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Negative refraction and omnidirectional total transmission at a planar interface associated
with a uniaxial medium
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The conditions for yielding negative refraction as well as omnidirectional total transmission at planar
interfaces between uniaxial media have been analyzed. It is found that both phenomena can occur at a wide
variety of interfaces associated with uniaxial media. In particular, when certain conditions are satisfied, even an
interface between isotropic and uniaxial media can also exhibit negative refraction and omnidirectional total
transmission, adding considerably to the flexibility in potential device applications.
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The phenomena of reflection and refraction of light at the  An intriguing finding by Zhang and co-workéPsaanswers
interface of two transparent media are the underlying mechahe two questions posed above. They demonstrated experi-
nisms that are widely used for steering light in many opticalmentally that a unique type of interface of a special category
devices' Two phenomena—omnidirectional total reflection of twinning structures in uniaxial crystals serves as an ex-
and omnidirection total refraction, where wave is completelyample for achieving both negative refraction and total trans-
reflected or transmitted for arbitrary incoming directions— Mmission(refraction without reflection In this paper, we will
are of particular interest. There has been much discussion gfeSent a systematic theoretical analysis of the conditions to
realizations of omnidirectional total reflectiqmithout en- ~ 'ealize negative refraction and omnidirectional total trans-
ergy loss due to refractioneither by omnidirectional reflec- MiSSion at the interfaces associated with conventional

tor (see, e.g., Refs. 23%r, maybe preferably, by photonic uniaxi_al media _that are readily available. It is foun_d t_hat

crystals®® The refraction, however, requires a refractive in-N€gative refraction can be observed over a range of incident
dex mismatch, which seems to inevitably result in a finite@9l€ at a variety of interfaces between an isotropic medium
reflection loss, except at particular oblique incidence like?nd & uniaxial medium, as well as between two uniaxial me-
Brewster's anglé. A question arising naturally is whether _dla. Omnidirectional total transmission is by no means lim-

there exists any type of interface that enables omnidirecl®d {0 the interface of twining struc_tu?e“seiths_:r. With a
tional total transmission without any reflection while bendingSuitable arrangement of the optical axis of a uniaxial medium
the direction of light propagation—namely, whether waves®"d appropriate tuning of the permittivity of an isotropic
can be refracted without reflection, like the reflection coun-medium, omnidirectional total transmission can also occur at
terpart on omnidirectional reflectors and photonic crystals. Intérfaces between isotropic and uniaxial media, adding con-

Negative refraction, in which the tangential component ofSiderably to the flexi_bility in pote_ntial device _app_lications. _
the time-averaged Poynting vector changes sign when re- The system qon3|dered here is a generallzanon.of thg in-
fracted, has recently attracted an increasing amount dfrface of twinning structure studied in Ref. 25. Itis an in-
attentiori*” due to its implication for realizing so-called terface between two nonmagnetic uniaxial me_dla. The opti-
subwavelength focusif§'® and many other extraordinary cal axes of both uniaxial media are coplanar with the normal
wave propagation phenomena. Although the achievability off thg |.nterface. In our cqordmate system, thg planar inter-
negative refraction in existing metamaterials was oncd@Ce iS in thex-y plane, while the normal of the interface and

questioned®2! the phenomenon has been examined andpoth optical axes all lie in th&-z plane, with the interface
confirmed both experimentally and numerically by marW!"normal along the direction. A schematic plot of the system

researchefé~'®after the first experimental observation using IS Shown in Fig. &), with 6, and 6, being angles between
a metamaterial composed of wires and split ring resondtorsth® normal of the interface and the optical axis of the
Besides occurring at the interface between a positbom- uniaxial .medlum on the left-hand smdden(_)ted by supscrlpt
ventiona) medium, with both electric permittivite and L) @nd right-hand sidédenoted by subscrifit) of the inter-
magnetic permeability being positive, and a negative re- f;\qe. In the prmupgl coordinate system, the relative permit-
fractive index materials, where and 1 are simultaneously UVity tensors are given by

negative'® negative refraction was also found to take place

in photonic crystals without a negative refractive indéx’ er O 0

In anition, it was also found thgt nega'tive refraction can.be ;(L%): 0 e@rm O 1)
achieved at an interface associated with a uniaxially aniso-

tropic medium with only one of the four parameters%oind

p tensors being negatiVé>* This leads to the question for the the anisotropic medium on the left- and right-hand
whether negative refraction may arise at interfaces associate§jes of the interface. Here the superscii@x is used to
with a conventional uniaxial medium without any negativeimply an expression in the principal coordinate system. An
component ofe and u. isotropic medium is recovered by settirg=€’ on either

0 0 €
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where w is the circular frequency is the speed of light in
vacuum, and;, andk;, (k, andk,,) are, respectively, the
andz components of the wave vectors for incidéimansmit-
ted) wave. For simplicity, hereinafter we set the wave vector
in vacuumoe/c=1.

