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Multilinear Riesz potential operators on Herz-type spaces

and generalized Morrey spaces®
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Abstract. Let m,n be integers with n > 2, m > 1, the multilinear Riesz potential
operators be defined by

F1i(1) - fm(ym)
1 @)@ = [ e Y
(R)™ |(x — Y1y, T — ym)l
where y = (y1,...,ym) and £ = (f1,..., fm). In the first part of this paper, the

boundedness for the operator I((Xm) on the homogeneous Herz-Morrey product spaces,
MKV IDARY) x s x MK /am)Am (R™) and on the Herz-type Hardy
product spaces, Hf(gll’pl (R™) x -++x HK;’nn’pm (R™) for o; > n(1—1/q;), are estab-
lished respectively. The second goal of the paper is to extend the known LP-bounded-
ness of I((Xm) to generalized Morrey spaces, LP'?(R™), where p € [1,4+00) and ¢ is the
suitable doubling and integral functions.

Key words: multilinear fractional integral, homogeneous Herz-Morrey space, Herz-type
hardy space, homogeneous Herz space, generalized Morrey space

1. Introduction

The theory of multilinear operators has received increasing attentions,
see [1], [2] and [3] among others. It’s certainly valuable to extend the Riesz
potential’s theory to the multilinear content and the generalized cases. In
[3], Kenig and Stein studied the multilinear Riesz potential operators as
follows

I8 () (x) :/ A1) fn ) —dy, 0<a<mn,
(Rm)m™ ’(x_ylv"'vx_ym”mn “
where we always let y; € R” for i = 1,...,m, and also x € R", soy =
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(Y1, -+, Ym) € (R™M)™, we denote by dy = dy; .. .dym, and by f the m-tuple
(f1,---, fm). Kenig and Stein proved that

Theorem 1.1 ([3]) Let0 < a < mn, f; € LPi(R™) (i = 1,...,m) with
1<pi<ooandl/q=1/p1+- -+ 1/pm —a/n>0. Then

HIc(vm)(f)HLq(Rn) < OH Hfi”LPi(lR") fOT’ pi > 1,
=1
and

Hlém)(f)HLq,m(Rn) < CH I fillLei mny  for pi > 1,

=1

here LY>°(R™) denotes the weak L1(R™), the constant C' > 0 independent of
f.

Recently in [10] and [13], we extended Kenig and Stein’s results above
to the homogeneous Herz-Morrey product spaces and obtained

Theorem 1.2 ([13]) Let0 <a <mn, 0 <\, <n—a/m, 0 <p; < oo,
1 < g <ooand i+a/m—n/q < o; <n(l—1/q;) fori=1,...,m. Suppose
that \= M+ +Ap,0=01+-+0,, I/p=1/p1+--+1/pm —a/n,
1/g=1/q1+ -+ 1/¢m —a/n. Then

ch(vm)(f)Hng;g(Rn) <C H ”fiHMKZZi?Z (R™)
=1

with the constant C' > 0 independent of f.

The definition of the homogeneous Herz-Morrey space M Kg;&\(R”) will
be given in Section 2, here we point out that M Kg;g(R”) = LP(R™) for
1<p<oo.

We observe that, in Theorem 1.2, the boundedness of I&m) on product
space [[I, MK g,;\ (R™) for the cases o; > n(1—1/g;) remains open. There-
fore, our first main aim of the paper is devoted to deal with this question,
as the continuation of our works in [13].

In the case 0; = n(1 — 1/¢;), we will use the weak homogeneous Herz-
Morrey space WM K 553 (R™) and weak homogeneous Herz space W KJP(R")
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to derive the following boundedness for the operator I&m).

Theorem 1.3 Let 0 < a < mn, 0 <\, <n—a/m, 0 <p, <1 and
1< ¢ < oo fori=1,...,m. Suppose that X\ = \y + -+ A\, 1/p =

m
ch(ym)(f)HWMKS)%mfl/Q)””A(R") < CH ||f¢HMK;Li(71q;1/qi),,\i(Rn)
i=1

with the constant C' > 0 independent of f.
Letting \; = 0, we immediately get the following theorem.

Theorem 1.4 Let 0 < a < mn, 0 < p; < 1 and 1 < ¢ < oo for
i=1,...,m. Suppose that 1/p = 1/py + -+ 1/pm —a/n, 1/¢g =1/q1 +
-+ 1/qm —a/n. Then

m
chgcm) (f>HW1'<;(m—1/q>—“’P(Rn) <C H Hfin;;“—l/‘“)’“ (R™)
=1

with the constant C' > 0 independent of f.

Remark 1.5 The restriction 0 < p; < 1 in Theorem 1.4 can not be
removed, see [9] for an counterexample when m = 1.

When o; > n(1 — 1/g;), the appropriate substitute spaces for the Herz
spaces are the Herz-type Hardy spaces, we will prove the following theorem.

Theorem 1.6 Let0 < a <mn, 0 <p; < oo, 1< g < oo and g; >
n(l —1/q;) fori = 1,...,m. Suppose that 0 = o1 + -+ op, 1/p =
pi+-+1/pm—a/n, 1/¢=1/q+ - +1/qgm —a/n. Then

HI«(lm)(f)HKg’P(Rn) = CH ”f"HHKé’f’p" (R™)
=1

with the constant C' > 0 independent of £.

