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We consider the regularity criterion for the incompressible Navier—Stokes equations. We
show that the weak solution is regular, provided

2 .
N (0,75 X (RP)) with 0 <7 <1
ox3

for some T' > 0, where X, is the multiplier space. This extends a result of Kukavica and
Ziane [14].
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1. Introduction
Consider the Navier-Stokes equations in R?3
Ou+u-Vu—Au+Vp=0, (z,t)€R?x (0,00),
divu=0, (x,t)€R3x(0,00), (1.1)
u(x,0) = ug(x), == (1,72,73) €R3,

where u = u(x,t) = (ui(x,t),us(x,t), us(x,t)) is the velocity field, p = p(z,t) is
the scalar pressure and wg(x) with div ug = 0 in the sense of distribution is the
initial velocity field. For simplicity, we assume that the external force has a scalar
potential and is included into the pressure gradient.
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In the last century, Leray [16] and Hopf [12] constructed a weak solution u
of (1.1) for arbitrary uy € L*(R®) with V - ug = 0. The solution is called the
Leray-Hopf weak solution. From that time on, much effort has been devoted to
establish the global existence and uniqueness of smooth solutions to the Navier—
Stokes equations. Different criteria for regularity of the weak solutions have been
proposed. The Prodi-Serrin conditions (see [17-19]) states that any weak Leray—
Hopf solution belonging to the class L*((0,T); L9(R3)) with 2/a + 3/¢ < 1,2 <
a < 00, 3 < q < oo is regular on (0,7) x R3, while the limit case ¢ = 3 was covered
much later by Escauriaza, Seregin and Sverak [5]. In 1995, Beirdo da Veiga [2]
established a Serrin’s type regularity criterion on the gradient of the velocity field:
Vu € LY((0,T); L4(R?)) with 2/a + 3/q = 2 and 3/2 < q < co. Note that the
case ¢ = 3/2 is a consequence of the Sobolev embedding theorem and [6]. Very
recently, Zhou in [21] added a condition on the gradient of one velocity component
with, say, Vug € L*7 for 2/a + 3/ = 3/2, and a new regularity criterion added
on any component of velocity was also established in [23]; see also [3, 13, 28].
Further criteria, concerning the gradient of one velocity component can be found
in [27]. There are also some regularity criteria in terms of pressure, the pressure
gradient and vorticity. We refer the readers who are interested in them to the
literature [11, 22, 24, 25] and [7] for regularity issues in critical space. The regularity
criteria with weighted form are exhibited in [26].

We note that, in [14], the authors proved that if the third derivative of the
velocity du/dx3 belongs to the space L% (0,T;L™(R?)), where 2/sq + 3/rg < 2
and 9/4 < ry < 3, then the solution is regular. This extends a result of Beirdo da
Veiga [2] by making a requirement only on one direction of the velocity instead of
on the full gradient. The derivative Ou/dx3 can be substituted with any directional
derivative of w. Our main purpose is to extend this criterion to the multiplier spaces
and we show that the weak solution is regular, provided

g_u €L (0,7; X ,(R*)) for some 7 with 0 <r < 1. (1.2)
€3

2. Preliminaries and Main Result

In this section, we recall the definition of the multiplier space, which was introduced

in ([8, 9]). The space X, of pointwise multipliers which map L? into H " is defined
in the following way:

Definition 2.1. For 0 < r < 3/2, the space X, is defined as the space of f(z) €
L% (R®) such that

Ifl, = sup [fgllzs < oo,
lgll;,r <1

- T
where we denote by H (R3) the completion of the space C§°(R?) with respect to
the norm [jul| ;- = [(—A)Zul 2.
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The norm of X ~ 18 given by the operator norm of pointwise multiplication

1fll, = sup [fgllze-
T gllr<t

We have the homogeneity properties: Voo € R?
IFC+zo)llx = IFllg,
1
IF I, < FHfHXu A>0.

Lemma 2.2. Let 0 < r < 3/2. Then,

3
T

L+ (R%) c X, (R%)

holds.

Proof. Let f € L* (R?). By using the following well-known Sobolev embedding

.7

H (R®) c LY(R?)
with 1/¢ =1/2 —r/3, we have
1fgllee < IIf1l g llgllee < FI, 2 llgll ;-

Then, it follows that

Ifl, = sup [fgles < CIFI s

lgll;,» <1

Example 2.3. Due to the well-known inequality

HﬁH < 2|[Vgll.2.
|x| 2

we see that |z]71 € X;(R3).
Our main result can be stated as follows:

Theorem 2.4. Suppose that ug € H'(R?) with div ug = 0 in the sense of distribu-
tion. Let u be a weak solution to the Navier—Stokes equations corresponding to wug
which satisfies the energy inequality. Let T > 0 and suppose that

ou 2

Er € LT7(0,T; X.(R®)) for some r with 0 < r < 1. (2.1)
T3

Then, u(t,x) is as smooth as the data allow. Thus, in our case u(t,z) € C*((0,T)x
R3) and u is unique in the class of all weak solutions satisfying the energy inequality.
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3. Proofs

The proof of Theorem 2.4 is based on two major parts. The first part establishes
bounds for || 77 9u 12 and the time mtegral of ||V || 72, while the second controls
|Vu||3. in terms of time integrals of ||V ||

Lemma 3.1. Suppose that ug € H'(R?) with div ug = 0 in the sense of distribu-
tion. Let u be a weak solution to the Navier—Stokes equations corresponding to ug
which satisfies the energy inequality. Suppose (2.1) holds. Then, for any t < T, we
have

ou

8—51/'3(3’)

o ds) (3.1)

Xr

t
2
ellvollzz exp (C’
0

H dx3 L2

¢ ou
/0 Va—xS(S,‘)

H 8{1,‘3

and

for some C > 0.

