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KYBERNETIKA — VOLUME 49 (2013), NUMBER 4, PAGES 524-538

DISTRIBUTED OUTPUT REGULATION FOR LINEAR
MULTI-AGENT SYSTEMS WITH UNKNOWN LEADERS

XINGHU WANG, HAIBO J1 AND CHUANRUI WANG

In this paper, the distributed output regulation problem of linear multi-agent systems with
parametric-uncertain leaders is considered. The existing distributed output regulation results
with exactly known leader systems is not applicable. To solve the leader-following with unknown
parameters in the leader dynamics, a distributed control law based on an adaptive internal
model is proposed and the convergence can be proved.

Keywords: output regulation problem, multi-agent systems, internal model

Classification: 93A14, 93C10

1. INTRODUCTION

It is known that the output regulation design aims to force a plant to achieve asymp-
totically tracking and/or rejecting for a class of reference signals and/or disturbances
with maintaining the stability of the closed-loop system, where the reference inputs and
disturbances are generated by a so-called exosystem. Since 1970s, many results on this
problem for both linear and nonlinear systems have been obtained [I, [7, 8]. Moreover,
different adaptive control methods have been proposed for the exosystem with uncertain
parameters [11], [13] [14].

Recently, as the rapid development of multi-agent systems [4] [15], distributed output
regulation (DOR) has attracted much attention [5, 16} [I7, [19]. In DOR formulation, the
leader in the multi-agent system is regarded as an exosystem which provides reference
signals for the follower agents. The information communication topology is described
by a digraph. Not all the followers can access the information of the leader systems.
Therefore, the results on the conventional output regulation problem for single systems
fail to solve this challenging problem. In fact, the DOR problem provides a general
framework for leader-follower multi-agent systems. There are two main approaches to
solve the problem. One is based on distributed estimaters or observers. The research
started with the tracking of active leaders, viewed as exosystems, by distributed estima-
tion [3] [6], and later the distributed observer was provided in [I6]. The other approach
is based on internal model [5, 7, I§]. An internal model is a copy of the exosystem
and allows parameter uncertainties in the system matrices. In [B] [I7], a p-copy type
internal model was constructed to achieve the solvability of the DOR for an uncertain
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multi-agent system. Additionally, [I8] provided a design for multi-agent systems with
switching topologies by using canonical internal model.

In the existing results, a precise linear model of the leader agent must be known.
Based on the known leader assumption, the DOR, problem of linear multi-agent systems
is converted into a simultaneous eigenvalue placement problem of an augmented system
composed of the nominal system and a dynamic compensator (i. e., a distributed internal
model or a distributed observer). However, this approach can not handle the case when
there exists some uncertain parameters in the leader system. In this paper, in light of
the result given in [I4], we provide a distributed control law based on an adaptive inter-
nal model to solve the DOR problem of multi-agent systems with an uncertain leader.
The adaptive internal model asymptotically provides an estimation of the uncertain pa-
rameters in the leader. By utilizing the concept of the input-to-state stability of the
cascaded nonlinear systems, we prove that, under the designed distributed control, the
overall system admits a bounded solution over [0, 00) for any initial conditions, and the
regulated outputs converge to zero asymptotically.

The rest of the paper is organized as follows. Section 2 introduces some preliminaries
on the multi-agent systems and presents the DOR, problem. Section 3 presents a dis-
tributed control with the help of an adaptive internal model. Section 4 gives a numerical
example. Section 5 contains some conclusions.

2. PROBLEM FORMULATION

We first give a brief introduction of graph theory (see [2] for details). A digraph G =
(V, &) consists of a set of nodes V = {0,1,2,...,N} and an edge set &€ C V x V.
If (i,7) € &, then node i is said to be the father of node j and node j is the child
of node i. All the fathers of node i constitute an in-neighboring set of node i and
will be denoted by N;. If the digraph G contains a sequence of edges of the form
(i1,12), (i2,13), ..., (i, ik+1), then the set {(i1,42),..., (ig,ix+1)} is called a path of G
from 47 to ix4+1, and node 4y is said to be reachable from node ipy1. If ix41 = i1, the
the path is called a loop. If a node is reachable from every other node of the digraph,
then the node is called globally reachable.

