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Abstract Considered herein is a modified two-component periodic Camassa—Holm
system with peakons. The local well-posedness and low regularity result of solutions
are established. The precise blow-up scenarios of strong solutions and several results
of blow-up solutions with certain initial profiles are described in detail and the exact
blow-up rate is also obtained.
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1 Introduction
It is well-known that the Camassa—Holm equation

U — Uxxr + 33Uy = 2UxUyy + Ulyyy (1.1)
has attracted much attention in the last decade because of its integrability and the

existence of multi-peakon solitons. Eq. (1.1) models the propagation of unidirectional
surface waves in irrotational flow over a flat bottom, where the fluid velocity u(¢, x) is
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416 Y. Fu et al.

taken at a certain depth at time ¢ in the horizontal direction [6,21,33,34]. It is a water
wave equation at quadratic order in an asymptotic expansion for unidirectional shal-
low water waves described by the incompressible Euler equations. Indeed, Eq. (1.1)
was found earlier by Fuchssteiner and Fokas [28] as a bi-Hamiltonian generalization
of the KdV equation. It can be solved by the inverse scattering method for a large
class of initial data [1,22] and posses an infinite number of conservation laws, so it
is completely integrable. A remarkable fact for the Camassa—Holm equation is that it
has an infinite number of non-smooth solitary wave solutions called peakons of the
form

e, x) = ce =l eR, >0, ¢>0 (1.2)

and in the periodic case

cosh(x —ct — [x —ct] — 1/2)
t,x) = R, >0 0 1.
pt,x)=c sinh(1/2) , xeR, >0, ¢> (1.3)

which interact like soliton for integrable systems and they are stable [2,23,40]. The
peakons replicate a feature that is characteristic for the waves of great height-waves
of the largest amplitude that are exact solutions of the governing equations for water
waves [12,17,22,49]. From the geometric points of view, it is a reexpression of the
geometric flow on the group of diffeomorphism of the line with the Riemannian struc-
ture induced by the H !-right invariant metric [38]. This geometric interpretation leads
to a proof that the Least Action Principle holds [19,37]. It is worth mentioning that
recently it was pointed out by Lakshmanan [39] that the Camassa—Holm equation could
be relevant to the modeling of tsunami waves (see also the discussion in Constantin
and Johnson [20], and Segur [47]).

Another remarkable property of the Camassa—Holm equation is the presence of
breaking waves (i.e. the solution remains bounded while its slope becomes unbounded
in finite time [6,9-11,14,15,44,52]). It is noted that the KdV equation does not have
wave breaking phenomena [36,48]. Wave breaking is one of the most intriguing long-
standing problems of water wave theory [52]. As mentioned by Whitham [52], it is
intriguing to know which mathematical models for shallow water waves exhibit both
phenomena of soliton interaction and wave breaking. It is found that the Camassa—
Holm equation could be first such a equation and has the potential to become the new
master equation for shallow water wave theory, modeling the soliton interaction of
peaked traveling waves, wave breaking, admitting solutions as permanent waves, and
being integrable Hammiltonian systems.

The well-posedness and blow up phenomena for the Camassa—Holm equation have
been studied extensively. Indeed, the local well-posedness of the periodic Camassa—
Holm equation with initial data were proved in [9, 13,15]. It has been known that there
exist global strong solutions for certain class of initial data [9,13,15]. Existence and
uniqueness results for classical solution of the periodic Camassa—Holm equation was
established in [45]. The blow up phenomena of the periodic Camassa—Holm equation
were investigated in a number of papers (see [9,13,15,16] and references therein).
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Well-posedness and blow-up solution 417

After wave breaking the solutions can be continued as either global conservative or
global dissipative solutions [3,4,29].

Note that Eq. (1.1) admits an infinite number of conservation laws. The first three
conserved quantities for (1.1) are given by

F =/mdx, Fzz/(uzﬂi)dx, F3=/(u3+uu§)dx, (1.4)
Y Y Y

where m = u — u,, and Y denotes either R or the unit circle S in R2, i.e. S = R/Z.
These conservation laws play important role in the study of the well-posedness and
blow up for both periodic and non-periodic cases.

Another important integrable equation admitting peakon solitons is the Degasperis—
Procesi equation [24], it takes the form

U — Uyyr + AUy = 3UxUyy + Ullyyy. (1.5)

It is regarded as a model for nonlinear shallow water dynamics and its asymptotic
accuracy is the same as for the Camassa—Holm shallow water equation, and it can
also be obtained from the governing equations for water waves [21]. Wave breaking
phenomena and global existence of solutions of the Degasperis-Procesi equation were
investigated in [8,26,43], for example.

The Camassa—Holm equation also admits many integrable multi-component gen-
eralizations. The most popular one is

my +umy + 2muy + opp,y =0,
(1.6)
pr + (pu)x =0,

where m = u — u,, and 0 = %1. Itis reduced to Eq. (1.1) when p = 0. System (1.4)
was derived in [18,46] and its mathematical properties, like the global existence and
blow-up of strong solutions, have been studied further in many works, e.g. [7,18,25]
and references therein. System (1.4) is integrable. However, it does not have the peakon
solitons in the form of a superposition of multi-peakons.

Recently, the authors [27] introduced a new modified two-component Camassa—
Holm system which has peakon solitons in the form of a superposition of multi-
peakons. By parameterizing 7 = —¢ for that modified two-componet Camassa—Holm
system in [27], it then takes the following form.

ms + 2muy + myu + (mv)y +nvy =0,

(1.7)
ny 4+ 2nvy +nyv 4+ (nu)y + mu, =0,

where m = u — Uyx,n = V — Uyx. System (1.7) can be rewritten as a Hamiltonian

system,
A (m\ _ (dm+mdIm+nd\ (6H/Sm =u (1.8)
or \n /) on+md dn +nd SH/én = v )
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with the Hamiltonian

1
H:E/(mG*m—i—nG*n)dx

where G *m = u, G xn = v and G(x) = 1/2e~*!. Under the linear change of
variables

E=m+n, n=m-—n,

system (1.8) is also equivalent to the following standard semidirect-product system

9 (s) . (as +£0 na) (aH/ag = a) (19)
ar \n) on 0 SH/8n=o ’

in which the Hamiltonian is
1
H = 5/("§G*E+nG*n)dx

where G x§ =0, G xn = p.

Note that System (1.9) was introduced by Holm et al. in [30], which is called the
modified CH-2 system (MCH?2), and is written in terms of velocity o and locally
averaged density o (or depth, in the shallow water interpretation). From the geomet-
ric points of view, it is defined as geodesic motion on the corresponding semidirect
product Lie group with respect to a certain metric and is given as a set of the Euler—
Poincaré equations on the dual of the corresponding Lie algebra. In the general case,
for a Lagrangian L (o, o), the corresponding semidirect-product Euler—Poincaré equa-
tions [31] are written as

d 8L L §L

— = f,— — —Vp,
3t 80 S0 s0 ©

(1.10)
osL 8L
aso 8o’

where £, (6L /80) is the Lie derivative of the one-form density § = §L/§o with
respect to the vector field o and £, (5L /80) is the corresponding Lie derivative of the
scalar density §L /§p.

