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Abstract

Starting from a discrete spectral problem, a discrete soliton hierarchy is derived. Some (2 4 1)-dimensional discrete systems
related to the hierarchy are proposed. The elliptic coordinates are introduced and the equations in the discrete soliton hierarchy
are decomposed into solvable ordinary differential equations. The straightening out of the continuous flow and the discrete flow
are exactly given through the Abel-Jacobi coordinates. As an application, explicit algebro-geometric solutions for the (2 + 1)-
dimensional discrete systems are obtained.
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1. Introduction

There have been several systematic approaches to obtain explicit solutions of the soliton equations, such as the
inverse scattering transformation, the Bécklund transformation, the algebro-geometric method, the polar expansion
method and so on [2,3,11-14]. Some interesting explicit solutions have been found, for example, pure-soliton so-
lutions, quasi-periodic solutions, polar expansion solutions, etc. The algebro-geometric method was first developed
by Matveev, Its, Novikov et al. as analog of inverse scattering theory [6,10,5]. This method allows us to find an
important class of exact solutions to the soliton equations. As a degenerated case of this solutions, the multisoliton
solutions and elliptic functions may be obtained [12]. Recently, based on the nonlinearization technique of Lax pairs,
algebro-geometric solutions for (1 4 1)-dimensional and (2 + 1)-dimensional soliton equations have been obtained by
Cao and Geng [4,7,8].

In recent years, the study of nonlinear integrable lattice equations has become the focus of common concern in
the theory of integrable systems. Many nonlinear integrable lattice equations have been proposed and discussed, for
example, the Ablowitz—Ladik lattice [1], the Toda lattice [18], and so on. In this paper, we will consider a discrete
spectral problem

1—1
EYn) = Upb(n) = (A ) ’jj’) b, (.
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where E is the shift operator, Ef (n) = f(n 4 1). In Section 2, we will derive a hierarchy of lattice soliton equations
from (1.1). We will also propose Some (2 + 1)-dimensional differential-difference equations related to the discrete
soliton hierarchy. In Section 3, based on finite-order expansion of the Lax matrix, we introduce elliptic coordinates.
The spectral solutions of the differential-difference equations are reduced to solving ordinary differential equation. In
Sections 4 and 5, the Abel-Jacobi coordinates are introduced, by which the straightening out of the continuous flow
and the discrete flow are studied in detail. In Section 6, the Riemann—Jacobi inversion is discussed, from which the
algebro-geometric solutions for the (2 4 1)-dimensional differential-difference equations are obtained by using the
Riemann theta functions.

2. The discrete soliton hierarchy

In order to derive the hierarchy related to (1.1), we first introduce Lenard’s gradient sequence S;, 0<j € Z, by the
recursion equation

KySj(n) = JuSj+1(n),  JuSo(n)=0, j=0 2.1

with two operators

(I + pngn) E 0 0
Ky, = ( 0 14 Pndn 0 ) P
~Pn aE I+ ppgn)(E —1)
1 0 qn(E + 1)
J,1=< 0 E pn(E +1) )
—Pn gnE (14 pugn)(E —1)

Equation J,, Sp(n) = 0 has a special solution

T
S0 = (qns pa-1.—3) 22)
and we have
kerJ, = {cSo(n) | Yc (constant)}.

Then S (n) is uniquely determined by the recursion relation (2.1) up to a term ¢S (), which is always assumed to be
zero. The first few numbers are

qn+1 — préflqs
Sin) =\ pn—2—p;_1qn | >
Pn—14n

Gn+2 — Pndpry — 2Pn—1GnGn+1 — Pn—2q} + P2_ 145
Sr(n) =\ pn-3 — P,E_z‘Infl = 2pn-2Pn—19n — PZ_lanrl + Pz_lqr%
Pn—1Gn+1 + Pn—2dn — P>_,q?