For a lossless medium, at any point on thsurface, the
direction of the time-averaged Poynting vector, which de-
fines the direction of the propagation of light, is normal to
the surface at that poiff. In Fig. 1(b), the time-averaged
Poynting vectors for incident, reflected, and transmitted
waves, denoted, respectively, By, S, andS;, are shown
together with the corresponding wave vect&s k,, and
ki;. Here the subscriptg r, andt represent the incident,
reflected and transmitted waves, respectively. Aet(C;)
denote the point at thk surface for incident waves which
satisfiesdkiy / dk;,=0 andk;,<0 (ki,>0) andB; stand for
the point wheredk;,/dk;,=0 andk;,>0, as shown in Fig.
and their optical axes. The time averaged Poynting ve&ars; , 1(b). PointsA, B, andC, are defined in the same way as
andS;, together with the wave vectoks, k,, andk,, correspond Ai,' Bi, andC;, except they_ ref?r t_o thie surfaqe for trans-
to those shown irb) and show an example of negative refraction at mitted waves. A propagating InCIderﬁtransmme()l_ wave
interfaces withS, >0 andS,<0. (b) Diagram of the wave vectors Vector should lie on the arc that goes frém(A,) anticlock-
of the incident, reflected, and transmitted extraordinary waves fokvise toC; (Cy) such that5;,;>0 (S,>0), whereS;, (S,) is
an interface between two positive uniaxial media. The wave vectothe z component ofS (S). Because pointB; satisfies
surfaces resemble ellipses. Also shown are examples of the timeK;,/dkix=0, if k; lies on pointB;, thenS,=0 [see Fig.

FIG. 1. (a) A schematic plot of interface between uniaxial media

averaged Poynting vecto&, S, andS and the wave vectols , 1(b)]. Here S, is the x component ofS . In addition, ifk;
k., andk,, for incident, reflected, and transmitted waves. See texiies on the arc between poinfg andB;, then one has;,
for the description of point#&, B, andC. <0, as can be seen from Fig(bl. In other words, an inci-

dent wave with wave vectdt; satisfying
side. If one set¥z=7— 0, eg=€_ande,=¢| , the system

reduces to an interface between twinning structures studied Ka x<kix<Kg (3
by Zhanget al,?® hereinafter referred to as the symmetric
case. hasS;, <0, wherekBix (kAiX) denotes th& component of the

For an electromagnetic wave with electric fididpolar-  wave vectok at pointB; (A;) on the incidenk surface. Vice
ized in they direction, the system considered here reduces twersa, ifk; locates on the arc betwe&; andC;, as shown
the isotropic case with permittivity equal &9 (eg) on the in Fig. 1(b), thenS;,>0; namely,
left- (right-) hand side of the interface, since in this case the
E field is orthogonal to both uniaxes, which is usually known kg x<Kix<Kcx 4
as the ordinary wave. So in the following we concentrate o
the extraordinary wave with th& field in the x-z plane.
Owing to symmetry, we study the case witks®_ <90° and
0=<0g=180°, without loss of generality. For simplicity of

r]ead:s toS,>0. A similar analysis applies to transmitted
waves. Explicitly,

analysis, we limit our discussion to the case with incident Ko =Kie=Keyx ©
wave vectork; confined in thex-z plane. guarantees,, <0 and

Let us first focus on the problem of negative refraction. To
analyze the conditions for yielding negative refraction, the ke x<Kix<Kcx (6)

diagram of wave vectok proves convenierf® In Fig. 1(b)

we show the constant- contour of the wave vectok for  results inS>0. Hereka x, kg x, etc., arex components of
both incident and transmitted waves for an example of posik at corresponding point§,, is thex component of5,. The

tive uniaxial media éL(R)> € (r))- The constants contour  lower [uppell bound of (5) [(6)] is to eliminate the occur-

