCiðpk,pÞ�dijJiAJ gg, when the intervals of the job
processing times and the intervals of the due dates di are given. In [5], it was proven that minimizing ZðpkÞ for problem
1jpL

i rpirpU
i j
P

Ci can be realized in O(n log n) time, if the segments [pi
L, pi

U], JiAJ , have the same center provided that the number
n of the jobs is even. In [21], an O(m)-algorithm was proposed for minimizing the worst-case regret for the m-machine two-job flow-shop
problem FmjpL

i rpirpU
i ,n¼ 2jCmax provided that each of the m machines processes the jobs J ¼ fJ1,J2g in the same order.

In [8], a 2-approximation algorithm has been developed to minimize the worst-case regret for problem 1jpL
i rpirpU

i j
P

Ci. In [3,7,9],
exact and heuristic algorithms were developed and tested to minimize the worst-case regret for the same problem.

In this paper, we adopt the stability approach [10–12] to problem 1jpL
i rpirpU

i j
P

wiCi. The stability approach combines a stability
analysis, a multi-stage decision framework, and the solution concept of a minimal dominant set of semi-active schedules.

Definition 1. The set of permutations (semi-active schedules) SðTÞDS is a minimal dominant set for an uncertain problem ajpL
i r

pirpU
i jg, if
(a)
 for any fixed scenario pAT, set S(T) contains at least one permutation (a semi-active schedule), which is optimal for the
deterministic problem aJg associated with scenario p,
(b)
 property (a) is lost for any proper subset of set S(T).
The set S(T) was investigated in [10–12] for the makespan criterion, and in [12,22,23] for the total flow time criterion. In [23],
dominance relations were identified for a flow-shop problem F2jpL

i rpirpU
i j
P

Ci. In [22], for a job-shop problem JmjpL
i rpirpU

i j
P

Ci,
exact and heuristic algorithms were developed by using the disjunctive graph model.

Before presenting a new heuristic for problem 1jpL
i rpirpU

i j
P

wiCi, we mention some known results for an uncertain problem and
for its deterministic counterpart. In [16], it was proven that problem 1J

P
wiCi can be solved in O(n log n) time due to the following

sufficient condition for the optimality of a permutation pk ¼ ðJk1
,Jk2

, . . . ,Jkn
ÞAS:

wk1

pk1

Z
wk2

pk2

Z � � �Z
wkn

pkn

, ð2Þ

where pki
40 for each job Jki

AJ . The deterministic problem 1J
P

wiCi can be solved to optimality by the weighted shortest processing
time rule: process the jobs in non-increasing order of their weight-to-process ratio wki

=pki
. Inequalities (2) provide also a necessary

condition for the optimality of a permutation pkAS as summarized in Theorem 1 [24].
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Theorem 1 (Smith [16] and Koffman [24]). Permutation pk ¼ ðJk1
,Jk2

, . . . ,Jkn
ÞAS is optimal for the deterministic problem 1J

P
wiCi if and only

if inequalities (2) hold.

A minimal dominant set S(T) for problem 1jpL
i rpirpU

i j
P

wiCi may be determined by using the precedence-dominance relation on
the set of jobs J .

Definition 2. Job Ju dominates job Jv with respect to T (it is denoted by Ju/Jv) if there exists a minimal dominant set S(T) for problem
1jpL

i rpirpU
i j
P

wiCi such that job Ju precedes job Jv in every permutation from the set S(T).

Theorem 2 (Sotskov et al. [14]). For problem 1jpL
i rpirpU

i j
P

wiCi, job Ju dominates job Jv with respect to T if and only if

wu

pU
u

Z
wv

pL
v

: ð3Þ

The cardinality jSðTÞj of a minimal dominant set may be considered as a measure of uncertainty for problem 1jpL
i rpirpU

i j
P

wiCi. In
the least uncertain case of a cardinality being one, a minimal dominant set is a singleton, fpkg ¼ SðTÞ, which is also a solution to the
deterministic problem 1J

P
wiCi associated with any scenario pAT.

Theorem 3 (Sotskov et al. [14]). For the existence of a dominant singleton SðTÞ ¼ fpkg ¼ fðJk1
,Jk2

, . . . ,Jkn
Þg for problem 1jpL

i rpirpU
i j
P

wiCi,
inequalities (4) are necessary and sufficient:

wk1

pU
k1

Z
wk2

pL
k2

,
wk2

pU
k2

Z
wk3

pL
k3

, . . . ,
wkn�1

pU
kn�1

Z
wkn

pL
kn

: ð4Þ

The most uncertain case of problem 1jpL
i rpirpU

i j
P

wiCi is that with jSðTÞj ¼ n!.

Theorem 4 (Sotskov et al. [14]). Let pL
i opU

i , JiAJ . For the existence of a minimal dominant set S(T) for problem 1jpL
i rpirpU

i j
P

wiCi with

a maximum cardinality jSðTÞj ¼ n!, inequality (5) is necessary and sufficient:

max
wi

pU
i

�����JiAJ
( )

omin
wi

pL
i

�����JiAJ
( )

: ð5Þ
3. A minimal dominant set

We use the notation 1jpj
P

wiCi for indicating an individual problem (an instance) with the scenario p for the mass problem 1J
P

wiCi.

Lemma 1. In each optimal permutation for the instance 1jpj
P

wiCi, job Ju precedes job Jv if and only if

wu

pu
4

wv

pv
: ð6Þ

Proof. Sufficiency: By contradiction, we assume that there exists an optimal permutation pmAS for the instance 1jpj
P

wiCi such that
inequality (6) holds, however, job Ju follows job Jv in permutation pm. Since the necessity of condition (2) given in Theorem 1 implies the
inequalities wv=pvZwvþ1=pvþ1Z � � �Zwu=pu, we obtain inequality wv=pvZwu=pu contradicting (6).

Necessity: Let job Ju precede job Jv in each optimal permutation for the instance 1jpj
P

wiCi.

We assume wu=purwv=pv. Due to Theorem 1, job Jv must precede job Ju in any optimal permutation for the instance 1jpj
P

wiCi. This

contradiction completes the proof. &

Lemma 2. For the instance 1jpj
P

wiCi, there exist both an optimal permutation with job Ju preceding job Jv and an optimal permutation with

job Jv preceding job Ju if and only if

wu

pu
¼

wv

pv
: ð7Þ

Proof. Sufficiency: Since set S is finite, there exists a permutation pl of the form pl ¼ ð. . . ,Ju, . . . ,Jv, . . .ÞAS or a permutation pm of the
form pm ¼ ð. . . ,Jv, . . . ,Ju, . . .ÞAS which is optimal for the instance 1jpj

P
wiCi. Due to (7), a part of the necessary and sufficient

condition (2) of the optimality of permutation pl (Theorem 1) looks as follows:

� � �Z
wu

pu
¼ � � � ¼

wv

pv
Z � � � , ð8Þ

and that of permutation pm looks as

� � �Z
wv

pv
¼ � � � ¼

wu

pu
Z � � � : ð9Þ

If equalities (8) hold, then equalities (9) hold, and vice versa. Due to Theorem 1, for the instance 1jpj
P

wiCi, there exist both an optimal
permutation of the form pl ¼ ð. . . ,Ju, . . . ,Jv, . . .Þ and one of the form pm ¼ ð. . . ,Jv, . . . ,Ju, . . .Þ. Sufficiency is proven.

Necessity: Let there exist both an optimal permutation of the form pl and one of the form pm. Due to Theorem 1, this is possible only if

equality (7) holds. &

The following claim directly follows from Lemma 2.

Lemma 3. For the instance 1jpj
P

wiCi, an optimal permutation is unique if and only if for any pair of jobs JuAJ and JvAJ equality (7) does

not hold.
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Let a¼minfwi=pU
i jJiAJ g and b¼maxfwi=pL

i jJiAJ g. A subset J r of the set J (where rA ½a,b� is a real number) is crucial for
calculating the number of minimal dominant sets:

J r ¼ JiAJ r¼
wi

pU
i

¼
wi

pL
i

�����
( )

: ð10Þ

Theorem 5. If inequality jJ rq jZ2 holds for each rqAfr1,r2, . . . ,rmg, where integer mZ1 is maximal and rqA ½a,b�, then the number of the

minimal dominant sets existing for the instance 1jpL
i rpirpU

i j
P

wiCi is equal to
Qm

q ¼ 1 jJ rq j!.

Proof. For any pair of jobs Jt AJ and JvAJ , we shall examine all the possible arrangements of the segments ½wt=pU
t ,wt=pL

t � and

½wv=pU
v ,wv=pL

v�. W.l.o.g. assume wv=pU
v rwt=pU

t . Due to the symmetry of the jobs Jt and Jv, it is sufficient to examine the following nine

cases (a)–(i).

Case (a): wt=pU
t owt=pL

t , wv=pU
v owv=pL

v, wv=pL
vowt=pU

t .

Inequality wv=pvowt=pt holds for each scenario pAT . Due to Lemma 1, in any optimal permutation for the instance 1jpj
P

wiCi,

pAT , job Jt precedes job Jv. Due to Definition 1, in any permutation from a minimal dominant set S(T), job Jt precedes job Jv.

Case (b): wt=pU
t owt=pL

t , wv=pU
v owv=pL

v, wv=pL
vrwt=pU

t .

If for the scenario pAT at least one of the conditions wv=pvawv=pL
v or wt=pt awt=pU

t holds, then arguing in the same way as in case

(a), we obtain that in any permutation from a set S(T), job Jt precedes job Jv. For the remaining vector p0 ¼ ðp01,p02, . . . ,p0nÞAT , for which

both equalities wv=p0v ¼wv=pL
v and wt=p0t ¼wt=pU

t hold, we obtain wv=p0v ¼wt=p0t . Due to Lemma 2, for the instance 1jp0j
P

wiCi, there

exist both an optimal permutation of the form pl ¼ ð. . . ,Jt , . . . ,Jv, . . .ÞAS and one of the form pm ¼ ð. . . ,Jv, . . . ,Jt , . . .ÞAS. However, no

permutation of the form pm may be contained in a set S(T), since such a permutation is redundant. Indeed, a permutation of the form pl

is definitely contained in any minimal dominant set because of scenario pAT, pap0 (see condition (a) of Definition 1). The permutation

pl provides an optimal solution to the instance 1jp0j
P

wiCi. If the set S(T) contains a permutation of the form pm, then S(T) is not a

minimal dominant set (condition (b) of Definition 1). We conclude that in any permutation from the set S(T) job Jt precedes job Jv.

Case (c): wt=pU
t owt=pL

t , wv=pU
v owv=pL

v, wv=pL
v4wt=pU

t .

Due to the strictness of the above inequalities, the length of the intersection of the segments ½wt=pU
t ,wt=pL

t � and ½wv=pU
v ,wv=pL

v�must be

strictly positive. There exist both a scenario pAT and a scenario p0 ¼ ðp01,p02, . . . ,p0nÞAT such that wt=pt 4wv=pv and wt=p0t owv=p0v. Due

to Lemma 1, in all optimal permutations for the instance 1jpj
P

wiCi, job Jt precedes job Jv, and in all optimal permutations for the

instance 1jp0j
P

wiCi, job Jv precedes job Jt. Due to condition (a) of Definition 1, any minimal dominant set S(T) constructed for problem

1jpL
i rpirpU

i j
P

wiCi contains both a permutation of the form pl ¼ ð. . . ,Jt , . . . ,Jv, . . .ÞAS and a permutation of the form pm ¼ ð. . . ,Jv,

. . . ,Jt , . . .ÞAS.

Case (d) with wt=pU
t ¼wt=pL

t , wv=pU
v owv=pL

v, wv=pL
vowt=pU

t is examined similarly as case (a).

Case (e) with wt=pU
t ¼wt=pL

t , wv=pU
v owv=pL

v, wv=pL
v ¼wt=pU

t is examined similarly as case (b).

Case (f) with wt=pU
t ¼wt=pL

t , wv=pU
v owv=pL

v, wv=pL
vowt=pU

t owv=pU
v is examined similarly as case (c).

Case (g) with wt=pU
t ¼wt=pL

t , wv=pU
v owv=pL

v, wv=pU
v ¼wt=pU

t is examined similarly as case (b).

Case (h): wt=pU
t ¼wt=pL

t , wv=pU
v ¼wv=pL

v, wv=pL
vowt=pU

t .

The processing times of the jobs Jt and Jv are fixed and wv=pvowt=pt . Due to Lemma 1, job Jv precedes job Jt in all optimal

permutations. Due to condition (a) of Definition 1, job Jt precedes job Jv in any permutation from the set S(T).

Case (i): wt=pU
t ¼wt=pL

t , wv=pU
v ¼wv=pL

v, wv=pL
v ¼wt=pU

t :

The processing times of the jobs Jt and Jv are fixed: pL
t ¼ pU

t ¼ pt , pL
v ¼ pU

v ¼ pt and so wv=pv ¼wt=pt . Due to Lemma 3 (Lemma 2,

respectively) for the instance 1jpj
P

wiCi, the optimal permutation is not unique (there exist both an optimal permutation plAS with job

Jt preceding job Jv and an optimal permutation pmAS with job Jv preceding job Jt). Due to Definition 1, the jobs Jt and Jv generate two

different minimal dominant sets S(T) and S0ðTÞ. The set S(T) contains a permutation of the form pl and does not contain a permutation of

the form pm, while the set S0ðTÞ is the other way around. Thus, at least two minimal dominant sets exist for such a problem 1jpL
i r

pirpU
i j
P

wiCi.

