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Abstract — Variational methods for image decomposi-
tion have gained considerable attention in recent years. In
such approaches, an image usually can be decomposed into
a geometrical (or structure) component and a textured (or
noise) feature. In this paper we propose an edge-preserving
variational model which can split an image into four com-
ponents: a first one containing the structure of the im-
age, a second one the texture of the image, a third one
the noise and a forth one the edge. Our decomposition
model relies on the use of three different terms: the edge-
preserving regularization for the geometrical component
and the edge, a negative Sobolev norm for the texture,
and a negative Besov norm for the noise. We explicitly
give numerical scheme that is the synthesis of a projection
algorithm, a redundant wavelet (or curvelet) soft thresh-
old and two coupled Partial differential equations (PDE’s).
Finally we show image decomposition results on synthetic
and real image.
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I. Introduction

Image decomposition is an important and challenging
problem in image processing. In principle, this problem can be
regarded as an inverse problem. Consequently, image decom-
position can be done by means of regularization techniques
and minimization of related variational functional.

A classical approach consists in considering that an image
f can be decomposed into two components u + v. The first
component u has a simple geometric structure. The second
component v contains the oscillating patterns (both textures
and noise). A variational approach to this problem is by solv-
ing the following energy minimization problem:

nf {B(0,0) = Bursoorn (1) + ABpuaetiy (0. f = v} (1)
where Esmooth 18 a smoothing term which rewards smooth sig-
nals and penalizes oscillatory ones, Efigeiity is fidelity term
which accounts for the closeness to the input image f.

In the 90’s, most of the research was consisted in consider-
ing the smoothness term. A main contribution was obtained

by the total variation minimization model of Rudin, Osher and
Fatemil!l. The ROF model performs very well for removing
noise while preserving edges. However, it fails to separate well
oscillatory component from high-frequencies components. For
example, edges of an object are high-frequencies components
and noise is oscillatory components. Both the u and v compo-
nents in the ROF model contain high-frequencies components.
That is, the v component not only contains oscillatory compo-
nents, it also contains high-frequencies components. We can
see shadows of edges in the noise or textured component v,
even when the parameter \ is not so small. Alternatively, to
remedy this situation, Meyer[Q] proposed that one should focus
on the role of the fidelity term. This has inspired many new
image decomposition models and algorithms!®=>9!.

In this paper, we are interested in the variational decom-
position model introduced by Aujol and colleagues in Ref.[4].
That is,

inf F =
(u,v,w)EB\l/nquGX(SBE{ Moo (0, @) = |ulpy

1
45l —u=v =l |
@

where uBg = {v € G|||v|l¢ < p} (G = W~1(Q) is the dual
space of the Sobolev space W' (Q)) and § B = {w|||w||z < §}
(E= B;O{oo is the dual space of the usual homogeneous Besov
space Bll,l). But, due to the G and F norm, this problem can-
not be solved directly. Therefore, the authors proposed the
following regularization method:

{F(u,v,w) — lulpy + J* (%)

w

+B*(3) +%||f—u—v—w|\iz}
()

inf
(u,v,w)EBVXxuBgxX6Bg

where J*(v/p) = X{jple<py and B*(w/0) = X{jelp<sy- J”
and B* is the indicator functions of the convex sets G' and
EBL.

S. Teboul and colleagues developed the nonquadratic vari-
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13f{J(u):/Q|u—f|2da:+A2/ng[|vu(x)|]dx} (4)

where ¢ is an edge-preserving regularization function which
satisfies the following conditions!”

(1) 0 < lim¢—o[¢'(t)/2t] = 1 which can keep isotropic
smoothing in homogeneous areas.

(2) limy—oo[¢’(t)/2t] = 0 which preserves edges.

(3) ¢'(t)/2t is strictly decreasing, which can avoid insta-
bilities.

Since the properties (1)-(3) imply that the function ¢
can be represented as the infimum of quadratic functions, the
model (4) results in two coupled systems of PDE’s: one pro-
cesses the intensity, the other the edges.