On the other hand, in 1994, Nakai [4] studied the Riesz potential op-
erator I, on generalized Morrey spaces, LP*?(R"™). Recently in [12], we es-
tablished the boundedness of maximal operators on this generalized Morrey
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spaces. Under the assumptions

¢(1‘0,t)
<t<2 < < 1.1
r<t< T‘Z>Ol_¢(x0,r)_02 ( )
and
—+o00
qb(xOvt) qb(fﬂo,'l")
/T S st < 02 (1.2)

for any xg € R™ and r > 0, Nakai proved that

Theorem 1.7 ([4]) Assume that 0 < a < mn, 1/g=1/p—a/n >0 and
1 <p < oco. If ¢ satisfies the conditions (1.1) and (1.2), and let p = ¢9/P.
Then there is a constant C' > 0 independent of f such that

o fllzae®ny < ClfllLos@ny for p>1,

and

{z € Q: [Iof(x)] > M} <C >q
< |\ =Wfllp1.6mn for p=1,
where ©(Q) = p(xo,7) for any cube Q centered at x¢ and of side length .

Our second goal of the paper is to show the bounded estimates for
the operator Ic(ym) on the product space of the generalized Morrey spaces
LP#(R™), which is a extension of Theorem 1.7 in multilinear sense.

Theorem 1.8 Let0 < a < mn, 1 <p;, <mn/a, 1/¢g=1/p1 +---+
1/pm —a/n, o = (1%, qﬁil/p")q with ¢; satisfy the condition (1.1) and

/+°° bi(wo,t) it < C@(l‘oﬂ“)

tn—api/m+1 rn—ap;/m’

(1.3)

Then there is a constant C' > 0 independent of £ such that

ch(xm)(f)HLqﬁsa(Rn) < CH HfiHLPiv%(R") Jor pi>1,
=1
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and

T : Iém) £)( A .
{zeQ \¢<Q(>> z)| > }\_M<Hufzuw(w)) for b3 L.

where (Q) = p(xo,7) for any cube Q centered at x¢ and of side length .

This paper is organized as follows. We will introduce in next section the
definitions for the (weak) Herz-Morrey spaces and Herz-Hardy spaces used
in our theorems, we will give some remarks on the relations between these
spaces. The proof of Theorem 1.3 and 1.4 will be given in Section 3. The
proof of Theorem 1.6 will be given in Section 4. In Section 5, we will devote
to the estimates of I, ém) on the generalized Morrey product spaces and show
Theorem 1.8.

Throughout this paper, the letter C' always remains to denote a posi-
tive constant that may varies at each occurrence but is independent of the
essential variable.

2. Some notations and definitions

We start with some notations and definitions. Here and in what follows,
denote by By = B(0,2%) = {x € R" : |z| < 2*}, E}, = By, \ Bx_1 and x;, =
B, for k € Z be the characteristic function of the set Ej.

Definition 2.1 ([5]) Let 0 € R and 0 < p, ¢ < oco. The homogeneous
Herz space KJ'P(R") is defined to be the following space of functions

KJP(R™) = {f € LLR"\{0}) : | ]| kzr(ny < 00},
where
[ee) 1
P
fllgrey =§ 30 271 00 }
k=—o0

and the usual modification should be made when p = oo.

Definition 2.2 ([6]) Let 0 € R, 0 < p < 00, 0 < ¢ < oo. The weak
homogeneous Herz space W K7 P(R") is defined by
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WEZP(R") = {f : measurable on R™ and || f|ly go.r(gn) < 00},

where

o0

ey =sup{ Y 2o € B 1) > 2}
v

k=—o0

=

and the usual modification should be made when p = oco.

Definition 2.3 ([7]) Let 0 < A < oo, 0 € Rand 0 < p, ¢ < co. The
homogeneous Herz-Morrey space M ngq)‘ (R™) is defined by

ME7(R") = {f € LR\ {0}) : 1fl]yy i3 ey < 00},

where

o=

ko
1 s s> ey = ksuEpZT"“{ > 2P Xkl o }
0

k=—o00
and the usual modifications should be made when p = oco.

Definition 2.4 ([7]) Let 0 < A <o0,0 € R,0<p<ooand0<qg< oo.
The weak homogeneous Herz-Morrey space WM K- ’(;\(R") is defined by

WMK;’QA(R”) = {f: measurable on R" and HfHWMKg;;(Rn) < oo},

where

=

k=ko
1l at iz ey = SUD Y SUD 2” { ) 2’Wp|{erk:|f<x>|>v}|q}

>0  ko€Z it

and the usual modifications should be made when p = cc.

Definition 2.5 ([8]) Let o € R and 0 < p, ¢ < oo, then the homogeneous
Herz type Hardy spaces HKJ'P(R") are defined by

HKJP(R") = {f € S'(R") : G(f) € KIP(R™)},

and
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1A o wmny = 1GUH) | ggr -

Here S’(R™) is the space of the temperate distributions on R™ and G(f) is
the grand maximal function of f.

Remark 2.6 We remark that the (weak) homogeneous Herz-Morrey
spaces generalizes the (weak) homogeneous Herz spaces. Particularly, we
have MK7)(R™) = KJP(R") and WMKI‘)’”S(I.R") = WKZJP(R") for any
0 <p, g < oo and o € R. Moreover, we have K;,’/p’p(Rn) = folg(R”), the

weighted LP spaces, when 1 < p < oo and o € R.

Remark 2.7 The appropriate substitute spaces for the Herz spaces are the
Herz-type Hardy spaces. Here we figure out that HK TP(R") = K 7P(R™)
when —n/q < o < n(l —1/q) and HKJP(R") # KJP(R") when o >
n(l—1/q).