By setting

&= (1 - a%Bz) o, n= (1 — agaz) 0,
in the following system in analogy to system (1.6)

& + o0&y + 280 = —gnnx,

N+ o)y =0, (10

where ¢ > 0 is the downward constant acceleration of gravity in applications to
shallow water waves, the metric Lagrangian L (o, 0) in Hamilton’s principle for the
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Well-posedness and blow-up solution 419

resulting system becomes into

L 21 2 8 2
(Ga Q) - EHUHHI(R) + EHQ - QO”HI(R)
1 g
=5 / (o2 +afo?) ar + 3 / [0 — 00 + 3o — 002 ] dx,

(1.12)

where g is taken to be a constant. The Lax pair of the system (1.11) is established in
[30] and the system is completely integrable.

MCH2 may be derived as semidirect-product Euler—Poincaré equations (1.10) from
the following type of variational principle defined on the corresponding Lie algebra,

13l

S/L(a, o)dt = 0.

to
The variational derivatives of this Lagrangian define the variables & and 5 as

SL/so = g(1 —30%)(0 — 00) = g1
SL/So = (1 —atd)o = E&.

Substituting these variational derivatives into the Euler—Poincaré equations (1.10) in

one spatial dimension recovers the MCH2 equations (1.9) for the constants g > 0,
2

ay > 0.

Remark 1.1 One can easily check that in the periodic case Eq. (1.7) has the following
peakons.

1
u(t,x) = Smh(%) (Pl(t) cosh (x —qi1(t) =[x —q1 (D] — E)
1
+pa(t) cosh (x —q2(t) — [x —q2()] — 5)) ,
1 1
v(t, x) = Sinh(%) (m(t)cosh (x —qi1(t) =[x —q1 ()] — E)

1
+p2(7) cosh (x —q2(t) — [x —q2(D)] — 5)) :

where p1, p2, g1, q2 € WH®@RY), q1(t) < q2(¢) forany r > 0 and (¢, x) € RT xR
and the 7-dependent functions satisfy the corresponding dynamical system in analogy
to that in [27]. In particular, when v = 0 (or u = 0), the degenerated Eq. (1.7) has the
same peakon solitons (1.3) as the Camassa—Holm equation. Moreover, when u = v,
Eq. (1.7) is reduced to the scalar Camassa—Holm equation

m; + dmuy, + 2um, = 0. (1.13)
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The above equation has the following peakon solitons

h(x —2ct — [x —2ct] —1/2
u(m¢)=cCOS x C. Lx = 2ct] /), xeR, t>0, ¢>0.
sinh(1/2)

Remark 1.2 System (1.7) can be extended to ones with n-components, which is given
in the form

n n
mi; +2miuy x +uimy x + mlzuj +ijuj,x=0,
j#l . J#l

n n
ma; + 2mour x + uomo x + mQZuJ- +ijuj,x =0,
i# ) i (1.14)

n n
Myt + 2mputy x + upmy x + | my, E uj | + E mjuj, =0,
j#Fn ) J#n

where m; = u; —u; xx,i = 1,2, ...n. Adirect computation shows that system (1.14)
admits multi-solitons and H! conservation laws.

In this paper, we shall study well-posedness and blow up of solutions to system
(1.7) with the initial and periodic conditions

u(0, x) = up(x), x €R,
v(0, x) = vo(x), x € R,
u(t,x+1) =ulx), t>0, xek,
vit,x+1)=vx), t>0, xekR

(1.15)

We firstly establish the local well-posedness of the periodic initial-value problem asso-
ciated with Eq. (1.7) by applying Kato’s semigroup approach to nonlinear hyperbolic
evolution equations [35]. Then we prove the existence of lower regularity of solutions
by regularizing this system and obtaining a solution of the equations as the limit of
solutions to the regularized system. At last by means of energy estimates with a special
technique of blow-up, we establish the precise blow-up scenarios and conditions for
strong solutions as well as the exact blow-up rate for Eq. (1.7).

Throughout this paper, we identify all spaces of periodic functions with function
spaces over the unit circle S in R?, i.e. S = R/Z. It is easy to verify that this system
has the following conserved quantities
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Well-posedness and blow-up solution 421

S S

Ej =/mdx, E4=/ndx, (1.16)
S S
S

Let f € L'(S). The Fourier transform of f is the complex sequence Ff = f =
(f (k))kez defined by

1

(FAK) = f) = e = / £(x) exp(—2rikx)dx.

0

The numbers f (k) = ci are the Fourier coefficients of f and the series

0]

Z cr exp(mikx)

k=—00

is the Fourier series generated by f. Furthermore, the map F : f — f is a continuous
linear transformation from L!(S) into [°°(Z).

Let A = (1 — 83)1/ 2. Then the operator A2 acting on L>(S) can be expressed
cosh(x—[x]—4)
2sinh(4)

integer part of x and * the spacial convolution, as

by its associated Green’s function G(x) = , where [x] stands for the

1

_ 1 [cosh(x —y —[x —y]— )

A2 -G :_/ 2
f(x) * f0) =5 (D)

0

fdy, feL*S).

So the initial value problem (IVP) (1.7) and (1.15) is equivalent to the following IVP

ur + (u 4+ v)uy + A2 (uvy)

1 1 1
+ BXA_2 u2+—u)2€+uxvx+—v2——v§ =0, t>0, xekR,
2 2 2
v+ (U 4 v) vy + A7 ()
1 1 1
+ 8, A72 (v2 + 5”)2‘ + Uy vy + 5142 —~ Eui) =0, 1>0, xeR, (117
u(0, x) = ugp(x), x eR,
v(0, x) = vo(x), x eR,
u(t,x +1) =u(t, x), t>0, xek,
v(t, x +1) =v(t, x), t>0, xeR.
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The outline of this paper is as follows. In Sect. 2, based on Kato’s theory, the local well-
posedness for strong solutions of (1.17) is established and the proof of low regularity
of local solution is carried out. Section 3 is devoted to investigating the phenomenon
of blow-up and describes in detail the wave-breaking conditions as well as blow-up
rate of solutions for (1.17).

Notation In the following, for given Banach space Z, we denote its norm by || - || z.
Since all space of functions are over S, for simplicity, we drop S in our notations of

function spaces if there is no ambiguity. For any real s, we let H® = H*(S) denote
the Sobolev space consisting of all tempered distributions f such that

1

[ee) 2
I 1 s =( >+ |k|2>S|f(k)|2) < o0,
k=—00

Given an unbounded operator A, we write D(A) for the domain of the operator A. We
let [A, B] denote the commutator of linear operator A and B. For convenience, we
let (+]-)sxr and (+|-)s denote the inner products of H* x H",s,r € Rand H®,s € R,
respectively.

2 Well-posedness and low regularities of solutions

Let us firstly use Kato’s theorem [35] to establish the local well-posedness for the
Cauchy problem of (1.17).