It is easy to convince that if case (i) occurs, then inequality jJ rjZ2 must hold (where r¼wt=pU
t ¼wt=pL

t ¼wv=pU
v ¼wv=pL

v), and

vice versa.

From the above treated cases (a)–(i) for the jobs Jt AJ and JvAJ , we conclude that several minimal dominant sets S(T) may occur only

if there exist jobs Jt and Jv with the weight-to-process ratios satisfying case (i). Case (i) occurs if and only if jJ rq jZ2 for some real

number rqA ½a,b�. We enumerate minimal dominant sets generated by the sets J rq with jJ rq jZ2, rqAfr1,r2, . . . ,rmg. Let J rq ¼ fJqð1Þ,

Jqð2Þ, . . . ,JqðjJ rq jÞ
gDJ . Due to (10) of a set J r , we obtain the equalities:

rq ¼
wqð1Þ

pU
qð1Þ

¼
wqð1Þ

pL
qð1Þ

¼
wqð2Þ

pU
qð2Þ

¼
wqð2Þ

pL
qð2Þ

¼ � � � ¼
wqðjJ rq jÞ

pL
qðjJ rq jÞ

¼
wqðjJ rq jÞ

pU
qðjJ rq jÞ

, ð11Þ

which imply that the processing time of each job JqðvÞAJ rq is fixed and the weight-to-process ratios are the same for all jobs from the set

J rq . Due to Theorem 1, in any optimal permutation plAS for the instance 1jpj
P

wiCi with every scenario pAT , all jobs from set J rq

have to be located adjacently one by one: pl ¼ ð. . . ,pðJ rq Þ, . . .Þ.

Hereafter, pðJ rq Þ denotes a permutation of the jobs J rq . Since condition (7) holds for each pair of jobs from the set J rq (see (11)), we

can implement Lemma 2 for them. It is clear that the set of jobs J rq generates jJ rq j! optimal permutations for each instance 1jpj
P

wiCi with

pAT . Due to Definition 1, the set J rq generates jJ rq j! minimal dominant sets. Each minimal dominant set S(T) contains a permutation of the

form pl ¼ ð. . . ,pðJ rq Þ, . . .ÞAS provided that this set S(T) does not contain other permutations of the form pm ¼ ð. . . ,p0ðJ rq Þ, . . .ÞAS, where
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pðJ rq Þap0ðJ rq Þ (condition (b) of Definition 1). Since J rq

T
J rt ¼ |, qat, we conclude that the number of minimal dominant sets generated

by the sets J rq with jJ rq jZ2, rqAfr1,r2, . . . ,rmg, is equal to
Qm

q ¼ 1 jJ rq j!. &

Since the cardinality jSðTÞj of a minimal dominant set could range from 1 (Theorem 3) to n! (Theorem 4), it is impossible to generate
in polynomial time all the elements of the set S(T). However, one can construct a compact presentation of a minimal dominant set in the
form of a digraph with the vertex set J . To this end, one can check condition (3) of Theorem 2 for each pair of jobs JuAJ , JvAJ and
construct a digraph ðJ ,AÞ of the precedence-dominance relation on the set J : arc (Ju, Jv) belongs to set ADJ � J if and only if Ju/Jv.
Such a construction of a digraph ðJ ,AÞ takes O(n2) time.

Theorem 6. The set ADJ � J constructed for problem 1jpL
i rpirpU

i j
P

wiCi defines a strict order relation on the set J if and only if there

does not exist a rA ½a,b� with jJ rjZ2.

Proof. If wu=pU
u Zwv=pL

v and wv=pU
v Zwt=pL

t , then wu=pU
u Zwt=pL

t . Due to Theorem 2, the set ADJ � J defines a transitive binary
relation on J . So, we need to test the anti-reflexivity of the relation A.

Sufficiency: Assume that there does not exist a rA ½a,b� with jJ r jZ2. For any pair of jobs Jt AJ and JvAJ , one of the cases (a)–(h) is

possible for their weight-to-process ratios, while case (i) is impossible (see the proof of Theorem 5). In each of the cases (a)–(e) and (h),

inclusion ðJv,JtÞAA holds. In case (g), ðJt ,JvÞAA. In each of the cases (c) and (f), neither arc (Jv, Jt) nor arc (Jt, Jv) belongs to set A
(Definition 2). For each pair of jobs Jt AJ and JvAJ , at most one arc which is incident to both vertices Jt and Jv, tav, may belong to set

A. We conclude that relation A is anti-reflexive and so this binary relation is a strict order relation (the transitivity of A is already

proven).

Necessity: Let there exist a rA ½a,b� with jJ r jZ2.

Due to definition (10) of a set J r , there exist jobs Jt and Jv such that their weight-to-process ratios satisfy case (i): wt=pU
t ¼wt=pL

t ,

wv=pU
v ¼wv=pL

v, wv=pL
v ¼wt=pU

t and so intervals of the processing times degenerate into a point rA ½r,r�, where r¼wu=pL
u ¼wu=pU

u ¼

wv=pL
v ¼wv=pU

v . Due to Theorem 2, both inclusions ðJt ,JvÞAA and ðJv,JtÞAA must hold. Since the contour (Jt, Jv,Jt) exists in the digraph

ðJ ,AÞ, a binary relation A is not anti-reflexive. &

From Theorems 5 and 6, it follows that the existence of the sets J rq with jJ rq jZ2, rqAfr1,r2, . . . ,rmg, implies that a minimal
dominant set S(T) loses useful properties. Indeed, if there exists at least one set J rq which is not a singleton, then ADJ � J is not a
strict order relation (Theorem 6) and the number of the minimal dominant sets for the problem 1jpL

i rpirpU
i j
P

wiCi may be rather
large (Theorem 5).

Next, we show how to overcome these difficulties. Moreover, we show that such a bad set J rq is useful while solving a problem
1jpL

i rpirpU
i j
P

wiCi: the problem size n can be reduced by jJ rq j�1 for each non-singleton J rq via identifying the jobs of set J rq by
one job.

As it was shown in the proof of Theorem 5, in any optimal permutation plAS for the instance 1jpj
P

wiCi, all jobs from set J rq DJ
must be adjacently located one by one: pl ¼ ð. . . ,pðJ rq Þ, . . .Þ. Furthermore, the order of the jobs fJqð1Þ,Jqð2Þ, . . . ,JqðjJ rq jÞ

g ¼J rq in the
permutation pðJ rq Þ does not influence the value of the objective function g¼

Pn
i ¼ 1 wiCi calculated for permutation

pk ¼ ð. . . ,pðJ rq Þ, . . .ÞAS. Indeed, the processing time of any job JqðvÞAJ rq is fixed and the weight-to-process ratios are the same for all
jobs from the set J rq . Thus, while looking for an optimal permutation for any instance 1jpj

P
wiCi generated by the problem

1jpL
i rpirpU

i j
P

wiCi via fixing a scenario pAT , one can treat all jobs fJqð1Þ,Jqð2Þ, . . . ,JqðjJ rq jÞ
g ¼ J rq as one job with the weight and

processing time equal to those of any job from set J rq . By choosing only one job from each set J rq , rqAfr1,r2, . . . ,rmg, jJ rq jZ2, the
original instance of an uncertain problem can be reduced to an equivalent instance (we denote this instance by 1�jpL

i rpirpU
i j
P

wiCi)
with a smaller cardinality of the set of jobs to be scheduled (we denote this set by J �):

jJ �j ¼ jJ j�
Xm

q ¼ 1

ðjJ rq j�1Þ ¼ nþm�
Xm

q ¼ 1

jJ rq j:

Summarizing, we derive Proposition 1, where 1�jpj
P

wiCi denotes a deterministic instance generated by an uncertain instance
1�jpL

i rpirpU
i j
P

wiCi via fixing a scenario pAT .

Proposition 1. An instance 1�jpL
i rpirpU

i j
P

wiCi is equivalent to the original instance of problem 1jpL
i rpirpU

i j
P

wiCi in the sense that for

any fixed scenario pAT , an optimal permutation pk for the instance 1�jpj
P

wiCi is obtained from an optimal permutation pt for the instance

1jpj
P

wiCi via deleting the set of jobs J \J � from permutation pt .

Along with a smaller size, the equivalent instance 1�jpL
i rpirpU

i j
P

wiCi has a unique minimal dominant set. Consequently, the set
S(T) is a minimal dominant set with respect to both inclusion and cardinality. Another useful property of the instance 1�jpL

i rpir
pU

i j
P

wiCi is that the relation ADJ � J is a strict order relation (Theorem 6).
Instead of using digraph ðJ ,AÞ, one can adopt a reduction G¼ ðJ ,A0

Þ of the digraph ðJ ,AÞ. The digraph G is obtained from ðJ ,AÞ via
deleting the transitive arcs A\A0.
4. Example

The input data for Example 1 of problem 1jpL
i rpirpU

i j
P

wiCi are given in columns 1–4 in Table 1. There exist two numbers r1¼0.5
and r2¼4 such that the sets J r1

and J r2
are not singletons: J r1

¼ fJ8,J9,J10g; J r2
¼ fJ4,J11,J12,J13g. Due to Theorem 6, the binary relation

ADJ � J is not a strict order relation and the digraph ðJ ,AÞ has contours. Due to Theorem 5, the number of the minimal dominant sets
is equal to jJ r1

j! � jJ r2
j!¼ 3! � 4!¼ 144.

Due to Proposition 1, one can treat the jobs J8, J9, J10 (jobs J4, J11, J12, J13) as one job with the parameters equal to those of any job from set
J r1

(set J r2
). Let the set of jobs J r1

¼ fJ8,J9,J10g be represented by job J8, and the set of jobs J r2
¼ fJ4,J11,J12,J13g by job J4. Example 1 can be



J2

J1

J4

J3

J5

J6

J7

J8

Fig. 1. Digraph G¼ ðJ ,A0
Þ defining a unique minimal dominant set S(T) for Example 1n.

Table 1

Data for Example 1 (lines with iAf1,2, . . . ,13g) and for Example 1n (lines with iAf1,2, . . . ,8g).

1 2 3 4 5 6 7 8 9 10 11 12

i pi
L pi

U wi
wi

pL
i

wi

pU
i

di
� di

þ wi

dþi

wi

d�i

wi

d�i
�

wi

dþi
wi

d�i
�

wi

dþi

 !
: ðpU

i �pL
i Þ

1 40 50 400 10 8 9 10 40 444
9 44

9
4
9

2 60 90 540 9 6 6 8 67.5 90 22.5 0.75

3 40 80 200 5 2.5 4 5 40 50 10 0.25

4 60 60 240 4 4 4 2.5 – – – –

5 30 40 120 4 3 4 2.5 – – – –

6 40 320 160 4 0.5 2 2.5 64 80 16 2
35

7 40 80 80 2 1 1 0.5 – – – –

8 60 60 30 0.5 0.5 0.5 0.5 60 60 0 1

9 80 80 40 0.5 0.5

10 100 100 50 0.5 0.5

11 30 30 120 4 4

12 40 40 160 4 4

13 50 50 200 4 4
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reduced to an equivalent instance 1�jpL
i rpirpU

i j
P

wiCi with the set of jobs J � of a smaller cardinality: jJ �j ¼ nþm�
Pm

q ¼ 1 jJ rq j ¼ 13
þ2�ð4þ3Þ ¼ 8.

The input data for the instance 1�jpL
i rpirpU

i j
P

wiCi (we call this instance as Example 1n) are given in columns 1–4 of rows 1–8

in Table 1. We can consider Example 1n with the set of jobs J � ¼ fJ1,J2, . . . ,J8g instead of Example 1 with the set of jobs
J ¼ fJ1,J2, . . . ,J13g+J �. For each pair of jobs JuAJ � and JvAJ �, we check condition (3) of Theorem 2:

w1

pU
1

¼ 8Z5¼
w3

pL
3

,
w1

pU
1

¼ 8Z4¼
w4

pL
4

,
w2

pU
2

¼ 6Z5¼
w3

pL
3

,
w2

pU
2

¼ 6Z4¼
w4

pL
4

,
w3

pU
3

¼ 2:5Z2¼
w7

pL
7

,

w4

pU
4

¼ 4Z4¼
w5

pL
5

,
w4

pU
4

¼ 4Z4¼
w6

pL
6

,
w5

pU
5

¼ 3Z2¼
w7

pL
7

,
w6

pU
6

¼ 0:5Z0:5¼
w8

pL
8

,
w7

pU
7

¼ 1Z0:5¼
w8

pL
8

:

Due to Theorem 2, the following relations hold: J1/J3, J1/J4, J2/J3, J2/J4, J3/J7, J4/J5, J4/J6, J5/J7, J6/J8, J7/J8. The unique

minimal dominant set S(T) for Example 1n is defined by the digraph G¼ ðJ ,A0
Þ represented in Fig. 1.
5. A stability box

We define a stability box of permutation pkAS, which is a subset of the stability region [12,25]. Let J ðkiÞ ¼ fJk1
, . . . ,Jki�1

g and
J ½ki� ¼ fJkiþ 1

, . . . ,Jkn
g. Let Ski

denote a set of all permutations ðJ ðkiÞ,Jki
,J ½ki�ÞAS, where J ðkiÞðJ ½ki�Þ is a permutation of the jobs J ðkiÞ

(jobs J ½ki�, respectively). Nk denotes a subset of the set N¼{1,2,y,n}: NkDN.