Assume that the time dependence of (n) for the spectral problem (1.1) is

(m) (m)
A

Y, = V,"ym), VO =Dty (2.3)
cl Al
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with

m
A = 37 5P ) 2042 4 sO) (),

Jj=0
m
(m) _ 2) 12(m—j)+1
BM=>3"5s on ,
j=0
m
)] 2(m—j)+1
=8 L
j=0
Then the compatibility condition between (1.1) and (2.3) yields a discrete zero-curvature equation Uy, ; + U, Vn(m) —
Vn(_’ﬂ U, = 0, which is equivalent to the hierarchy of lattice soliton equations
2 1
Pin = =S 1), Gug, = S0 (). (2.4)
The first and second discrete systems (m = 0, 1) in the hierarchy (2.4) are
Pty = — Pn—1 + Ppdnt1s
Gnto = Gn+1 — Pn-14y (2.5)
and
_ 2 2 32
Pnty = — Pn-2 + Pn—149n + 2Pn—1PnQn+1 + Pndn+2 — Pu4y+1-
2 2 2 3
Gn,ty = qn+2 — Pndpy1 — 2Pn—19nGn+1 — Pn—24; + Pp_195- (2.6)

Substituting u,, v, for g,, p,—1 in (2.5) and (2.6), we can obtain the differential-difference equations proposed in
[15].If p(n, to, 1) and g (n, 1y, t1) are the compatible solutions of (2.5) and (2.6), then following the idea of [19], we can
get that p(n, to, t1) and g(n, ty, t1) are also the solutions of the following (2 + 1)-dimensional differential-difference
equations

2 32
Pnity = Pn—1.tg + Ppdn+2 + 2Pn—1Pndn+1 — PGyt

Gny = dn110 — P2y — 2Pn—1qnqn+1 + Da_ 145 2.7)
Pny = — Pn—2+ P57161n + 2p2q3+1 + p%q;:-i-l,to - zpnpn,t()Qn—i-l,

qn.ty = qn+2 — Pn%%-q-l - 2P3_1qr3[ - pnfl,toqy% + 2Pn—19nGn 1> (2.8)
Fay = —TFnlntg + a1 47 gy + 1 (A sy = (A5 o (2.9)

where, r, = pp—1qn and A = E — 1, A* = E~! — 1. We can also found that (pn» qn+2) satisfies the coupled NLS
equations
Pn.n + pn,t()to - p;%‘]n+2 == O’
qn+2.ty — Gn+2.1010 T Pn%%+2 =0. (2.10)
In the following sections, we will try to construct the algebro-geometric solutions for the (2 4+ 1)-dimensional
differential-difference equations (2.7)—(2.9).

3. Decomposition of the discrete systems

In this section, we will decompose the discrete systems (2.5) and (2.6) into solvable ordinary differential equations.
Assume that (1.1) and (2.3) have two basic solutions () = (y " (n), @ (n))T and p(n) = (¢ (), ¢ (n))T. We
define a Lax matrix W,, of three functions f(n), g(n), h(n) by

_1 T T, _ (f) g (0 -1
Wn—§(¢(n)lﬂ(n) + () p(n) )O-_<h(l’l) —f(n))’ 0—(1 0>. (3.1
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It is easy to verify by (1.1) and (2.3) that

Woi1Up — UgWy =0, Wy, =[V™, W,], (3.2)

»Im

which imply that the function detW,, is a constant independent of n and t,,. In fact, we obtain by the first expression
of (3.2) that W1 = U, W, U, I Then detW,,+1 = detW,,, which means that detW,, is independent of n. In a way
similar to the continuous case, a direct calculation shows that (detW,,), = 0.Eq. (3.2) can be written as

TN A+ pag) (f(n+ 1) — f(1) + gug(n + 1) — pyh(n) =0,

pu(f() + 4 1)+ 2g(n + 1) — 2711 + pugn)g(n) =0,

an(f () + f(n + 1) + Ah(n) — 27 (1 + pag)h(n +1) =0,

Mf+1) = f(n) +gug(n) — pph(n +1) =0 3.3)

and
fn),, =B h(n) — C™gn).
g(n),, =2Agn) —2B™ f(n),
h(n),, =2C™ f(n) — 24" h(n). (G4

It is easy to see that (3.3) is equivalent to its first three equations. Suppose that the functions f(n), g(n) and h(n) are
finite-order polynomials in A:

N+1 N+1
f)y =) [N ey = 3" g (22N
Jj=0 j=0
N+1
h(n) = Z hj(n))2NFI=DHL (3.5)
j=0

Substituting (3.5) into (3.3) and comparing the coefficients of the same power of / yields

K,Gj(n)=JnGjp1(n), JuGo(n)=0, K,Gyi1(n)=0 (3.6)
with G j(n) = (hj(n), gj(n), f; )T Itis easy to see that the equation J,, Go(n) = 0 has the general solution

