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Along with the increasing interest in (4, k)-dichotomy, more attentions are paid to
sub-exponential growth in research of asymptotic behaviours. In this paper, we
generalize a projected discrete Gronwall’s inequality given in [J. Differ. Equ. Appl. 10
(2004), 661—-689] to a general one, which may include both terms of sub-exponential
growth inside the summation and non-monotonic terms outside the summation. We
demonstrate our results with concrete non-monotonic functions and sub-exponential
functions. We apply our results to estimating bounded solutions of a non-linear
difference equation with an (A, k)-dichotomy.

Keywords: Gronwall’s inequality; difference equation; sub-exponential growth; non-
monotonicity; (4, k)-dichotomy
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1. Introduction

Discrete inequalities of Gronwall type and related sum-difference inequalities play a
fundamental role in the study of difference equations. Required in the discussion on
existence, uniqueness, boundedness, stability, invariant manifolds and other dynamical
behaviours of solutions for difference equations, in recent decades a great progress has
been made in the theory of discrete inequalities (see e.g. [1-3,5-9,12,13] and references
therein). A basic one of those known results is the discrete Gronwall’s inequality

n—1
un) = p(n) + q)>_ fkyulk), n= k. (1.1)
k

=ko

As shown in Ref. ([1], Theorem 4.1.1, p. 182), the unknown function u(n) in (1.1) is

estimated by u(n) = p(n) + q(m) 34— PR IOTT'—t1 (1 + g(r)f (D) for all n = ko.
Recently, in order to investigate invariant manifolds for functional difference
equations, Matsunaga and Murakami [5] discussed in the Appendix the discrete inequality

n—1 00
un) = eb" +py b" " luls)+qy e us), ne€ 4, (1.2)
s=0 s=n

where e, b, ¢, p and ¢ are non-negative constants and 0 < b < 1,0 < ¢ < 1. Being a
discrete analogue of the projected Gronwall’s inequality, considered in Ref. ([4],
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Lemma 6.2, p. 110), inequality (1.2) can be regarded as a discrete projected Gronwall’s
inequality.

Along with the increasing interest in (4, k)-dichotomy [6,10,11], more attentions are
paid to sub-exponential growth in research of asymptotic behaviours. On the basis of the
projected Gronwall’s inequality considered in Ref. ([4], Lemma 6.2, p. 110), efforts (see
Refs [14—16]) have been made to extend the known results to sub-exponential growth,
non-monotonicity and lower regularity of given functions. Obviously, such efforts to the
discrete inequality (1.2) are also interesting to difference equations.

In this paper, we generalize (1.2), a discrete inequality including functions of
exponential growth only, to the discrete inequality

n—1 [
u(n) = a() + Y b(n, )u(s) + ) c(n, )u(s), n = s, (1.3)

§=50 s=n

where sq is a fixed number in Z ,, a(n), b(n, s) and c¢(n, s) are non-negative functions, a(n)
may be non-monotonic and b(n, s) and c(n, s) may grow sub-exponentially. We first
estimate u in (1.3) in Theorem 1 under some basic hypotheses, which are much weaker
than the corresponding discrete analogies in Ref. [16] and relax b(n, s) and c(n, s) to be of
general form in two variables. Since these basic hypotheses do not restrict b(n, s) to the
form of variable separation, our result Theorem 1 is proved in a different idea from Ref.
[16]. If b(n, s) is additionally bounded by a function in the form of variable separation, we
can use the same idea as in Ref. [16] to give an estimate of « in Theorem 2, which is much
easier to calculate than the estimate given in Theorem 1. We demonstrate our results with
concrete non-monotonic functions and sub-exponential functions. Finally, we apply our
results to a non-linear difference equation with an (%, k)-dichotomy.

Throughout this paper, we use the following notations Z, = {n € Z : n = 0} and
Ry :={n € R:n = 0}. For a function F(k) defined on Z_, it is a convention [1] to set
S F(s) =0 and [T, F(s) = 1if ki, ky € Zy and k; > ky, i.c. empty sum takes the
value 0 and empty product takes the value 1. As usual, let A denotes the forward difference
operator, i.e. AF(n) = F(n+ 1) — F(n).