(k surfaces for both incident and transmitted waves are el-rence of evanescent waves due to the total internal reflection
lipses described by the dispersion relations at the interface.
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At the interface, the tangential component of kheector
is continuous—namely;,= k;,—so one concludes that the
negative refraction, which is manifested 8yS;, <0, can be
achieved by requiring

Ka x<Kix<Kp,x, (7a)

kg x<kix<Kcx (7b)
or

Kp x<Kix<Kcx (70

K x<Kix<Kpx, (7d)

where Eq(7a) yields negativeS,, and Eq.(7b) implies posi-
tive S;,, whereas Eq(7¢) leads toS;,>0 and Eq.(7d) gives
rise t0S,,<0. Figures 1a) and 1b) show a case when Egs.
(7c) and(7d) are satisfied. A negative refraction is observed
with §,>0 and S;,<0. The explicit expressions fd{Ai,

kg,, etc., can be worked out, based on the dispersion rela-

tions (2), as
kAix:_IBLi kBix: Yo kCix::BL:

kAtx: ~Br» kth: YR kCtx: BRr: 8

which give rise to the negative refraction conditions in terms

of optical parameters:

max — B, yr} <Kix<min{y_ , Br} (93
for v >vyg or
maxX yL, — Br} <Kix<min{ B, yr} (9b)
for y . <vyg wherea , B, etc., are given by
LR~ [SL(R)COSZQL(R)—’_ e,'_(R)SinZGL(R)]UZ,
BLry=L€LR)SIP O (r)+ EII_(R)COSZGL(R)]UZy
[eL(r)— €[ (r)ISIN OL(R)COSOL (R
YLR)= . (10

AL(R)

In terms of incident angle, the conditions for yielding nega-
tive refraction become

a
max[ - 5’90] < 6,<min{0,0_} (11a
for y.>yg or
. T
max0,0, }< 0i<m|n( HO,E} (11b

for y.<vygr, where the propagation direction of wave is de-
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Six Stx
g=tan ==, 6@,=tan 1. 12
i 31 t S[z ( )
6. and 6, in Egs.(11) are given by
r C(E_kz
tan* —+) Br<BL,
*Brks—y )’
P BrK+—yLa 13
o
*o, Br>PL,
p a?— K2
tan i —=——2 |, lvrl<BL,
YrKo— YL@l
ar
=1 -5 YR<—BL, (14
o >ﬁ
a5 YR L
L 2
with
leLel (B = BRIV = BryLan
) B? '
[eLel (BE—vR) I+ yryLan
0= . (15

Bt
Notice thatd,.=0 and6_=<0.

As can be seen from Eqgll), the occurrence of negative
refraction does not require symmetry as proposed by Zhang
et al?® Nor does it require that both sides be uniaxially
anisotopic. It can actually arise over a range of incident angle
at various interfaces associated with a uniaxial medium. The
case proposed by Zharej al?® is actually a particular ex-
ample to realize the negative refraction. For an interface be-
tween two isotropic media, however, duejo= yg=0, nei-
ther Eqg.(9a) nor (9b) can be satisfied, which recovers the
well-known fact that no negative refraction can be observed
at interfaces between conventional isotopic media with posi-
tive e and w.

Figure 2 shows the range of incident angleat which
negative refraction arises for a symmetric cdséth 6y
=m7—0_, eg=¢€_, ander=¢/) and a case where the me-
dium on the left-hand side of the interface is isotropég (
=¢). It is found that negative refraction can be obtained
over a range of incident angles in both cases. In Fig. 3, the
range ofg; where the negative refraction occurs is displayed
as a function of anisotropy parametar defined by e’
=¢(1+u). It is found that as the anisotropy increases, one
can obtain a greater region for realizing negative refraction.
Figure 4 shows the maximum bending anglg®* (when
negative refraction arise&nd the maximum incident angle
0" as a functiond,_ for a symmetric case of positive
uniaxial media. Hereg"™® represents the upper bound such
that negative refraction occurs. The bending argjlés de-

fined based on the time-averaged Poynting vector, with, e.dfined by

incident and refraction angles, denoted #jyand 6,, given
by

0= 0,— 0, . (16)
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FIG. 3. Negative refraction arises when the incident angle of

FIG. 2. Negative refraction occurs when the incident angle oflight locates between the dashed and solid linegdpa symmetric
light locates between the dashed and solid linegdpa symmetric  case with e, =eg=22, ¢ =ek=¢ (1+U), and 6 =180°— 6
case withe, = eg=22, ¢/ =e;=2.2%, andf, =180°— dgand(b)a  =45° and(b) a case withe, = ¢/ = eg=22, es=e€r(1+u), and
case withe, = €] = eg=22, and ex=2.2%. The permittivities for ~ 6g=135°.
uniaxial medium used here resemble those for YURef. 25.