Go(n) = apSo(n), 3.7

where o is a constant. Therefore, if we take (3.7) as starting point, then G ;(n) can be recursively determined by the
first two expressions of (3.6). Acting with (J,” LK)k upon (3.7), we obtain

Gi(n) = oSk (n) + o1 Sg—1(n) + -+ - + o So(n), (3.8)
where oy, ..., o are constants. Substituting (3.8) into the third expression of (3.6), we arrive at a discrete stationary
equation

o0 KnSn1(n) + - -+ +an11 Ky So(n) =0. (3.9)

This means that (p,, q,) is finite-band solution. In another way, we can get from the equation K, G y+1(n) = 0 that
G n+1(n) should possess the following form:

~ T
G () = BoSom) = 5 (0.0, 4) (3.10)

where f3 is a constant. If we take (3.10) as a starting point and with the help of (3.6), we can get that G (n) should
also possess the following forms:

GN+1-k(1) = BoS—k(n) + B1S—kr1 (1) + - - + P So(n), (3.11)
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where §j (n),0>j € Z is Lenard’s gradient sequence determined by the following equation:
KuSj 1) = J,S;(n),  KySo(n) =0.

Without any loss of generality we can set o9 = 1. From (3.7), (3.8), (3.10) and (3.11), we have

ho(n) = gu, g0(n) = pn—1,  fo(n) =—3,
h1(n) = Gus1 — Pa—1qp + %1qn,  §1(M) = Pa—2 — Pr_1Gn + 01 Pa—1,
fi() = pp_1qn — o,
ho(n) = Gni2 — Pudpr1 — 2Pn—1Gndn+1 — Pn—2dy + Pa_ 145
+ 01 (Gns1 — Pn—14y) + 02,
82(1) = Pu—3 — P}_2Gn-1 — 2Pn—2Pn-1Gn — Pa_1dn+1 + Py_1d;

+ 01 (Pu—2 — P2_1qn) + %2 Pu—1,
%
F2(1) = pu_1Gnt1 + Pa—2Gn — P> 1G> + %1 Pu_1Gn — -

hne1(n) =0, gni1(n) =0, fnr1(n) =3P,

ﬁOCIn—l ﬁopn
hn(n) = ———, gvn(n) = ——,
1+ pn_1gn—1 L+ pugn
—1
() = Bopntn b

(I + pug)A + pp_i1gqn—1) 2

We use g(n) and h(n) as polynomials of A to define the elliptic coordinates {u j(m)} and {v;(n)}:

N N
gm) =2pu [ [P = ;). hn)=2g, [[G7 = vjm)).

j=1 j=1
By comparing coefficients of the same power of 4, we get

N N
gin) =—pu1y_u;j(n), hi(n)=—q, Y vj(n),

J=1 J=1

82(n) = pu1 Y py(mp;(n),  ha(n)=gqn »_vi(n)v;(n).

i<j i<j

Eq. (3.15) can be written as

N
Pn-2
- _pn—lqn+fxl:_zluj(n),
Pn—1 -
j=1

qn+1 al
T putGn o = — Zvj(n)-
an =

Resorting to (2.5), we arrive at

N N
atolnp,,:z,uj(n—}—l)+oc1, a,o In qn:—Zv./(n)—rxl.
j=l1 j=l1

1841

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Similarly, we can get

2
N N
0, In =3 Zu,<n+1)—— Dopn D | =y 1) — o + o,
,=1 j=1 j=1
1 N 2 N
6,} Ing,= — EZV (n)+ Zvj(n) + o Zvj(n)—l-oc%—ocz. (3.19)
j=1 j=1

Consider the function detW,,, which is a (2N + 4)th-order polynomial in { = /2 with constant coefficients of the n-flow
and t,,,-flow:

2N+2
—detW, = f(n)* + g(n)h(n) = —c2 [Te-thH= —42R<c> (3.20)

j=1

Substituting (3.5) into (3.20) and comparing the coefficients of {, we obtain

| 2N+2 | 2N42 2 , 2N42
=3 Z G =52 Gl g Z Gl B= 1‘[1 3 (3.21)
i<j J=
Using (3.20), (3.14) and (4.4), we obtain
S =) = — S MV Ry (), fM)emyyny = =3V R (), (3.22)
ato.uk(n) . -1
VR ) Tz () — pj ()
atovk(n) 1
(3.23)