Definition 3. The maximal closed rectangular box SBðpk,TÞ ¼�ki ANk
½lki

,uki
�DT is called a stability box of permutation pk ¼

ðJk1
,Jk2

, . . . ,Jkn
ÞAS with respect to T, if permutation pl ¼ ðJl1 ,Jl2 , . . . ,Jln ÞASki

being optimal for the instance 1jpj
P

wiCi with a scenario

p¼ ðp1,p2, . . . ,pnÞAT remains optimal for the instance 1jp0j
P

wiCi with any scenario p0Af�n
j ¼ 1,ja i½pkj

,pkj
�g � ½lki

,uki
�, kiANk. If there does

not exist a scenario pAT such that permutation pk is optimal for the instance 1jpj
P

wiCi, then SBðpk,TÞ ¼ |.

In [10–12,22,25], the stability ball and the stability region of an optimal semi-active schedule have been investigated for a job-shop
scheduling problem. The definition of a stability region Kðpk,TÞ of a permutation pkAS with respect to T is as follows:

Kðpk,TÞ ¼ pjpAT ,
X
Ji AJ

wiCiðpk,pÞ ¼min
pl A S

X
Ji AJ

wiCiðpl,pÞ

( )( )
: ð12Þ

Since it is difficult to calculate a stability region, we adopt a stability box SBðpk,TÞDKðpk,TÞ as a substitute. Property 1 follows
directly from the above definitions.

Property 1. A stability box SBðpk,TÞ and a stability region Kðpk,TÞ are empty, if and only if there is no a scenario pAT such that permutation

pk is optimal for the instance 1jpj
P

wiCi.

Non-empty sets SBðpk,TÞ and Kðpk,TÞ may be characterized using the following claim.
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Theorem 7. There exists a scenario pAT such that permutation pk ¼ ðJk1
,Jk2

, . . . ,Jkn
ÞAS is optimal for the instance 1jpj

P
wiCi if and only if

there is no a job Jki
,iAf1,2, . . . ,n�1g, that inequality

wki

pL
ki

o
wkj

pU
kj

ð13Þ

holds for at least one job Jkj
,jAfiþ1,iþ2, . . . ,ng.

Proof. Sufficiency: We assume that there is no a job Jki
, iAf1,2, . . . ,n�1g, such that inequality (13) holds. Thus, for each job Jki

, 1r ion,
the opposite inequality

wki

pL
ki

Z

wkj

pU
kj

ð14Þ

must hold for each job Jkj
,jAfiþ1,iþ2, . . . ,ng. Next, we determine the components pk1

,pk2
, . . . ,pkn

of the desired scenario p¼(p1, p2,y,pn)
via using an iterative procedure starting from determining pk1

, then pk2
and so on until pkn

being determined.

At the first iteration, we set pk1
¼ pL

k1
. If the processing time pL

k1
turns out to be feasible for the job Jkj

, 1o jrurn (i.e., inclusion

pL
k1
A ½pL

kj
,pU

kj
� holds), then we set pkj

¼ pL
k1

for each jAf2,3, . . . ,u�1g, provided that Jku
is a job from the set J having the minimum index u

with the processing time pL
k1

being infeasible for the job Jku
. We set pku

¼ pL
ku

.

If uon, we repeat the above iteration using the index u instead of 1. Otherwise (if u¼n), the desired scenario p¼(p1, p2,y,pn) is

already determined.

Due to (14), inequalities (2) must hold. Due to Theorem 1, permutation pk ¼ ðJk1
,Jk2

, . . . ,Jkn
ÞAS is optimal for the instance 1jpj

P
wiCi.

Necessity: Let there exist a job Jki
,1r ion, such that inequality (13) holds for at least one job Jkj

,jAfiþ1,iþ2, . . . ,ng. From (13), it follows

that for any processing times pki
A ½pL

ki
,pU

ki
� and pkj

A ½pL
kj

,pU
kj
� inequality wki

=pki
owkj

=pkj
holds. Due to Theorem 1, there is no a scenario pAT

such that a permutation of the form ð. . . ,pki
, . . . ,pkj

, . . .ÞAS is optimal for the instance 1jpj
P

wiCi. In particular, permutation pk is not

optimal for the instance 1jpj
P

wiCi with any scenario pAT . &

Theorem 7 imply the following property of a stability box and region.

Property 2. A stability box SBðpk,TÞ and a stability region Kðpk,TÞ are empty if and only if there exists job Jki
, iAf1,2, . . . ,n�1g, such that

inequality (13) holds for at least one job Jkj
,jAfiþ1,iþ2, . . . ,ng.

Definitions 3 and (12) imply the following claim.

Property 3. If there exists exactly one scenario pAT such that permutation pkAS is optimal for the instance 1jpj
P

wiCi, then SBðpk,TÞ ¼
fpg ¼Kðpk,TÞ.

Another extreme case for a non-empty stability box (region) is characterized as follows.

Property 4. SBðpk,TÞ ¼ T ¼Kðpk,TÞ if and only if inequalities (4) hold.

Proof. Inequalities (4) are necessary and sufficient for the existence of a dominant singleton SðTÞ ¼ fpkg ¼ fðJk1
,Jk2

, . . . ,Jkn
Þg (Theorem 3).

For any scenario pAT , the permutation pk is optimal for the instance 1jpj
P

wiCi if and only if inequalities (4) hold. From (12), it follows
that inequalities (4) hold if and only if Kðpk,TÞ ¼ T . Due to inclusion Kðpk,TÞDT , equality Kðpk,TÞ ¼ T implies equality SBðpk,TÞ ¼ T and
vice versa. &

Next, we prove Theorem 8 which allows us to derive an O(n log n)-algorithm for finding a stability box SBðpk,TÞ for a permutation
pk ¼ ðJk1

, . . . ,Jki�1
,Jki

,Jkiþ 1
, . . . ,Jkn

ÞAS.

Proof of Theorem 8. Via testing inequalities (13) for each job Jki
,1r ion, we can convince whether the stability box SBðpk,TÞ is empty

or not (Property 2). If there exists a job Jki
,iAf1,2, . . . ,n�1g, such that inequality (13) holds for a job Jkj

,jAfiþ1,iþ2, . . . ,ng, then
SBðpk,TÞ ¼ | and the proof of Theorem 8 is done.

Let SBðpk,TÞa|. Due to the additivity of the objective function g¼
P

wiCi, in order to find a rectangular box SBðpk,TÞ, it is sufficient

to calculate the maximal range of a possible variation of the processing time pki
, iAf1,2, . . . ,ng, which definitely preserves the optimality

(if any) of the permutation pk. Hereafter, a possible variation ½lki
,uki
� of the processing time pki

(a possible variation ½Lki
,Uki
� of the weight-

to-process ratio) for the job Jki
means the following. If pk is an optimal permutation for the instance 1jpj

P
wiCi with p¼

ðp1,p2, . . . ,pnÞAT , then permutation pk remains optimal for any instance 1jp0j
P

wiCi with p0 ¼ ðp01,p02, . . . ,p0nÞAT, where p0t ¼ pt for each

taki and pki
A ½lki

,uki
� (respectively, wki

=pki
A ½Lki

,Uki
�). We can compare the left bound wki

=pU
ki

of the segment ½wki
=pU

ki
,wki

=pL
ki
� (where

iAf1,2, . . . ,n�1g) with the right bounds wkj
=pL

kj
of the segments ½wkj

=pU
kj

,wkj
=pL

kj
� for all the jobs Jkj

,jAfiþ1,iþ2, . . . ,ng. Due to Lemmas

1 and 2, we obtain the lower bound d�ki
of a possible variation of the weight-to-process ratio as follows:

d�ki
¼max

wki

pU
ki

, max
io jrn

wkj

pL
kj

( )( )
: ð15Þ

The lower bound d�kn
is equal to wkn

=pU
kn

. Similarly, we compare the right bound wki
=pL

ki
of the segment ½wki

=pU
ki

,wki
=pL

ki
�, where

iAf2,3, . . . ,ng, with the left bounds wkj=pU
kj of the segments ½wkj

=pU
kj

,wkj
=pL

kj
� for all the jobs Jkj

,jAf1,2, . . . ,i�1g. Due to Lemmas 1 and 2,
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we obtain the upper bound dþki
of a possible variation of the weight-to-process ratio as follows:

dþki
¼min

wki

pL
ki

, min
1r jo i

wkj

pU
kj

( )( )
: ð16Þ

The upper bound dþk1
is equal to wk1

=pL
k1

. For d�ki
and dþki

, either case (j) or case (jj) occurs.

Case (j): dþki
Zd�ki

.

Due to Lemmas 1 and 2, the maximal range of a possible variation of the weight-to-process ratio of job Jki
is equal to ½d�ki

,dþki
�. Therefore,

the maximal range of a possible variation of the processing time pki
is equal to ½wki

=dþki
,wki

=d�ki
�.

Case (jj): dþki
od�ki

.

Due to Lemmas 1 and 2, the position i of the job Jki
in permutation pk may imply the non-optimality of permutation pk: for each fixed

processing time pki
A ½pL

ki
,pU

ki
� there exists a scenario p¼ ð. . . ,pki

, . . .ÞAT such that a permutation of the form ðpðJk1
, . . . ,Jki�1

Þ,Jki
,

pðJkiþ 1
, . . . ,Jkn

ÞÞAS is not optimal for the instance 1jpj
P

wiCi. Thus, the optimality of a position i of the job Jki
in a permutation

ðpðJk1
, . . . ,Jki�1

Þ,Jki
,pðJkiþ 1

, . . . ,Jkn
ÞÞ cannot be guaranteed only by the processing time pki

A ½pL
ki

,pU
ki
� (actually, the optimality of a position i of

the job Jki
depends on the processing times of the other jobs JlAJ ,laki). Consequently, the range for the possible variation of the

processing time pki
is empty.

Let the maximal range ½wki
=dþki

,wki
=d�ki
� of a possible variation of the processing time pki

be calculated for each job Jki
,iAf1,2, . . . ,ng, and

let there exist at least one index iAf1,2, . . . ,ng such that case (j) occurs. It is easy to convince that a stability box for a permutation pk

with respect to T is determined by the following Cartesian product:

SBðpk,TÞ ¼ �d�
i
rdþ

i

wki

dþki

,
wki

d�ki

" #
: ð17Þ

Indeed, equalities (15) and (16) imply inclusion �d�
i
rdþ

i
½wki

=dþki
,wki

=d�ki
� � f�d�

j
4dþ

j
½pkj

,pkj
�gDT . Moreover, for any scenario p0A

f�n
j ¼ 1,ja i ½pkj

,pkj
�g � ½wki

=dþki
,wki

=d�ki
� with any kiANk ¼ fi j iAN,d�i rdþi g, inequalities (2) hold. Due to Theorem 1, Lemmas 1 and 2,

permutation pk is optimal for the instance 1jp0j
P

wiCi. To convince that the Cartesian product �d�
i
rdþ

i
½wki

=dþki
,wki

=d�ki
� is a closed

rectangular box, one needs to prove that for any small real e40, there exists a scenario pe ¼ ðpe1,pe2, . . . ,penÞAT with

pevA ½wv=dþv �e,wv=d�v þe� such that permutation pk is not optimal for the instance 1jpej
P

wiCi. The latter claim follows

from Theorem 1, Lemma 1 and definitions (15) and (16). Thus, the following theorem has been proven. &

Theorem 8. If there is no a job Jki
,iAf1,2, . . . ,n�1g, in permutation pk ¼ ðJk1

,Jk2
, . . . ,Jkn

ÞAS such that inequality (13) holds for at least one job

Jkj
,jAfiþ1,iþ2, . . . ,ng, then a stability box SBðpk,TÞ is calculated in (17). Otherwise, SBðpk,TÞ ¼ |.

The following claim follows from the above proof of Theorem 8.

Property 5. If SBðpk,TÞa|, then the singleton fpkg is the minimal dominant set for problem 1jpL
i rpirpU

i j
P

wiCi with the scenario set

T0 ¼ SBðpk,TÞ.

Property 6. If pkASðTÞ, then SBðpk,TÞa| and Kðpk,TÞa|.