Theorem 2.1 Given zg = (ZO) € H® x H®,s > 3/2. Then there exists a maximal
0

T = T(z0) > 0, and a unique solution z = (Z) to the IVP (1.17) such that

2 =2(,20) € C (10, 7): B x H) N C* (10, 7): =" x B
Moreover, the solution depends continuously on the initial data, i.e. the mapping
20— 2(,20) S HY X H' = € (10.7); H* x H*) 0 €' (10,70 B~ x 1)

is continuous and the maximal time of existence T > 0 can be chosen to be independent

of s.

Proof Consider the abstract quasi-linear evolution equation of the form

dz

a +A()z= f(z), t>0, z(0)=z. 2.1

@ Springer



Well-posedness and blow-up solution 423

_[u [+ v)dy 0
Letz := (v)’ A(z) = ( 0 (u + v)ax) and

@ (A‘z(uvx) + 0, A2 + %u?c + uyvy + %vz — %vf))
7) = — .

A2 (uyv) + 0 A2 (02 + %v% + uyvy + %uz — %u%)

We use the notations throughout the paper, X = H*~! x H~!, Y = H® x H* and
0= (8 2) with A = (I — 83)%. Obviously, Q is an isomorphism of H* x H* onto
H*~! x H*~!. In order to prove Theorem 2.1, we need to verify that A(z) and f(z)
satisfy the corresponding conditions in view of Kato’s Theorem.

For this purpose, we can prove the following lemmas analogous to Lemma 4.1-4.5
in [27]. So we omit the detailed proofs of the following lemmas.

[ (u+v)ox 0 . s s
Lemma 2.1 The operator A(z) := ( 0 (4 + v)d, withz € H® x H®,s >
3/2, belongs to G(L2 x L2 1, B).

(w4 v)oy 0 . s s
Lemma 2.2 The operator A(z) := ( 0 U+ v)ax) withz € H* x H%,s >

3/2, belongs to G(H*™' x H"! 1, B).

(u + v)0y 0
0 (u + )0y
given. Then A(z) € L(H® x H*, H*~! x H*"') and

Lemma 2.3 Let A(z) := ( ) withz € H* x H%,s > 3/2, be
ICA(Y) — A@Dwll gs—1gs—1 < pilly — zll gs—1x g1t |wl Es x B

holds forall y, z,w € H® x H".

Lemma 2.4 Setting B(z) = QA(z)Q~! — A(z) withz € H* x H*,s > 3/2. Then
B(z) € L(H*' x H*") and

(B(y) = B(@)wll gs—1xgs—1 < H2lly — zllHs x ms [l grs—1 5 grs—1
holds forall y,z € HS x HS and w € H*~' x H*~!.
Lemma 2.5 Let z = (z) € HS x H,s > 3/2 and let
16 A7 (uvy) 4+ e A2 W + Su? 4 ugvy + $07 — Jv2)
f@ == @) T "\ A2 202 1.2 12 1,
2z A7 (uv) + 0 AT (07 4 505 4 ux vy + Ju” — 5u3)

Then f is bounded on any bounded sets in H* x H*®, and it satisfies

@ 1 fO) = f@Iusxnus < u3lly — zllgsxns, y,z € H® x H¥,
®) 1f ) = f@Igs—1xpgs—1 < pally — zllgs—1xgs-1, ¥, 2 € H x HS.
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424 Y. Fu et al.

At last, applying Kato’s theory for abstract quasi-linear evolution equation of hyper-
bolic type (2.1) we can obtain the local well-posedness of (1.17). O

In the following, we are concerned with the Cauchy problem for a regularized ver-
sion of the periodic coupled Camassa—Holm equation (1.17). The idea of proving the

existence of the local weak solution is inspired by Li and Olver in [41]. Firstly, we
present some preliminary lemmas.

Lemma 2.6 [32] Let s,t € R,s > r. Then H* — H', that is, H® is continuously
and densely embedded in H" and

I fllar < W fllws, YfeH.
Lemma 2.7 [32] Ifr > O, then H" N L*° is an algebra. Moreover
I fgllar = cUlflle=llglar + I fllarliglle),

where c is a constant depending only on r.

Lemma 2.8 [32] Ifr > O, then

ILA7, fglze <  (10x f eI gl 2 + A7 £l 2 gl

where c is a constant depending only on r.

Consider the initial value problem in the following.

Up — Uyxr + EUyxxxrF3Uly — 2UyUyy — Ullyyy + UVy + UxD
— UxxVUx — Vllyyxx + VVy — UxUyy =0,
Vr — Uxxr + EVxxxxr +300y — 203 Upx — VUxxx + UV, + UyV

— UyVUyy — UVxyx + ULy — Uylyy =0,

2.2)
u(0,x) =up(x) € H®, s>1, xeR,
v(0, x) = vo(x) € H®, s>1, xeR,
ut,x+1)=u(,x), t>0, xel,
v(t,x +1) =v(t, x), t>0, xel.

Here € is a constant, and 0 < ¢ < %{. One can easily check that when ¢ = 0, Eq.(2.2)
is equivalent to the IVP (1.17).
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Well-posedness and blow-up solution 425

Lemma 2.9 Forany( < ¢ < ‘—1‘ and any s, the integral operator
-1
D=(1-0}+ed}) :H > HT 23)

defines a bounded linear operator on the indicated Sobolev spaces.

To prove the existence of a solution to the problem (2.2), we apply the operator
(2.3) to both sides of (2.2) and then integrate the resulting equations with regard to ¢.
This leads to the following equations

t

u(t, x) = ug(x) —/D B(uz)x + %(ui)x - %(uz)m + (uv),

1 1
—(UxV)yx + uxvy + E(Uz)x - E(Ui)x] dr,
t

¢ _ D 3 2 1 2 1 2
v(t, x) = vo(x) _/ |:§(v )x + E(vx)x - z(v Jxxx + (V)

1 2 1 2
—(Uvy)yx +uyvy + E(u )x — E(ux)x dr.

A standard application of the contraction mapping theorem leads to the following
existence result.

Theorem 2.2 For each initial data ug, vo € H* withs > 1, thereisa T > 0 depend-
ing only on the norm of ug and vo in H® such that there corresponds a unique solution
(u(t,x),v(t,x)) € C([0,T]; H*) x C([0, T]; H®) of Eq. (2.2) in the sense of distri-
bution. If s > 2, the solution (u, v) € C*°([0, 00); H®) x C*°([0, 00); H®) exists for
all time. In particular, when s > 4, the corresponding solution is a classical globally
defined solution of (2.2).

The global existence result follows from the conservation law
1
/ (u2 + 0+ u? 4o el + sv)zcx) dx
0

1
= [+ o+ i+ )
0

admitted by (2.2) in its integral form.
Now we study norms of solutions of (2.2) using energy estimates.

