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AN ASYMMETRIC ARBITRARY BRANCH-LINE COU-
PLER TERMINATED BY ONE GROUP OF COMPLEX
IMPEDANCES

Y. L. Wu*, J. Y. Shen, Q. Liu, L. M. Liang, and Y. Liu

School of Electronic Engineering, Beijing University of Posts and
Telecommunications, Beijing, China

Abstract—A novel arbitrary asymmetric branch-line coupler struc-
ture terminated by one group of complex impedances is proposed.
Two left ports of the proposed branch-line coupler are terminated by
equal arbitrary complex impedances, and the other two right ports
are terminated by equal real impedances. Arbitrary power division ra-
tios are feasible for the proposed structure. Using rigorous even- and
odd-mode analysis and scattering parameters theory based on complex
impedances, the closed-form design formulas for designing the proposed
branch-line coupler is obtained. To validate the proposed structure
and the given design equations, a microstrip branch-line coupler op-
erating at the center frequency of 2.5 GHz and terminated by 20 and
30 − 6j Ohm impedances is designed, simulated and measured. There
is a good agreement between the simulated and measured results.

1. INTRODUCTION

Branch-line couplers and power dividers are essential building blocks
of mobile microwave telecommunication system. More specially, both
of them are widely used in power amplifiers, antenna array systems,
mixers and filters. With the common points of power splitting, they
have particular characteristics, respectively. Note that for output
phase difference, the power divider has an in-phase output, while
the branch-line coupler offers a 90◦ phase difference. Due to the
increasing demands in passive and active circuits, the conventional
Wilkinson power divider and the conventional 3-dB directional
coupler [1] have limited structures to achieve high-performance
required by versatile applications for mobile communication system,
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1126 Wu et al.

such as multiband, broadband, unequal power divisions, multichannel,
harmonic suppression, and compactness. To this end, many researches
have been devoted to novel power dividers [2–4] and branch-line
couplers [5–13].

Regarding the dual-band branch-line couplers, the π-topology
dual-band microstrip line was introduced to replace the conventional
λ/4 transmission line [5, 6]. Note that the latter coupler realized the
arbitrary power division ratios [6]. In addition, Yeung proposed a dual-
band coupler with three λ/4 coupled-line sections [7]. Furthermore, tri-
band branch-line couplers with three controllable operating frequencies
were reported [8, 9]. With respect to bandwidth enhancement, a novel
branch-line coupler using coupled port feeding was proposed [10].
To obtain a small size, the miniaturized 3-dB branch-line coupler
utilized the space within the coupler to arrange the distributed
capacitors [11]. Dual paralleled transmission lines were proposed to
replace the conventional λ/4 transmission lines to achieve a compact
structure [12]. Harmonic suppression remains another bottleneck of a
high-performance coupler, and a compact slow-wave microstrip branch-
line coupler using high-low impedance resonant cells periodically was
reported in [13].

However, all of the reviewed approaches only consider the loads
as real source and load impedances. For general microwave circuits,
especially active circuits and systems, complex impedances occur
frequently. Unfortunately, there is a vacuum on the field of branch-line
couplers terminated by arbitrary complex impedances.

Therefore, this study proposes an asymmetric arbitrary branch-
line coupler terminated by one group of complex impedances. With
the ports terminated by complex impedances, the branch-line coupler
serves as the impedances transformers between real and complex ones.
Moreover, arbitrary power division ratios are feasible for the proposed
structure. As a simple structure, this proposed coupler utilizes no
stubs or more sections and is easy to fabricate. The closed-form design
formulas of the proposed coupler are achieved through rigorous even-
and odd-mode analysis and scattering parameters theory based on
complex impedances from [14]. Experimental results are demonstrated
to validate the proposed branch-line structure and the presented design
theory.