2. Main result

Consider inequality (1.3) and suppose that

(Hy): a:Zy— R, is bounded and a: := inf,=g a(n),

(H,):  the functions b(n, s) and c(n, s) are defined for all integers 0 = s = n < o0 and for
all integers 0 = n = s < oo, respectively, and both are non-negative and

(H3):  m(n) = Z?;Slob(n, $)+>°% c(n,s) is well defined for all n=s) and 1=

Supnzxo ”f)(”) <1

Our main result is the following:

THEOREM 1. Suppose that (H,—H3) hold. Then any non-negative bounded function u
satisfying (1.3) is estimated by

n—1
( H §(T)> (a(s) — ax)b(s + 1,5), Vn = s,

=s+1

_ am 1l
= T T
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where a(n) := sup=,a(7), B(n, §) i= Sup;=,b(t,s), &n):=r(n)+ b(n + L,n)/(1 —mn),
r(n) := maxy, ==, B(n,s), and
b(n+1,s)/b(n,s), b(n,s) # 0,
Bln, 5):= { 0, b(n,s) = 0.

Remark 1. When a(n) = ep'!, b(n,s) = ap’* " and c(n, s) = Bp, ™!, inequality (1.3) is
just what Matsunaga and Murakami considered in Ref. [5]. In this case, it is obvious that
r(n) = p; for all n = 59 when a # 0 and r(n) = 0 for all n = sy when a = 0. Hence their
result on inequality (1.2), where a(n), b(n, s) and c(n, s) all grow exponentially, is a special
case in our Theorem 1.

Before proving the theorem, we need the following lemma.

LemmA 1. Suppose that (H—Hs) hold. Then for an arbitrary bounded solution u of
inequality (1.3) there exists a non-negative bounded solution v of the inequality

n—1 00
v(n) = a(n) — a= + Z b(n, s)v(s) + Z c(n, s)v(s), Vn = s, (2.4)
§=50 s=n
such that u(n) — v(n) = a/(1 — m) for all n = sy.
Proof. Let u be an arbitrary bounded solution of (1.3)on Z (so) == {n € Z; : n = s¢}. Let

S:={n € Z(so): u(n) =a./(1 —mn)}, which is allowed to be empty in some cases.
Define

Vo= 0, n € Z1(so)\S, @)
which is bounded and non-negative. It follows that
u(n) — v(n) = 1“7 Vi = s, (2.6)
-n

the same inequality as in the result of our lemma. In the sequel, we only need to prove that
v satisfies inequality (2.4). From (H3), we see that the infinite sums Z?;;()b(m s)v(s) and
Z;’inc(n, s)v(s) in (2.4) are both well defined for all n = sy. Inequality (2.4) holds
naturally for n € Z_(s9)\S because v(n) = 0 by (2.5). For n € S, substituting (2.6) into
(1.3), we obtain

n—1 00
Vi) + 161—77 = a(m + Z b(n, s) <v(s) Ra— Cf 77) + ; c(n, s) (v(s) A Cf 77)

§=50

n—1 0
=an) + Z b(n, s)v(s) + Z c(n, s)v(s) + %7 Yn = s,

§=50 s=n

from which we obtain the same as in (2.4). The proof is completed. g
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Proof of Theorem 1. Since (H;—H3) hold, by Lemma 1 we see that there is a non-negative
bounded solution v of inequality (2.4) such that

uln) S 77V, V= s, @7

Thus the estimation of u is reduced to the estimation of v. Let

w(n) = sup v(s). (2.8)

s=n

Then w is non-increasing and w(n) = v(n). On the other hand, let ¢ > 0 be given. Then for
every n = s, there exists an integer n, = n such that w(n) — ¢ < v(n,). Thus, from (2.4)
we get

n,—1 0

W(n) = & < v(n) = alng) = av+ ) blne, Hws) + Y clng, Hwls)