Proof. Due to condition (b) of Definition 1, the set SðTÞ\fpkg cannot be a minimal dominant set for problem 1jpL
i rpirpU

i j
P

wiCi.
Therefore, there exists a scenario pAT such that permutation pk is optimal for the instance 1jpj

P
wiCi (Definition 1). Thus, Lemma 1

implies SBðpk,TÞa| and Kðpk,TÞa|. &

Returning to Example 1n, we calculate a stability box for the permutation p1 ¼ ðJ1,J2, . . . ,J8Þ. The intervals of the weight-to-process
ratios are presented in a coordinate system in Fig. 2. The abscissa axis is used for indicating the weight-to-process ratios and the ordinate
axis for the jobs from the set J �. The permutation p1 does not violate the strong order relation on the set J � defined by the digraph
1 3 5 7 9 10

J1

J2

J3

J4

J5

J6

J7

J8

2 4 6 8

Fig. 2. Possible variations of the weight-to-process ratios in the permutation p1 are dashed.
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ðJ �,A0
Þ (Fig. 1). Hence, permutation p1 belongs to the minimal dominant set S(T), which is unique for Example 1n. The stability box

SBðp1,TÞ is not empty (Theorem 6). For each job JiAJ �\fJ8g, we calculate the value d�i using (15):
d�1 ¼maxfw1=pU
1 ,max1o jr8fwj=pL

j gg ¼ 9,d�2 ¼maxfw2=pU
2 ,max2o jr8fwj=pL

j gg ¼ 6,

d�3 ¼maxfw3=pU
3 ,max3o jr8fwj=pL

j gg ¼ 4,d�4 ¼maxfw4=pU
4 ,max4o jr8fwj=pL

j gg ¼ 4,

d�5 ¼maxfw5=pU
5 ,max5o jr8fwj=pL

j gg4,d�6 ¼maxfw6=pU
6 ,max6o jr8fwj=pL

j gg ¼ 2,

d�7 ¼maxfw7=pU
7 ,max7o jr8fwj=pL

j gg ¼ 1.
We calculate d�8 ¼w8=pU
8 ¼ 0:5 and dþ1 ¼w1=pL

1 ¼ 10. For each job JiAJ �\fJ1g, we calculate the value dþi using (16):
dþ2 ¼minfw2=pL
2,min1r jo2fwj=pU

j gg ¼ 8, dþ3 ¼minfw3=pL
3,min1r jo3fwj=pU

j gg ¼ 5,

dþ4 ¼minfw4=pL
4,min1r jo4fwj=pU

j gg ¼ 2:5, dþ5 ¼minfw5=pL
5,min1r jo5fwj=pU

j gg ¼ 2:5,

dþ6 ¼minfw6=pL
6,min1r jo6fwj=pU

j gg ¼ 2:5, dþ7 ¼minfw7=pL
7,min1r jo7fwj=pU

j gg ¼ 0:5,

dþ8 ¼minfw8=pL
8,min1r jo8fwj=pU

j gg ¼ 0:5.
For each index iAf1,2,3,6,8g ¼N1, inequality dþki
Zd�ki

holds (columns 7 and 8 in Table 1). We calculate the maximal ranges of the

possible variations for the jobs JiAfJ1,J2,J3,J6,J8g: ½w1=dþ1 ,w1=d�1 � ¼ ½40,400
9 �; ½w2=dþ2 ,w2=d�2 � ¼ ½67:5,90�; ½w3=dþ3 ,w3=d�3 � ¼ ½40,50�;

½w6=dþ6 ,w6=d�6 � ¼ ½64,80�; ½w8=dþ8 ,w8=d�8 � ¼ ½60,60� (columns 9 and 10). We obtain inequality dþkj
od�kj

for each index jAf4,5,7g

(columns 7 and 8). The range of the possible variation of each job JiAfJ4,J5,J7g is empty. Due to Theorem 8, the stability box of

permutation p1 ¼ ðJ1,J2, . . . ,J8Þ with respect to T is defined as follows: SBðp1,TÞ ¼ ½w1=dþ1 , w1=d�1 � � ½w2=dþ2 , w2=d�2 �� ½w3=dþ3 ,w3=d�3 ��

½w6=dþ6 ,w6=d�6 � � ½w8=dþ8 ,w8=d�8 � ¼ ½40,400
9 � � ½67:5,90� � ½40,50� � ½64,80� � ½60,60�. The ranges of the possible variations of the weight-to-

process ratios for the jobs J1,J2,J3,J6 and J8 are dashed in Fig. 2.
Hereafter, the relative volume of a stability box is defined as the product of the fractions

wi

d�i
�

wi

dþi

 !
: ðpU

i �pL
i Þ ð18Þ

for the jobs JiAJ � having strictly positive ranges of their possible variations (for such a job JiAJ �, inequality d�i odþi must hold). The
calculation of the relative volume of a stability box for permutation p1 ¼ ðJ1,J2, . . . J8Þ is given in columns 7–12 in Table 1. For job J8,
column 12 contains 1 since pU

8¼pL
8 and d�8 ¼ 0:5r0:5¼ dþ8 . Each job Ji, iAf4,5,7g, has an empty range of their possible variations since

d�i 4dþi (columns 7, 8 and 12).
Let Lri

denote the element wki
=pL

ki
in the ordered set (list) L¼ ðwk1

=pL
k1

,wk2
=pL

k2
, . . . ,wkn

=pL
kn
Þ ¼ ðL1,L2, . . . ,LnÞ. Next, we describe the

formal algorithm for calculating the stability box SBðpk,TÞ.

Algorithm STABOX.
Input: S
egments [pi
L, pi

U], weights wi, JiAJ ; permutation pk ¼ ðJk1
, . . . ,Jkn

ÞAS.
Output: S
tability box SBðpk,TÞ, dimension nk ¼ jNkj of the stability box.

Step1: C
onstruct the list L¼(L1,y,Ln) of the fractions wki

=pL
ki

in non-increasing order.
Step2: C
onstruct the list U¼(U1,y,Un) of the fractions wki
=pU

ki
in non-decreasing order.
Step3: C
onstruct the list U0
¼(U1

0,y,Un
0) of the fractions wki

=pU
ki

in non-increasing order.
Step4: F
OR i¼1 to i¼n DO set U0 :¼ U0
\fU0

ti
¼wkti

=pU
kti

g;
IF wki
=pL

ki
oU0

1 THEN SBðpk,TÞ ¼ |, nk¼0 STOP
E
ND FOR Set nk¼0.

Step5: F
OR i¼1 to i¼n�1 DO set L :¼ L\fLri

¼wkri
=pL

kri

g;
c
alculate d�ki
¼maxfwki

=pU
ki

,L1g. END FOR
Step6: F
OR i¼n to i¼2 DO set U :¼ U\fUmi
¼wkmi

=pU
kmi

g;
c
alculate dþki
¼maxfwki

=pU
ki

,U1g. END FOR
Step7: S
et d�kn
¼wkn

=pU
kn

, dþk1
¼wk1

=pL
k1

.

Step8: F
OR JiAJ DO
IF dþki
od�ki

THEN processing time pki
has to be fixed in SBðpk,TÞ; ELSE
½wki
=dþki

,wki
=d�ki
� is the maximal range of a possible variation of pki

. Set nk :¼ nkþ1.
E
ND FOR

Step9: S
Bðpk,TÞ :¼ �d�

i
rdþ

i
½wki

=dþki
,wki

=d�ki
�STOP.
The weight-to-process ratios are non-increasingly ordered in the list L (step 1). Therefore, after setting L :¼ L\fLrv g for each v¼1,2,y,i
(step 5), we obtain L1 ¼maxio jrnfwkj

=pL
kj
g. Thus, the value d�ki

calculated in step 5 satisfies (15). Arguing analogously, we can convince
that the value d�ki

calculated in step 6 satisfies (16). Inequality wki
=pL

ki
oU0

1 tested in step 4 is equivalent to inequality (13) used as a
criterion for testing whether a stability box is empty (Property 2). Each of the steps 1–3 takes O(n log n) time and each of the steps 4–6,
and 8 takes O(n) time. Thus, the complexity of Algorithm STABOX is O(n log n).
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6. A job permutation with the largest volume of a stability box

Intuitively, a job permutation with a larger volume of the stability box seems better than one with a smaller volume. Next, we

develop an O(n2)-algorithm for finding a permutation pt AS with the largest volume of a stability box SBðpk,TÞ ¼�ki ANk
½lki

,uki
�. Due

to Definition 3, for any job JiAJ , an open interval ðwi=ui,wi=liÞ should not intersect with a closed interval ½wv=pU
v ,wv=pL

v� for any job

JvAJ , va i:

wi

ui
,
wi

li

� �\ wv

pU
v

,
wv

pL
v

� �
¼ |, va i: ð19Þ

Using (19), we can show how to define a position xiAf1,2, . . . ,ng of a job JiAJ in the permutation pt ¼ ðJt1
, . . . ,Jtxi�1

,Ji,Jtxi þ 1
, . . . ,Jtn ÞAS

having the largest volume of a stability box SBðpt ,TÞ. To this end, it is sufficient to define the relative order of a job JiAJ with respect to

job JvAJ for any va i.
If the open interval ðwi=pU

i ,wi=pL
i Þ does not intersect with the closed interval ½wv=pU

v ,wv=pL
v�, JvAJ :

wi=pU
i ,wi=pL

i

� �\ wv

pU
v

,
wv

pL
v

� �
¼ |, va i, ð20Þ

then the order of the jobs Ji and Jv in the desired permutation pt is clearly defined by the minimal dominant set S(T) (or similarly, by the
digraph ðJ ,AÞ). Namely: if Ji/Jv, then job Ji has to proceed job Jv in the permutation pt , otherwise (if Jv/Ji), job Jv has to proceed job Ji.
Due to Proposition 1 and Theorems 6, a minimal dominant set is assumed to be uniquely determined and the digraph ðJ ,AÞ is circuit-

free for the problem 1jpL
i rpirpU

i j
P

wiCi under consideration. Otherwise, an instance 1jpL
i rpirpU

i j
P

wiCi has to be substituted by the

instance 1�jpL
i rpirpU

i j
P

wiCi (see Proposition 1).

Let ðwi=pU
i ,wi=pL

i Þ
T
½wv=pU

v ,wv=pL
v�a| (i.e., equality (20) does not hold). There are four possible cases (I)–(IV) for an intersection of

the intervals ðwi=pU
i ,wi=pL

i Þ and ½wv=pU
v ,wv=pL

v�. An order of the jobs Ji and Jv in the desired permutation pt may be defined in the cases

(I)–(III) as follows.
Case (I): wv=pU

v owi=pU
i and wv=pL

vrwi=pL
i .

In case (I), job Jv has to proceed job Ji in the desired permutation pt . (Otherwise, if job Ji proceeds job Jv, then the possible variation

[li,ui] of the processing time pi is empty.)
Case (II): wv=pU

v Zwi=pU
i and wv=pL

v4wi=pL
i .

In case (II), job Ji has to proceed job Jv in the desired permutation pt . (Otherwise, if job Jv proceeds job Ji, then the possible variation

[li,ui] of the processing time pi is empty.)
Case (III): wv=pU

v rwi=pU
i and wv=pL

vZwi=pL
i .

In case (III), the possible variation [li,ui] of the processing time pi is empty for both orders of the jobs Ji and Jv: either job Ji is located
before job Jv or job Jv before job Ji. Therefore, any of these two orders may be realized in the desired permutation pt .

Case (IV): wv=pU
v 4wi=pU

i and wv=pL
vowi=pL

i .
In case (IV), the possible variation [li, ui] of the processing time pi may have a positive length both if job Ji is located before job Jv and if

job Jv is located before job Ji. Moreover, these two lengths may be different.
Let J ðJiÞ denote the set of all jobs JvAJ for which either equality (20) holds, or one of the cases (I), (II) or (III) occurs. As it is shown,

the order of the job Ji with respect to job JvAJ ðJiÞ is well defined in the desired permutation pt . However, we cannot define the order of
the jobs Ji and Jv in the permutation pt if JvAJ \J ðJiÞ (i.e., if case (IV) occurs). Let J �Ji

denote the subset of the set J ðJiÞ �J including all
jobs JvAJ ðJiÞ located before job Ji in the permutation pt . The set J þJi

denotes the subset of the set J ðJiÞ ¼ J �Ji
[ J þJi

�J including all
jobs JvAJ ðJiÞ located after job Ji in the permutation pt .

If set J \fJ ðJiÞ [ fJigg is not empty (i.e., there exists a job Jv satisfying case (IV)), we order all the jobs JvAJ \fJ ðJiÞ [ fJigg ¼ fJvAJ
jwv=pU

v 4wi=pU
i ,wv=pL

vowi=pL
i g in non-decreasing of the fractions wv=pM

v (where pM
v ¼ pU

v�pL
v=2) as follows: ðJj1 ,Jj2

, . . . ,Jjci
Þ, ci ¼ jfJvA

J jwv=pU
v 4wi=pU

i ,wv=pL
vowi=pL

i gj. We treat ciþ1 permutations ðJj1
, . . . ,Jjt�1

,Ji,Jjtþ 1
, . . . ,Jjci

Þ for each index tAf1,2, . . . ,ciþ1g and choose

from them a permutation ðJj1
, . . . ,Jjt��1

,Ji,Jjt� þ 1
, . . . ,Jjci

Þwith the largest possible variation [li,ui] of the processing time pi. A position xi of the job Ji

in the desired permutation pt ¼ ðJt1
, . . . ,Jtxi�1

,Ji,Jtxi þ 1
, . . . ,Jtn ÞAS with the largest volume of a stability box SBðpt ,TÞ is calculated as follows:

xi ¼ t�þjJ �Ji
j: ð21Þ

Indeed, the possible variation [lv, uv] for the job JvAJ \fJ ðJiÞ [ fJigg is empty for any permutation from the set S since case (III) occurs
(provided that job Ji is substituted by job Jv and vice versa). Thus, in the desired permutation pt AS, the order of the jobs J \J ðJiÞ has to
maximize only the length of the possible variation [li, ui].