=k, andS;, have the same sign on the right-hand side of the

Given optical parameters and the direction of the opticainterface. From the analysis, it is concluded that the anisot-
axis, the maximum bending happenskgt=0 for the sym-  ropy serves as a mechanism for the negative refraction dis-

metric case, suggesting cussed here.
Now we turn to the problem of total transmission. An
ay extraordinary incident wavéwith E field lying in the x-z
0= —2tan | — (17)  plane can be written as
L

From Fig. 4, it is found that the maximum values of both Ei=(Eixec+ Ej ) e kizz et (18
— 6y and 6" occur atf, away from 45°. The discrepancy
increases as the anisotropic parameterdeviates away 15 ‘ '
from 0. ©

The negative refraction discussed here finds its origin in g
the anisotropy. In an anisotropic medium, the direction of the >
time-averaged Poynting vect@ deviates from that of the %
wave vectork. So, at the interface, the tangential compo- ~
nents ofS andk, denoted, respectively, b$, andk,, can 8
have either the same or the opposite signs, depending on the CEDD
value ofk, as well as the orientation of the optical axis of R
anisotropic medium. If, under certain conditions, on the one 3
side of the interfacd, andS, have the same sign, while on §§

the other side of the interfade andS, have opposite signs,
then becat_Jst shou_ld be c_o_ntlnuous_and _have the same sign 8, (degree)

on both sidesS, will exhibit opposite signs on different

sides of the interface, leading to a manifestation of the nega- EF|G. 4. The maximum incident angle™™ (which may cause
tive refraction. Figure 1 shows an example of negative r'enegative refractionand the maximum bending anglﬁg'ax as a
fraction at the interface, wherky, and S, have opposite function of 6, for a symmetric case withe, =eg=22, € =€;

signs k;,<0 andS,,>0) on the left-hand side, whilk,,  =2.2%, and 95=180°— 4, .
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with e, (e,) the unit vector in thex (z) direction. The wave q,r—qit+9;=0, (270
equation
a where Eq.(270 originates from Eq(27a, while Eq. (270d)
2. comes from Eq(27b). The coefficientsy;, q,, andq, are
VXVXE~—eE=0 (199  worked out to be
c
serves to determine the dispersion relatighas well as the B L€l
ratio c;=E;,/E;, for a given value ofk;,. As a result, the 4= B2 kz*
electric fieldE and magnetic fieldd for the incident wave -
are given by /
. . ) _ &L
Ei=Eix(e+ Ciez)elkixx+lkizz_lwt, (209 qr=- ,BL k2 )

Eix : ) )
H. = k.. — c: ki elkixx+|kizzf|wt, 200 E
i w,u,oey( iz~ CiKix) (20D - leReRz’ -
Bk

wherec; is worked out to be
where use has been made of E(2) and (26).

co=— _k2 + “L 21) The necessary and sufficient condition of total transmis-
T Kk, — oy e sion (r=0) is therefore
The value ofk;, is uniquely determined by the dispersion 9=9;. (29)

relation(2) and the requiremers;,>0: . - o
With the use of Eq(28), the conditions foomnidirectional
Ki,=[aL vy kix+ ‘/foﬁ(ﬁE_ k?ix)]/lgf . (22 total transmissiolttotal refraction irrespective of the value of

. , ki) can be explicitly written as
Similarly, the reflected and transmitted waves are

E, = Erx(ex+Crez)eikixxﬂkrzz—iwt, (233 €L€[ = €ReR,
€SI 0, + €/ coF 0, = egsi g+ exCOS 0. (30)

Hr: rZ_Crkix)eikixx+ik,zzfiwt (23b)

It is therefore concluded that the omnidirectional total trans-
mission is not limited to the symmetric case. It can be ob-
tained at a variety of interfaces between uniaxial media and,
:Etx(ex+Ctez)eikixx+iktzz—iwt' (243 als_o, _at the_interface between the isot_ro_pic medium_and

uniaxial medium, since Eq30) can be satisfied with a suit-

. o able choice ofe (r), €/ (r), andfy (g . In the following, we
12— Cikiy ) el Fikez ot (24b  discuss some simple cases.
When both media are isotropic, from =€/, egr=€g,

where use has been madekgf=k =kix, andc, andc; are  g2=¢ , and B3= e, it follows that the condition for total

and

E
Hi=—"=

given by transmission, Eq(29), is satisfied if and only if
. —ki,taf o — kit g 25 kepeL —kizer=0, (3D)
T kKo T e K — !