$=50 S=ng

ne—1 ne—1 0o
= a(ng) — ar + Z b(ng, s)w(s) + w(n) <Z b(ng,s) + Z c(ng, s))

ne—1
= a(ne) = av+ Y b(ng, Hw(s) + nine)w(n)
ng jl .
=an) —a«+ Z b(n, s)w(s) + nw(n),

2.9)

where we note that b(n, s) is well defined for all integers s) = s = n < oo because the
assumption (H3) implies that sup,=; b(n,s) < oo for s € Z. Clearly, it follows from (2.9)
that

~ _ n—1
o = a(;l)_ na* +- i 7)ZE(n, S)W(s), (2.10)

5=50

since € > 0 is arbitrary and 0 = n < 1.
In order to estimate w(n) from (2.10), we cannot use the idea as for (2.16) and (2.17) in Ref.
[16] because b(n, s) may not be separable. Let

n—1
2n) = ﬁ Z b(n, s)w(s). (2.11)

§=S0
Inequality (2.10) can be rewritten as

an) — a«

w(n) = =

+2(n). 2.12)
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From (2.11) we can calculate
n—1

A =2+ 1) = 2m) = ;Z (b(n+ 1,5) = b(n, )w(s) + ("1+—1nﬂ) w(n)
= 10 L syt + 2L
- §=50 n
< () — Dy + 221 (&(n) —a, Z(n)>’ o
1—n 1—-7

where we note the definition of r(n) given in the theorem and we apply inequality (2.12).
Re-arranging terms in (2.13), we get
(@(n) — a)b(n +1,n)

+1)— =
2n+ 1) = &nyz(n) T

(2.14)

where &n) := r(n) + b(n + 1,n)/(1 — n). Define

&,(n) = &n) + &,

where £, > 0 is an arbitrary constant. Since z(n) is non-negative, from inequality (2.14) we
get
(a(n) — ax)b(n+1,n)

(1—n?

Note that 581 (n) > 0 for all n = sy because &n) is non-negative and &; is positive. It is
reasonable to multiply (2.15) by Hg’:m &, ()" to get

n—1 n ~ B _
A(H 5al<s)‘z(n>) = (H és,ml) (@) (lafb;')fj L

S=S50 S=S50

wn+1) — &, (nzn) =

2.15)

Summing up the above inequality fromn = sy ton = N — 1 and noting that z(s9) = 0, which
is observed from (2.11) and the conventions shown in the end of the Introduction, we get

«N) = )2 Z

n=sq

( H &, (r)) @(n) — a)b(n + 1,n). (2.16)

=n+1

Passing to the limit as &; — 40 in (2.16), by the definition of gsl(n), we get

Z(N) = )2 Z

n=so

N-1
( H g(ﬂ) (@(n) — a)b(n + 1,n). (2.17)

=n+1

Thus, we obtain an estimate of w(n) from (2.12) and (2.17) directly. Since v(n) = w(n), we
finally obtain the result of the theorem from (2.7). This completes the proof. ]

If b(n, s) satisfies an additional condition

(A): b(n,s) = pi(n)p2(s) for all integers 0 = s = n < oo, where p;(n) and p,(n) are
both non-negative functions defined on Z and p;(n) is non-increasing,

the estimation will be much easier.
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THEOREM 2. Suppose that (H,—H3) hold and b(n, s) satisfies (A). Then any non-negative
bounded function u satisfying (1.3) is estimated by

u(n)s—f‘f’) e 1(”) 15 @ - apa H( ”—‘iﬂ_’”(”ﬂ
n S=50 T=s+1 n

for all n = sy, where a(n) := sups=pha(s).