Proof. First, we differentiate the first equation of (1.1) about x3, and then multiply
the resulting equation by du/0dz3 to get

1d | ou 2 ou 2 ou ou
| Pl Y —(t.- E— Bl v —d
2 dt ‘ 8;1:3( ’ ) L2 H 8.’1:3( ) L2 /RB (8.%‘3 u) 8{1,‘3 .
ou Ou
<|l— = .
g A
Due to Holder’s inequality and the following ones (0 < r < 1)
1 T - T
[w]| ;= WHI& @2 < wlzz"Vwze, (3.2)
it is easy to see that
ou 2
V—(t.-
2 dt H (9333 H al‘:;( ) L2
HaxS <. 8x3 HVUHL2
ou ou
< - -
—r 1-Z i
ou 27 2 ’ oull® \°
< _ 2—1r _ .
“ ("8"33 Oz3|| 2 [Vellz: Hvax3 L2
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By Young’s inequality a few times, we get

1d | ou 2 ou 2
e Ou
dtl@xg(’)‘L Hvaa%( ) L
ou |77 || ou 2D = 5
<05 — IVull 7" + Hv_“
Oxz || 5 || Oxs|| 2 D3 2
o | Ou |7 o 2 oL 1 ou ||?
= ozl (Ha_ X) (vuis | +5 v
26=5) [ =
<C ou H% V2| + Hva_u |
81‘3 L2 8.’1,'3 Xr' 8.’1,'3 L
Hence,
i %(t ) ’ vﬂ pe=r N Hvu||2
dt 8«7;3 ’ L2 8%3 8%3 1 ) 12

since (1 —r)/(2 —r) < 1. Thanks to Gronwall’s inequality, we obtain

|5

H 8{1,‘3

8.%‘3 L2
t au & 9
x exp| C 8—(8,') , +[|Vu(s, )72 | ds
0 €3 X,
t au & 9
Haxs 2exp(C’/O 8—1;3(87) « ds + [|uol|7 2
2 t 8u &
lluwoll72 ——(s.-
Haxs 26 exp(C/O B3 (s,-) o ds)
and
2
8%3 L2

where C' depends on ||ug]| .2, ||§—£3(s,-)HL&(O R 0

Now, we establish bounds for H' estimates. For convenience, we recall the fol-
lowing version of the three-dimensional Sobolev and Ladyzhenskaya inequalities in
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the whole space R? (see e.g. [1, 4, 10, 15]). There exits a constant C, > 0 such that
IFIZ% < Call 1172000, U2 210, F152 2102, FIIG
o 3(a—2
< Call FIZ A5, (3.3)
for all f € H'(R?) and every « € [2,6].

Lemma 3.2. Suppose that ug € H'(R?) with div ug = 0 in the sense of distribu-
tion. Let u be a weak solution to the Navier—Stokes equations corresponding to ug
which satisfies the energy inequality. Suppose (2.1) holds. Then, for any t < T, we
have

t
IVt N3+ [ auts. )l ds < C. (3.4)

where C' depends on T, ||Vuo| 2 and ”amg ||L1 0T

Proof. Taking the inner product of the equation (1.1) with —Awu in L? and inte-
grating by parts, we obtain

3 I Tult 3+ Aut, )E = [ w-Vu- Aude < |Vl
R3
v (3.3), we have

ou

1 3
Y ozs )
143
v o )
L2
)

Oxs
where V;, = (%, %) Hence, by Young’s inequality and the Cauchy inequality,
we obtain

IVullzs < C (VUIlizthIIEz

1
(VA Vu]22)* (nsz

ou

= CITule)? (I9ults v o

ou

1
[Vu3s < Z”VhVUH%z + C||Vul3. Va_x?,

L2
2

L2

IN

1 ou
LIVl + Clvul, (Hv—

As a result we get
2

d ou
L vut, )3 + I1u(t. )3 < CIVul (HV—

+ Vu||2L2> .

L2

Then, Gronwall’s inequality coupled with Lemma 3.1 yields

t
IVu(t, )2 + / | Au(s, |2 ds < C. .



Regularity Criterion for the Navier—Stokes Equations 379
We are now in a position to prove our main result.

Proof. First note that since the initial velocity field ug € L?(R3) N H(R3), then
it is well known that there is a Ty > 0 such that there is a unique strong solution

u € L>(0, To; HY(R?)) N L?(0, Ty; H*(R?))

to the Navier-Stokes equations (1.1) (see [20]). According to the result about
uniqueness [20], our weak solution identifies with the strong solution in (0, Tp). If

ou 2 :
— € LT+(0,T; X (R?
s 0,7; X, (R%)),

then Lemmas 3.1 and 3.2 imply

T T
sup [ut, )1 + / IVu(t, )25 + / |Au(s, )|22ds < C(luollz)-
0<t<T 0 0

Thus, the local strong solution w can be extended to time 7', and also identifies
with the weak solution. Moreover the classical regularity criteria [20] implies that
u is a regular solution on [0, T]. This completes the proof of Theorem 2.4. O
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