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Abstract

In this paper we study the Cauchy problem for the semilinear fractional power dissipative equation u; + (—A)%u = F (u) for the
initial data u( in critical Besov spaces Bgr witho £ % — 20‘b—d ,wherea > 0, F(u) = P(D)ub‘"1 with P (D) being a homogeneous
pseudo-differential operator of order d € [0, 2«) and b > 0 being an integer. Making use of some estimates of the corresponding
linear equation in the frame of mixed time—space spaces, the so-called “mono-norm method” which is different from the Kato’s
“double-norm method,” Fourier localization technique and Littlewood—Paley theory, we get the well-posedness result in the case
o>—73.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study the Cauchy problem for the semilinear fractional power dissipative equation

{“;—I—(—A)"‘u:F(u), (1.x) e R xR, (L1)

u(0,x) =up(x), xeR",

for the initial data ug(x) in critical Besov spaces Bir with o £ % — 2"‘};‘1, where & > 0, F(u) = P(D)ub*! with
P (D) being a homogeneous pseudo-differential operator of order d € [0, 2«) and b > 0 being an integer.
The evolution equation in (1.1) models several classical equations, for example:

1. The semilinear fractional power dissipative equation
y + (=) u = plul’u

with p being a constant.
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2. The generalized convection—diffusion equation

up+ (A u=a-V(ul’u), aeR"\{0}.

3. The generalized Navier—Stokes equation

ur+(—=A)*u~+u-Vu+VP =0, divu=0.

4. The subcritical dissipative quasi-geostrophic equation

O, +u-VO+Kk(—A)¥6 =0,
{ ' (t,x) e RT x RZ,

w=(ui,up) =V, (=A)1y =9,

where % <a<1.

The case o = 1 for the Cauchy problem (1.1) corresponds to the semilinear heat equation and has been studied
extensively, see e.g. [6—11,13-15,20-24,26,27]. For the generalized Navier—Stokes equation, see [2,32]. For the Q-G
equation, please refer to [3,5,28-31,33]. About some results for the general case, refer to [8,12,16—18]. Recently, the
well-posedness in Lebesgue space for general case has been studied in [19] by using “double-norm method” and some
time—space estimates.

In this paper, making use of Fourier localization technique and Littlewood—Paley theory, we will firstly prove some
estimates of the corresponding linear equation in the frame of mixed time—space spaces, then make use of “mono-
norm method” which is different from the Kato’s “double-norm method” to investigate the well-posedness of Cauchy

problem (1.1) for general o > 0 in critical Besov spaces B{ e

That B‘27 , is the critical space when o = 5 — 2"‘b_ 4 is due to the scaling invariance in B‘27 - That is, if

. . 20—d . . .
u(t, x) is a solution, then uy(7,x) = A~ & u(r2*s, Ax) is also a solution of the equation and |ju; (¢, ')”33 =
n 2e—d . . . o
AT Ju (W2, )| B3, It must be noticed that when r = oo, the Besov space B _ contains self-similar ini-

tial data in the sense that u(x) satisfies A%uo(kx) = ug(x) for any A > 0, thus the following Theorem 1.1 implies
the existence of self-similar solutions to the Cauchy problem (1.1).

In this paper, our main results are the following theorems (some notation used there is referred to Section 2).
Theorem 1.1. Let 1 <r < +o00, 0 2 5— Z“b_d. Suppose o > —% and ug € Bgr, then there exits T > 0 such that the

2(b+1)a . g4 2e—d
. . =s]
Cauchy problem (1.1) has a unique solution u(t) € L 2«~d (I, B2,r ) and

we £(1; BS,) N L% (15 B H), (1.2)
where I =10, T).