VR Lz t(n) = vim)”

Similarly, we have

Oumem) ) = X0 — e

Ry (n)) [ e () — e (n))

O, () v(n) — X0 vj(n) — o o)

ROL) 1w O —v;(n) ‘
Therefore, if {;, ..., {oy42 are 2N + 2 distinct parameters, and p, (n), vi(n) are compatible solutions of differ-

ential equations (3.23) and 3.24. Then (p,, g,) determined by (3.18) and (3.19) solves the (2 + 1)-dimensional
differential-difference equations (2.7) and (2.8), r, = p,—1qn solves the (2 + 1)-dimensional differential-difference
equations (2.9).

4. Straightening out of the continuous flow

In order to obtain the algebro-geometric solutions of systems (2.5) and (2.6), we first introduce the Riemann surfaces
I' of the hyperelliptic curve 62 =R = ]_[2N +2(C {;), of genus N. On [I" there are two infinite points co; and
002, which are not branch points of I'. Equ1p I' with the canonical basis of cycles: ay, ..., an; b1, ..., by, and the
holomorphic differentials

. dlag
wl = 9
RO

I<ILKN.
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Then the period matrices A and B defined by
AijZ/ O Bij=/ i
aj bj

are invertible [9,16]. Let C = A~!, t = A~ B. If we normalize &; into the new basis ® j
wj =Y Cud, 1<j<N,

then we have

/ a)j=5jl', f wj=Tjj. (4~1)
a; b;

Now we introduce the Able map .o7 (P)
P
oA (P) = / w. 4.2)
Py
Then the Able-Jacobi coordinates are defined as

P(Mk(n))

D) = (Z P(ukm))) Z / 43)
) N N Pon)
P =t (S poen ) =Y [ o (4.4)
k=1 k=1

Po

where P(y, (n)) = (A=), E= /R (n))), P(vi(n)) =A=v(n), E=+/R(vk(n))) € I',and P is a chosen base

point on I'. The components of the Able—Jacobi coordinates in (4.3) and (4.4) are

N Py (n,10,11)) W (n) Cl 1 dC
1 .
o o=y [ 5=3 3 ],/ 1<j<N, 4.5)
k=1""10 k=1 I=1 C(po)
N - Pi(nto.11)) N vi(n) pl=1
2 ¢ d¢ .
p§_>(n,t0,t1)=2/ wj = Zcﬂf ——. 1<j<N, (4.6)
k=110 k=1 I=1 C(po) ©

where ((Py) is the local coordinate of P.

Theorem 4.1 (Straightening out of the continuous flow).
(1 1 1
0,05 =", 0,07 =-0aY, (4.7)

0,0 =07, 8, m)=-07/ (4.8)
Q(-I)Z—CJN, QEZ)Z—CJ',NI-FOC]C]'N, I1<j<N.
Proof. Using (4.5) and (3.23), we have

N -1y N N -1
) c 1y (n) zoﬂk(n) Cjipy(n) oD
t()p (i’l) ZZ Jt R(,uk(n ZZ JN J 7

k=11=1 == T G () = ()
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where we use the equalities

N

I—1
. w (n) =0y, I<ILN. wo
o1 T (e ) = ()

In a similar way, we can prove the second expression of (4.7) and (4.8). The proof is completed. [J
5. Straightening out of the discrete flow

Let us denote the fundamental solution matrix of (1.1) by

B ~ 6O m 3w (10
Qn—(¢(n),¢(n))—<¢(2)(n) 25(2)(”) o Qo=14 4 (5.1)

which implies
On+1=UpUp—1 - Up. 5.2)
It is easy to prove by mathematical induction that

n—1
oV () = 1_[(1 + pigAT" 4 pue1qol" T
Jj=0
n—2
¢Pm) = [+ pjaan-1i" "+ +qoi" ",
j=0
n—1
(n) = l—[(l +pig)por T P 2T
j=1
~2) n—2
¢ ) =[]0+ pjappogn i+ 4 (5.3)
j=1

Q)

¢

The Lax matrix W, satisfies the discrete stationary Lax equation W,,1U,, — U, W,, =0, which implies that the solution
space of the linear equation Y(n + 1) = U,Y/(n) is invariant under the action of W,,. Let ¢ be the eigenvalue of W, in
the solution space, and y/(n) be the associated eigenfunction, which is called the Baker function:

Yn+ 1) =Unb(n), Wyh(n) =op(n). (5.4

It is easy to see that det |0 — W,,| = o> — f(n)2 — g(n)h(n) = 0. Thus there are two eigenvalues o = 4o, where

0=/ F0? + gh(m) = 1V/RO. (5.5)
An elementary discussion shows that the corresponding Baker functions can be taken as
$Em) = ) +bEdm),  §T ) =) + ) (5.6)
with
+_Fo—-fO 4 fO*e
=——, =— 5.7
0 C T ThO) e

Theorem 5.1. Let p*(n, 1) and g* (n, 1) be the first component and the second one, respectively, of the Baker functions
qﬁi(n, A) and (f)i (n, ). Then
h(n)

+ —n =
q"(n, A)q (n,A)—h(O). (5.8)

s

pt(n, Hp~(n,7) = 20)’
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Proof. Resorting to (5.2) and the first expression of (3.2), we have
Wy Qn = Qn Wo,

from which a direct calculation derives (5.8). The proof is completed. [
Proposition 5.2. For 1 — oo, we have
+ _ Pn—1 .,y -2
p(n, )= p_/l 1+ 004 ),
—1
P, A =2""1+ 0N,

qt(n, ) —2”(1 + 007,
g~ (n, ;»)_—; "1+ 0(7%)).

Proof. When 4 — oo, by using (5.5) and (3.5), we obtain

/l2N+4

(1402724 00™),

Q =
which implies

bt = ﬁ(l FOUTY), b =—goi (1 + 0072y,

F=p M1+ 007%), = —qi(l +007).
0

1845

(5.9

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

Substitute (5.3) and the first expression of (5.13) into p™*(n, 1) = qb(l) (n, )+ b+$(l) (n, A), we have the first expression

of (5.10). The second expression of (5.10) is obtained from the first one and

_ , (n) pn 1 — uj(n)
+( ) )") ( ) /L) J )V — OQ.
p (n,A)p (n jl_[ PP n (0)

Similarly, we can prove (5.11). The proof is completed. [

Proposition 5.3. For . — 0, we have

n—1

ptn, =[]+ pjgpi™a+ 062,
j=0

_ Pn n 2

,A) = — AT+ 0,

P pol[j=1 (1 + pjg)) ( @0
w122+ pjg;

gt 2y =1 111,_;1( PiI) jn (1 4 072)),

—1
= —— 4002,

T2 + pjg))
Proof. When 1 — 0, by using (5.5) and (3.5), we obtain

2
0= %(ﬁo LB+ 00,

(5.15)

(5.16)

(5.17)

(5.18)
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which implies

]
bt = q—J(l + 002, b =P 4 002y, (5.19)
14+ p_1g9-1 Po
L+ pia_
ot = TP 4 02, o= % (14002, (5.20)
q-1

Substitute (5.3) and the first expression of (5.19) into p*(n, 1) ="V (n, 1) + b+¢(1)

of (5.16). The second expression of (5.16) is obtained from the first one and

(n, 1), we have the first expression

gm) _ pa(l+ pogo)(1+ 001
g0 pol+ pugn)(1+ 0D
Similarly, we can prove (5.17). The proof is completed. [J

pr(n, Hp~(n, 2) = - 0. (5.21)

According to (5.7) it is easy to see that b and 1b~, Ac* and JAc™ are functions of {, which can be regarded as the
values of the single-valued functions [Ab](P) and [Ac](P) on the upper and lower sheets of I', respectively. Therefore,
with the help of (5.3), we know that

Pk, 2) = D2k, 2y + (71" 2k, D),
IpEQk+1,2) = 2dD 2k + 1, ) + 1653 2k + 1, ), (5.22)

gt 2k, 2) = 2 @ 2k, ) + P 2k, 2,

JqEQk 4+ 1,2) = 2cE (0P Qk + 1, )} + 1o

determine four meromorphic functions of { on I': p(2k, P), [Ap](2k + 1, P), q(2k, P) and [4q](2k + 1, P).
In the local coordinates z = {1, ¢ = (VD¢ the equation of I" near infinity is written as

Qk+1,2), (5.23)