Theorem 2.3 Suppose that for some s > 4, the functions u(t, x), v(t, x) are the solu-
tion of Eq. (2.2) corresponding to the initial data ug, vop € H*. Then the following
inequalities hold.
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1
il 30, 0l s/(u2+v2+u§+v§+eu§x+ev§x)dx
0

1
= / (u% + v(z) + u%x + v%x + su%xx + 8v(2)xx) dx. 2.4)
0

For any real number q € (1, s], there exists a constant ¢ depending only on q such
that

1
/[(1 — (AW + (1 — &) (AT) + (A1)
0
+e(ATv,)? + e(AT7 1) + e(AT7 v)?dx
1
< / [(1 — &) (ATu)® + (1 — &) (A%v0)* + e(ATuqy)?
0

+e(A%vox)? + (A7 up)? + E(Aq_lvo)z] dx

t
+c/ (Nl + ollzoe + Notallzoe + el o) (e + 01 ) de.
0

2.5)
For any q € [0, s — 1], there is a constant c such that
(T =2e)(Nurllma + llvellga)
< c(llullgr + il g + lluxlize + llox o) Ulull ga+1 + 0l ga+1).  (2.6)

Proof Multiplying both sides of the first and second equation of (2.2) by u and v
respectively, integrating with respect to x and summing up leads to the equation

R =
SRS

1
/ (u2 + 02+ u? 402 eu’, —1—81))%)() dx =0,
0

which implies inequality (2.4).
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Well-posedness and blow-up solution 427

In order to prove (2.5) and (2.6), we use the following equivalent form of (2.2):
(1 —&)uy — euxxr + (U + v)uy + A_2(uvx + euy)
1
+ 9, A2 (u2 + =

(1 — &)v, — eVxas + (U + V)vx + A2 (uyv + £v;)

+ 9, A2 (v2 + ; V2 uyvy + ;uz - %uz) =0, 2.7)
u(0, x) = up(x), x €R,
v(0, x) = vo(x), x € R,
u(t,x +1) =u(,x), t>0, xekR,
v(t,x + 1) = v(t, x), t>0, xeR.

For any g € (1, s], applying (A9u)A? and (A9v) A9 to both sides of the first and sec-
ond equation of (2.7) respectively and integrating with regard to x again, one obtains

a- 8)(Aqu Alup) — e(Au, AMuyyr) + (A %ug, 1),

=5[] / (1= (A + (M) + £(A7 12
0

and

|(u + v)ux, u)g| = [(AT(u + v)ux, Alu)ol
= (A7, (u + )]y, Au)o + ((u + v) Alux, Alu)ol
1
< A u+ vluxll 2 1A ul 2 + 51 + ve) Alu, Aluo
< c(llux +vxllzoellullma + lluxllzoellu + vl ga)llull ga
1 2
+5 lx + vl flu g

< e(llux e + loallzoe) el + 0150)- (2.8)
In the above inequality, we have used Lemma 2.8 with r = g.

-2
(A uvy, u)g = (uvx, w)g—1 < ||uvy |l ga-1llull o
< cllullzee lvxll ga-1 + llvxllzoe llell ga-1) 1l gra—1

2 2
< c(llullzee + lvxllzee) Ululige + lvllge)s
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where we used Lemma 2.7 with r = ¢ — 1 > 0. For the last term,

1 1 1
u? + —u% +uyvy + % - —v)%

> > > llull ra

Ha1

2 2
< c(llullzee + llvllzee + lluxlizee + llvxlizee) (IIMIIHq + IIUIIHq) .

<

where we used Lemma 2.7 with r = g — 1 > 0. For the second equation we have the
similar estimates. Summing the results up we obtain

1
%/ I:(l — 5)(Aqu)2 + (1 — 8)(Aql))2 + S(Aqux)z + S(Aqvx)z
0
+8(Aq_lbl)2+€(Aq_lv)2] dx

N =

2 2
< c(llulizee +llvlizee + lluxlizee + llvxlizee) (IIMIIHq + IIUIIHq) :

Integrating with respect to ¢ on both sides of the above inequality and considering
O<e< % is a constant leads to inequality (2.5).

To estimate the norm of u; and vy, for some ¢ € [0, s — 1] applying (A%u;)A?
and (A7v;) A4 to both sides of the first and second equation of (2.7) respectively and
integrating with regard to x again, one obtains

(A —&)uy — euyyy, ut)q
1 1
=(1- 8)/(Aqu,)2dx +8/(Aqux,)2dx.
0 0

((u +v)ux, ur)g
< clllAY u+ vluxll 2 1A urll 2 + (4 V) ATuy, Auy)
< c(lluxllzee + lvxlizee) (Nl garr 4+ 101 ga+) el e
F(llullzoe 4 lvllzoo) el ga+i llu || o
< c(llullzee 4+ l[vlizee + luxlizoe + vxllzee) ull ga+r + 101 o) el 7,

(A_z(uvx + 8“:) L U)g

2 -2

< ellusllpg + cllurll e | A o) | ga
2

< ellusllga + cllurll e lluvs || ga

2
< elluilfa + clluglma (lullzee + lloxllzee) lull goer + 1Vl ga+1),

@ Springer



Well-posedness and blow-up solution 429

where we applied Lemmas 2.6 and 2.7 with r = ¢ > 0. For the last term,

1

1 1 1
/Aqutaqu_2 (u2 + Euf + uyvy + Evz - Evf) dx
0
2, 1o I, 15
< llullgallu” + zux + uyvy + EU - va”[-[q*l
1 1 1
< Nuclmallu? + Sud +uxve + 202 = S0l

< c(llullzee + lvlizoe + uxlizoe + lvxllzee) Null ga+1 + 0l g+ e 7,

where we have used Lemmas 2.6 and 2.7 with r = g > 0. Since |lulpo <

cllullgr, lvllze < cllv|| g1, with ¢ = 4/1/2 coth(1/2), summing the above inequali-
ties up yields the inequality

2 2 2
¢! —5)||ut||Hq <1- 8)”’/‘t”Hq +5||uxt||Hq
2
< ellulige +cllullgr + vl g + luxllze + lvxlize)

X (ull g1 + 101l ga+) s | o

and so

(A =20)llurllge < cUlullgr + lvllgr + luxlizee 4+ lvclizee) Ulull ga+1 4 V] ga+1)-

For the second equation, we can obtain the above similar inequality. Summing the two
inequalities up, it yields inequality (2.6). This completes the proof of the theorem. O

For any fixed real number s with s > 1, suppose that the function uq, vg are in H*,
and let ug0, veo have the following Fourier coefficients

ie0(k) = (e 3 h)io(K).  Deo(k) = @(e~ 1k)o (k).

where 1o (k), Do (k) denote the Fourier coefficients of ug, vg, respectively, and ¢ is an
even C* function, with 0 < ¢ < 1 everywhere and ¢(0) = 1, such that ¥ (k) =
1 — ¢(k) has a zero of infinite order at O and such that ¢ tends exponentially to O at
400. Then it follows from Theorem 2.2 that for each ¢ with 0 < ¢ < %{ the Cauchy
problem
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Up — Uyxr + EUxxxxr+3Uly — 2UyUyy — Ullyxy + UVx + UxV
— UxxVUx — Vllyyxx + VVy — UxUye =0,
Vr — Uxxr + EVxxinr +300x — 205 Upx — VUxxx + UVx + UV

— UxUxxy — UVxyy + Ully — Uyxllyy =0,

(2.9)
u(0, x) = ugp(x), x eR,
v(0, x) = veo(x), x €R,
u(t,x +1) =u(t, x), t>0, xeR,
| v(t,x + 1) =v(, x), t>0, xekR.

has a unique solution u, (z, x), ve (¢, x) € C*°([0, 00); H®®). We first demonstrate the
properties of the initial data u.g, v in the following lemma. The proof is similar to
that of Lemma 5 in [5].