2. CIRCUIT STRUCTURE AND DESIGN THEORY

Figure 1 depicts the schematic diagram of the proposed branch-line
coupler. It is an asymmetric branch-line coupler terminated by equal
complex impedances ZS (RS + jXS) for both the Port 1 and Port 4
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Figure 1. The equivalent circuit diagram of the proposed asymmetric
arbitrary branch-line coupler terminated by one group of complex
impedances.
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Figure 2. The equivalent circuit diagrams for the proposed branch-
line coupler under, (a) even- and (b) odd-mode excitations.

and equal real impedances ZL (RL) for both the Port 2 and Port 3.
Moreover, left and right branches of the proposed coupler have the
characteristic impedances of Z1 and Z3 and electrical lengths of θ1 and
θ3, respectively. Meanwhile, the characteristic impedance of lateral
transmission line located at the center place in the circuit configuration
of the proposed coupler is Z2, and the corresponding electrical length
is defined as θ2.

The proposed branch-line coupler shown in Figure 1 is symmetric
along the horizontal axis, and this structure could be divided into
the even- and odd-mode half circuits for simple analysis, as shown in
Figures 2(a) and (b), respectively.

In the even- and odd-mode half circuits in Figures 2(a) and (b),
the ABCD-parameters of the half circuits can be simply derived as [5]

[
A B
C D

]
e

=

⎡
⎢⎢⎣

1 0

j tan
(

θ1

2

)
Z1

1

⎤
⎥⎥⎦
⎡
⎣ cos(θ2) jZ2 sin(θ2)

j sin(θ2)
Z2

cos(θ2)

⎤
⎦
⎡
⎢⎢⎣

1 0

j tan
(

θ3

2

)
Z3

1

⎤
⎥⎥⎦ (1a)
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1128 Wu et al.

[
A B
C D

]
o

=

⎡
⎢⎢⎢⎣

1 0
1

jZ1 tan
(

θ1

2

) 1

⎤
⎥⎥⎥⎦
⎡
⎢⎣

cos(θ2) jZ2 sin(θ2)
j sin(θ2)

Z2
cos(θ2)

⎤
⎥⎦
⎡
⎢⎢⎣

1 0
1

jZ3 tan
(

θ3

2

) 1

⎤
⎥⎥⎦, (1b)

where e and o represent the even- and odd- modes, respectively. After
straightforward manipulation, the ABCD matrices of the even- and
odd-modes half circuits can be written as[
A B
C D

]
e

=⎡
⎢⎢⎢⎢⎢⎣

cos θ2−
Z2 tan

θ3

2
sin θ2

Z3

j tan
θ1

2
cos θ2

Z1
+

j sin θ2

Z2
+

j tan
θ3

2
cos θ2

Z3
−

jZ2 tan
θ1

2
tan

θ3

2
sin θ2

Z1Z3

jZ2 sin θ2

cos θ2 −
Z2 tan

θ1

2
sin θ2

Z1

⎤
⎥⎦ (2a)

[
A B
C D

]
o

=

⎡
⎢⎢⎢⎢⎢⎣

cos θ2+
Z2 sin θ2

Z3 tan
θ3

2
cos θ2

j tan
θ1

2
Z1

+
j sin θ2

Z2
+

cos θ2

j tan
θ3

2
Z3

+
Z2 sin θ2

jZ1Z3 tan
θ1

2
tan

θ3

2
jZ2 sin θ2

cos θ2 +
Z2 sin θ2

tan
θ1

2
Z1

⎤
⎥⎦ . (2b)

In view of complex terminated impedances, the reflection and
transmission scattering parameters are presented in terms of ABCD
parameters as [14]

Γe =
AeZL + Be − CeZ

∗
SZL − DeZ

∗
S

AeZL + Be + CeZSZL + DeZS
(3a)

Γo =
AoZL + Bo − CoZ

∗
SZL − DoZ

∗
S

AoZL + Bo + CoZSZL + DoZS
(3b)

Te =
2
√

Re(ZS)Re(ZL)
AeZL + Be + CeZSZL + DeZS

(3c)
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Asymmetric arbitrary branch-line terminated by impedances 1129