The adjacency matrix of G is denoted as A = (a;;) € ROVFDXWNVFD - where for
1,7 =0,1,...,N, a;; = 1if (,j) € £ and a;; = 0 otherwise. The Laplacian of a digraph
G is denoted by £ = (I;;) € RNFUXINHD “where for 4,5 = 0,1,..., N, l;; = E;'V:(] aij
and l;; = —ay; if i # j.

Consider a multi-agent system composed of N interconnected agents as follows:

ii = AIZ + B’U,i + EU
Yi = C.ﬁi,i:l,...,N (1)
where z; € R™ is the state of ith agent, u;,y; € R are control input and measurement

output, respectively. v € R™ is the exogenous signal representing both the reference
input and the disturbance, and is generated by the leader system expressed as

v = S(w)v (2)
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where w € R™ represents the uncertain parameter in . Let yo = —Fv € R be the
output of leader , which represents the desirable reference trajectory. For agent i, the
regulated output is defined as

ei(t) = yi — yo. (3)

A digraph G can be used to describe the information exchange of a multi-agent system
with regarding the N agents as nodes. Considering the multi-agent system with the
leader , a digraph G with N + 1 nodes can be defined, in which node 0 is associated
with the leader and the other N nodes are associated with the N agents of system .
The edge set £ contains an edge (i, ) if agent j can get the measurement output y; of
agent 7.

To construct the distributed control law, we first define the neighbor based regulated
error e;, for agent i as follows:

| _{ eis (0,1) e & (4)
Civ = W11| ZjeNi(yi —y;) = |,/\1/i\ Zje/\/’i(ei —e), (0,i)¢¢&

where || is the cardinality of the set Nj.
In this paper, the distributed output regulation (DOR) problem is formulated as: for
system with leader , find the following distributed control law

ui = fi(2:), % = 9i(2, €iv) (5)

where z; € R"#i, with n,, to be defined later, f; and g; are possible nonlinear functions
of their arguments vanishing at the origin, such that, for all initial conditions of the
closed-loop system and any w € R™, the solution of the closed-loop system exists and
is bounded over [0, o), and moreover,

lim e;(t) = 0.

t—oo
To solve the problem, some standard assumptions are listed.
Assumption 2.1. All eigenvalues of S(w) are distinct with zero real parts for all w.

Assumption 2.2. (A, B) is stabilizable, and (C, A) is detectable.

Assumption 2.3.

rank ( A PR ) —n+1, YAEo(SW)) (6)

where o(S(w)) denotes the spectrum of S(w).
Assumption 2.4. The digraph G contains no loop and the node 0 is globally reachable.

Remark 2.5. Assumptions to are standard requirements for guaranteeing the
solvability of the output regulation problem with unknown exosystems by the central-
ized control method (see [13, [14]). Assumption [2.1| means that the leader can produce
sinusoidal signals with arbitrary unknown frequencies. Assumption [2.4]is used in [I7] to
describe the interconnection graph for the multi-agent system.
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Under Assumption [2.3] for w € R, there exists a solution X,U to the regulator
equations

Xw)S(w) = AXw)+BU(w)+FE
0 = CX(w)+F. (7)
It can be verified that there exists an integer s such that
d*Uv d*—2Uv 2310w
W_QS—Z W)W_”'_O‘sf2[%](w)dt5_72|‘%]:0 (8)

with

(EW B s/2, s is even

2' 7 (s—1)/2, sisodd
where, according to Caley-Hamilton theorem, «;(w)’s are real numbers such that all
roots of polynomial

7?(/\) — )\ — 065_2((4)))\8_2 — = Qg ora] (w))\s—ﬂ%] (9)
belong to the set containing all eigenvalues of matrix S(w) and are distinct with zero
real parts for w € R¥. Define o = [04572(51 s o) T

Performing the coordinate transformation
T; =x; — X0, Tj:USj_lv,jzl,...,s

converts the systems and into

r; = AZ;+ Bu; — BI't
7 = O(a)r (10)
with the regulated output e; = C%; and 7 = [r; --- 747, where
0 1 0 - 0 0 11"
0 0 1 .- 0 0 0
O(a)=| . . . . .= . , when s is odd

0 ai(w) O as—2(w) 0 0

0 1 0 0 0 11"

0 0 1 0 0 0

O(a) = . . . . . L, T= . , when s is even.
ap(w) 0 ag(w) -+ as_2(w) O 0

Another assumption is needed to guarantee the parameter convergence in the follow-
ing analysis.