Lemma 2.10 Under the above assumptions, the following estimates hold for any &

with0 < ¢ < %:

lueollga, lveollga < c, ifg <s,
(2.10)

lueollga, veollga < ce“=D/4, ifg > s,
here c is a constant independent of ¢.

Theorem 2.4 Suppose that ug(x), vo(x) are functions in the Sobolev space H® for
some s € [1,3/2] such that ||uox || Lo < 00, [[vox||Le < 00. Let ugg, veo be defined
the same as above. Then there are constants T > 0 and ¢ > 0 independent of ¢ such
that the corresponding solution ug, v, of (2.9) satisfy the inequalities ||ugy ||~ <c,
lvexllLoe < c foranyt € [0, T).

Proof We start from Eq. (2.7) with u = u,, v = v,. Differentiating with respect to x

on both sides of the first equation of (2.7) and noticing that E))%A_2 =A"2—1, we
obtain

(1 — &)y — EUxyxs
1
= —(ux + v )y — (U + V)uxy +u” 4+ —u + Uyvy + =0 — =v
-2 of 2,15 1, 1,
—0x A" (uvy +eu;) — A u-+ —u +Mxe+EU — =V

1 1 1
=—(u+v)uy, + u® — Eui + Evz — Ev)%

1 1
—afoz(uvx + euy) — A2 (u2 + —u’+ UxVy + —v? — —vz) .
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Letn > 0 be an integer. Then multiplying the above equation by (u,)***! to integrate
with respect to x yields the equality

1
1—¢ d

2n+25

1 1
= ——/(ux)2”+3dx /(u y2tl ( 2 —v + Evﬁ) dx

/(M )2t |:8 A2 (v —eu)+ A2 (u —|—;

()" 2dx —¢ / (12" gy — / (13 4+02) (1) 2l

2+2

us + uyv +lv2—lv2)} dx
X X Yx 2 2 X ’

where we have used

/(u + V)uxx (Mx)2”+1dx = 2 ) /(Mx + Ux)(ux)2n+2dx
It follows from Holder’s inequality that
l-¢ed 2n+2
Y d
n +2dt (”x) X
0
b oy 1
1 2n+2 1 2n+2 1 o)
/(”x)2n+2dx & / |Mxxxt|2n+2dx + / |M|4n+4dx
0 0 )
1 2n+2 ﬁ
1
+§ /('UX|4n+4 + |U|4n+4)d.x /|g|2l’l+2dx

1

1 2n+-2
o0 dx,
+(2 +2|I Ugllpoe +2n+2||vx||L )/qul x
0

where g = 8XA_2(uvx —8u,)+A‘2(u2+ —+—ux Uy + vZ2— 3 2) Then multiplying
both sides of the above inequality by ( fol (uy)?2dx)~ s one finds
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1
2n+2

1
d
1—e)— )2 2dx
( ) @ / (1)
0
1
1 2n+2 2n+2
[ a0 / "+
0
1
1 2n+2 2n+2
1
+§ /(|vx|4n+4+ |v|4n+4)dx /|g|2l’l+2dx

0

1
+(2 5 el + 5 vl ) /|u 12 dx

Because || fllLr — || fllL> as p — ocoforany f € L™ NL2, integration with respect
to ¢ and taking the limit as n — oo on both sides of the above inequality leads to the
estimate

2n+2

(I =) lluxllL=
t

<(1=8)lluoxll > +/ [enum,nmw(||u2||Loo+||v§||Loo+||v2||Loo+||g||Loo)
0

+§||ux||%oo} dr.
Because
lglLe <@ (||uz||Lz el 7s + 72 + vl + ||vx||iz) :
for some ¢ depending only on A2, it follows from (2.4), (2.6) and (2.10) that
lgllzoe < (1 + |luxlloe + lluxllze),

where c is a constant independent of ¢ when ¢ is sufficiently small. Moreover, for any
fixed r € (1/2, 1), there is a constant ¢, such that

lxxxellLoe < crlltaxxellar < crllugll gres,

which combined with (2.4), (2.6) yields

ltxxxellzoe < ¢(1 4 lluxllzoe + lvxllzoo) (el grea 4 [Vl gr+4)-
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Applying Gronwall’s inequality to (2.5) with g = r + 4 and u = u, and (2.10) one
has

||MI|HV+4 + ||U||Hr+4

1
2 2 2
= V2 (1l + 10134

2 5 5 ) )
S 1 — e (1 — 5)(““0”].[;’-%—4 + ||UO||H’+4) + 8(||u0x||Hr+4 + ||UOX||Hr+4

1

2

t
Hlluoll 3,45 + ||vo||§,,+3>] exp | ¢ / (14 lluxllzo + [[vxllz)dT
0

t
< T e | ¢ / (1 + Juy o + s flz)d
0

And so
lttxrxellzoe < ce® D40+ Jlugllzoo + vy llze)
t
X exp c/(l + Nty Nl oo + llvyllzoo)dz |
0
and

1
c -
luxllzoe < Nuoxllzoe + :/ {01 + el + uxle)
0

t
X exp c/(l iyl + lvs lz)d
0

1 itz + oallzos + el Foo + ol | dr.

For the second equation of Eq. (2.7), we can obtain the similar result. Summing the
results up, we get

luxlizoe + llvxllzee < lluoxllzoe + llvoxllzoe

t

c -
i [T e+ o)
0
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t
X exp c/(l sl + e llz)de
0

+ 1+ fJuxlloe + lvxllzoe + (fluxllze + ||Ux||L°°)2} dr.
Therefore, as 0 < ¢ < 1/4, one obtains the inequality

luxlizoe + llvxlizee < lluoxllzee + llvox o
t t
=n/dq 1 d
€ (I +lluxlizoe+lvxlize) exp| ¢ [ (14 lJuxllLe +[lvx][L=)dT
0 0

+4c
3

1+ Jluxllzoe + loxllzee + (x|l + vy llzee)? t de.