To =
2
√

Re(ZS)Re(ZL)
AoZL + Bo + CoZSZL + DoZS

, (3d)

where Z∗
S is the complex conjugate of ZS . Re (ZS) and Re (ZL)

represent the real parts of ZS and ZL, respectively.
After synthesizing the reflection and transmission coefficients in

even- and odd-modes half circuits, the final input and output scattering
parameters of the proposed branch-line coupler are given by [14]

S11 =
Γe + Γo

2
(4a)

S21 =
Te + To

2
(4b)

S31 =
Te − To

2
(4c)

S41 =
Γe − Γo

2
. (4d)

For a branch-line coupler in Figure 1 with ideal matching and isolation
performance, the requirements of S11 = 0 and S41 = 0 become
necessary. According to these conditions, Equations (4a) and (4d)
are reduced to

Γe = 0, Γo = 0. (5)

Moreover, the proposed branch-line coupler can divide the input signal
at Port 1 into two outputs at Ports 2 and 3 with equal/unequal
magnitude and 90◦ phase difference, as shown in Figure 1. This
requirement leads to the following relationship between the scattering
parameters S21 and S31 as

S31

S21
= jk, (6)

where k is the power division ratio. Eliminating S21 and S31 from
Equations (4b), (4c) and (6) gives the following equation:

To

Te
=

1 − jk
1 + jk

. (7)

By substituting Equation (3) into (5) and (7), we can obtain

AeZL + Be − CeZ
∗
SZL − DeZ

∗
S = 0 (8a)

AoZL + Bo − CoZ
∗
SZL − DoZ

∗
S = 0 (8b)

AeZL + Be + CeZSZL + DeZS

AoZL + Bo + CoZSZL + DoZS
=

1 − jk

1 + jk
. (8c)

As mentioned earlier, the complex terminated impedance is ZS =
RS + jXS , and real terminated impedance is purely resistive, i.e.,
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1130 Wu et al.

ZL = RL. The real and imaginary parts of Equations 8(a)–(c) can
be written, respectively, as

AeRL + jCeXSRL − DeRS = 0 (9a)

Be − CeRSRL + jDeXS = 0 (9b)

AoRL + jCoXSRL − DoRS = 0 (9c)

Bo − CoRSRL + jDeXS = 0 (9d)

AeRL + jCeXSRL + DeRS + jkBe + jkCeRSRL − kDeXS

=AoRL+jCoXSRL+DoRS−jkBo−jkCoRSRL+kDoXS (9e)

Be + CeRSRL + jDeXS + jkAeRL − kCeXSRL + jkDeRS

= Bo+CoRSRL+jDoXS−jkAoRL+kCoXSRL−jkDoRS . (9f)

Here, parameters Z1, Z2, Z3 are solved simultaneously after
substituting Equation (2) into (9). These characteristic impedances
values can be calculated by

Z1 = − R2
S + X2

S

kRS sin θ1
. (10)

Z2 = − R2
S + X2

S

(−kRScosθ1 + XS) tan θ2
. (11)

Z3 = − RL

k sin θ3
. (12)

Meanwhile, other two equations are obtained as

R2
S + X2

S

kRScosθ1 − XS
=

−RLRS + R2
S + X2

S

k(cosθ1 − cosθ3)RS − XS
. (13)

Z2 tan θ2+
(

1−Z2 tan θ2

Z1
tan

θ1

2

)
XS =(

1
Z1

tan
θ1

2
+

tanθ2

Z2
+

1
Z3

tan
θ3

2
−Z2tan θ2

Z1Z3
tan

θ1

2
tan

θ3

2

)
RSRL. (14)

Solving for the two arbitrary parameters (e.g., θ2, θ3) of the θ1, θ2, θ3

(assuming −1 ≤ k < 0), we found the closed-form solution for θ3 from
Equation (13), and the result is

θ3 = arccos

[
RL (kRS cos θ1 − XS)

k
(
R2

S + X2
S

)
]

. (15)