3. The proof of Theorem 1.3 and 1.4

By Remark 2.6, it’s clear that Theorem 1.4 is a corollary of Theorem
1.3, so we give the proof of Theorem 1.3 in the section. In order to simplify
the proof, we only consider the situation when m = 2. Actually, the similar
procedure works for all m € N.

Let f1, f> be functions in MK,/ Ry and MK 92022 (jey,
respectively. Obviously, to prove theorem, we only need to find a constant
C > 0 independent of f such that

=

ko p) P
ysup 2k Y 2o e B D) > 9n)

ko€Z k=—o0

< CHfl||MK;}1(,1(;11/”1)’“(R71) ||f2||MK22(,1{;21/1>2)J2(Rn)

for all v > 0, where and hereinafter we let 1/g = 1/¢1 + 1/g2 and 1/1 =

1/p1 + 1/ps.
Indeed, we decompose f; as

fil)= > filo)x (@)= > filx), i=12 LEL
l l

i——0Q i ——0Q
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Then
ko . 3 %
7 sup 2{ Yo 2 e e B [I2 () ()] > 9v}|q}
o€

k=—oc0

ko
< Cv sup 2_k0>‘{ Z gkn(2=5)p

ko€Z

k=—o0 li:—oo
9
< CZ (’Y sup 2 kOAGi(ko)) = CZHu
i=1  ko€Z i=1
where
ko 1
G (ko) _{ ghn(2=)r {m € By : Z Z 1152 (fur, fiz) (@) >~
k=—oc0 lj=—o0 lg=—0
ko ) k—2  k+1
GQ(/@:{ k(= {meEk SOS 1O )@ >
k=—oc0 l1=—o0 lo=k—1
ko
Gottn) = { 3 2 r{ac S O )] >
k=—oc0 li=—o00 lo=k+2
ko k41 k-2
Gitto) = { 3 2 faems 3T IO f)@)] >
k=—o0 ll k— 1l2:700
ko ) k41 k41
Gs(ko)Z{ S ke {erk o> P s f)@)| >
k=—o00 li=k—11ly=k—1
k+1
G@(kO { Z 2kn(2—7)p {LIZ € By Z Z ‘I( ) fllvflz | >
k=—o0 li=k—1la=k+2
o) = | > b [rem: ¥ S 1 f)@)] >
k=—o0 l1=k4+21ls=—0c0
ko k41
Gs(ko):{ Do oknGmgr {xEEk Z > P (s f)@)] >y
k=—o0 l1=k+21l2=k—1
{ Z Skn(2—L)p {erk Z Z 19 (fr, fu)(@)] > 7
k=—o0 li=k+2 ly=k+2

{x € B S 1D, i) @)] > 9v}

j
}
}
|
|
}
}
|
}

Qs

3

Qs

Qs

Qs

Qs

P

it

S =

Q=

T =

|
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By the symmetry of f; and fo, we will know that the estimate of Hs is
analogous to that of Hy, the estimate of Hz is similar with that of H7, the
estimate of Hg is equal with that of Hg. Then we will estimate H,, Hy, Hj,
Hs, Hg and Hg respectively.

(i) For Hy, notice that I; < k — 2 for every ¢ = 1,2, and so
lz—y;| > || —|yi| > 281 =2k > 2kl _9k=2 —ok=2" fora € By, y; € Ey,.
Thus, for z € Fy, we get
112 (fur, i) (@)] < C27* 8 fi |l pa ey 27507 D fiy [l 1 emy.-

From the Chebychev inequality, the estimates above and the Holder inequal-
ity, we obtain

k-2 k-2 A
‘{LEEE}CZ Z Z |I((;y2)(fl17fl2)(x)|>’7}’
li=—o0 lg=—0c0

<Cy!

k—2 k—2
< Z Z ‘Ié2)(fl1’fl2)|xk>

l1=foo l2=700

La(R")

2 k—2
SC’YlHXkHL%R")H( > 2k(n3)“thLl(Rn)>
l;

=1 =—00

2 k—2 L
< C’)/_l H < Z 2n(li—k)(1—q7)

=1 ll-:foo

|fz¢||qu~(Rn)>. (3.1)

Therefore, recalling the fact that (3> |a;|)® < > |a;|® for any 0 < s < 1, and
using the Cauchy inequality, and since p > [ and 0 < p; < 1, we have

ko 2 k—2 Py
H, < C sup 2—k0,\{ Z H(2kn(1;i) Z 2n(li—k)(1—q%.) |fli||Lqi(R”)> }
l

ko €Z k=—o0i=1 i =—00
1
|flz-||L%<R">> }

2

ko k—2 .
< C sup 2_k0>‘{ Z H< Z gnli(1=37)

ko€Z k=—o0i=1 M;——oo
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1

k i pr
< CH sup 2~ ko { zo: ( Z 2nl i(1— (Rn)>P }
li=—00

1 ko€Z k=—o00

ko k—2 %
< CH sup 9- koA { Z Z 2[ n(l— )pl”fl &) }
k=—oc0l;=—00

k‘QEZ

=

i

2 ko

i=1 o ko€Z k=—o00

S CHfI HMKZl(}fI_ll/q1>’/\l (Rn) Hf2 HMK;Q(}II_Ql/q2)’A2 (Rn)'

(ii) Now we consider the estimate of the term Hy. Similar to the the
estimates of Hy, we have [y < k—2and k—1<ly <k+1, then