It follows from the contraction mapping theorem that there is a 7 > 0 such that the
equation

(@) = lluoxllzee + llvox |

; T
+4?C/ L+ f(0) + f2(0) + (1 + f(0) exp C/(l +/()ds | | de
0 0

has a unique solution f(#) € C[0, T]. Theorem II in [51]: Sect. I.1 shows that
luxllLoo 4+ luxllLe < f(¢) for any t € [0, T] which implies the conclusion of
Theorem 2.4. O

As adirect result of Theorem 2.4, one may estimate norms of # = u,, v = v, by using
(2.5), (2.6), (2.10) and Gronwall’s inequality to show that there is a constant ¢ > 0
such that the inequalities

t
el + Vel s = llull o + o]l go < cexp c/(l + f(@)dr |,
0
and
t
lueellr + lveellar = Nuellar + Nvellar < e(1+ f(2)) exp C/(l + f(@)dr |,
0

hold for any ¢ € (0,s],r € (0,s — 1] and any ¢ € [0, T]. Then it follows
from Aubin’s compactness theorem [42], that there is a subsequence of {uc}, {v.},
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denoted by {ug,}, {ve,}, such that {ug, }, {ve,}, {te,r}, {ve,:} are weakly convergent
to u(t, x), v(t, x) and u;, v, in L>([0, T]; H*) and L*([0, T]; H*~"), respectively.
Moreover, for any real 0 < § < 1/2, {ug,}, {ven} are convergent to u, v strongly
in L2([0, T1]; H1(5,1 — 4)) for any g € [0, s) and {ugp;}, {vens} converge to u;, vy
strongly in L2([0, T]; H"(8,1—6)) forany r € [0, s — 1). Therefore, one obtains the
existence of a weak solution to the Cauchy problem (1.7) as follows:

Theorem 2.5 Letug(x), vo(x) be the functions in H® for some s € [1, 3/2], satisfying
luoxllLoe < 00, [voxllLe < 0o. Then thereis a T > 0 such that the Cauchy problem
(1.17) with the initial data ug, vo has a solution

(u(t, x), v(t, x)) € L*([0. T1; H*) x L2([0, T]; H*)
in the sense of distribution, and u,, v, € L*([0, T] x S).
Proof It follows from Theorem 2.4 that {u,, x} {ve, x} 1s bounded in the space L°.

Hence, the sequences {u? }, {v2 }, {u? .}, (v2 )} {ue,ve, ). (Uepxve,n)s {Ue,xve, ).

{ttg, ve, v} are also weakly convergent to u?, vz,u%,vg,uv,uxvx,uxv,uvx in

L*([0, T]; H" (5,1 — 8)) for any r € [0,s — 1] and 0 < § < 1/2, respectively.
Therefore, u, v satisfy the equations

T 1
//u(ft — Sfoxr)dxdz
00

T 1

1 1 1
://[uxvxf (—u += u +uv+2v —Evz) fx—uxvfxﬁ—zuzfxm] dxdz,

and

T 1
//U(ft — frxe)dxdt
0 0

T 1

1 1 1
// |:uxvxf (—v +2vx+uv+2u ——u )fx vafxx+§U2fxxxj| dxdrt,
00

with u(0, x) =up(x), v(0,x) =vo(x) and any f € C(‘)’O. Moreover, since X =
L! ([0, TT x S) is a separable Banach space and {ug, v}, {vs,x} are bounded sequences
in the dual space X* = L*°([0,T] x S) of X, there are two subsequences of
{ttg,x}, {Ve,x}, still denoted by {ug,x}, {ve,r}, weak star convergent to two functions
U,V in L*°([0, T] x S), respectively. Because {u, x}, {ve,x} are also weakly conver-
gent to uy, vy in L%([0,T] x S), respectively, it follows that u, = U, v, = V almost
everywhere. Hence, u,, vy € L>([0, T] x S). O
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3 The wave breaking phenomena and blow-up rate

In this section, we establish the precise blow-up scenario, wave breaking phenomena
and blow-up rate for solutions to the IVP (1.17).

Theorem 3.1 Let zp = (ZO) € H® x H®,s > 3/2 be given and assume that T is
0
the maximal existence time of the corresponding solution 7 = (ﬁ) to the IVP (1.17)

with the initial data z¢. If there exists M > 0 such that
lullzoe + llvllzee + lluxllzoe + lvcllze < M, t €[0,T),

then the H® x H®-norm of z(-, t) does not blow up on [0, T).

Proof Let 7 = (Z) be the solution to (1.17) with initial data zo = (3‘}0) HS x
0

€
H’,s > 3/2 and let T be the maximal existence time of the solution z = (Z) , which

is guaranteed by Theorem 2.1. Throughout this proof, ¢ > 0 stands for a generic
constant depending only on s.

Applying the operator A’ to the first and second equation in (1.17), multiplying by
Afu and Afv, respectively, and integrating over S, we obtain

d
allull%,x +2((u + V)ux, w)s + 2(u, f1(z2))s =0, 3.1

d
Euvn%p + 2((u + v)vy, V)5 + 2(v, f2(2))s =0, (3.2)

where

1 1 1
£1@) = A7 (uy) + 0, A7 (u2 S v+ 50— Evﬁ) :

1 1 1
2(2) = A2 (ugv) + 0, A2 (v2 + Ev)% + u vy + Euz - Eui) )
Let us estimate the right hand side of (3.1) and (3.2). From (2.8), it follows that
|+ v)ug, )| < c(lluellzoe + vellzs) QulFrs + ol5)-
Similarly,

[ + )y, v)s] < e(lluxllzoe + lvellzo) (ullFs + [vll3s)-
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For the other two terms, we have

|(u, f1(2))s]

1 1 1
= ‘(Az(uvx) + 8xA*2 (u2 + Eui + U vy + zvz — Evf) , u)
N

< clulls (Il s + 1 ggees + latxvell s + 1020 geer + 03 o)
AT @), Aol

< clallzzs (el oo el s 4 e llzoe N DLt + v lzoe ] s
vl [0l + logllzee lvsllgs-1)
FIAT wlvell 2 1A ]2 + 1@ A o, Ao

< cllalzrs (el o ol gt 4 Nt llzoo ol gt + loxllzoe ol s
vl vl gt + oz losllgs)
ellull st il oo ol st + v o el 1)+ luall e el s ol s

< ¢ (ullz + ol + Nl + o) (Nl + 1ol )

where we used Lemmas 2.7 and 2.8 with r = s — 1. Similarly

|, f2@)s] < elllullze + [vllzs + lucllze + Toelizee) Qulzs + TvllZs)-

Therefore

d
(1 0003 ) = Qo+ 0l + sl + oallz)Qunliys + 0l0)-

An application of Gronwall’s inequality and the assumption of the theorem yields

Il + 0l < expten) (ol + uol)
This completes the proof of the theorem. O

In the sequel, we shall use the conserved quantity H'-norm of the solution (i, v) of
Eq. (1.7) to show that some of its solutions exist only in finite time.