If in addition r < 400, then u € C(1,; Bgr).
Denoting the maximum lifespan by T, we also have the following results:

1. There exists a constant ¢ > 0 such that, when ””0”35’ < ¢, we have T = +00.
r

2. If u and v are two solutions of the Cauchy problem (11.1) with initial data ug and vy, then there exists a constant
C > 0 such that

lu — vl 20+ Da Lot 2e—d <C||’40_UO||[3“ . (1.3)
L 2a—d (1§Bzr b+1 2,r

Theorem 1.2 (Blow-up criterion). Under the assumption of Theorem 1.1, if T\ < +00, then

Nl 2ps1)e o 20=d =00, (1.4)
L 2a—d ([O’TL‘*O);BZ.r b+1 )
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Remark 1.1. Recall the basic facts:

1. Whena}Oandl<r<2,Bgr%L%.

nb

nb . .
2. When -3 <o <0and 1 <r <2, L% &> B and By o> L.

nb . . nb
3. Wheno>0andr>2,Lm%Bgranngr%Lm.

n

b .
4. When —5 <o <Oandr >2, L%~ < BY .

. nb
Therefore the Besov spaces BZ . in this paper are different from the Lebesgue space L2«= in [19].

This paper is arranged as following:

In Section 2, we introduce some definitions and properties about homogeneous Besov spaces and Littlewood—
Paley decomposition. In Section 3, making use of Fourier localization technique and Littlewood—Paley theory, we
will prove some estimates of linear fractional power dissipative equation in the frame of mixed time—space spaces.
In Section 4, we make use of the results derived in Section 3, “mono-norm method,” Fourier localization technique
and Littlewood—Paley theory to prove the well-posedness in critical Besov spaces, and we will also prove the blow-up
criterion.

2. Besov spaces and Littlewood—Paley decomposition

The proof of the results presented in this paper is based on a dyadic partition of unity in Fourier variables, the
so-called homogeneous Littlewood—Paley decomposition.
Let (x, ¢) be a couple of smooth functions valued in [0, 1] such that x is supported in the ball {£ e R" | |£] < %},

¢ is supported in the shell {£ e R" | 2 < [£] < §} and

XE+Y 9(27%) =1, VEeR"

geN

> e(27%) =1, VEeR"\{0}.

qeL

Denoting ¢4 (§) = ¢(2798) and hy = F _lgoq , we define the dyadic blocks as

Aquzp(279D)u :/hq(y)u(x —y)dy, Vqel.
R}l
We shall also use the following low-frequency cut-off:

Squ = X(Z_qD)u.

Definition 2.1. Let S; be the space of temperate distributions « such that

lim S'quzo, inS'.
g——00

The formal equality
u=Yy Agu 2.1)
qeZ

holds in S; and is called the homogeneous Littlewood—Paley decomposition. It has nice properties of quasi-
orthogonality

AgAgu=0 iflg—q'| >2. (2.2)

Let us now define the homogeneous Besov spaces
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Definition 2.2. For s € R, (p,r) € [1,+00]*> and u € S}, we set

1
. r
el gy = (quswmquugp) if r < oo,
qeZ

and

A SnoA
el g ., = sup 2% 1 Aqull e
qeZ

We then define the homogeneous Besov spaces as
N
By, 2{ues,| Il 3y < +o0}.

The above definition does not depend on the choice of the couple (x, ¢). We can further remark that if s < % or

s=2andr =1, then B;’r is a Banach space.
About complete study of Besov spaces, please refer to [1,4,25]. Let us just recall some basic properties.

Proposition 2.1. The following properties hold (refer to [25]):

1. By, =H"
2,2
2. Generalized derivatives: Let [ be a smooth function on R" \ {0} which is homogeneous of degree m. Assume that
s—m< % ors —m= % and r =1, then f (D) is continuous from B), . to By, ™.
3. If r is finite, then C2° N By, . is densely embedded in By, ,..
. Ls—n(L—-L)
4. Sobolev embedding: If p1 < p> and r1 < ry, then By, . < Bp, ,, e
5. Real interpolation: ”u“Bﬁer+(l—6)x2 < ||u||%;1r ||u||}£29r,f0r 6 €0, 1].
We have the following continuity properties for the product of two functions (refer to [25]).

Proposition 2.2. If 1 < p,r < o0, 51,5 < % and s1 + s2 > 0, there exists a positive constant C = C(s1,52, p, 1, n)
such that

vl s esp-

p.r

< C”””Bf,{, ”””Bf,%,' (2.3)

%
For the time—space used in Theorem 1.1, we have the following definition.