- . . 2N+2
& =R, R@x=]]a-ga. (5.24)
j=1

On I there are two infinities and two zeros

=(@=08=(-1"), 0,=C=0.¢=(=1)"fy. s=1.2 (5.25)

which are located on the upper (s =2) and lower (s =1) sheets, respectively. By Proposition 5.2, the principal asymptotic
terms of the four meromorphic functions near oo, are

prak, Py~ 2Lk otk 41, Py ~ Bk
pP-1 P-1
g @k, P)~*, 2gTk+1,P) ~ T, (5.26)

and their principal asymptotic terms near co; are

Pk, Py~ K apm @k 41, P)~ 7k,

gk, Py~ LEk gtk + 1, Py ~ B (5.27)

q0 q0
Resorting to Proposition 5.3, the principal asymptotic terms of the four meromorphic functions near 0, are

2k—1 2%k

prQk, Py~ [T+ pignc™. apt@k+1.P)~ [0+ pjanl™",
j=0 j=0
k-1 92k =

gt 2k, P)~ H A+ pigHl*. dgt@k+1,P)~ == [ (+pjanc* (5.28)

j=—1 Jj==1
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and their principal asymptotic terms near 0; are

k k+1
_ 2138 - P2k+1¢
P2k P) ~ —— L AT Qk+ 1P~ — :
polli=1(1 + pjq)) pol 527 (1 + pjg))
q~(2k, P) ~ —— & . g (Qk+1,P)~ %L
Hj:() I+ pjq;) Hj:()(l +rjq;)

1847

(5.29)

Based on Dubrovin—Novikov’s formulas (5.8) and through an elementary analysis, it is easy to see the following

assertions.
Proposition 5.4. The Baker function p(2k, P) is of the properties:

(1) N simple poles at 11(0), ..., ty(0) and two poles of kth order at 0oy and 03;
(i1) N simple zeros at u;(2k), ..., py (2k) and two zeros of kth order at 001 and 0.

The Baker function [Ap](2k + 1, P) has

(i) N simple poles at 111(0), ..., uy(0), a pole of (k + 1)th order at 002 and a pole of kth at 0y;

(i1) N simple zeros at pu; 2k + 1), ..., uy 2k + 1), a zero of kth order at 0oy and a zero of (k + 1)th at 0.

Proposition 5.5. The Baker function q(2k, P) is of the properties:

(i) N simple poles at v1(0), ..., vy (0) and two poles of kth order at 0oy and 07;
(i) N simple zeros at v{(2k), ..., vn(2k) and two zeros of kth order at 0o and 0.

The Baker function [Aq](2k + 1, P) has

(i) N simple poles at v1(0), ..., vn(0), a pole of (k + 1)th order at 0o, and a pole of kth at 0»;

(1) N simple zeros at vi(2k + 1), ..., vw(2k + 1), a zero of kth order at 0oy and a zero of (k + 1)th at 0y.

Theorem 5.6 (Straightening out of the discrete flow).
p®2k) — p®(0) =20k (mod 7),
P2k 4+ 1) — p®(0) =2QVk + 1y, (mod 7),

or
p® () — p(0) = QVn + [1 — (—=1)" 1y (mod 7),

where J is the lattice spanned by the periodic vectors, and

1 1 =
Q(O):—(f’lz—nl)a no = (11 + 12, 17s:/‘ o, s=1,2.
2 4 0

3—s

Proof. For n = 2k, we introduce the meromorphic differential on I":

d
w(2k) = {d_C In p(2k, P)} d¢,

(5.30)
(5.31)

(5.32)

(5.33)

which has poles at I (0) and I (2k) with the residues —1, 1, respectively, and poles at oo, 0oz, 01, 02 with the
residues k, —k, k, —k, respectively. Let €2 be the Abel differential of the second kind, and w(P, Q) be the normal Abel

differential of the third kind with the residue 1, —1 at P, Q, respectively, and the properties

P
/w(P,Q)zo, fw(P, Q)=zm/—_1f o).
aj b 0

J
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Then (5.33) can be written as [17]
N N
0(2k) = Q + keo(001, 002) + k(01 02) + Y (1 (2K). 1 (0) + ) _ej;, (5.34)
j=1 j=1

where ¢ are some complex numbers. Integrating (5.34) along a; and b;, we obtain that ¢; = 27n;+/—1 and

u](2k) 00 00} N
Zf k(/ —/ )wl-l—ml—anrﬂ, (5.35)
;i (0) 0y 02 =1

where n; and m; are certain integers. This completes the proof of (5.30) for s = 1.
For n = 2k + 1, consider the meromorphic differential

ok +1)= {dic In[Ap](2k + 1, P)} d{
= Q + kw(ooy, 002) + kw(01, 02) + (01, 002)