Furthermore, assigning a job Ji to a position m in a permutation pk ¼ ðJk1
,Jk2

, . . . ,Jkn
ÞAS partitions the set of jobs J \fJig into two subsets

with respect to the permutation pk ¼ ðJk1
, . . . ,Jkm�1

,Ji,Jkmþ 1
. . . ,Jkn

ÞAS. One set is the set of jobs fJk1
, . . . ,Jkm�1

g located before job Ji, and the

other set is the set of jobs fJkmþ 1
. . . ,Jkn

g located after job Ji. The maximal possible variation of the weight-to-process ratio for job Jkm
¼ Ji

may be calculated using equalities (15) and (16). It is clear that the result of this calculation does not depend on the order of the jobs
within the set fJk1

, . . . ,Jkm�1
g and within the set fJkmþ 1

. . . ,Jkn
g.

Next, we describe the formal algorithm for calculating the permutation pt AS with the largest volume of a stability box SBðpt ,TÞ.

Algorithm MAXSTABOX.
Input:
 Segments [pi
L, pi

U], weights wi, JiAJ .

Output:
 Permutation pt AS with the largest volume of a stability box SBðpt ,TÞ.

Step1:
 Construct the list M¼ ðJk1

, . . . ,Jkn
Þ of the jobs J in non-increasing order of the fractions wkl

=pM
kl

with pM
kl
¼ pU

kl
�pL

kl
=2,

lAf1, . . . ,ng. Set d¼1, i¼kd.
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Step2:
 Construct the digraph ðJ ,AÞ.

Step3:
 FOR j¼dþ1 to j¼n DO set v¼kj. IF the open interval ðwi=pU

i ,wi=pL
i Þ does not intersect with the closed interval ½wv=pU

v ,wv=pL
v�

THEN

IF Ji/Jv THEN job Ji proceeds job Jv in the permutation pt;

ELSE job Jv proceeds job Ji in the permutation pt;
Step4:
 ELSE IF there is no job JvAJ with wv=pU
v 4wi=pU

i , wv=pL
vowi=pL

i

THEN define the order of the jobs Ji and Jv in the permutation pt according to the above rule for the corresponding case
(I), (II) or (III) occurring for the job Ji. Namely:
IF wv=pU
v owi=pU

i , wv=pL
vrwi=pL

i THEN job Jv proceeds job Ji in pt AS;
IF wv=pU
v Zwi=pU

i , wv=pL
v4wi=pL

i THEN job Ji proceeds job Jv in pt AS;
IF wv=pU
v rwi=pU

i , wv=pL
vZwi=pL

i THEN job Ji proceeds job Jv in pt AS.
GOTO step 6.

Step5:
 ELSE Let ðJh1

, . . . ,Jhci
Þ be the list of jobs J ðJiÞ ordered as in the list M.
Via treating ciþ1 permutations ðJh1
, . . . ,Jht�1

,Ji,Jhtþ 1
, . . . ,Jhci

Þ for each tAf1,2, . . . ,ciþ1g, choose permutation

ðJh1
, . . . ,Jht�1

,Ji,Jht� þ 1
, . . . ,Jhci

Þ having the largest possible variation [li,ui] of the processing time pi.
Calculate the position xi ¼ t�þjJ �Ji
j of job Ji in the desired permutation pt ¼ ðJt1

, . . . ,Jtxi�1
,Ji,Jtxi þ 1

, . . . ,Jtn ÞAS GOTO step 7.
Step6:
 Calculate the position xi ¼ jJ �Ji
jþ1 of job Ji in the desired permutation pt ¼ ðJt1

, . . . ,Jtxi�1
,Ji,Jtxi þ 1

, . . . ,Jtn ÞAS.
END FOR

Step7:
 Set d :¼ dþ1, i¼kd. IF don GOTO step 3.
ELSE Construct the permutation pt AS via setting every job JiAJ on the position xi calculated either in step 5 or in step 6
STOP.
Step 1 takes O(n log n) time. Step 2 takes O(n2) time. In step 5, the order of the jobs in the list ðJh1
, . . . ,Jhci

Þ is the same as in the list M
already constructed in step 1.

Treating ciþ1 permutations ðJh1
, . . . ,Jht�1

,Ji,Jhtþ 1
, . . . ,Jhci

Þ for each tAf1,2, . . . ,ciþ1g takes O(ci) time in step 5. If JvAJ ðJiÞ, then job Jv

does not belong to the set J ðJkÞ for any job JkAJ \fJig. Therefore, inequality
Pn

i ¼ 1 cirn�1 holds (where equality ck¼0 may hold for
some jobs JkAJ ). Thus, the complexity Oðnðnþ

Pn
i ¼ 1 ciÞÞ of the steps 3–6 is O(n2) and so the whole Algorithm MAXSTABOX runs in

O(n2) time as well.
7. Computational results

There might be several permutations with the largest relative volume of a stability box in the set S(T), e.g., if several consecutive jobs
in a permutation pk has zero possible variations of their weight-to-process ratios. We break ties in ordering such jobs by adopting one of

the following heuristics. The lower-point heuristic generates an optimal permutation plAS for the instance 1jpLj
P

wiCi, where

pL
¼(p1

L ,p2
L ,y,pn

L). The upper-point heuristic generates an optimal permutation puAS for the instance 1jpU j
P

wiCi with pU
¼(p1

U,p2
U,y,pn

U).

The mid-point heuristic generates an optimal permutation pmAS for the instance 1jpMj
P

wiCi where pM ¼ ððpU
1�pL

1Þ=2, ðpU
2�pL

2Þ=2, . . . ,

ðpU
n�pL

nÞ=2Þ. Algorithm MAXSTABOX combined with the lower-point heuristic, upper-point heuristic and mid-point heuristic is called

Algorithm SL, Algorithm SU and Algorithm SM, respectively. These algorithms were coded in Cþþ and tested on a Laptop with AMD
Turien (tm) 64�2 Mobile Technology TL-52 1.61 GHz 1,00 GB RAM. Tables 2 and 3 represent the computational results for randomly

generated instances of the problem 1jpL
i rpirpU

i j
P

wiCi with nAf10,20, . . . ,100g and those with nAf200,300, . . . ,1000g. We solved

(either exactly or approximately) more than 300 series of randomly generated instances. Each series contains 100 instances with the

same combination of number n of jobs and the maximal possible error d of the random processing times. Numbers n is given in column 1
in Tables 2 and 3.

An integer lower bound pi
L and an integer upper bound pi

U of the values piAR1
þ of the job processing times, piA ½pL

i ,pU
i �, have been

generated in the following way. An integer center C of a segment [pi
L, pi

U] was generated using the uniform distribution in the range

½L,U� : LrCrU. The lower bound pi
L was defined as pL

i ¼ C � ð1�d=100Þ, the upper bound pi
U as pU

i ¼ C � ð1þd=100Þ. A maximum possible

error of the random processing time (in percentages) is equal to d% given in column 2. We tested instances of problem

1jpL
i rpirpU

i j
P

wiCi with d%Af0:1%,0:2%; . . . ;1%,2:5%,5%,10%,15%,20%,25%g. The same range [L, U] for the varying center C of the

segment [pi
L, pi

U] was used for all jobs JiAJ , namely: L¼1 and U¼100. For each job JiAJ , the weight wiAR1
þ was uniformly distributed

in the range [1, 50]. Note that the weight wi was assumed to be known before scheduling.

In the experiments, we answered the question of how large the relative error D of the value gt
p� of the objective function

g¼
Pn

i ¼ 1 wiCi was obtained for the permutation pt with the largest relative volume of a stability box SBðpt ,TÞ with respect to the

actually optimal objective function value g�p� calculated for the actual processing times p� ¼ ðp�1,p�2, . . . ,p�nÞAT : D¼ g�p��gt
p�=g�p� . The

relative volume of a stability box SBðpt ,TÞ is defined as the product of the fractions (18). In contrast to the weights wi, the actual
processing times pn

i of the jobs JiAJ have been assumed to be unknown before scheduling. Columns 9–11 (columns 12–14) present the
average (maximal) error D for the corresponding series of instances obtained by Algorithm SL, Algorithm SU and Algorithm SM,

respectively. As a measure of uncertainty for problem 1jpL
i rpirpU

i j
P

wiCi, we use the relation jAj : ððnðn�1ÞÞ=2Þ, where jAj is the

number of arcs in the digraph ðJ ,AÞ and ðnðn�1ÞÞ=2 is the number of arcs in the complete circuit-free digraph. The average relation
jAj : ððnðn�1ÞÞ=2Þ � 100% is given in column 3 in Tables 2 and 3. Columns 4 represents the average dimension nt of the stability box with
the largest relative volume. Columns 5 represents the average largest relative volume of the stability box.



Table 2
Randomly generated instances with [L,U]¼[1,100], wi A ½1,50� and nAf10,20, . . . ,100g.

n d (%) jAj (%) nt Volume of SBðpt ,TÞ Exact solutions Average error Maximal error CPU-time

SL SU SM SL SU SM SL SU SM

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

10 0.1 100 10 1 100 100 100 0 0 0 0 0 0 0

10 0.2 100 10 1 100 100 100 0 0 0 0 0 0 0

10 0.3 100 10 1 100 100 100 0 0 0 0 0 0 0

10 0.4 100 10 1 100 100 100 0 0 0 0 0 0 0

10 0.5 100 10 1 100 100 100 0 0 0 0 0 0 0

10 0.6 99.933333 9.97 0.9917838 99 97 100 0.000001 0:000017 0 0.000069 0:001328 0 0

10 0.7 99.577778 9.92 0.8987959 94 96 96 0.000015 0:000021 0:000021 0.000437 0:001265 0:001265 0

10 0.8 99.6 9.91 0.9174445 95 95 98 0.000014 0:000015 0.000003 0.001029 0:001105 0.000214 0

10 0.9 99.644444 9.96 0.9015215 96 96 96 0.000015 0:000019 0.000015 0.001159 0.001159 0.001159 0

10 1 99.533333 9.87 0.9092345 92 90 95 0.000017 0:000037 0.000013 0:000789 0.000743 0.000589 0

10 2.5 97.311111 9.66 0.513894 79 87 87 0:000152 0.000097 0.000079 0.002142 0:002611 0.001819 0

10 5 95.555556 9.63 0.2295068 69 71 72 0:000313 0.000241 0.000236 0.003975 0.003975 0.003975 0

10 10 90.333333 9 0.0661674 42 45 45 0.001534 0:00154 0.001447 0.009765 0:010319 0:010319 0

10 15 85.622222 8.44 0.0242103 34 36 35 0.002910 0:002968 0.002938 0.020817 0.020817 0.020817 0

10 20 81.844444 7.8 0.0160475 24 26 30 0:004946 0.00452 0.004466 0.03258 0:033525 0.032974 0

10 25 77 6.94 0.0212792 18 17 17 0.007555 0.007569 0:007721 0:046069 0.042479 0.042479 0

20 0.1 100 20 1 100 100 100 0 0 0 0 0 0 0

20 0.2 100 20 1 100 100 100 0 0 0 0 0 0 0

20 0.3 100 20 1 100 100 100 0 0 0 0 0 0 0

20 0.4 100 20 1 100 100 100 0 0 0 0 0 0 0

20 0.5 100 20 1 100 100 100 0 0 0 0 0 0 0

20 0.6 99.878947 19.85 0.9171307 90 91 92 0.000009 0:00001 0.000005 0:000296 0:000296 0.00022 0

20 0.7 99.710526 19.67 0.7754711 86 81 92 0:000024 0.000021 0.000012 0:000479 0.000356 0.000395 0

20 0.8 99.5 19.57 0.6563203 67 73 78 0:000036 0.00003 0.00002 0.000289 0:000397 0.000334 0

20 0.9 99.3 19.38 0.5173639 64 70 76 0:000045 0.000035 0.000029 0.000719 0.000719 0.000719 0

20 1 99.189474 19.44 0.4158016 69 74 77 0:000045 0.000037 0.000035 0:000649 0.000477 0.000411 0

20 2.5 97.668421 18.93 0.0838408 39 37 46 0.000139 0:000163 0.000133 0.001064 0.00087 0:001475 0

20 5 94.926316 17.37 0.0121054 18 16 21 0.000448 0:000463 0.000428 0.002496 0:002906 0.002496 0

20 10 90.189474 14.68 0.0006664 4 6 7 0.001633 0:001693 0.001647 0:006251 0.006032 0.006032 0

20 15 85.063158 11.65 0.001938 0 0 0 0:003874 0.003784 0.003809 0.017293 0:017494 0.017106 0

20 20 80.415789 9.31 0.0050749 1 0 1 0.006213 0:006369 0.006179 0.021536 0:022109 0.021536 0

20 25 74.352632 7.33 0.011858 0 0 0 0.011219 0.01129 0:011408 0.033143 0:033884 0:033884 0

30 0.1 100 30 1 100 100 100 0 0 0 0 0 0 0

30 0.2 100 30 1 100 100 100 0 0 0 0 0 0 0

30 0.3 100 30 1 100 100 100 0 0 0 0 0 0 0

30 0.4 100 30 1 100 100 100 0 0 0 0 0 0 0

30 0.5 100 30 1 100 100 100 0 0 0 0 0 0 0

30 0.6 99.873563 29.55 0.8463245 83 78 86 0.000014 0:000021 0.000005 0:000466 0.000251 0.0001 0