Definition 2.3. Lets e R, 1 < p,r,p<+ooand I =[0,T), T € (0, +o0]. We set

1

N SFip A r
[|u ”5/’(1?3;}1) = (Z 2957 ”Aqu ||er(1;Lp)> 2.4)

qe
and denote by L (I; B;‘, ,) the set of distributions of S'( x R") with finite || - Il zo(r:ps ymoOrm.
s Ppr
Let us remark that by virtue of Minkowski inequality, we have

”M”LP(I;B;,,.) < “u”Lﬂ(l;B;,,) if p<r,

and

||”||Lp(1;3.[v].r) < ||”||£p(1;[;;’r) ifp>r.
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3. Some estimates of linear equation

In this section we will investigate some time—space estimates of solution to the Cauchy problem of the following
linear fractional power dissipative equation:

{uz +(=A)%u = f(t,x), (t,x)eRT xR",

3.1
u(0,x) =ugp(x), xeR",

- o .x+27°‘—2a
where ug € B), , and f € L°(I; B}, , ).

At first, let us prove estimates for the semi-group of the fractional power dissipative equation restricted to functions
with compact supports away from the origin in Fourier variables.

Lemma 3.1. Let ¢ be a smooth function supported in the shell {£ e R" | Ry < || < Ry, 0 < Ry < Ry}. There exist
two positive constants k and Cy depending only on ¢ such that for all 1 < p < oo, T >0 and A > 0, we have

[6(27 D)e™™ N u| , < Cre™ P o (7 D)u] (32)

Proof. Let ¢ be a smooth function supported in the shell {& € R | R} < |&] < R}} for some 0 < R < Ry and
R), > R; such that & =1 in a neighborhood of supp ¢. We have

F(S(2 ' D)e TN ) (&) = p (A E)e T Fuy )
=d(A7'E)e TE G (1 E) Fu) (&)
= (p(r7"€)e ) F(p (7 D)u) (&)

Thus we have
p(A7'D)e TN U =g, (v, ) ¢ (A 7' D)u,

where

g0 £ Q)" f $(n71E)e T i E g
Rn

According to Young equality, we have
|G D)e ™ u , < ga(@ )| a0 D)uf] -

Let g(1,x) £ 27) ™" [gu G (€)eTIEP ¢ixE g | by simple computation we have
gk(f7 x) —\ (zn)—n / (;;()\_I%')e_”‘za|)‘71§|2ae”»x')"71€ d()\'_ls)

R}l
= )\”g(t)\%‘, Ax),

thus ||ga(z, )|l = A" g (A2, Ax) 1= llg(Ta2e, I 1. Therefore it is sufficient to prove that there exist two posi-
tive constants « and C; such that
le(@. )1 < Cre™. (3.3)

In fact, we have
g(r,x) = @0 (14 x2) " f (1+ 1x[?)"$(&)e ™6 vt de
]Rn

=Qm) " (1+ lez)*”/g,(g)e—ﬂmhad_ Ag)'e* € de
Rn

= Qo) " (1+1x?) ™" f (D — A" (BE)e TE) ds.

Rn
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From the last equality and the fact that the integration may be restricted to supp @, we conclude that there exist two
positive constants x and C; such that

g(x, 0)| < Ca(1 4 [x?) e .
Thus we can get (3.3). O

Let us now state our result for the linear fractional power dissipative equation (3.1).

Theorem 3.2. Let 0 < T < 400, I =[0,T), seR and 1 < p, p,r < +00. Assume that ug € B

proand [ €

. +2_0( —2 . . +2_"‘
LP(I; B;,,r ’ a). Then the Cauchy problem (3.1) has a unique solution u € L* (I, Bz)r) NLP(I; B;,,r ?Y and there
exists a constant C3 > 0 depending only on n such that Vp1 € [p, +00], we have

fleell ey 2 < C3(lluollgs + 111 r2e oy ) (3.4)
LA B,, ) pr Le;B,, " )

If in addition r < 400, then u € C(1; B‘;,J .