Therefore, when θ3 is found, θ2 can be also calculated by, regarding
Z1, Z2, and Z3 as positive, one of the following two solutions derived
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Asymmetric arbitrary branch-line terminated by impedances 1131

from Equations (10)–(12), (14) and (15) as

θ2(1)=arctan

⎡
⎢⎢⎢⎢⎢⎢⎣

√√√√kRLRS(1−cos θ1)(kRS cos θ1−XS)−(
RSk2cos θ3−RS−RSk2−kXScosθ3

)(
R2

S +X2
S

)
√

RL(kRS cos θ1−XS)

⎤
⎥⎥⎥⎥⎥⎥⎦
,(16a)

θ2(2)=−θ2(1). (16b)

Thus, once the terminal impedances ZS(RS + jXS), ZL(RL), power
division ratio k and the electrical length θ1 (the random parameter
among θ1, θ2 and θ3) are determined, and the inequality −1 ≤ k < 0
is satisfied, other parameters such as θ2, θ3, Z1, Z2, and Z3 can be
easily yielded according to Equations (10)–(12), (15) and (16). In
consequence, the design approach of this proposed branch-line coupler
is analytical . Furthermore, it is necessary to investigate the input and
output external performances (S11, S21, S31, and S41) of the designed
coupler. In addition, the parameters can be easily obtained using the
above-mentioned design equations. After substituting Equations (10)–
(12), (15) and (16) into (2), we can obtain the ABCD matrices of the
proposed branch-line coupler. Conversion from ABCD-parameters to
scattering parameters is easy to realize through Equations (3) and (4).
Finally, the input and output external scattering performances can be
easily synthesized.

3. DESIGN EXAMPLE AND MEASUREMENT

A novel asymmetric arbitrary branch-line coupler terminated by one
group of complex impedance is designed and measured by following the
above analysis. Another power division ratio m of direct output power
(Port 2 in Figure 1) to coupled output power (Port 3 in Figure 1) is
defined and given by

q = 20 ∗ log
(
−1

k

)
or q = 10 ∗ log m. (17)

In Equation (17), q has the unit of dB on the power division ratio.
This equation could be reduced to the following one:

k = − 1√
m

. (18)

We assume that the complex source impedance ZS = (30−6j)Ω as the
terminated impedance of port 1 and port 4 (in Figure 1), and the load
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Figure 3. Calculated results of the proposed branch-line coupler,
(a) characteristic impedances, (b) electrical lengths.

impedance ZL = 20Ω as the port impedance of the port 2 and port 3
(in Figure 1). After calculation of Equations (10)–(12), (15) and (16),
the electrical length θ1, which is suitable for the range of 1 < m < 10
(the transmission lines can be implemented in microstrip technology),
can be chosen manually from the following equation

θ1 = 2 ∗ arctan
[
1
2

(
1 +

m

10

)]
. (19)

The characteristic impedances and electrical lengths of four
branches for the proposed branch-line coupler are calculated with the
varying power division ratio m (1 < m < 10) and plotted in Figure 3.
The numerical results in this plot are derived from Equations (10)–
(12), (15), (16) and (19). In this case, the value of θ1 is manually
defined. It can be observed from the Figure 3(a) that the characteristic
impedances Z1, Z2, and Z3 increase with the increasing power division
ratio m. The impedance ranges of these three transmission line are
36.9 Ω to 98.7 Ω, 18.0 Ω to 24.1 Ω, and 20.5 Ω to 69.2 Ω, respectively,
which are available in microstrip technology by a double-sided printed
circuit board (PCB). Figure 3(b) shows that θ2 has a peak value caused
by the feature of function arctan [f(k)] in the frequency range in
Equation (16) and the positive requirement of θ2.

To satisfy the convenience of the application, the value of power
division ratio m can be flexibly chosen. The frequency responses of
the proposed branch-line coupler are calculated for two specific power
division ratios m = 1 and m = 4, and the corresponding simulated
results are presented in Figures 4 and 5, respectively. The center
frequency is f = 2.5GHz in calculations.
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Figure 4. The input and output performance of the proposed branch-
line coupler operating at f = 2.5GHz with a power division ratio
m = 1, (a) ideal input matching and output isolation parameters,
(b) ideal output transmission parameters and out phase difference.