Inspired by Teboulm7 it is a nature idea that we propose
to incorporate edge-preserving regularization into the Aujol’s
image decomposition model. Altogether this leads to a new
variational model which would split an image into four com-
ponents: a first one containing the structure of the image u, a
second one the texture of the image v, a third one the noise w
and a forth one the edges b. We give a powerful algorithm to
compute the image decomposition we want to get. Then we
show some experimental results. We compare our algorithm
with the method introduced in Ref.[4].

II. Description of New Model:
Structure+Texture+Noise+Edge
Decomposition

In this paper, we characterize the smoothing term |- |pv of
Eq.(2) by using edge-preserving regularization [, ¢[|Vu(z)|]dz
introduced in Eq.(4), while keeping v X w € uBg x § Bg. Thus,
one has

i f F =
ol AP0 = [ Gvu@las
1
+ o~ If—u—v— W||2L2(Q)
2A
(5)
To avoid solving G and E norm, we incorporate J* and B*
into Eq.(5). Hence, we have

u{g,fw{F(u,v,w):Aw[IVU($)|]d$+J*<§> B*(%)
+ %Ilf—u—v—wl\iz} (6)

Since the function ¢ can be represented as the infimum of
quadratic functions, the functional Eq.(6) becomes

P, vwt) =i { [ polVatol + o+ (2)
+B*(§) + %I\f—u—v—wuiz} )

where () = 0[(0") 1 (b)] —b(0") "1 (b), 0(t) = »(v/t). The min-
imum on b when u is fixed is unique and given by bins(z) =
@ [[Vu(z)|]

. Since the variable b, which weights the quadratic
2|Vu(z)|

smoothing on |Vul, represents the edges of the image, and the
function ¢ acts as a penalty for introducing an edge (b — 0).
Thus, a model is defined, depending on both the intensity u,
the edge b, the texture v and the noise w, as follows:

inf {F*(u,v,w,b):/ﬂ{b|Vu|2+w(b)}

u,v,w,b
«fv wf W 1 2
+J (—)+B (—)—F—Hf—u—v—wHLQ}
I é 2A )

To enhance the quality of edges, we add a segmentation con-
straint on b and parameter k to the functional Eq.(11). Hence,
we have

. * _ U2 E
inf {F (u,v,w,b)—/ﬂ{bw 2 4 k(b)) + k/ﬂmwbn

u,v,w,b
«f v wf w 1 2
+7(2) B () + 55l —u-v-wla |
m 1) 2A )

Now we consider the three following problems to solve Eq.(9):
(1) u,v,w being fixed, we search for b as a solution of
Eq.(10):
e { [oval e+ [ aon} o
b Q k Jo

(2) v,w,b being fixed, we search for u as a solution of
Eq.(11):

it { [ BIVal + ko) + g5l —u—v -} )

(3) u,w,b being fixed, we search for v as a solution of

Eq.(12):
inf  J* (2 +i||f—u—v—w|\2
v m 2X L2

(4) u,v,b being fixed, we search for w as a solution of

Eq.(13):
inf ¢ B*( = L If—w—v—w|}
in B 5 + X u—v—w|r2

If minima of Eqs.(10) and (11) exist, one can formally ver-
ify the following system of Euler-Lagrange equations:

(12)

(13)

2 / B .. 4;0/(|Vb|)
il R Bt VA = 14
(IVul” + k' (b) kd1V|: VO Vb| =0 (14)
—(f—u—v—w)—2Xdiv(bVu) =0 (15)
The minimum of Eq.(12) is equivalent to the problem
inf L7 w0 (16)
venng | 2A0 T TV T @l
Thus the solution of Eq.(16) is given by
0= Pung (f —u—w) (a7

where P is the orthogonal projector on uBg = {v € G|||v||¢ <
p}B4 . Similarly, minimum of Eq.(13) can be denoted by

. 1 2
welggE{aHf—u—v—wHw} (18)
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In fact, Eq.(18) can be solved by the dual problem:
. 1
i {Slollsg, + g5 —u—c-wls |
Therefore, the solution w of Eq.(21) can be obtained by
w=PFPspy(f—u—v)=f—u—v—-WST(f —u—v,26) (19)

where WST(f — u — v,26) stands for the wavelet soft-
thresholding of f —u — v with threshold 2. Aujol chose dis-
crete wavelet shrinkage in Ref.[4], but one can find that there
are a lot of block structure due to artifacts effect in numer-
ical results.
and 5. To overcome this problem, we incorporate redundant
wavelet threshold and curvelet threshold respectively into the
new model.