Proof. Since ug and f are temperate distributions, Eq. (3.1) has a unique solution u in §'(I x R"), which satisfies
t
it &) = e 5 6) + / e~ iz, £y dr. (35)
0
Because ug € S, (R") and f € S, (I x R"), we easily get u € S; (I x R"). Now, applying Aq to (3.1) yields

t

Agu(t) = e 'O A ug + / e ETDENM A (1) dr. (3.6)
0
Thus we get
t
|Aqu@] < e " Aguo]|, + / [N A £ @] dr @7
0

By virtue of Lemma 3.1, we have for some « > 0,
'
|Agu@)| , S e 1 Aquollo + / P Ag f ()] d. (3.8)
0
By Young equality, we get
1

. 1— e*/(22"“1p1T . 1— e*KZZO‘quT é .
“ Aq”(’)”LPl(l;Ll’) S (Tqm) IAquollLr + <W) ” Aqf(f)”Lp(I;Ln)’ (3.9)

wherel+pl]=p—12+%.
Finally, taking the I" (Z) norm, we conclude that

I

1
l—e*"zmq/’lT Pl - r
Il 2 s[Z(i) (2‘“||Aquo||u)’}

Kp1

1— e—K22"q mT

Pr_z s+22 2y A au
[ () e iy 10 )|

qeL

o1 20

. s
Thus, we get that u € L(1; B, )N LA (I, B;,r ') and satisfies the inequality (3.4).
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That u € C(1,; B‘;,’r) in the case where r is finite may be easily deduced from the density of S N BIS” in B;,, (see
Proposition 2.1). O

4. Well-posedness in critical Besov spaces

In this section we make use of the results derived in Section 3, “mono-norm method,” Fourier localization technique

and Littlewood—Paley theory to prove the well-posedness in critical Besov spaces Bg . with o = 5— 2"‘})_ 4 and we

will also prove the blow-up criterion.

Lemma 4.1. Let Q(uy,us,...,up+1) = P(D) n?ii u;j. Then for the (b + 1)-linear map Q(uy,uz, ..., upy1), when
o> —%, there exists a constant C4 such that

b+l
[ Q@1 w2, i) gg—a < Ca [T 0l e 4.1)
j:l 2,r
and
b+l
UL, U,y ..y Upt] 2 . <C41_[ Ui 2a-d - 4.2
o * )||Lzagd<1:33,,f">\ =1 : j”c—z(z'ii‘fu;zé;:r bt *2

Proof. According to Proposition 2.2, under the assumption that ¢ > —7, we may easily get the proof of (4.1). The
proof of (4.2) is referred to [25]. O

Now we give a lemma which proof can be found in [20].

Lemma 4.2. Let X be a Banach space andlet B : X x X X --- x X — X be an m-linear continuous operator satisfying

m
| B, uz, .. oun)| y <K [T lujlix  foralluiua, ... um€X, (4.3)
j=1

for some constant K > 0. Let R > 0 be such that m(2R)" 'K < 1. Then for every y € X with ||y|lx < R the equation

u=y+B(u,u,...,u) (4.4)
has a unique solution u € X satisfying that |u|x < 2R and |ulx < ;%5 |yllx. Moreover, the solution u depends
continuously on y in the sense that, if ||zl|lx < Randv=z+ B(v,v,...,v), ||v|lx < 2R, then

u—vllx < ——\ly —zlx- 4.5

I =l < s e 1Y — 2l 4.5)

From now on, we begin to prove Theorem 1.1.

Proof of Theorem 1.1. Step 1. The case for small uy.
From (1.1), we have

!
u=e 1N+ / e EN O u)de
0
éeil(fA)auo—i—B(u,u,...,u). 4.6)

2(b+Da . (H_%

Let 2°(I) & L7 (I; B, ,
orem 3.2 and Lemma 4.1, we get

), now we consider the (b + 1)-linear map B(u1, uz, ..., up+1). According to The-
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|BGi,u, ... ub+1)H%(,) lQwi. us, ... Mb+1)”£2a = (1834)
b+1
< Ca [T ujllar - (4.7)
j=1

By Lemma 4.2, we know that, if we can prove ||e_’(_A)au0||%(1) < R with R satisfying (b + DERYCy < 1,
then (4.6) has a unique solution in Byg(0), where Byg(0) is a closed Ball with center 0 and radius 2R in 2 (I).
In fact, according to Theorem 3.2, there exists a constant ¢ > O such that when |ugl| B3 < ¢, we have

lle~! =8y uoll 271y < R. Therefore, (4.6) has a unique global solution (T" = oco) such that

b+1

A7) PO b

lull 2 1) < ||€ R <2R. (4.8)

b

Step 2. The case for large uy.
According to absolute continuity of norm, there exists N € N such that