2k—2

(z—y1,x—y2)| > |[x—y1| > |z|—|y1] > , forzeEy, vy, € B, i=12.

and so
I (i, fi)(@)] < C27FO= D) £ | 11wy 277D £y || 1 .-

Thus, similar as (3.1), we get by the Chebychev inequality that

{erk: DS yfg”(fh,fb)(x)!m}]é

l1=700 lgzkfl

L2 k+1
n(ly— 1 - —a
<Ovt Y I ey 3 2Ry gy,
li=—00 le=k—1

Using analogous arguments as that of Hy, we can deduce that

ko k—2 p1 1
niq - L P1
Hy < C sup 2_k°’\1{ > < >~ gl ql)”fllHLm(R")) }

koeZ k=—oc0 “li=—0o0

ko k+1 1 bz %
X2—k0)\2{ Z < Z 2nl2(1_¢]2)’fl2||Lq2(Rn)> }

k=—oc0 “la=k-1
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ko k—2 I
S C Sup 2—]€0>\1{ Z Z 2l1n(1_ﬁ)p1 ||fl1 Hqu (Rn }

ko€Z k=—oolij=—0o0

ko+1 v
% 2—k0>\2{ Z 2k”fl(1 q2)p2||f2xk||Lq2(Rn }

k=—o0

S N 1 P
(iii) To estimate Hs. Since [y < k —2 and lo > k + 2, we first see that

|z —y1| > |z — Jy1| > 2872, for x € By, y1 € By,

|z — yo| > |ya| — |z| > 27271 —2F > 2le=1 _9la=2 5 9l2=2
for x € Ey, y2 € Ey,.

Thus
I (i, fi)(@)] < C27F= D) i | paemy 2727 2| fiy || 11 (e -

Therefore, by the Chebychev inequality and the Cauchy inequality again,
and since 0 < p1, po < 1, we can use the same method as for H; and Hs to
show that

1

ko k—2 Piyp
H; < C sup 2;%&{ Z <2kn(1—}“) Z 2n(l1k)(1qll)”fllHqu(Rn)> } I

ko€Z k=—o0 l;=—0o0

ko 1 o a n b2 é
X2koA2{ 3 <2’“”(1—q2> 3 2(l2k)(2"Q)HszHqu(R")> }

k=—o0 lo=k+2

1

ko ;
< C sup 2k0>‘1{ Z Z ghn(1= “)meh”qu(Rn}

ko€Z k=—oc0li=—00

ko 1
—koXo lo—k)(Z—n Ion(1—1 vz
w 9 koA { Z Z 2( 2—k)(§ —n)p2+lan(l )p2||fl2 HLq2 &) }

k=—o0 la=k+2

=: sup Hzy(ko) X Hza(ko).
ko€Z
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From the estimates of Hy, we know Hs; (ko) < C|| f1]|
so we only need to show that Hsa(ko) < C|| f2]|

For Hso(ko), we write

sn(l—1 A
MK;L1(,Q1 /a1) L(Rn)?

2n(1—1/42),A2 /s -
MK;;(,% /4a2) 2(R )

1

ko P2
Has (ko) §2_k0)\2{ Z Z ol2=k)(§ —n)pz+izn(l- )szfIQHqu(Rn }

k=—o0 la=k+2

1

ko oo P2
) la—k)(§ —n)pa-+lan(1—1 ”
iy ko,\Z{ Z Z 2( 2—k)(2 —n)p2+lan(l );02 ||fl2 ”Lq2 (Rn)}

k:—OO l2=k0+l

:= H3, (ko) + Hiy (ko).

Firstly, the fact 0 < o < 2n yields

ko lo—2 pL
H?}Q(k'o) < 2—ko)\2 2(Z2fk:)(§fn)p2+l2n(l )p2 ||fl2| D 2
(R™)
lo=—00 k=—00
0 1
_1 _ D2
ko)\z{ Z 2l2n(1 ,)P2 ||fl2| B () <Z 9s(a/2 n)p2> }
lg——OO s=2

B =
n

< C2k0>\2{ Z 2l2n(1 qQ)PQHle‘ s &™) }

lg — 00

< Ol fll

MK;)12(1q—21/q2),)\2 (Rn) .

Secondly, one sees from the definition of Herz-Morrey space that
2[271(1—1/‘12)”fl2”Lq2 < 212)\2Hf“]wl.(;)guq_;/(m),>\2 and then, by the fact Ao <
n—a/2, we get

1

H322(k3[]) < 2—k0/\2{ Z Z 2(l2 k)(ﬁ_n)p22l2n(1 q2)p2||fl2|Lq2(Rn }

f=— o0 lo—ht-2
< | f2]]

»n(l—1/q2),X
MK;Lgyfm 2072 (Rn)

ko 00 1
—koA2 (l2—k)(§—n)p29laAap2 e
X 2 2 2

k=—o0 lo=k+2
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< Ol fell

sn(1—1 A
MKy g %2 ()

ko oo L
X 2—k0)\2( Z 2k(n—%)p2 Z 2l2()\2_n+g)p2> P2

k=—o00 lo=k+2
S C||f2||MK22(}LI*21/42)v>\2 (R™)’

as desired.