Assumption 2.6. The initial condition vy excites all oscillatory modes of the 7 sub-
system in .

Remark 2.7. Assumption is a requirement of minimality for ®(«). If this condition
does not hold, the dimension of ®(«) can be reduced leaving out the part which is not
excited by the initial condition. Following a similar argument as Theorem 4.1 of [11],
7(t) is PE (Persistence of Excitation).
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3. MAIN RESULTS

In this section, we present a solution for the DOR problem of with an unknown
leader . To this end, we construct an observable pair first. Let p = [u1, ..., us] be
such that the polynomial

POy =astp Bty o 2y
Ns /J’S /’LS

is stable, G € R™ be such that the matrix (A — GC) is Hurwitz, and A = Gu. Then,
from Assumption there exists solution (II(«), M («)) to the equations:

I{a)®(a) = All(a) — BM(a)— A
0 = CI(a) — u. (11)

The above obtained pair (M («), ®(«)) has the following observability property.

Lemma 3.1. The pair (M («a), ®(«)) is observable.

Proof. Consider the following linear equations

Mol —®(a))z = 0, VA € o(®()) (12)
wz = 0. (13)

From , we see that z; = Aé_lzl,j =2,...,s. Substituting this expression of z; into
gives psP(Ao)z1 = 0. Because, for each Ao € o(®(a)), P(Ao) # 0, 21 = 0, which

implies
Rmm<[NJ;F“”}>=S,VAed¢w».

By using Popov—Belevitch-Hautus (PBH) test, the pair (i, ®(«)) is observable. On the
other hand, consider another group of linear equations

Ml —P(a))z = 0, YAg € 0(P()) (14)
M(a)z = 0. (15)

Post-multiplying both sides of by z, from and , we have

(A-—GC —XDII()z = 0
Cll{a)z —pz = 0. (16)

Because A — GC' is Hurwitz and Ay has a zero real part, the matrix (A — GC — A\oI)
is nonsingular. Therefore, II(a))z = 0, which means uz = 0. From the observability of

(11, (a)), = = 0. Then, .
Rank (| 200 0 ) =

By using PBH test again, the conclusion follows. |
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With the above observable pair, we can perform the transformation

i =2 —(a)07'r, §=0""7

on with
M ()
o- | ot
M ()@~ (o)
and obtain the following form:
6 = d(a)d
e; = C&;+ . (17)

Based on , we consider a distributed dynamic feedback control

ni = Ani + Bu; + AG + G(ei — Cni — pG;)
G = ®(@)¢+ Glew — Cni — pdi)
a; = AQileq — Cny — ;)
up = Kni +p(&i)G (18)
where K is selected such that (A + BK) is Hurwitz, and
(@) = M(&;)+ KI(a;)
G =10 - 0g g cr®
Q = [Ci,s—2]—s/2‘\+l Ci,s—2|'s/2]+3 o Ci,sfi’) Ci,sfl]T

A = diag(Al,...,A(s/gw)
with §1 = 1/ps, g2 >0, A; >0, for j=1,...,[s/2].

Remark 3.2. The dynamics in constitutes an adaptive internal model. &;’s are
used to estimate unknown vector o« which depends on the uncertain parameter w.

Under the distributed control , we conclude our main result.

Theorem 3.3. Under Assumptions 2.1-[2.6] for any initial conditions and w € R",
the solution of the closed-loop system composed of and exists and is bounded
over [0, +00), and moreover, for each i = 1,..., N, e; converges to zero asymptotically.
Namely, the distributed control solves the DOR problem of multi-agent system
with the unknown leader .