30 0.7 99.698851 29.3 0.5438828 64 64 79 0.000022 0:000027 0.000008 0.000195 0:000292 0.000195 0

30 0.8 99.531034 29.02 0.390187 59 50 65 0.000031 0:000039 0.000023 0.000264 0:000283 0.000264 0

30 0.9 99.386207 28.77 0.2859986 54 45 61 0:00004 0.000039 0.000024 0:000374 0.000254 0.000176 0

30 1 99.266667 28.68 0.1899473 43 49 49 0:000043 0.000037 0.000031 0.00026 0:000365 0.000236 0

30 2.5 97.714943 27.03 0.0077736 16 13 19 0.000146 0:000161 0.00015 0.000678 0:000725 0.000678 0

30 5 95.032184 23.59 0.0000551 2 3 5 0:00049 0.000485 0.000482 0:00239 0.00187 0.002177 0.01

30 10 90.234483 17.04 0.0000339 0 0 0 0:001737 0.001668 0.001643 0.007396 0:007661 0:007661 0

30 15 84.751724 11.86 0.0013088 0 0 0 0:003789 0.003757 0.003746 0.010754 0:012262 0.010137 0

30 20 79.857471 9.26 0.0036536 0 0 0 0:006993 0.006991 0.00691 0:019905 0.019421 0.019391 0

30 25 74.825287 7.29 0.0151472 0 0 0 0:010592 0.010509 0.010513 0:026652 0.024 0.024102 0

40 0.1 100 40 1 100 100 100 0 0 0 0 0 0 0

40 0.2 100 40 1 100 100 100 0 0 0 0 0 0 0

40 0.3 100 40 1 100 100 100 0 0 0 0 0 0 0

40 0.4 100 40 1 100 100 100 0 0 0 0 0 0 0
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40 0.5 99.997436 39.98 0.9920779 100 98 100 0 0 0 0 0:00002 0 0

40 0.6 99.826923 39.02 0.6075943 63 56 71 0.000012 0:000017 0.000008 0:000215 0.000189 0.000153 0

40 0.7 99.64359 38.49 0.3081518 36 51 57 0:000032 0.000021 0.000013 0:000191 0.000153 0.000115 0

40 0.8 99.471795 37.93 0.1781846 32 34 53 0.000034 0:000035 0.000018 0.000189 0:000193 0.000158 0.01

40 0.9 99.323077 37.63 0.1107597 24 27 36 0:00005 0.000049 0.000039 0.00024 0:000369 0.00025 0

40 1 99.252564 37.43 0.0716628 18 20 24 0:000052 0.00005 0.000042 0.000271 0.000234 0:000283 0

40 2.5 97.642308 34.09 0.0004278 4 4 6 0.000144 0:000155 0.000134 0.000487 0:000524 0.000447 0

40 5 94.915385 27.55 0.0000036 0 0 0 0.000513 0:000515 0.000483 0.001526 0.00141 0:001677 0

40 10 89.40641 17.61 0.0000011 0 0 0 0:001968 0.001911 0.001949 0.004101 0.004221 0:004364 0

40 15 84.441026 11.59 0.0045304 0 0 0 0.003827 0:003903 0.003826 0.008565 0:010147 0.00874 0

40 20 79.284615 8.27 0.0075389 0 0 0 0:00692 0.006801 0.006808 0.013952 0.013522 0:014075 0

40 25 74.234615 6.84 0.0123886 0 0 0 0.010471 0:010515 0.01051 0:022627 0.020185 0.020071 0

50 0.1 100 50 1 100 100 100 0 0 0 0 0 0 0.01

50 0.2 100 50 1 100 100 100 0 0 0 0 0 0 0

50 0.3 100 50 1 100 100 100 0 0 0 0 0 0 0

50 0.4 100 50 1 100 100 100 0 0 0 0 0 0 0

50 0.5 99.998367 49.97 0.9954546 100 99 100 0 0 0 0 0:000009 0 0

50 0.6 99.821224 48.56 0.4573814 48 37 62 0.000015 0:000016 0.000008 0:000146 0.000083 0.000102 0

50 0.7 99.639184 47.41 0.1820659 26 22 48 0.000028 0:000029 0.000014 0:000182 0.000165 0.000111 0.01

50 0.8 99.471837 46.56 0.0681998 11 10 23 0:000041 0.000035 0.000025 0:000184 0.000144 0.000115 0

50 0.9 99.326531 46.22 0.0275715 8 10 20 0:000047 0.000043 0.000029 0:000204 0.000136 0.000117 0

50 1 99.245714 46.11 0.0225534 6 11 15 0:000055 0.000052 0.000039 0.000195 0:000239 0.000171 0

50 2.5 97.670204 40.62 0.0000008 1 1 1 0.000172 0:000176 0.000155 0:000628 0.000549 0.000487 0

50 5 95.005714 30.75 0.01 1 1 1 0:000516 0.000515 0.000492 0.001407 0:001473 0.001373 0.01

50 10 89.920816 17.99 0.0005546 0 0 0 0.001806 0:001823 0.001798 0.003586 0:003817 0.003677 0

50 15 84.440816 11.37 0.0016523 0 0 0 0:003862 0.003819 0.003803 0.006838 0:006965 0.006621 0

50 20 79.208163 8.34 0.0082483 0 0 0 0:007084 0.006924 0.007009 0:013978 0.013416 0.013416 0

50 25 74.041633 6.69 0.0128007 0 0 0 0:010999 0.010926 0.010972 0:02207 0.02073 0.02109 0

60 0.1 100 60 1 100 100 100 0 0 0 0 0 0 0.01

60 0.2 100 60 1 100 100 100 0 0 0 0 0 0 0

60 0.3 100 60 1 100 100 100 0 0 0 0 0 0 0

60 0.4 100 60 1 100 100 100 0 0 0 0 0 0 0

60 0.5 99.99887 59.98 0.9905815 99 98 99 0 0 0 0.000008 0:000019 0.000008 0.01

60 0.6 99.814689 57.51 0.3163 24 29 49 0.000017 0:000018 0.000008 0.000109 0:000136 0.000046 0

60 0.7 99.649718 56.48 0.1061775 14 22 32 0:000033 0.000029 0.000017 0.000135 0:000179 0.000112 0

60 0.8 99.468362 55.16 0.0289076 7 5 13 0.000044 0:000046 0.000029 0:000163 0.000156 0.000156 0.01

60 0.9 99.316384 54.31 0.0095535 3 3 12 0:000051 0.000043 0.000027 0.000181 0:000208 0.00015 0

60 1 99.188701 53.59 0.0019831 3 4 8 0:00006 0.000054 0.000038 0:000244 0.000187 0.000105 0

60 2.5 97.629379 45.66 � 0 0 0 0 0:000177 0:000177 0.000158 0.000448 0:000471 0.000378 0.01

60 5 95.076271 32.99 0.0000001 0 0 0 0:000496 0.00049 0.000472 0.001034 0:001091 0.001068 0

60 10 89.482486 17.32 0.0000072 0 0 0 0:001931 0.001911 0.001922 0:003342 0.003211 0.003244 0

60 15 84.623729 11.49 0.0040151 0 0 0 0:004135 0.004025 0.004003 0:007468 0.007117 0.007078 0

60 20 79.323729 8.2 0.0046016 0 0 0 0:007482 0.007444 0.007465 0:012847 0.01214 0.012333 0.01

60 25 74.327684 6.67 0.02173 0 0 0 0:011204 0.01116 0.011177 0.022117 0.022474 0:022726 0

70 0.1 100 70 1 100 100 100 0 0 0 0 0 0 0

70 0.2 100 70 1 100 100 100 0 0 0 0 0 0 0.01

70 0.3 100 70 1 100 100 100 0 0 0 0 0 0 0

70 0.4 100 70 1 100 100 100 0 0 0 0 0 0 0.01

70 0.5 99.999586 69.99 0.9984616 100 99 100 0 0 0 0 0:000001 0 0

70 0.6 99.827743 67 0.233306 22 23 44 0.000015 0:00002 0.000008 0.000075 0:000118 0.000053 0.01

70 0.7 99.638509 64.84 0.0488726 4 5 13 0:000032 0.00003 0.000017 0:000098 0.000084 0.000074 0

70 0.8 99.481988 63.76 0.0611658 2 5 5 0:00004 0.000035 0.000022 0:000122 0.000101 0.000074 0.01

70 0.9 99.337474 62.72 0.0171889 1 2 10 0.000046 0:000047 0.000031 0:00013 0.000117 0.000109 0

70 1 99.21118 61.37 0.0005221 0 2 5 0:000056 0.000052 0.000037 0:000184 0.000158 0.000140 0

70 2.5 97.660455 50.51 � 0 0 0 0 0.000163 0:00017 0.00015 0.000303 0:000369 0.000319 0.01

70 5 94.888613 33.57 � 0 0 0 0 0.000523 0:000529 0.000508 0:001091 0.001073 0.001064 0

70 10 89.796273 17.56 0.0000175 0 0 0 0:001796 0.001793 0.001788 0.003046 0.003056 0:003078 0.01

70 15 84.413251 10.86 0.0005931 0 0 0 0.004112 0:004122 0.004119 0:008153 0.008121 0.007798 0

70 20 79.687785 7.78 0.0052374 0 0 0 0.007117 0.007101 0:007122 0:01754 0.016522 0.016504 0.01

70 25 74.69648 6.37 0.0100287 0 0 0 0.010946 0.010945 0:010964 0.019794 0:019873 0.019234 0
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Table 2 (continued )

n d (%) jAj (%) nt Volume of SBðpt ,TÞ Exact solutions Average error Maximal error CPU-time

SL SU SM SL SU SM SL SU SM

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

80 0.1 100 80 1 100 100 100 0 0 0 0 0 0 0.01

80 0.2 100 80 1 100 100 100 0 0 0 0 0 0 0

80 0.3 100 80 1 100 100 100 0 0 0 0 0 0 0.01

80 0.4 100 80 1 100 100 100 0 0 0 0 0 0 0.01

80 0.5 99.998418 79.94 0.9878789 96 99 96 0 0 0 0:00002 0.000003 0:00002 0

80 0.6 99.813924 75.86 0.1725169 14 17 33 0:000019 0.000013 0.000007 0:000088 0.000072 0.000065 0.01

80 0.7 99.601899 72.84 0.0126145 5 0 9 0:000035 0.000034 0.00002 0:000124 0.000104 0.000099 0.01

80 0.8 99.518987 72.28 0.0014432 1 0 3 0:00004 0.000038 0.000023 0:000154 0.00011 0.000109 0

80 0.9 99.327848 70.72 0.0000176 0 0 3 0:000049 0.000048 0.000032 0.000137 0:000154 0.000121 0.01

80 1 99.19019 69.06 0.0000396 0 0 0 0:000058 0:000058 0.000043 0:000175 0.000164 0:000175 0

80 2.5 97.613924 54.06 � 0 0 0 0 0:000179 0.000174 0.000154 0:000483 0.000401 0.000342 0.01

80 5 94.923101 34.36 � 0 0 0 0 0:000531 0.000529 0.000511 0.001184 0.001064 0:001188 0.01

80 10 89.441456 16.53 0.0000619 0 0 0 0:001847 0.001819 0.001811 0.00283 0:002968 0.002615 0

80 15 84.247785 11.04 0.0026216 0 0 0 0:004147 0.00412 0.004104 0.006911 0:007253 0.006867 0.01

80 20 79.317089 8 0.0034028 0 0 0 0:007321 0.007296 0.007282 0.011022 0:011262 0.01117 0.01

80 25 74.320253 6.11 0.0155625 0 0 0 0:011628 0.011564 0.011598 0:017525 0.017237 0.017386 0

90 0.1 100 90 1 100 100 100 0 0 0 0 0 0 0.01

90 0.2 100 90 1 100 100 100 0 0 0 0 0 0 0.01

90 0.3 100 90 1 100 100 100 0 0 0 0 0 0 0.01

90 0.4 100 90 1 100 100 100 0 0 0 0 0 0 0.01

90 0.5 99.997753 89.91 0.9820893 96 95 96 0 0 0 0:000013 0.000008 0:000013 0.01

90 0.6 99.820974 84.81 0.1248793 9 13 31 0:000018 0.000016 0.000008 0:000085 0.000055 0.00005 0

90 0.7 99.630961 81.41 0.0061758 2 0 6 0:000031 0.00003 0.000015 0.000089 0:000112 0.000064 0.01

90 0.8 99.476404 79.52 0.0002124 0 0 5 0:000041 0.000039 0.000022 0.000114 0:000126 0.000078 0.01

90 0.9 99.342322 78.38 0.000009 0 0 1 0:000051 0.000046 0.000033 0:000173 0.000153 0.000097 0.01

90 1 99.185268 75.78 0.0000009 0 0 0 0:00006 0.000059 0.000042 0:000131 0.000127 0.000104 0.01

90 2.5 97.60799 57.83 � 0 0 0 0 0:00017 0.000164 0.000144 0:000365 0.000332 0.000293 0.01