(iv) To estimate the term Hs, by Theorem 1.1, the weak L?-boundedness
for Ié?), we note that

Hféz)(lefb)x;cHLq,w(Rn) < Ol fulpar eyl fi | Loz .-
Thus, noting p > [, then the similar arguments shows that
k41

ko 2 p
H5 < C sup Q_kOA{ > 11 (Qk"(l_l/q") > qu‘(R")) }
li=k—1

ko€Z ke —ooi=1

S|

2 k+1

k‘o 1 %
< C sup 2{ <2kn<l-1/%> ol e ) }
e 2 2 Ml

k=—o0i=1

2 ko k+1 Piy 5
< C'sup 2—’“@1'[{ > (2’“”“‘1/“ > lf L%(R")> }

koeZ i=1 k=00 li=k—1

< COllfillyggeparra s gy 1 f2llypgepo 170050 (-

(v) To estimate the term Hg, we note k—1 <[y < k+1and ls > k+2,
and then

(x —y1, ¢ —y2)| > | — ya2| > 2272 for x € Ey, y; € E;, y2 € Ey,.
Thus, for z € Ej, there is
I (fiy, f1o)(@)| < C27F 2| f | ey 27207 2| fiy | 2 ey -

Hence, we obtain
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ko L k+1 3y P1 %1
Hg < C sup 2—k0/\1{ Z 2kn(1—q1)p1< Z 2n(ll—k)(1—ql)Hthqu(Rn)) }

kocZ k=—o00 li=k—1

S =

2

1 = —k)(&—-n bz
carion{ 35 g0ton(( 3 D )

k=—o00 la=k+2

ko+1 o
< C sup 2_k0/\1{ Z ghn(1= ql)pl”lek:Hqu(Rn }

ko€EZ k= — 00

T =
S

ko
y 2k0>\2{ Z Z 2(12 k)(*—n)p2+lzn(1—* )P2Hfl2| LqQ(Rn)}

k=—o00 la=k+2

< Ol geporanan gy 2ll g gn /a5 gy
(vi) Finally, we have to estimate the term Hg, we note I; > k + 2 and
lz —y| > 272, forx € Ey, yi€ By, i=1,2.
Similarly, for x € E}, there is
11D (i, fio)(@)] < C270 D) fi [l ey 27207 )| fiy | 21 gy -

Moreover, by Holder inequality, it can be deduced that

ko [e'e} o« P1 %
Hy < sup TkoAl{ > 2kn(1§1)p1< > Q(ll_k)(z_‘“)HleHLﬂ(Rn)) }

ko€Z k=—o0 li=k+2

1

_1 > _ a_ n bz %2
kw{ Z gkn mm( 3 o q2>||flg|\Lq2<Rn>> }

k=—o00 lo=k+2

= sup Hoi1 (ko) x Hoa(ko) < C|| f1
ko€EZ

gt sz
Here the estimate of Hgj (ko) and Hga (ko) is similar as that of Hso (ko).

Finally, a combination for the estimates of H; (i = 1,2,...,9) finishes
the proof of Theorem 1.3.
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4. The proof of Theorem 1.6

It is well known that the Herz type Hardy spaces have the central atomic
decomposition characterization, which make it convenient to study the boud-
edness of operators on these spaces.

Definition 4.1 Let c e Rand 0 < ¢ <ooand s > [0 —n(l —1/q)]. A
function a on R" is called a central (o, q) atom if

(1) supp(a) C B(0,r) for some r > 0;
(2) llallza@ny < [B(0,7)]77/™
(3) Jan a(z)z¥dz =0 for v < s.

where B(0,7) denotes a ball in R”™ with center origin and radius r.

Lemma 4.2 ([8]) Let0 <p < oo, 1 <g<ooando >n(l—1/q). A
function f on R™ belongs to HKg’p(R”) if and only if it can be written as
f =02 Awag in distributional sense with each ay, a central (o,q) atom
supported on By = B(0,2%) and "3 |A\k|P < 00. Moreover

o 1/p
e ~ it { (32 ) |

k=—c0
with the infimum taken over all decomposition of f.

The proof of Theorem 1.6. In order to simplify the proof, we also only
consider the situation when m = 2. Without loss of generality, by Lemma
4.2, we can write

fi: Z )\l—;alia 7::1727
l,‘:—OO

where a;, are central (o;, ¢;)-atoms supported on B;, = B(0,2%). Also, for
fixed constant N such that N > o —n(2 —1/g), we assume that a;, satisfy
the cancellation conditions up to order N. We can find s; and s such that
s1 >o01—n(l—1/q1), s > 02 —n(l —1/qz) and s1 + s = N. Then we
have following decomposition,
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1752 (F) <O+ Jo+ Js + Jy)

HK;”I’(R")

00 k—2 -
—el S (X T el ) )

s =

k=—o0 li=—00 lg=—00

00 k—2 00 Py 5

+C{ Z 2k0p< Z Z )‘ll")‘12‘HIéQ)(all’alz)X’fHLQ(R")) }
k=—oc0 l1:—OOl2:k:—1

oo k—2 p %
co (Y T Pl el ) |
k=

llzkfl 122700
¥ c{

For Jy, we use the fact that [ < k—2, [, < k—2 and x € E,. Without
loss of generality, for fixed [y and Iz, we assume [; < l5. Since a;, has zero
vanishing moments up to order N, we can subtract the Taylor polynomial
P (z,-,y2) of the function K(z,y1,y2) = |(z — y1,7 — y2)|72"F* at the
origin to obtain that