Proof. Let §; =%; —n;, ¢, =0 — (;, and ¢; = &; — o. Then, the error dynamics can
be represented in the following form: for (0,7) € &,

b = (A-GO)s;

g = AQ(CH + pe;) (19)
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and for (0,7) ¢ &,

b = (A-GC) WlGZeJ

JEN;
. = N 1
& = (B(a) — Gu)e + (®(a) — ®(dy))¢ — GCS; + |M|G > e
JEN;
& = AQ(CH; + pe;) — | N|AQ > e (20)

JEN;
In what follows, four steps are given for the proof.

Step 1: Due to the special form of matrices ®(a), G and p, the ¢; subsystem in
can be decomposed into the following form

éi,j = 617j+1,j=1,...,3—2
€is—1 = — Z — 51C6;
€s = —02 Z Hr€ik — §2C0;
k=1
[s/2]
- Z (k€ s—2([s/2]—k)—1 F EikCi s—2([5/2]—k)—1) - (21)
k=1
Taking §; = [61 €1 -+ €is—1]T, we obtain
5, = Aé;
bis = —B0—veis— e
where A, 3, v, C and [i are defined as
- { (A-GC) 0
A = _T _
0 -+ 0 g C E
_ [=Gap1 — Gopz —o1 -+ —Gofts—1 — g_97], sis odd
g = e C 7 B : (23)
[ ga21 — Qg g2 2 g2/s—1 as,g], S 15 even
v o= —Gops, C=[C 1 - psal, = ps
with
0 1 0
—p1/ps  —H2/ps o —ps—1/Hs

Since G and p are chosen to satisfy that A is Hurwitz, 0;(t) subsystem is exponentially
stable, namely, there exists a quadratic Lyapunov function

10 —
= 0! P§;
2 3
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satisfying

ciall6ill? < Vi < ciol|64]?
Vi < —ci |04 (24)

for some positive constants c; 1, ¢; 2 and ¢; 3.
Under Assumption 7(t) is PE, so is 6(t). Applying Lemma 13.5 in [I0], for

i=1...,[s/2], Cz’,s—Q([s/z]—j)—l = 93—2([3/2} —5)—1 " €i,s—2([s/2]—j)—1 is also PE. Hence,
by using Lemma B.2.3 in [I2], we have that, when §; = 0, the trajectories (¢; s(t),£:(t))

of (€; 5,€;) subsystem in satisfy
l[(€i,s(t), €4 (1)) || < cie™=

for some ¢; > 0 and w; > 0. By using converse Lyapunov function theorem, there is a
continuously differentiable function V;(t, €; s, £;) satisfying

(€.5(0),:(0))[], vVt =0

dill(€i,s, 0)[1? < Vi < di2l (6,5, €)1
Vils,—o < —disll(eis, €)1

| (B 32)]| < dualltesmrel (25)

for some pOblthe constants d; 1,d; 2,d; 3,d; 4. Thus, along the trajectories of (; s,€;)
subsystem in ) without the restriction &; = 0, we have

- 4 v, v,

Vi < —disll(eis, i) Je: 1 (—B6;) + e, (A, C6;)
1 d2
< —§di,3||(ei,s,ei)||2 YN (IBIPN6:11% + AP NP ICIZN0:01%) - (26)
Because
95—2[3/2]+1 €i,5—2[s/2]+1
0 = 9s—2[s/21+3 | €i,s—27s/2]+3
Os—1 €i,5—1

we have [|€;]|? < 2||0]|? + 2||6;]|2. Since all eigenvalues of ®(a) are distinct with zero
real parts, G(Ut) is bounded for all ¢ > 0. Without loss of generality, we assume that
16(t)|| < B, B > 0. Thus,

. 2, B} T
< . . 12 ? 2 2 12 2 215,114 .
Vi < —gdialcnn )l + g5 (1817 + 2B IAPICI) 151 + 2AAIICI151) - (27)

Let W; = k; 1 V; + k‘iQV;Q + Vz with

b o (1 (o) ) ki z L (1 S
z’l_Cz‘,?, 2d; 3 ’ 272_20@101',3 di3 i
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Then, the time derivative of W; along the trajectories of the system can be computed
as

. _ _ 1
Vig = —ki,lcz',3\|5i||2 = 2ki2¢ici 310" — 5, (€s,50€0) |

2 (1812 -+ 2B2IAIICI ) 187 + 2IAIPICIP )

d2 -
< —(k ~ i (1812 +2B2 AP ))n«xn?