The input matching (|S11|) and output isolation (|S41|) character-
istics in Figure 4(a) and Figure 5(a) meet the requirements of below
−20 dB at the center frequency. The output transmission character-
istics in Figure 4(b) and Figure 5(b) indicate that the direct output
(|S21|) and coupled output (|S31|) have the same power and 6dB power
difference, respectively, and both have 90◦ phase difference at the cen-
ter frequency f = 2.5GHz. On the other hand, the frequency response
for m = 1 in Figure 4 shows better performance in terms of bandwidth
and quadrature output phase difference than the case m = 4 shown in
Figure 5.

A prototype of branch-line coupler has been designed, fabricated,
and measured based on the analyses presented above. The power
division ratio is chosen as m = 8 at the center frequency f =
2.5GHz. The electrical lengths of the branches of this proposed
branch-line coupler are calculated as θ1 = 84.0◦, θ2 = 82.9◦, θ3 =
107.2◦ according to Equations (15), (16) and (19). Synthesized from
Equations (10)–(12), other parameters are Z1 = 88.7 Ω, Z2 = 23.7Ω
and Z3 = 59.2Ω. Since the standard microwave adapter impedance
is 50 Ω, four additional sections of transmission lines are designed
between the adapters and original complex or real ports as impedance
transformers. This designed branch-line coupler is fabricated using
the microstrip transmission lines on a Rogers4350B substrate with a
dielectric constant of 3.48 and a thickness of 0.85 mm. Figures 6(a)
and (b) show the circuit layout and photograph of the fabricated
microstrip branch-line coupler, respectively. The measured results are
obtained from an Agilent N5230C Vector Network Analyzer. All the
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Figure 5. The input and output performance of the proposed branch-
line coupler operating at f = 2.5GHz with a power divided ratio of
m = 4, (a) ideal input matching and output isolation parameters.
(b) Ideal output transmission parameters and out phase difference.
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Figure 6. (a) Circuit layout (unit: millimeters). (b) Photograph of
the fabricated microstrip branch-line coupler operating at 2.5 GHz.

EM simulated results are obtained by HFSS. The frequency responses
of the fabricated branch-line coupler are shown in Figure 7.

A reasonable agreement can be observed by comparing the EM
simulated results (Based on the HFSS software tool) and measured
results in Figure 7. The measured results show that the input matching
is −41.5 dB, and the output isolation is −23.3 dB at the defined center
frequency f = 2.5GHz, indicating that there is a good return loss and
high isolation, as displayed in the Figure 7(a). The measured insertion
loss values for Port 2 and Port 3 are −0.78 dB (the EM simulated
value is −0.71 dB) and −9.54 dB (the EM simulated value is −8.92 dB)
at the center frequency in Figure 7(b), approximating designed 9 dB
power difference. The measured 90◦ phase difference between the direct
output and coupled output is located in a wide frequency range of
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Figure 7. The EM simulated and measured input and output
performance of the fabricated branch-line coupler shown in Figure 6.
(a) Input matching and output isolation. (b) Output transmission.
(c) Out phase difference.

almost 2 GHz with the center frequency f = 2.5GHz. Between the EM
simulated and measured results, there are some discrepancies whatever
in input and output performances. The junction discontinuities are
regarded as the main factor of that.

4. CONCLUSIONS

An asymmetric arbitrary branch-line coupler terminated by one group
of complex impedances is proposed. The closed-form design formulas
are given through rigorous even- and odd-mode analysis and scattering
parameters theory based on complex terminated impedances. The
proposed branch-line coupler is easy to design and fabricate. It
is believed that the proposed branch-line coupler with complex
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terminated impedances can be used widely in designing Doherty
amplifiers and antenna arrays, in particular, active sub systems with
complex source or load impedances.
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