23 Y el ) ) |

k=—o0 llzk—llzzk—l

1182 (au,, @1, Xk | gy

AN

{ ( a2 [ lan )]
B, By,

B |y1\|’6| 1 .
x Z ‘(ale)(x7§7y2)‘ ﬂ' dyldy2> d.’B}

[Bl=N+1

Q=

IA

q
dw}

ai, (y2 / ay, (Y1) (K (2, y1,y2) — Py’ (x, -, y2) ) dy1dys
B

51

IN

for some £ on the line segment joining y; to the origin by Taylor’s theorem.
We remark that [£] < |y;] <20t < 2F=2 < %|ZL‘| and so |z —&| > |z| — €] >
1|z|. Similarly we have |z — y2| > 1|z|. Hence

Cp Cp

&)
|(8y1K) (2,51, 92)| < (2 — €,z — ya)[2n—otBl < |z[2n—o Il (4.1)
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From this and the size of atom a;,, by the Minkowski inequality and the
Holder inequality, we give the following estimates for the expression above:

ya |V a i
{/E [/B |a, (y2)] 5 ‘all(ymwdyldyz dr
k 1

l2

1 3
<C la; (y2)|/ la; (yl)||y1|N+1{/ dx} dy, dys
B, 2 B, 1 B, |$‘(2n—a+N+1)q

n

< CQ_k(Qn_a+N_q)+llN/ lar, (y2)] lar, (y1)|dy1dys2
B, B,

< C2—k(2n—a+31+52—%)+l151+l2322l1n(lf%l)2l2n(17%2)

X [lazy | o &) s, || Loz )

< C2fk(2nfa+sl+327%)Qh[n(l—%1)—0'1—&-31}2l2[n(1—%2)—02+52]

—ko (l1—k‘)[?’l(1—l )—0'1+81} (lz—k‘)[n(l—l )—0'2+82]
< 2 k9 i 2 72 .

Thus, since [ < p and 1/l = 1/p; + 1/p2, by the Cauchy inequality we
have

o) k—2 k—2 1 %
nze{ 3 (XY bl vl |
k=—oc0 li=—o0 log=—0c0
o) 2 k—2 1 %
gc{ > H< Y 2<li—k>[n<1-é»-m+8i]>}
k=—oc0i=1 “l;=—00
2 0o k—2 Pi ﬁ
<o[{ (% mptmbesnen]))
=1 k=—c0 l;=—00

= C(J11 X Jlg).

Notice that n(1 —1/¢;) —o; +s; >0for i =1,2. If 0 < p; < 1, then

o0

k—2
JUS{ Z Z |\,

k=—oc0l;=—00

1
pig(li=k)ps [n(1=1 )= i+s:] }p
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1

o > ( ) [ (1-1) ] i
< { ’)\lI Pi 2 li—k)pi|n 1_51 —oits; }

1

e P
< C< Z |)\l1 pi) < CHf/L'HHKgZ_i:pi(Rn).

lizfoo

If 1 < p; < 00, by the Holder inequality with exponents p;, we obtain

o0 k—2
le‘S{ Z ( Z A, piz(li_k)[n(l—;i)_gi_j’_si])

k=—oc0 “l;=—0o0

- -1y 3,
><< 22 2(lik>[n(1;i>m+si]>p 1}‘“

li:—OO

o k—2
S )]

k=—o0 l;=—0o0

ol £ mr)

lq;:—OO

S =

i

S =

< Cllfill aegiws ey

A combination of the estimates above for Ji; finish the estimates of Jj.
Thus,

1 < CllAllgigre @y | f2ll gz vz gy

Now we treat term Jo. Observing that [y < k—2,lo > k—1and z € Ey.
Similar to the estimates for J;

112 (au,, alz)kaL‘l(R")

< 02“2”"‘“\’3)““/ |a, (y2)] |la, (y1)|dyrdy
B By,

l2
< CQ—k(Qn—a+sl+sz—%)+l151+l1522l1n(1—%1)2l2n(1—%2)

X lag, | Loy ) lla, || Loz )
< C2fk(2nfa+317%)2l1[n(l—%l)—01+31]2l2[n(1—%2)—02}

< 09~ kooh=k)n(1=3 )—o1+silg(la—k)[n(1=F ) —0o2]
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By the fact [/p < 1 and the Cauchy inequality with exponents I,
oo

k—2 00 l
neel ¥ (XY Pl el ) |

k=—oc0 l1:—OO lgik—l

1
1

oo k—2 l
SC{ > ( > |A11I2(“"“””(1‘m)“’l*sl])
l

k=—00 =
(Oo (lk)[(l)}l%
) Z ‘)\l2’2 2=k)in(l=q, _0'2> }
lo=k—1
> S 1 P1 ﬁ
SC{ ( Z |)‘l1|2(llk)[n(1q1)01+81]> }
P
5[5 py o))
ke oo Nlp—k—1
=1 Ja1 % Jao.

We observe that Jo; is equal to Jy;, and so we have Jy; <
CHleHK;ll’pl(R”) with constant C' independent of f;.

Noting n(1 — 1/g2) — 02 < 0. Then, similar with the estimates of Jy;,
we obtain

0 oo 1 p2 %
JZZSC{ 3 ( 3 ‘)\l2|2(lz—k)[n(1—q2)—02]> }

k=—o0 “la=k—1
o0 l2+1 . %2
{ Z | Az |72 Z oll2=kpz [2-§,)-02] } for 0 < py <1,
<C lo=—00 k=—o0
- [e.e] l2+1 1 %2
L5 (3 ol o< <o

ZQ:—oo k=—o0

o

gc( > 1A12|p2>

ZQZ—OO

S =

2
< Cllfoll g gz v2 my-
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Thus,
Jo < CllAllgigre @oy | f2ll gz 2 gy

From the analogous argumentation of Jo, we will get the estimate of J3,
at the same time, it is should be pointed that we should use the cancella-

tion condition of a;, subtracting the Taylor polynomial P (x,y,-) of the

|f2n+a

function K(z,y1,y2) = |z — y1, 2 — Y2 at the origin.