To solve Eq.(14), one has to give the choice for ¢ and .
However, the function v is defined from the function ¢[8]. So
we only consider the choices of ¢, which satisfies the edge-
preserving properties (1)—(3).
age edges, we should impose the growth condition of the type
tll>ngo p(t) = ¢ > 0 on ¢. Since we want to obtain the best

For example, the structure w is given in Figs.2

To recover and preserve im-

image decomposition results, one have to choose the proper
2

. Thus we consider the function ¢ = which is in-

2
troduced by Geman and McClure for nonlliz_egr image filter-
ing with edge and corner enhancement!?. Using the half-
quadratic theorem[s], the associated 1 is b — 2v/b + 1. Due
to the infinite limit of ¢’ (b) when b tends to 0, the Eq.(14) is
difficult to solve. To remedy this, we propose to use b2 rather
than b%. Thus, ¢ becomes 1(b) = (b—1)?. Eqgs.(14) and (15)

become
[Vu|? Bl Vb |_
(T 1)~ e e =1 @0
—(f —u—v—w) — 2xdiv(b’Vu) = (21)

III. Algorithm of New Model

1. Discretization of the model

To discretize the Egs. (23) and (24
finiter differences scheme and an iterative algorithm based on
a fixed point iteration. The details of new numerical algorithm
are as follows. We use the classical notations u; ; = u(ih, jh),
fi; = f(ih, jh), vi; = v(ih, jh) and b; ; = b(ih, jh) denotes a
discrete point for 0 < i, 7 < M, where h > 0 is the step.
To simplify the presentation, let us introduce the notation

2\ —1
H(u,k) = <1+¥> and

c1 = 2\ 2
bi+1,] ) +( ,]+1_ i,j— 1))

1

PN
bi,j—z1g> +<21]+1 21,171>>
bit1,; —bi—1,5 2+ biji1 —bij 7\’

2h h

1

bit1,j—1 —bi—1,j-1 2+ bij —bij—1 %2
2h h

), we use a semi-implicit

Co =

(
(
B
(

Therefore, the discrete fixed point Gauss-Seidel iteration
method for Eqgs.(20) and (21) are

1+ ﬁ (c1biyq,; + cablq ; +c3bi i1 + cabij_1)

prtt — _ k2h?
" H(u}j, k) +e1+ezt+es+ea
(22)
and
1
n+1l _
up ;= 5
(1 + ﬁ(ln + b2 + b3 + b4))
2\ n n
|:fz] —wi;+ ﬁ(blui+1,j + bau;_q
=4 bgu;?;]'_;'_l + b4u;?;]'_1):| (23)

where b1 = (b?+1,j)27 by = (?fl,j)Qa by = (bZHl)Q, by =
(b75-1)
For Eq.(17), the algorithm introduced in Ref.[3] can be

used to compute P, (f —u). It indeed amounts to finding:
min{||udiv(p) — (f — )3 : p/Ipij| < 1¥i; = 1,--- N},

This problem can be solved by a fixed point method: p® = 0
and

ot Py (V) — (F —u = w) /)
ST T (VA () — (f — u— @) /m)el

2. Description of algorithm

(24)

From the above analysis, we know that the proposed al-
gorithm should be the synthesis of a projection algorithm, a
redundant wavelet (or curvelet) soft threshold and two coupled
PDE. Thus, one has

(1) Initialization: u® =" =w®=0,8" =1

(2) Iterations:

Solve Eq.(19), with u,v and b fixed:

W = Popg (f—u"—0") = f—u" 0" = WST(f—u"—0",26)

Solve Eq.(17), with u,w and b fixed

V"M = Pupo (f —ut — W™

Solve Eq.(21), with v,w and b fixed, i.e. Eq.(23)
Solve Eq.(20), with u,v and w fixed, i.e. Eq.(22)
(3) Stopping test.