Lemma 3.1 Ler ug(x), vo(x) € H*,s > %, and (u(x,t), v(x,t)) be the solution of

the IVP (1.17) with life-span T. Then T is finite if and only if

lim inf{inf [u,(x, 1)]} = —o0,
T xeR
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or

lim inf {inf [vy (x, 1)]} = —o0.
T xeR

Proof By the definition of m and n, we have

Im||3, = /(u — lgy)?dx = / <u2 +2u? + uix) dx,
S

S
and
||n||iz = /(v — v”)zdx = / (v2 + 21))% + v)%x) dx.
S S
Hence,
lullFye < Iml72 < 20ul3e. (3.3)
IvlI3,2 < lInll72 < 200]3,- (3.4)

Applying Theorem 2.1 and a simple density argument, it suffices to consider the case
s > 2 and show that the H2—norm does not blow up in finite time.

Multiplying the first equation by m and the second one by n in (1.17), after inte-
gration by parts and adding up the results, we see that

1d 2 5
S

=— /[(ZMx + v )m® 4 Quy + u)n® + (mmy + nny)(u + v)
s

+mn(uy + vy)]dx

1 1 2 1 1 5
= — 2Mx+vx_5ux_§vx m- + 2Ux+ux_§l/ix_§l)x n

S

+mn(uy + vx)i| dx

= / S 21 (S + 200 0+ mntuy + 00 |d
= zux 2vx m 2ux zvx n mn(uy + vy X
S

1 2 2 2
=— E(ux+vx)(m+n) + m uy +n-vy | dx.
S
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If there exist two constants M > 0 and N > O such that u, > —M, v, > —N, one

finds that

(%/(mz-Fnz)dx < (M+N)/[(m+n)2+m2+n2]dx
S S

< 3(M+N)/(m2+n2) dx,
S

By Gronwall’s inequality, we get

lul32 + 0]l < / (m2+n2) dx < exp[3T(M + N)] / (mg+ng) dx
S S

= 2expl3T(M + N1 (ol + ol )

The above inequality, Sobolev’s embedding theorem and Theorem 3.1 ensure that the

solution (u, v) does not blow up in finite time.
On the other hand, if

lim inf{inf [u, (x, )]} = —o0,
T xeR
or
liminf{inf [v, (x, 1)]} = —o0,
T xeR

then the solution will blow up in finite time.

]

To establish the following result in view, we follow the general approach by Li and
Olver [41] to deal with blow-up solutions for the Camassa—Holm equation, but using

the more detail analysis of solutions.

Theorem 3.2 Let s € [2, 00) be any real number. If the initial data u, vy of the IVP

(1.17) satisfies the conditions

ug, vo € H', /(uox + vox)3dx < 0
S

and
2

3
[0+ woax ) > 0cotn1/2) (1ol + ol )
S
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then there exists a T* such that the corresponding solution (u, v) € C([0, T*); H*) x
C([0, T*); H) ceases to exist in H* at the time T* in the sense that

lim sup (uxllee + llvxllze) =00,  lim (fullme + [vllHe) = 00
t—T* t—>T*

forany q € (3/2, s].

Proof From Theorem 2.1, we know that there exists a Ty > 0 such that the IVP (1.17)

has a unique solution (u, v) € C([0, Ty); H®) x C([0, Tp); H*). Adding up the first
and second equation of (1.17), one finds that

3 3
(u+v),+ w—+v)(Uuy +vy) = —8xA72 (Eu2 +uv + Evz + 2uxvx) .

Applying 9, to both sides of the above equation, it follows that
(ux +vy) + I/ti + v,% + (U + v)(Uyx + Vxx)
3 3 3 3
= Euz +uv + Evz — A2 (zuz +uv + 51)2 +2uxvx) .

Multiplying it by (u, + v,)? and integrating with respect to x, one obtains

3dt/(ux+vx) dx+/(“ + vy )(ux+vx) dx__/(”x+vx) dx

3 3 3
= /(ux + vx)2 |:§u2 + uv + Evz — A2 (§u2 +uv + zvz + 2uxvx):| dx.
S

3.5)
Since

1
/(ui + 02) (uy + vy)?dx > 5 /(ux + vy)*dx,
5 5

it turns out from (3.5) that

3dt/(ux+vx) dx+6/(ux+vx)4dx
s

3 3 3 3
5/(ux+vx)2 “ul tuv+ Zvr— A2 —u2+uv+—v2+2uxvx dx.
2 2 2 2
S

(3.6)
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Also

1
2

/ iy + v0)dx| < / (x + v)2dx / (r +v0)dx |
S S S

it follows that

2

1 3
) /(ux 4+ vy)’dx | . 3.7
1

S

2(llull3,: + vl

/(th + Ux)4dx =
S
Using

A2 f(x)

1 1
m/cosh(x—y— x =y —5) FO)dy
S

_ cosh(1/2)

= ZST(I/Z)”f”LI’

and | £z < || f]l 1, with ¢ = /T/2coth(1/2) = /% (see [50]), we have

3 3 3 3

/?a(th—i—vx)2 “ultuv+ 0P - A2 —u2+uv+—v2+2uxvx dx
2 2 2 2

S

= 63y + 1ol (2112 + 200 o

3 3
—i—||A_2 (Euz + uv + Evz + 2uxvx) ||Loo)

3cosh(3)
56262+—2 ull, + vl? ull%, + (vl
( 2Sinh(%))(n 12,0+ o020 ul?) + 1012,0)
_ 2 2 \2
= 15 coth(1/2)(lluollF;1 + llvolly )~ (3.8)
Moreover, using (3.7), (3.8) and the conserved quantity E5 to (3.6) lead to the estimate

2
1

d / 3 3
— [ (uy +vy)’dx < — /(u + vy) dx
dr ) e 4luollzys + llvoliz) \ ) e

+15 coth(1/2)([luoll3,1 + llvoll3,1)*.
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It is well-known that if

/(Mox + voe)3dx <0, and

S
2

3
/ (uox + vox) dx | > 60coth(1/2) (||uo||§,1+||vo||§,l) :
S

then there exists a Ty such that the solution fS (uox + vox)>dx of this Riccati type
equation will go to —oo when ¢ goes to Typ. However

/(ux + v dx| < cq(ullFy + Iol50 Nl g + vl )
S

2 2
= cq(luollyr + llvolly D) Ulull ga + vl Ha)
shows that lim;_, 7, (lu|| s + l[v|lge) = oo, where g is any real number with ¢ €
(%, 00) and ¢, is a constant independent of u and v.

To verify lim sup,_, 7, (|[ux[| Lo + [|vx|[L2) = 00, one may use (2.5), (2.10) and the
fact that u, v as the limit of (2.2) satisfy the inequality

2 2 2 2
lullge + vllge < lluolzre + lvollze

t
+C/(||”||L°C+||v||L°°+||ux||L°°+||Ux||L°°)(||u||%1q +llvlIF4)de
0

forany g € (%, s]. It follows from Gronwall’s inequality that
lulFza + vl

t
< (Iuolye + w0l ) exp C/(lluollyl +llvoll g + Nl oo + llvellL)de
0

Therefore, if lim sup,_, 7 (|lux||L> + [lvxllz) < o0, then it leads to the bounded-
ness of |lul|,, + Ilvl|3;,, which contradicts lim,— 7, (lull e + [[v]|ga) = co. Hence
To = T* is the finite time for u, v, u,, vy to cease existing in L> and H? for any
q € (%, s], respectively. This completes the proof of the theorem. O

It is easy to observe that if (u(¢, x), v(f, x)) is a solution to (1.17) system with
initial data uo(x), vo(x), then —u(¢, —x), —v(t, —x) is also solutions to the system
with initial data —uo(—x), —vo(—x). Hence, due to the uniqueness of the solution,
the solution to the system is odd as long as the initial data ug(x), vo(x) are odd.