As for Jy, by Theorem 1.1, we have

Hfg)(@lualQ)XkHLq(Rn) < Cllag, || Lar &ry lat, || Loz (mmy

< C2—k0‘2(k—l1)0’1 2(k—l2)0’2 .

Then by the Holder inequality, the fact {/p < 1 and o; > 0, we get

oo oo oo l
nel 33D Ml o)l e ) |

k=—o00 llzk'fllgzk*l

0o o o l
SC{ Z ( Z Z ‘)\llH)\b‘Q(kl1)012(k12)02>}

li=k—1ly=k—-1

2 00 00 Pi i
<ell{ X (3 me) )

=—0Q li:k—l

~l=

1
1

> (3 e ) doro<p<n
l

=1 { k=—c0 i=k—1
<C
2 0 o) L
H { Z |)\ZI‘P2< Z 2(k3—li)0'i>} i for 1 < i < o0,
i=1 ~ k=—o0 li=k—1

2 00 1
< CH< > I/\li|m) < Cllfill iz oyl foll g iczzene -

This finishes the proof of the Theorem 1.6.
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5. The proof of Theorem 1.8

Let us begin with the definition of the generalized Morrey space.

655

Definition 5.1 ([4]) Let 1 < p < oo and ¢ be a function from R" x R
to RT, then the generalized Morrey space, LP*® = LP:?(R"), is defined by

LP?(R") = {f € Lioe(R") : Sup (gﬁ(l@ /Q !f(w)!pdﬂ«“); < 00}7

with norm || f||s.¢mn) is given by

: :
I£lzmoee) = sup <¢<@> /Q If(w)l”d:v> ,

where ¢(Q) = ¢(x,r) if the cube @ centers at x and has side length 7.

It is well known that if ¢(Q) = 1, L»?(R") is the space LP(R"). If
6(Q) = IQl, then LP#(R") = L=(R"). And if 6(Q) = [Q/" with u > 0,

then LP*?(R™) is the classical Morrey space LP**(R™).

Let M(f)(z) denote the Hardy-Littlewood maximal function, we will

use the following lemmas.

Lemma 5.2 ([4]) Let 0 < ¢ <1, assume that there are constants Cy1, Co
and Cs such that ¢ satisfies the condition (1.1) and the following condition

/+OO o(z0,t) 1 o OT0,7)

o+l U= 3T s

Then, for 1 <p < oo and any cube @,

[ 5@l (ixa(a)do < COQIfI..

where the constant C' depends only on Cy, Cy and Cs.
Using integration by part, see Lemma 2 in [4], we have that

Lemma 5.3 Let B >0, if there is a constant Cy > 0 such that

/+oo ¢(x0’t)dt < Cd’(xov”’)

t8+1 - rB ’

(5.1)
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then we can take C' = C/(1 — Ce) for small real € > 0 such that

+oo
¢($0,t) ,¢($0,T)
/ e S O =5

Now, we are ready to

The proof of Theorem 1.8. We will also only do, for simplicity, the m = 2
case, the similar procedure will work for all m € N.
Recall that, when m = 2, we have

112 (6)( // |f1(y)llf2(y2)] dyrds.

(z —y1, @ —yo)|>n—@

Fix any cube @ in R™, we write
filz) = fi(@)x2q () + filz)x ) (2), i=1,2.
Thus we have
(12 (0) ()| < I (fixeqs foxa@) (@)| + I8 (fix o) fox2q)) (@)]
+ ‘Igz )(le(QQ)Ca f2X2Q)(fU)‘ + ’Ig)(ﬁXzQ,f2X(2Q)C)($)’

= Vi(z) + Va(z) + Vs(x) + Vi(x).

We first limit the assumption p; > 1, ¢ = 1,2, and estimate the terms
of V1, V5 and V3. The estimation of Vj is analogous to that of V3.

(i) As for Vi, by the L9-boundedness for 12 and the condition (1.1),
we obtain

1
</Q}Ié2)(f1X2Q;f2X2Q)(HT)‘q>

< Ol fixeqllLer (rm)

< C" (2Q) 05" Q) | f1ll por.on oy L fo | 2 2 (e

< CSDI/q(Q)”fIHLPl’d’l (R™) ”f2||LP2v¢2 (R™)>»

faxeq|lLes (v

and so
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IVillLae )y < Cllf1llLeror @my 1 f2llLrzoe2 &) (5.2)

(ii) As for Vo, noting (1/]z — 5:|)"~*/% < C(Mxq(y:)/|Q[)*~*/*" for
x € Q and y; € (2Q)°. Hence, we get

‘fz Yi |X(2Q) (yz)
I (fix(20)¢» f2X(2q)e) ()] < CH/ [z — yioT? dy;
2
<[l e /<2Q> i) (Mxo()=>"dy..  (5.3)
i=1 ¢