3, ~ - 1
- (ki,m,lcu:z “ds IIAIIQIICQ> 10:11% = Sdiall (e, €I

- - 1
< =8P = 1001 = SdisliCei s, 0l (28)
from which, by using Lyapunov stability result, we conclude that the system is
globally asymptotically stable.
Step 2 : The time derivative of function W; along the trajectories of system is

given as

: . 1
Wilg < —l6l1* = 16" = Sdisl(ess, €l

ki1 + 2koV;
1+ 2k9 6TP[GT 0 --- 0 _gl]TZej
|N| JEN;
e |- (29)
aezs |N‘ Z JEN !
Because
ki + 2kyV;
1+ 2k 5TP[GT 0 --- 0 7§1}TZ€]‘
|N| JEN;
}”5 2+ *||5‘||4+ k2L IPIPIGI® + a7) e 216k}, || PII*(IG]1* + g1) >
B ; J 12 J
2 2|~/\/.1| JEN; |M| JEN;
and
oV; g2 ov;
ei | — =— | —AQ, €j
Deis \ [N] Z S R |N | Z !
JEN;
d; ’2+41§2HA||2 4 IAA
1 9 1< a i,4 (92 2 16di,4”A” 4
< gl )l + 161" + === 3 S+ JErE - D

JEN: 63 JeN;

we conclude

Wil@) < ||5 [ *||5 I* - *dz3||(6m e)l*+oin Y € +0oi2 > €f  (30)

JEN; JEN;
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where

BAPIECI + ) (38 +4B1A1P)

i1 = 2IN;] * d; 3|V
oy = HOLIPITUGI" +g1) | 1640, A" (31)
0.2 N2 Nil2d7 5

Noting that e; = Cz;, the system is ISS with respect to input z;, j € N;.
Step 3: The Z; subsystem in can be rewritten as

where @(e;) = ¢(&;) — ¢(a). Since $(0) = 0, according to Lemma 3.5 of [10], there
exists a class KC function p(-) such that
I¢(ell < plell)- (33)

Let @ be such that Q(A + BK) + (A + BK)TQ = —I, and consider the Lyapunov
function W; = 7' Qz;. Then, the time derivative of W; can be obtained as

Wi

—||lz]|? + 227 Q (- BK6; — Bp(a)e; + Bp(g:)(;)
—1/2]|z:]|* + 4|lQBK|*|16:1> + 4| QBI* 0 () Il e:]*
+4[QBI*(B*p([leill) + p*(lleall) + lleall®)- (34)

IN

From which, the Z; subsystem is ISS with respect to inputs d;, €;, €;. Since e¢; = CZ;,
with regarding e; as output of Z; subsystem, the Z; subsystem is also input-to-output
stable.

Step 4: According to [2], under Assumption we can relabel the nodes such that, if
(i,7) € €, then i < j. In what follows, we using the relabeled index of nodes. Obviously,
agent 1 is such that (0,1) € £. Thus, according to Theorem 10.5.2 of [9], the system
composed of (41, €1,e1,%1) is globally asymptotically stable.

For agent 2, if (0,2) € &, then, similar to agent 1, the system composed of (J2, €2, €2, T2)
is globally asymptotically stable. Otherwise, the system of (d2,€2,€2) is the dynamics
with ¢ = 2, which is ISS with respect to 1. Since Z; subsystem is globally asymptot-
ically stable, by utilizing Theorem 10.5.2 of [9], the system of (d2, €2,€2) is also globally
asymptotically stable. Also, because Zo is ISS with respect to (02, €2,€2), T subsystem
is globally asymptotically stable. In both cases, the system (d1, €1,€1,Z1, 02, €2, €2, Ta) is
globally asymptotically stable.

In a recursive manner, we can prove that the system of (d1,€1,€1,Z1,...,0N,€N,EN,
Zn) is globally asymptotically stable.