@ Springer



Well-posedness and blow-up solution 443

Theorem 3.3 Suppose that ug(x), vo(x) € H*, s > 3/2, and let T be the maximal
existence time of the solution to the initial value problem (1.17) with the initial data
up, vo. If uo, vo are odd and

p(0) + vp(0) < —/eoth(1/2)(luo ]2 + llvol2).

then T is finite and uy (t, 0) + vy (¢, 0) tends to negative infinity as t goesto T.

Proof Let w = u + v, since wg = ug + vg is odd, w is also odd. It follows that
35 3,
wy + wwy + 0, G * zu +uv+§v + 2uyv, | =0.

Then
Wy + Wwyy + (Uy + Ux)2

3 3 3 3
= Euz +uv + Evz + 2u vy — G % (Eu2 +uv + Evz + 2uxvx) .

By continuity with respect to x of u, v, Uy, Uxy, We have
u(t,0) = v, 0) = uxx(1,0) = vxx (¢, 0) = 0.

So

3 3
wix (1, 0) 4 u3(1,0) + v2(t,0) = —G * (Euz + uv + 5v2 + 2uxvx) (t,0).

However, u)zc + v% > W and G % (%u2 +uv + %vz) >0, so
1,
wlx(tv O) + wa(ts 0) = -G * (Zuxvx)(tv 0)7
i.e.
1,
wex(2,0) < —wa(t, 0) — G * Cuyvy)(1,0).
By Young’s inequality,

16 # Quvt, Ol = 201G e luvalln < 1G s (Nl + 102, )

1
coth (5) (Ilux||%z + ||Ux||i2)

— coth 1 (||uo||2 L+ [lvoll2 1) .
2 2 H H

=

o N | —

IA
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Therefore, we obtain

1 2 2
wix (1, 0) = —5wy (4, 0) + K7,

where K = 20U (g2 | + ||u0||§11)%. Note that if wy (0, 0) < —v/2K, then

wy(t,0) < —/2K forallz € [0, T).
From the above inequality we obtain

wy (0,0) + V2K I | < 2V2K

s——=— =0
1,0,0) — V2K wy(1,0) — V2K
wy(0.0+v2K 1 (2c0.0=v2K
Dueto 0 < o 0.0—v3K < 1, thereexists 0 < T < fK ln(wx(0 0)+f1<) such that
hTr? wy (t, 0) = —oo. This completes the proof of the theorem. O
'

Lemma 3.2 [14] Let T > 0 and w € C'([0, T); H?). Then for every t € [0, T),
there exists at least one point £(t) € S with [(t) := ing[wx (t, x)] = wy(t, &(t)). The
xe

function [(t) is absolutely continuous on (0,T) with

d/ . 0.T
a—wx,(t,g(t)), ae. on (0,T).

Theorem 3.4 Let ug(x), vo(x) € H*,s > 3/2, and let T be the maximal existence
time of the solution to the initial value problem (1.17) with the initial data ug, vo. If
there exists some xo € S such that

i (x0) + vh(x0) < —y/3coth(1/2)(luoll%y, + lvoll%,)).
then T is finite and lim/y7 ing [uy(t, x) + vi(t, x)] = —o0.
X€E

Proof By Theorem 2.1 and a simple density argument, we only need to consider the
case s = 2. Let w = u + v. Then we have

3 3 3 3
Wyt + WWyy +u)zc +v§ = §u2+uv+ zvz—G* (zuz—}—uv—i— §v2+2uxvx).

Define I(t) = wx(t,&(t)) = inf,cs[wy (7, x)]. Since we deal with a minimum,
wyy(t,E(@)) = 0forall ¢ € [0, T). Thus, we obtain a.e. on [0, T'),

3 3 3 3
IO +uf + vy =>u’ +uv+ 0> =G [ Su +uv+ Sv° + 2uv, ).
2 2 2 2
However, u + vy > M and G * (3u” +uv + 3v?) > 0, so
/ 1, 3, 3,
(@) < _El () + EM + uv + Ev — G x Quyvy).
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As above,

1 1
IG # Quyv)llie < 5 coth (5) (||uo||§,1 + ||vo||§,]),

since

3 3
H zuz +uv + Evz

< 20 + 02l < coth(1/2) (lully) + 012
LOC

= coth(1/2) (Jluol%s + w03
So

1
I'(r) < —5120) + M2,

where M = \/% coth(1/2))(||uo||12ql + ||UO||§_11 ). Using the above inequality and fol-
lowing the lines of the proof of Theorem 3.3, we see that if

1 2 2
1) < —/3 coth (5) (ol + ol ).

then T is finite and lim,47 /() = —o0. This completes the proof of the theorem. O

Our attention is now turned to the question of the blow-up rate of the slope to a
breaking wave for (1.17).

Theorem 3.5 If T < oo is the blow up time of the solution (u, v) of the initial value
problem (1.17) with initial data ugy, vo € H*, s > 3/2, then we have

lim[inf[(ux(t,x)~|—vx(t,x))(T—t)] =-2
1T | xeS

while the solution remains uniformly bounded.

Proof The uniform boundedness of the solution can be easily obtained by the con-
served quantity in H!. By Lemma 3.2, we can see that the function

[(t) = inf [u,(t, x) + vy (1, x)]
x€eS

is locally Lipschitz with [(1) < 0,¢ € [0, T).
From the above theorem, we get

1
I'(t) < _512(;) +N, tel0,7), 3.9)
where N = 3/2 coth(1/2)(lluoll 3, + llvoll,)-
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Now fix any ¢ € (0, %). From Lemma 3.1, there exists 1o € (0, T) such that

I(t)) < —/2N + % Notice that [(¢) is locally Lipschitz so that it is absolutely con-
tinuous on [0, T'). It is then from the above inequality that /(¢) is decreasing on [#y, T')

and satisfies that
N N
I(t) < —\/2N+ — < =/ —, te€lt,T).
€ £

Since /() is decreasing on [f#g, T), it follows that

lim () = —o0.
T

From (3.9), we obtain

o1
2o =27°

S
2 T B

Integrating the above equation on (¢, T') with ¢ € (ty, T) and noticing that thTl [(t) =
t

(l—s)(T—z)<—i<(l+s)(T—z)
2 =~ \2 '

Since ¢ € (0, %) is arbitrary, in view of the definition of /(¢), the above inequality
implies the desired result of the theorem. O

—00, we get
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