By the condition (1.3) and Lemma 5.3, we take 0 < ¢ < min{n —ap;/2}
such that

/+OO ¢i(zo,t) gt < C¢z’(f€0,7“)

tn— ap;/2+1—e rnfapi/Qfe’

and let §; = %ﬁﬂ_s, obviously, 0 < §; < 1. The Hoélder inequality implies

/ | Fi ()l (M xq(yi) /P (M xq(y:)) '~ % z  dy;
(2Q)

< (/(ZQ)C|fi(yi)

Since Mxq(y;) ~ 27%" for y; € 28F1Q\2%Q, then we get

Pi o S
pi(Mxmyi))éidyz«) ( /( o (vl 5 ”’zdyZ)

S

_ o % /
/ (MXQ(yi))(l an ’”)pldyi
(2Q)¢

o

o Siyr
SCZ/ (MXQ(yi))(l_Q" “)pldyi
b1 2k+1Q\2kQ

[ee]

Oy o FmAO= S|k

k=1

> —ke
< QD 27T < Q).

k=0
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By these estimates and the inequality (5.3), using Lemma 5.2 and the con-
dition (1.1), we have

112 (fix(20)¢» f2X(20)¢) (@)

2
< offiarmen [
=1

(2Q)

Pi

) (e 00

2 1

<cle™ ] </(2Q)C |fi (i) pi(MXQ(yi))éidyi> "

i=1

SC’er/q¢i/m(Q) é/pQ(Q)Hfl”me(R") f2HLP21¢2(]R”)
= C1QI™ 1M UQ)| 1l Lor.or ey | 2l o202 () -

This implies that
1VallLa.e n) < Cllf1lleior @ey 12l Lrz.oz (mn)- (5.4)

(iii) As for V3, applying partly the technique used in the estimate of V5,
we get

’Ic(f) (f1x20: faX(2q)) (@)]
\f2(y2)’X(2Q)c(y2)d

<
<C [ Ihmheolmdn [ BRI

<¢ [ inn [ et

T — |0 2|z — yo|n—al? 2

1/p1 f
— a/2n Y2)IX <\Y
< C|Q|THptes? (/lefl(yl)lpldm) /n F2{p2)Ixi2q)-( 2)dy2

| — yo| e/

| f2(y2) X (20) (¥2)
|ZU _ yzynfa/Z

< ClQIYPFAlZ G (5 ||yl oo /R

< C|Q|_l/q¢i/pl (wo,7) é/pz ($077“)||f1||Lp1,¢1(R”)||f2||Lp2,¢z(Rn)

= C‘er/q‘:@l/q(fﬁm 7’)Hf1”LP11¢1(R”) | f2ll Lrz.o2 (R™)-
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Hence, we have

1VallLawe(rn) < Cllf1llLeror @ey | f2]l Lr2.02 (m0), (5.5)
and similarly we have

[VallLae®ny < Cllfillporor @my 1 f2ll Lr2.o2 @y (5.6)

Combing all the estimates for V; together, i = 1, 2, 3, 4, we get

HItg?)(flv fQ)HLq,so(Rn) < C”fluLPlvd’l(R")

f2HLP2>¢2(R")-

This is the desired inequality when p; > 1 of Theorem 1.8.

We now turn our attention to the case p; > 1. Without loss of the
generality, we assume that p; = 1 and py > 1. It’s enough to show for any
A > 0 that

Vi A !
= Q: i > H_/\q(HHfZHme(Rn)a for i =1,2,8,4.

(5.7)

(a) By the weak L?-boundedness for 12 and the condition (1.1), we
obtain

{2 € Q: [IP(fix2q, f2x2q)(z)| > A}

C
)\*(Hf1X2QHLP1(Rn)||f2X2QHLP2(Rn )

-5 ([ 196 )" (/2Q|f2<x>|p2)m

qbq/“@@) 472 2Q) (L f1ll por-on oy | 2l Loaon ()

| /\

C
< E‘P(Q) (”f1||LP1’¢1(R")

|f2||LP2’¢2(]Rn))qa

which implies (5.7) for i = 1.
(b) Recall the inequality (5.3),
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i=1 R

2
Ve < CTTIQI " [ 15w)I(Mxolu)' /> dy.

For f1, we choose 6; =1 — a/2n, then Lemma 5.2 show that

Q7 [l O xgm) ' dn

< ClQIT2hy (Q) | fill pos 1 (-

For fs, we take do = ”_o‘pim_s, by similar argument as that in (ii), we have

Q7 [ ) (M) /" e

< C|Q|~ VP22 P2 Q)| fol osvon rn )
Thus, we derive that

_ 1/po
|V2(-7))| < O|Q’ 1/q¢1(Q) 2/17 (Q)Hfl”meh(Rn)||f2||LP2,¢2(]Rn).
The Chebychev’s inequality yields that

, Va(x)|?
\{xEQ.]VQ(:c)]>)\}\§C'/Q’ 0
C
< Eﬁb?(Q) g/pZ(Q)(||fl||LP1~¢1(R")Hf2||LP2’¢2(R"))q
C

= 2 P@ (I 1llzrror @y | foll oo ea@my)

because of p; = 1. We then obtain (5.7) for i = 2.

(c) For V3 and Vj, similar arguments show get

Va(@)| + [Va(x)| < ClQIT 10 UQ) || fill Los-on ny

f2HLP2»¢2(R")-

Then we immediately obtain the desired inequality (5.7) for i = 3,4.
Finally, when p; = po = 1. We only need take ; = 2 = 1 — «/2n and

use Lemma 5.2, the similar argument as that above will imply the desired
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inequality (5.7). This completes the proof of the Theorem 1.8.
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