IV. Experimental Results

In this section we present numerical results of image de-
composition using Aujol’s method and the new model. All
edge maps in Aujol’s method were obtained by applying edge
detectors based on MATLAB to the structure .

Fig.1 shows an original intercepting image of Barbara and
noisy image, which contains rich textures and non-textured
parts. The noise is additive white noise with standard devi-
ation 0 = 20. The Peak signal to noise (PSNR) is 23.1426.
In this experiment, we use “db8” wavelet with eight vanishing
moments. Fig.2 shows results of image decomposition using
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Fig. 2. Decomposition
Aujol’s method and Laplacian-
Gaussian operator

Fig. 1. Original image and noisy image

Aujol’s method, which contains the structure w, the texture
v, the noise w. The edge b is detected using the Laplacian-
Gaussian operator on the structure u. Fig.3 shows respec-
tively the results of image decomposition into the structure
u, the texture v, the noise w and the edges b from the pro-
posed method. To overcome artifacts effect of the structure
u in Fig.2, we use redundant wavelet transform. We still use
“db8” wavelet with eight vanishing moments. One can see
that the proposed method yields better decomposition results
than Aujol’s method. In addition, u+wv shows denoising result.
Fig.4 gives denoising result respectively from Aujol’s method
and the proposed model. We can see that the proposed method
yields better denoising results than Aujol’s method.

In the second example we decomposed a house image with
rich edges. Fig.1 shows the original image and noisy im-
age. The noise is additive white noise with standard devia-
tion o = 20. The PSNR is 23.7210. Fig.5 shows decompo-
sition results of Aujol’s method using “db8” discrete wavelet,
which contains the structure u, the texture v, the noise w.
And edges are detected by the zerocross operator on the struc-
ture u. Fig.6 and Fig.7 give decomposition results respectively
from the proposed model using redundant wavelet shrinkage
and curvelet shrinkage. We can see that the proposed method
yields better decomposition results than Aujol’s method. Fig.8
gives denoising results u + v respectively using Aujol’s method
and the proposed model. Again, our model yields better re-

Fig. 5. Decomposition results from Au-
jolI’s method and zerocross opera-

Fig. 6. Decomposition results from the
proposed method with redundant
tor wavelet shrinkage

results from

Fig. 3. Decomposition results from the
proposed method

sults than Aujol’s method.

(b)

Fig. 4. Denoising result using Aujol’s method
(PSNR=26.7303) and the proposed model
(PSNR=27.6232). (a) u+v denoise result of dual
method; (b) u+v denoise result of new method

V. Conclusion

In this paper we present an edge-preserving variational
model which can split an image into four components: struc-
ture. texture. noise and edge. Our decomposition model
is composed of three terms: the edge-preserving regulariza-
tion for the geometrical component and the edge, a negative
Sobolev norm for the texture, and a negative Besov norm for
the noise.
which is the synthesis of a projection algorithm, a redundant
wavelet (or curvelet) soft threshold and two coupled Partial
differential equations (PDE’s). Extended experiments have
shown the effectiveness and efficiency of the proposed model.

We developed the new minimization algorithm,

Fig. 7. Decomposition results from the
proposed method with curvelet
shrinkage
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(1]

(2]

(3]

(4]

(5]

[6]

[7]

Fig. 8. Denoising result using method

Aujol’s
(PSNR=28.5292) and the proposed model (middle-

redundant wavelet shrinkage: PSNR=29.7808 and
right-curvelet shrinkage: PSNR=30.2108). (a) de-
noise result from dual method; (b) denoise result from
new method; (¢) denoise result from new method
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