90 5 94.853683 34.73 � 0 0 0 0 0:000534 0.000532 0.000511 0:001055 0.000924 0.001029 0.01

90 10 89.605243 16.65 0.000029 0 0 0 0:001892 0.00187 0.001865 0:003357 0.003177 0.003229 0.01

90 15 84.416479 10.59 0.0027047 0 0 0 0:004241 0.004227 0.004197 0:008959 0.008594 0.008589 0.01

90 20 79.296879 7.62 0.0077067 0 0 0 0.007256 0:007299 0.007234 0:012012 0.011768 0.011491 0

90 25 74.480649 5.37 0.0172727 0 0 0 0.011469 0:011472 0.011459 0.017259 0:017678 0.017662 0.01

100 0.1 100 100 1 100 100 100 0 0 0 0 0 0 0.02

100 0.2 100 100 1 100 100 100 0 0 0 0 0 0 0.01

100 0.3 100 100 1 100 100 100 0 0 0 0 0 0 0.01

100 0.4 100 100 1 100 100 100 0 0 0 0 0 0 0.01

100 0.5 99.99899 99.94 0.9922799 95 99 95 0 0 0 0:000016 0.000008 0:000016 0.01

100 0.6 99.804444 93.48 0.0648904 5 1 18 0.000017 0:000019 0.000008 0.000051 0:000064 0.000048 0.01

100 0.7 99.630101 89.87 0.0018207 1 0 5 0.000031 0:000032 0.000017 0.000087 0:000096 0.000052 0.01

100 0.8 99.470505 86.99 0.0000507 0 1 3 0:000044 0.000041 0.000026 0:000125 0.000112 0.000087 0.02

100 0.9 99.317576 46.22 0.0000034 0 0 0 0:000052 0.000049 0.000035 0:000114 0.000101 0.000093 0.01

100 1 99.216768 83.17 � 0 0 0 0 0:000055 0.000054 0.000037 0:000136 0.000126 0.000082 0.01

100 2.5 97.595152 59.87 � 0 0 0 0 0:000176 0.000173 0.000154 0.000344 0:00039 0.000308 0.01

100 5 94.97697 34.64 � 0 0 0 0 0:000511 0.000503 0.000486 0:000841 0.000805 0.000766 0.01

100 10 89.650707 16.2 0.0002331 0 0 0 0:001894 0.001846 0.00185 0.002927 0:00304 0.002912 0.02

100 15 84.311717 10.47 0.001412 0 0 0 0:004305 0.004244 0.004255 0.006093 0:006235 0.006015 0.01

100 20 79.057172 7.32 0.0246701 0 0 0 0.007373 0.007356 0:007377 0.011932 0.012269 0:012514 0.01

100 25 74.157172 5.92 0.0142538 0 0 0 0:011441 0.011428 0.011396 0:018428 0.018026 0.017491 0.01

The worst results 39 32 3 67 39 6 55 49 17

The best results 53 54 106 58 65 137 73 70 124

The best results when ðJ ,AÞ is not complete 10 11 63 15 22 94 30 27 81
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Table 3
Randomly generated instances with [L,U]¼[1,100], wi A ½1,50� and nAf200,300, . . . ,1000g.

n d (%) jAj (%) nt Volume of SBðpt ,TÞ Exact solutions Average error Maximal error CPU-time

SL SU SM SL SU SM SL SU SM

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

200 0.1 100 200 1 100 100 100 0 0 0 0 0 0 0.08

200 0.2 100 200 1 100 100 100 0 0 0 0 0 0 0.08

200 0.3 100 200 1 100 100 100 0 0 0 0 0 0 0.08

200 0.4 100 200 1 100 100 100 0 0 0 0 0 0 0.09

200 0.5 99.997688 199.54 0.9008472 78 90 78 0 0 0 0:000007 0.000003 0:000007 0.08

200 0.6 99.804472 174.45 0.0004153 0 0 0 0.00002 0:000021 0.00001 0.000044 0:000048 0.000026 0.08

200 0.7 99.631005 161.56 � 0 0 0 0 0:000033 0.000031 0.000017 0.000059 0:000061 0.000038 0.09

200 0.8 99.460101 150.7 � 0 0 0 0 0:000043 0:000043 0.000026 0:000072 0.000071 0.000051 0.08

200 0.9 99.318040 142 � 0 0 0 0 0:000051 0.00005 0.000034 0.000078 0:000088 0.00006 0.09

200 1 99.199749 136.14 � 0 0 0 0 0:000058 0.000054 0.000041 0:000103 0.000083 0.000077 0.08

200 2.5 97.57608 71.48 � 0 0 0 0 0.000176 0:000178 0.000155 0.000303 0:000308 0.000264 0.09

200 5 94.829497 33.45 � 0 0 0 0 0:000536 0.000529 0.000513 0:000813 0.000685 0.000716 0.08

200 10 89.62 14.93 0.0011442 0 0 0 0:001979 0.00197 0.001955 0.002694 0:002764 0.002701 0.09

200 15 84.361859 9.53 0.0136524 0 0 0 0:004197 0.004193 0.004173 0.005407 0.005471 0:005485 0.09

200 20 79.290653 6.53 0.0130892 0 0 0 0:00766 0.007616 0.007603 0.009749 0:009891 0.009822 0.09

200 25 74.281206 4.76 0.0392243 0 0 0 0.011833 0.011838 0:011845 0.01741 0.01746 0:017492 0.09

300 0.1 100 300 1 100 100 100 0 0 0 0 0 0 0.27

300 0.2 100 300 1 100 100 100 0 0 0 0 0 0 0.27

300 0.3 100 300 1 100 100 100 0 0 0 0 0 0 0.27

300 0.4 100 300 1 100 100 100 0 0 0 0 0 0 0.26

300 0.5 99.997748 298.97 0.7989643 67 73 71 0 0 0 0.000002 0:000004 0.000001 0.27

300 0.6 99.811839 247.58 0.0000001 0 0 0 0.000019 0:00002 0.000009 0.000035 0:000041 0.000021 0.28

300 0.7 99.643501 221.84 � 0 0 0 0 0:000033 0.000032 0.000017 0:000061 0.000054 0.000034 0.28

300 0.8 99.467536 199.74 � 0 0 0 0 0:000045 0.000042 0.000027 0:000084 0.000072 0.000045 0.29

300 0.9 99.319287 182 � 0 0 0 0 0:000053 0.000052 0.000035 0:000079 0.000073 0.000054 0.28

300 1 99.195853 169.08 � 0 0 0 0 0:000058 0.000056 0.00004 0.000081 0:000085 0.000062 0.29

300 2.5 97.612375 75.14 � 0 0 0 0 0:000176 0:000176 0.000156 0:000227 0.000218 0.000191 0.28

300 5 94.850792 34.15 0.0000005 0 0 0 0:000548 0.000541 0.000524 0:000756 0.000707 0.000722 0.28

300 10 89.572999 14.7 0.000654 0 0 0 0:001958 0.001948 0.001945 0.002394 0.002405 0:002432 0.28

300 15 85.063158 11.65 0.001938 0 0 0 0:004377 0.004369 0.004354 0:006686 0.006621 0.006646 0.29

300 20 79.276477 6.16 0.0289215 0 0 0 0.00764 0:007642 0.007614 0:009832 0.009621 0.009637 0.3

300 25 74.214827 4.21 0.0307681 0 0 0 0.011788 0.011784 0:011797 0:014829 0.014692 0.014692 0.29

400 0.1 100 400 1 100 100 100 0 0 0 0 0 0 0.63

400 0.2 100 400 1 100 100 100 0 0 0 0 0 0 0.62

400 0.3 100 400 1 100 100 100 0 0 0 0 0 0 0.63

400 0.4 100 400 1 100 100 100 0 0 0 0 0 0 0.62

400 0.5 99.997719 398.18 0.686512 55 55 49 0 0 0 0:000003 0.000002 0:000003 0.63

400 0.6 99.812268 312.68 � 0 0 0 0 0:00002 0.000019 0.000009 0.000036 0:000037 0.00002 0.66

400 0.7 99.638296 269.88 � 0 0 0 0 0:000033 0.000032 0.000018 0:000049 0.000046 0.000028 0.67

400 0.8 99.461278 236.28 � 0 0 0 0 0:000044 0.000043 0.000027 0.000064 0:000069 0.000043 0.66

400 0.9 99.333396 216.55 � 0 0 0 0 0:000051 0:000051 0.000034 0:000073 0:000073 0.000056 0.66

400 1 99.194273 195.34 � 0 0 0 0 0:000058 0.000057 0.00004 0:000082 0.000077 0.000057 0.67

400 2.5 97.599712 78.98 � 0 0 0 0 0:000178 0.000173 0.000154 0.000216 0:00023 0.000198 0.66

400 5 94.891767 35.59 0.0000031 0 0 0 0:000549 0.000542 0.000527 0.000679 0:000688 0.000678 0.66

400 10 89.644511 15.36 0.0040239 0 0 0 0:001974 0.001969 0.001954 0.002369 0:002489 0:002489 0.67

400 15 84.294248 9.27 0.0103138 0 0 0 0:004342 0.004315 0.004302 0:005524 0.005477 0.005505 0.69

400 20 79.278985 5.29 0.0356351 0 0 0 0:007721 0.007703 0.007686 0.00895 0.008983 0:009022 0.69

400 25 74.184787 3.99 0.0521609 0 0 0 0:011805 0.01179 0.011792 0:01528 0.014958 0.015129 0.7
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Table 3 (continued )

n d (%) jAj (%) nt Volume of SBðpt ,TÞ Exact solutions Average error Maximal error CPU-time

SL SU SM SL SU SM SL SU SM

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

500 0.1 100 500 1 100 100 100 0 0 0 0 0 0 1.22

500 0.2 100 500 1 100 100 100 0 0 0 0 0 0 1.22

500 0.3 100 500 1 100 100 100 0 0 0 0 0 0 1.22

500 0.4 100 500 1 100 100 100 0 0 0 0 0 0 1.21

500 0.5 99.997587 496.98 0.5757675 44 47 44 0 0 0 0:000002 0:000002 0.000001 1.22

500 0.6 99.814749 370.81 � 0 0 0 0 0:000019 0:000019 0.000009 0:000032 0.000037 0.000015 1.28

500 0.7 99.636248 315.77 � 0 0 0 0 0:000032 0.000031 0.000017 0:000047 0.000046 0.000017 1.29

500 0.8 99.466629 272.5 � 0 0 0 0 0:000044 0.000043 0.000026 0:000066 0.000063 0.000041 1.29

500 0.9 99.333042 243.54 � 0 0 0 0 0:000052 0.000051 0.000034 0:000069 0.000068 0.000052 1.28

500 1 99.200858 218.58 � 0 0 0 0 0:000058 0:000058 0.000042 0.000079 0:000081 0.000062 1.29

500 2.5 97.591086 84.44 � 0 0 0 0 0:000176 0.000173 0.000154 0.000207 0:000222 0.000185 1.3

500 5 94.901523 37.12 0.000038 0 0 0 0:00055 0.000543 0.000529 0.000662 0:000664 0.000639 1.29

500 10 89.605002 16.13 0.0098597 0 0 0 0:001986 0.001978 0.001968 0:002333 0.002285 0.002295 1.31

500 15 84.333459 9.14 0.0265382 0 0 0 0:004344 0.004322 0.004314 0:005311 0.005293 0.005282 1.34

500 20 79.133066 5.82 0.0443501 0 0 0 0:007756 0.007735 0.007715 0:009255 0.009075 0.009067 1.34

500 25 74.279832 4.09 0.0582705 0 0 0 0:011949 0.011933 0.011937 0.014403 0.014402 0:014483 1.38

600 0.1 100 600 1 100 100 100 0 0 0 0 0 0 2.09

600 0.2 100 600 1 100 100 100 0 0 0 0 0 0 2.1

600 0.3 100 600 1 100 100 100 0 0 0 0 0 0 2.11

600 0.4 100 600 1 100 100 100 0 0 0 0 0 0 2.09

600 0.5 99.997440 595.47 0.4319593 22 36 24 0 0 0 0:000002 0:000002 0.000001 2.11

600 0.6 99.817084 428.33 � 0 0 0 0 0:000019 0:000019 0.000009 0.00003 0:000034 0.000015 2.22

600 0.7 99.637919 355.16 � 0 0 0 0 0:000034 0.000032 0.000018 0:000045 0.000044 0.000026 2.22

600 0.8 99.476361 305.76 � 0 0 0 0 0:000044 0.000043 0.000026 0.000057 0:000059 0.000036 2.22

600 0.9 99.326939 268.16 � 0 0 0 0 0:000053 0.000051 0.000034 0.000068 0:00007 0.000047 2.23

600 1 99.199354 242.3 � 0 0 0 0 0:000058 0:000058 0.000041 0:000078 0.000077 0.000052 2.23

600 2.5 97.600445 91.04 � 0 0 0 0 0:000176 0.000173 0.000154 0:000215 0:000215 0.000192 2.22

600 5 94.850590 40.24 0.0005476 0 0 0 0:000553 0.000549 0.000532 0.000663 0:000673 0.000644 2.23

600 10 89.607273 16.78 0.0188091 0 0 0 0:001951 0.001949 0.001939 0.002387 0:002401 0.002396 2.26