From the boundedness of 6(t) and the relationship between (;, €;, €;, Z;) and (n;, §, &,
Z;), the solution of the closed-loop system composed of and exists and is
bounded over [0, +00). Moreover, because e; = CZ;, lims oo €; = 0,4 =1,...,N. The
conclusion follows. |
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Remark 3.4. In this paper, we only discuss the case when the agent system has a
single input and a single output. However, our results can be extended to the system
possessing the multi-input and multi-output.

Remark 3.5. Note that, the equations ([11]) can be rewritten in the standard form of a
linear equation: Q(a)x = v, where

_ T I’IL Onxl _ A 7B
0(a) = ¥(a) @[Om " ] Is®[c 0}

w=vee( | aroy ) =l 50])

with ® denoting the Kronecker product of matrices and vec(:) being a vector-valued
function of a matrix such that, for any X = [X; -+ X,,] € R™™ vec(X) =
[X{ .-+ XT]T. Thus, the solution (II(c), M (a)) of the equation depends on the de-
terminant of matrix Q(«). Under Assumption det (Q(w)) # 0 for each a. However,
it may happen that det (Q(&;)) crosses the zero value for some estimation &. In order
to avoid this situation, as in [14], we make a slight change on function ¢(&;) by selecting
p(@;) = det” (Q(d:)) ¥(dy)/ max(w, det® (Q(d;))), where 9(ds) = (M(d;) + KIL(d;)),
and w is such that @ < min,—;,_ n detQ(Q(o?,;ss)), with &;ss being the steady state of
&;. The existence of class I functions p(-) in can still be guaranteed when the
slight change is made on ¢(-). Because the convergence of &; to « is independent of Z;,
under Assumption f we still have &; — a = dyss and det(Q(dyss)) # 0 for each
i=1,...,N.

4. A NUMERICAL EXAMPLE

Consider the distributed output regulation problem of a group of four double-integrator
systems with sinusoidal disturbances:

Til = Tip
Zia = u; +0.509, i=1,2,3,4
€ = Tj1 — U1 (35)
with the unknown leader
R TI
by = —wvy, v(0) = [v1g va0]” (36)

which is an unforced harmonic oscillator with an uncertain frequency w € R. We assume
that w can be an arbitrarily positive number. The interconnection of the multi-agent
system is given in Figure

In our example, we have
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Fig. 1. Communication digraph for the example.

It can be verified that Assumptions [2.1]-[2.4] are satisfied. Moreover, the solution to the
regulator equations associated to is

X=I, U=[-1 —05]

and U(w)v = —v; — 0.5v2 = (viow — “22)sin(wt) — (vio + 0.5v90) cos(wt). Obviously,
U(w)v satisfies
d*U (w)v
dt?
Therefore, the 7 subsystem in is given with

= —w?U(w)v.

7= [U(wyp LT

dt
_| 0 1 _ 2
O(a) = { a O]’ =010, a=ay=—-w
and the non-zero initial condition of with w # 0 excites all modes of 7 subsystem.
Therefore, a distributed control taking the form of is designed with the following

parameters:

K = [-1 =1, G=[ 1", p=[1 1]
gl = g2:17A:5O

The simulation result is shown in Figures[2land 3] In the simulation, the initial conditions
are selected as z1,1(0) = 1,21 2(0) = —4,22,1(0) = 2,222(0) = —3,231(0) = 3,232(0) =
—2,241(0) =4,242(0) = —1,v19 = 3,v20 = 3 and the initial conditions for the dynamic
regulator are all zero. The uncertain parameter is chosen as w = 2.2. The numerical
results demonstrate the effectiveness of the distributed control by showing the regulated
output e; in Figure Moreover, estimated parameter &; converges to a« = —4.84 as
shown in Figure
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Fig. 2. Response of the regulated outputs e; of the followers.
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Distributed output regulation with unknown leaders 537

5. CONCLUSIONS

In this paper, we studied the distributed output regulation problem of the leader-
following multi-agent systems. We focused on the case where the leader contains some
uncertain parameters and proposed a distributed control based on an adaptive internal
model. By using the results on the input-to-state stability of the cascaded systems, we
proved that the designed distributed control guarantees that all agents can track the
uncertain leader.
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