Kixkrz = yLon Kixkiz~ YraR which holds only when the angle of incidence is equal to
with the value ofk,, (ki) uniquely determined by the dis- Brewster’'s angle. Actually, the conditions for omnidirec-
persion relation2) andS;,<0 (S,>0): tional total transmission, Eq$30), require, for the interface

between isotropic media¢, =eg, which reduces to the
K=y kix— \/GLGL(BE—k?x)]/BE- trivial homogeneous system without an interface. The wave

is not refracted at all, although totally transmitted. Omnidi-
ko= [ aryrKix+ Verer(Br— ko) 1/ B (26)  rectional total refraction cannot occur at the interface be-

tween isotropic media.
Letr=E,,/E;, andt=E;,/E;.. On applying the standard The simplest case to realize omnidirectional total trans-
boundary conditions mission is the symmetric case, as proposed in Ref. 25, where
Or=7—0,_, eg=€_, and eg= ¢ lead straightforwardly to
(Ei+E)) Xe,=EXe,, (278 Egs.(30) One thus realizes omnidirectional total refraction,
as proposed and experimentally demonstrated in Ref. 25.
(Hi+H)xXe=HXe, (279 When the medium on the left-hand side of the interface is
one has isotropic while that on the right-hand side is uniaxially an-
isotropic, one hag, = ¢, and the conditions for omnidirec-
r—t+1=0, (270 tional total refraction, Eq9.30), reduce to
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30 ' ' ' ity of the uniaxial medium resembles those for Yy@s in

Ref. 25. It is seen that apart from omnidirectional total re-

fraction, negative refraction also arises, over a range of inci-
dent angle, at the interface between isotropic and uniaxial

media.

FooTTTTTT To summarize, we have presented a systematic theoretical

I analysis of the conditions for yielding negative refraction as

i well as omnidirectional total transmission at planar interfaces

: between uniaxial media. It is found that both negative refrac-

i tion and omnidirectional total refraction can occur at a wide

-30 ' ' ' ' variety of interfaces associated with a uniaxial medium. In
—30 -=0 -10 0 10 =0 particular, both phenomena can arise at the interface between

04 (degree) an isotropic medium and a uniaxial medium, adding consid-

erably to the flexibility in potential device applications in the

FIG. 5. Refraction anglé, vs incident angle; for the case with  field of, e.g., high-power optics, where steering light without

er=2% ex=2.2%, and 6, € =¢_given by Eq.(32), showing reflection could be rather valuable. A frequency-selective

that besides omnidirectional total refraction, negative refractioromnidirectional total transmission device may also be de-
may also occur, over a range of incident angle, at the interfacgjved based on the unigue property by selecting a dispersive

20

i
|
|
|
|
|
|
10 :
|
|
L

or----———-4"~—-

¢ (degree)

between isotopic and uniaxial media. uniaxial medium and suitably arranging its optical axis such
that Eqs(32) are satisfied at a certain frequency. Finally, it is
\/E—R_ \/e_§ worth pointing out that the analysis here also appliggh
€.=VereR, COS2WR= - (32 some minor revisionsto ballistic electrons. With the condi-
\/f—RJr \/:R tions similar to Eqs(11) and(30), one can design negative

A It with itabl tof th tical axi Eefraction and omnidirectional total transmission interfaces
S aresult, with a suitable arrangement ot Ine optical axis ot provide bending, angular dispersion, energy filtering, and
the uniaxial medium and selection of an isotropic medium

. . e o . beam collimating for electrons in semiconductor ballistic
with appropriate permittivity, omnidirectional total transmis- lectron devices
sion can also occur at the interface between isotropic and '
uniaxial media. Figure 5 displays the refraction angles a Z.L. thanks Dr. Yong Zhang for making his paper avail-
function of incident angles; for the case wither=22, €  able prior to publication. This work was supported in part by
=2.2%, and g, € =€ given by Eqs(32). The permittiv- CNKBRSF and CNNSF.
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