@0(€) = @0(6) Xje 52v () + T0(6) Xje <av (€)

2 Jigh + oy (4.9)
and
1
luonll g < ¢ (4.10)
Thus we have
o 1 o
—t(—A A
”e e ”0”35(1) R+ ”e A “01”3{(1)' “.1D)
But
e 1Ay, < ZN2 bl |let Ay, Ja
et ] g, <2V [ e
NM 20—d
S 27 0T 200w Calluoll g (4.12)
thus if we choose T to satisfy
N EA 7B Cuoll je < SR 4.13)
3110 Bgr X RN .
that is
2(b+Da
R 200—d
T < ( ] ) , (4.14)
QNS Cslluoll g,
then by Lemma 4.2 we can conclude that (4.6) has a unique solution in the closed ball Byg(0) in 2" ().
Step 3. Now let us prove the regularity.
u € 2 (I) is the solution of (1.1), then by Lemma 4.1 we can get
2a .
Q. u,....u)e L% (I; By ?), 4.15)
therefore by Theorem 3.2 we have
. 2o .
we L®(I; BY,) N L (I; BY2Y), (4.16)
and if r < 400, then u € C(I,; B o)
Step 4. Let u, v be two solut1ons of (1.1) in 2" (I) for initial data ug and v, then w = u — v satisfies
{w;—i—(—A)"‘w:F(u)—F(v), (t,x) e RT x R", @.17)
w(0, x) = wo(x) = uo(x) —vo(x), x€R". '
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According to Theorem 3.2 and Lemma 4.1, we have

lwlle i) < C3(|Iwollggr + | Fw) - F)|

)

L35 (157
b
. b
<GC3 <||w0||ggr +Cy Z el gy ||v||%f1)||w||%(1))~ (4.18)
j=0

. , . b
Denoting Z(T) £ C3C4 im0 ||u||]%(1) ||v||%(1), we have

lwll 21y < C3llwoll g+ Z(D) w2 r)- (4.19)

Lebesgue dominated convergence theorem insures that Z is a continuous nondecreasing function which vanishes at
zero. Hence for small enough 77 we have Z(77) < % and

lwll 2+ Da Lot 2e=d <2C3||w0||[3<7 . (4.20)
L£72=d ([0,T7);B,, *T1) r

Now a standard connectivity argument like as [0, 71), [T7, 2T1), . .. enable us to conclude that there exists a constant
C > 0 such that

lwl| 2b+Da Lot 2e=d <C||w0||1'36 . (4.21)
L% ([0,T);B,, ") >

Thus (1.3) is proved. O

Remark 4.1. According to Proposition 2.1, Bg )= H?, thus when r = 2, Theorem 1.1 implied the well-posedness in
Sobolev space. '

Finally let us prove the blow-up criterion.

Proof of Theorem 1.2. We will prove that if the solution u(¢) satisfies

lull 2pr1)e y20-d < +00, 4.22)

L7%=d (0,7):8,, 1)

then 7 > T. (= If T, < +o0, then |lull 54110 oy2e=d = +00.)
L% ([0,T):8,, ")
According to Theorem 3.2 and Lemma 4.1, we can get

)

Ul roo oy < Cal||lugll pe + U, U, ..., U o .
el zoeo.7y: g,y < Ca(lluoll g + | Q€ )||£23_7d([mgi:d)

<Cs(lluollgg + Callul™y,.,, virua )
’ L£72a=d ([0,T):B,, ")
< +o0. (4.23)

Therefore there exists N € N such that Vr € [0, T),
u(&) =€) Xjg ;> (6) + U (€)X <on (§)

20+ 4.24)
and
1
||Mh||3;r < ¢ (4.25)

Now, taking V¢ € [0, T') as initial time, we can choose T to satisfy

2(b+Da
20—

T—t<< zde ) , (4.26)
HNTH C3u) |
3 Bg,r
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thus we have

2(b+Da
~ R 20—
T<r+( s ) (4.27)
21NSI s sup @) 35
0<I<T o,

Let7 — T, then T is larger than T'. Thus the conclusion is proved. 0O
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