N N
+ Y ol Ck+ 1), ;0] + ) 2jw;, (5.36)
j=1 j=1

which implies (5.31) for s = 1. Similarly, we can prove (5.30) and (5.31) for s = 2. The proof is completed. [J

Based on Theorems (4.1) and (5.6), the compatible solutions of various flows under the Abel-Jacobi coordinates are
obtained simply by a linear superposition. Specifically, we have for the discrete systems (2.5) and (2.6), respectively,
that

pV(n, 19) = QOn + QW iy + [1 = (=1)"Ing + (",
p@(n, 1) = QO — QWig + [1 = (=1)"Ing + p§7, (5.37)

and

PV, 1) = QO + Q1 + 1 — (=1)" g + o,
PP, 1) = Q0 — Q1+ [1 = ()"l + p - (5.38)

For the (2 + 1)-dimensional differential-difference equations (2.7)—(2.9), we have

PV, 19,11) = Q00 + QW1 + Q@1 4+ 11 — (=1)"Ing + ",
p@ (. 10.11) = QOn — @WV1g — QD1 +[1 — (1" + o (5.39)

6. Algebro-geometric solutions

In this section, we shall give explicit solutions of the (2 + 1)-dimensional differential-difference Eqs. (2.7)—(2.9).
To this end, we take into account the Riemann theorem [9,16], which asserts that there exist constant vectors M1 and
M@ such that (o (P(0)) — p¥(n) — M) has exactly N zeros at u;(n), ..., py(n) for L =1or vi(n), ..., vy(n)
for [ = 2. Here M is the Riemann constant and 0 is the Riemann theta function defined by

0| 1)= Z exp (n\/—_l(rr], n) + 2nv—1{(a, r])) ,

nezN
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inwhicho = (a1, ...,ay)T € CN, (-, ) represents the standard inner-product. And we have the inversion formula

N 2
D o wp)F =4I = Y Resi—oo, (d In 0(/(P() — pV(n) = MD),

j=1 s=1

N 2

D Vi =1k = ) Res—oo, (d In 0(/(P(0) = pP () = MP), (6.1
j=1 s=1

with the constant

Through a standard treatment, we arrive at

0V () + MY 4+ 2?)

9 6.2
0o M (n) + MD 4 700 ©2

N

> ujm)=5LI) 49, In
j=1
Q(p(z)(n) LM 4 n(]))

; 6.3
0D () + MD + 70) 3

N
> vjm)y=5L(I) 479, In
j=1

where

Py
7 =/ .
OOy

By using (3.18), (5.18), (6.2) and (6.3), we obtain the algebro-geometric solutions of the (2+ 1)-dimensional differential-
difference equations (2.7) and (2.8), (p, = p(n, t0, t1), gn = q(n, ty, t1)):

0QP(n + 1)+ 2019+ Q@1 + [1 — (=) + @)

PO 101 = 5 00+ 1) + 201 + 201 + (1 — (— "™ gy + T
x 0@+ 1) + Q%1+ [1 = (D" + 70) 1D+ 1, 0 41
0 QP + 1)+ QP +[1 — (=) g + 1) T
0QOn — QW1 — Q@1 +[1 = (=1)"Iny + T?)
40101 = G 00— 1y — 0P + 1= (1o + 70)
9(9(0)n — QP 1= (=1 Iny + T ) o~ (D)4 q(n, 0, 1), 6.4)

0@ QP 1 (1)l + T
with the constants

ACIOIY VIO SO O N VORI

FO =0 4 Y@ 47 FO =, 4 Y@ 4 @

And we can obtain that r(n, ty, 1) = p(n — 1, to, t1) X q(n, ty, t1) is the algebro-geometric for the (2+1)-dimensional
differential-difference equation (2.9). (p(n, to, t1), g(n + 2, ty, t1)) determined by (6.4) is also the algebro-geometric
solutions of the coupled NLS (2.10), where n is viewed as a fixed integer.
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