600 15 84.488342 9.19 0.0231484 0 0 0 0:004337 0.004328 0.004308 0.005114 0:005184 0.005115 2.26

600 20 79.247974 5.77 0.0463573 0 0 0 0:007666 0.00763 0.007622 0:008698 0.008638 0.008657 2.32

600 25 74.052354 3.81 0.0731271 0 0 0 0:011954 0.011936 0.011953 0.014281 0:014333 0.014282 2.4

700 0.1 100 700 1 100 100 100 0 0 0 0 0 0 3.38

700 0.2 100 700 1 100 100 100 0 0 0 0 0 0 3.35

700 0.3 100 700 1 100 100 100 0 0 0 0 0 0 3.36

700 0.4 100 700 1 100 100 100 0 0 0 0 0 0 3.37

700 0.5 99.997899 694.91 0.430126 26 36 23 0 0 0 0.000001 0.000001 0.000001 3.33

700 0.6 99.812712 477.36 � 0 0 0 0 0:00002 0.000019 0.000009 0:000029 0.000026 0.000014 3.53

700 0.7 99.634359 387.78 � 0 0 0 0 0:000033 0:000033 0.000018 0:000046 0.000043 0.000027 3.57

700 0.8 99.464631 330.53 � 0 0 0 0 0:000044 0.000043 0.000026 0:000057 0.000036 0.000039 3.57

700 0.9 99.326826 292.56 � 0 0 0 0 0:000051 0.00005 0.000033 0:000066 0.000065 0.000043 3.58

700 1 99.190399 260.26 � 0 0 0 0 0:00006 0.000059 0.000042 0:000079 0.000075 0.000058 3.59

700 2.5 97.598177 99.81 0.0000001 0 0 0 0:000176 0.000175 0.000155 0:000214 0.000206 0.000183 3.5

700 5 94.870014 44.89 0.0000951 0 0 0 0:000556 0.000551 0.000534 0:000651 0.000642 0.000622 3.53

700 10 89.623143 17.61 0.010328 0 0 0 0:001969 0.001963 0.001955 0:002309 0.002303 0.002286 3.57

700 15 84.325461 9.98 0.0260453 0 0 0 0:004371 0.004356 0.00434 0:00509 0.005045 0.005005 3.66

700 20 79.146499 5.68 0.0338831 0 0 0 0:00768 0.007649 0.007634 0:009204 0.009124 0.009115 3.59

700 25 73.947431 4.43 0.0498535 0 0 0 0:011956 0.011942 0.011944 0:014082 0.013884 0.013922 3.78

800 0.1 100 800 1 100 100 100 0 0 0 0 0 0 5.19
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800 0.2 100 800 1 100 100 100 0 0 0 0 0 0 5.19

800 0.3 100 800 1 100 100 100 0 0 0 0 0 0 5.18

800 0.4 100 800 1 100 100 100 0 0 0 0 0 0 5.19

800 0.5 99.997847 793.15 0.3458384 22 32 14 0 0 0 0:000002 0.000001 0.000001 5.21

800 0.6 99.810156 524.62 � 0 0 0 0 0:00002 0.000019 0.000009 0:000028 0.000027 0.000013 5.43

800 0.7 99.633917 425.59 � 0 0 0 0 0:000033 0:000033 0.000018 0:000043 0:000043 0.000024 5.49

800 0.8 99.463085 356.05 � 0 0 0 0 0:000043 0.000042 0.000026 0:000058 0.000056 0.000035 5.49

800 0.9 99.322459 317.48 � 0 0 0 0 0:000052 0.000051 0.000034 0:000071 0.000067 0.000047 5.48

800 1 99.197985 283.41 � 0 0 0 0 0:000059 0.000058 0.000042 0:000077 0.00007 0.000053 5.51

800 2.5 97.567785 107.38 0.00000003 0 0 0 0:000179 0.000176 0.000158 0:000211 0.000203 0.000185 5.43

800 5 94.876702 47.43 0.0003798 0 0 0 0:000553 0.000548 0.000531 0:000672 0:000672 0.000652 5.37

800 10 89.589258 18.88 0.0134649 0 0 0 0:00198 0.001969 0.00196 0:002312 0.002263 0.002272 5.48

800 15 84.349193 11.13 0.0216885 0 0 0 0:00439 0.00437 0.004357 0.00537 0:00541 0.005374 5.54

800 20 79.207747 5.85 0.0178926 0 0 0 0:00769 0.00766 0.007645 0:009058 0.008958 0.008955 5.43

800 25 74.037882 4.8 0.0399213 0 0 0 0.011958 0.011946 0:011961 0.014022 0.013989 0:014092 5.67

900 0.1 100 900 1 100 100 100 0 0 0 0 0 0 7.45

900 0.2 100 900 1 100 100 100 0 0 0 0 0 0 7.42

900 0.3 100 900 1 100 100 100 0 0 0 0 0 0 7.45

900 0.4 100 900 1 100 100 100 0 0 0 0 0 0 7.43

900 0.5 99.997889 891.53 0.2683322 24 19 16 0 0 0 0.000001 0.000001 0.000001 7.45

900 0.6 99.813521 571.76 � 0 0 0 0 0:00002 0.000019 0.000009 0:000029 0.000027 0.000014 7.77

900 0.7 99.630894 458.84 � 0 0 0 0 0:000033 0.000032 0.000018 0:000047 0.000042 0.000024 7.84

900 0.8 99.466981 389.29 � 0 0 0 0 0:000044 0.000043 0.000026 0:000053 0.000052 0.000032 7.86

900 0.9 99.326368 344.49 � 0 0 0 0 0:000052 0.000051 0.000034 0:000066 0.000062 0.000043 7.81

900 1 99.19476 308.38 � 0 0 0 0 0:00006 0.000058 0.000042 0:000072 0.000069 0.000051 7.85

900 2.5 97.582469 114.83 0.1638453 0 0 0 0:000178 0.000177 0.000158 0:000210 0.000199 0.000185 7.75

900 5 94.879256 51.89 0.0008543 0 0 0 0:000547 0.000543 0.000527 0:00065 0.00062 0.000606 7.75

900 10 89.594369 20.84 0.008963 0 0 0 0:001985 0.001979 0.00197 0:002239 0.002234 0.002221 7.81

900 15 84.441491 11.79 0.0211951 0 0 0 0:004410 0.004401 0.004383 0:005062 0.005033 0.005027 7.88

900 20 79.170046 6.25 0.0485055 0 0 0 0:007677 0.007665 0.007639 0:008909 0.008787 0.008785 7.75

900 25 74.009042 4.89 0.0645754 0 0 0 0:012083 0.012062 0.012077 0:013801 0.013728 0.013701 8.08

1000 0.1 100 1000 1 100 100 100 0 0 0 0 0 0 10.32

1000 0.2 100 1000 1 100 100 100 0 0 0 0 0 0 10.23

1000 0.3 100 1000 1 100 100 100 0 0 0 0 0 0 10.27

1000 0.4 100 1000 1 100 100 100 0 0 0 0 0 0 10.34

1000 0.5 99.99754 988.05 0.2294523 11 13 8 0 0 0 0.000001 0.000001 0:000002 10.26

1000 0.6 99.811059 616.57 � 0 0 0 0 0:00002 0:00002 0.000009 0.000027 0:000031 0.000013 10.74

1000 0.7 99.63005 492.37 � 0 0 0 0 0:000033 0:000033 0.000018 0:000041 0:000041 0.000024 10.83

1000 0.8 99.466907 422.94 � 0 0 0 0 0:000044 0.000043 0.000027 0:000054 0:000054 0.000036 10.79

1000 0.9 99.316611 364.57 � 0 0 0 0 0:000052 0.000051 0.000034 0.000062 0:000064 0.000041 10.82

1000 1 99.193185 330.76 � 0 0 0 0 0:000060 0.000058 0.000042 0.000071 0:000072 0.000051 10.77

1000 2.5 97.597558 123.26 0.0000003 0 0 0 0:000178 0.000177 0.000157 0:000208 0.000205 0.000179 10.59

1000 5 94.866468 55.1 0.001244 0 0 0 0:000553 0.00055 0.000533 0:000625 0.000617 0.000589 10.6

1000 10 89.593481 22.34 0.0117973 0 0 0 0:001966 0.001951 0.001942 0:002256 0.00225 0.002218 10.71

1000 15 84.361189 12.77 0.0255009 0 0 0 0:004353 0.004348 0.004331 0.004843 0:004865 0.004837 10.66

1000 20 79.139962 6.49 0.0451776 0 0 0 0:007725 0.0077 0.00768 0.008922 0:008924 0.008877 10.54

1000 25 74.052452 4.87 0.0517923 0 0 0 0:012042 0.01203 0.012031 0.013497 0.013567 0:013577 11.08

The worst results 4 2 4 92 15 3 68 38 11

The best results 39 42 38 46 53 135 52 56 116

The best results when ðJ ,AÞ is not complete 3 6 2 10 17 99 16 20 80
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Columns 6–8 represent the numbers of instances (from 100 ones in a series) for which each permutation with the largest relative
volume of a stability box generated by Algorithm SL, Algorithm SU or Algorithm SM, respectively, is optimal for the problem 1jp�j

P
wiCi

with the actual processing times p� ¼ ðp�1,p�2, . . . ,p�nÞAT. From the experiments, it follows that condition (4) of Theorem 3 holds for all
instances with a relative error d%Af0:1%,0:2%,0:3%,0:4%g and for all instances with a relative error d%¼ 0:5% if nAf10,20,30g. For
each instance of such a series, the generated permutation with the largest relative volume of a stability box was optimal for problem
1jp�j

P
wiCi (columns 6–8), the measure of the instance uncertainty was equal to 100% (column 3) and maximal relative volume of a

stability box is equal to one (column 5).
The average (maximum) error D of the value gk

p� of the objective function g¼
Pn

i ¼ 1 wiCi obtained for the permutation pk with the
largest relative volume of a stability box are presented in columns 9–11 (columns 12–14) for Algorithm SL, Algorithm SU and Algorithm
SM, respectively. For all series, the average (maximum) error D of the value gk

p� of the objective function g¼
Pn

i ¼ 1 wiCi obtained for the
permutation pk with the largest relative volume of a stability box was not greater than 0.012042 (not greater than 0.046049). The worst
average (maximum) error D were obtained for the series of instances with n¼1000 and d%¼ 0:25% (with n¼10 and d%¼ 0:25%). The
maximum error D of the value gk

p� obtained for the permutation pk with the largest relative volume of a stability box was not greater
than 0.017492 for all series with nAf200,300, . . . ,1000g.

The best (worst) results obtained by Algorithms SL, SU or SM are printed in bold face (are underlined) in columns 6–14. The numbers
of the worst and the best results obtained by Algorithms SL, SU or SM are given in the last three rows of Tables 2 and 3. The worst result
of the algorithm for a concrete series of instances means that the other two algorithms outperform this algorithm in this series of
instances. The last row of Tables 2 and 3 presents the numbers of the best results obtained by Algorithms SL, SU or SM for the series of
instances with the measure of their uncertainty jAj : ððnðn�1ÞÞ=2Þ � 100% less than 100%.

Our experiments show that all three permutations plAS, puAS and pmAS with the largest relative volume of their stability boxes
generated (in the experiments) rather good objective function value gk

p� where kAfl,u,mg. Among the three algorithms, Algorithm SM
considerably outperforms both Algorithms SL and SU in the number of exact solutions (columns 6–8), in the average error D (columns
9–11) and in the maximal error D (columns 12–14). Algorithm SU slightly outperforms Algorithms SL.

The CPU-time (column 15) was practically the same for each of the Algorithms SL, SU and SM. The CPU-time was less than 0.02 s for
each instance from a series with nAf10,20, . . . ,100g and it was no more than 11.08 s for each instance from a series with nAf200,
300, . . . ,1000g.
8. Concluding remarks

We showed that a minimal dominant set SðTÞDS of job permutations is unique for problem 1jpL
i rpirpU

i j
P

wiCi if we treat only one

job from a subset of jobs with fixed processing times and the same weight-to-process ratio. We introduced the notion of a stability box of
a permutation pkAS and derived a formula for characterizing the stability box, which runs in O(n log n) time. We derived an O(n2)-
algorithm for finding a permutation with the largest volume of a stability box. The efficiency of the permutation with the largest relative
volume of a stability box (how close it is to a factually optimal permutation) and the efficiency of the developed software (average CPU-

time used for an instance) were demonstrated on a large set of randomly generated instances of problem 1jpL
i rpirpU

i j
P

wiCi with

10rnr1000.

The whole results that we obtained may be directly generalized to problem 1jprec,pL
i rpirpU

i j
P

wiCi, where the precedence

constraints are given a priori on the set of jobs J . If a deterministic problem 1jprecj
P

wiCi for a particular type of precedence
constraints (e.g., one defined by in-tree, out-tree or series-parallel digraph) is polynomially solvable, then the above results may be used

for the uncertain counterpart 1jprec,pL
i rpirpU

i j
P

wiCi. In such a more general scheduling problem, the digraph ðJ ,AÞ contains the arc

(Ju, Jv) only if this arc does not violate the precedence constraint given between the jobs Ju and Jv a priori.
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