Proof. Since (H,—Hs3) hold, by Lemma 1, there is a non-negative bounded solution v of
inequality (2.4) such that

u(n) = l‘i—n +v(n), Vn= s (2.18)

In order to estimate v in (2.18), let w(n) := sups=,v(s) and l;(n, §) 1= SUP;=,b(T,s5).
Similarly to the proof of Theorem 1, we can deduce that w(n) satisfies inequality (2.10). By
the assumption (A),

b(n,s) = {SUPPI(T)}Pz(S) = p1(m)p2(s)

T=n

since p; is non-increasing. It follows from (2.10) that

win) = a(f)__n 1 i S Z Pa(IW(s). (2.19)

Thus, we can apply the discrete version of the well-known Gronwall’s inequality, shown
in Ref. ([1], Theorem 4.1.1, p. 182) and usually called the discrete Gronwall’s inequality,
to inequality (2.19) and obtain

iy < 2D G m(n) Z(a(s)—a)pz(S)H( m(ﬂpz;r))]_

1 n S=580 T=s+1

This gives the result by the definition of w(n) and the relation (2.18) between u(n) and v(n).
This completes the proof. ]

Remark 2. When functions b(n, s) and c(n, s) in (1.3) is of the special forms b(n — s — 1)
and c¢(—n + s + 1), respectively and

b(n) = b(O)p", Vn =0,

with p € (0, 1), the conditions (H,—H3) and (A) are satisfied, where p,(n) = b(0)p" and
pm)y=p "L By our Theorem 2, we obtain a discrete result in a similar form to the
result in Ref. [16] for integral inequalities. Actually, using the same idea, one can
generalize [16] to a case with real functions of two variables inside the integrals, where
b(t — s) is replaced with b(t, s) in variable separation but of sub-exponential growth and
c(s — 1) is replaced with the general c(t, s) of two variables.
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3. Sub-exponential examples

In this section, we demonstrate our theorems with non-monotonic functions and sub-
exponential functions.

Example 1. Consider inequality (1.3) with functions

1 4s + 1 1
aln) = + cos n77+ A bns) = w(4s + —ttcc;s(n + )77)’
n n

and c(n,s) =c "1 — cos2(—n+ s+ 1)a), where A, u, a and c are positive
constants such that 0 < ¢ <1 and

¢ ccos2a—c?
1—c 14+¢%2—2ccos2a

% + <1 (3.20)
Obviously, a(n) and b(n, s) are both sub-exponential, b(n, s) is not of variable separation,
and none of a(n), b(n, s) and c(n,s) is monotone. Note that conditions (H;) and (H,) are
satisfied because a(n) = A +2/3 for n = 1, a. := inf,=ja(n) = A and the non-negative
functions b(n, s) and c(n, s) are well defined for all integers 1 = s = n < oo and for all
integers | = n = s < oo, respectively.

In order to verify (H3), we first note that

n—1
sup Y b(n,s) = g (3.21)

n=0 "=

In fact, by the assumption of b(n, s),

n—1 wn — 1)/(2n), asn =2kandk € 7.,
;b(’”) ) u? - 1)/(2n?), asn=2k+ landk € Z.. (322)
On the other hand,
Z c(n,s) = Z ¢ 7" — lim S(n, m), (3.23)

S=n sS=n

where S(n,m) =" ¢ " Tlcos2(—n + s + 1)a. Since

S=n

2ccos(2a)S(n, m) = Z 2¢ " 2005 2acos2(—n+ s+ Da

s=n

= Zc_"+5+2[cos2(—n +s5s4+2)a+cos2(—n+s)al

=[¢ 7" 2cos2(—n +m 4 2)a+ S(n,m) — ccos2al + [c? + ¢>S(n, m)

— ¢ e0s2(—n+m+ al,
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we have

¢ 2 ccos2(—n+m+ Da — cos2(—n+m +2)a] + ccos2a — ¢?

S f—
(n,m) 1+c¢%2—2ccos2a

It follows from (3.23) that

(o)

Zc(n ) = c ccos2a—c¢
! l1—c 14c2—2ccos2a’

2

(3.24)

sS=n

Thus, by (3.22), (3.24) and (3.20) we get

n—1 0o 2
o c ccos2a—c
K Sup{; (”’SH;C(”’S)} 2 T=¢ Tt —2ccos2a

n=0

which verifies (Hs). Furthermore, b(n,s) =< p;(n)p,(s), where p;(n)=1/ n?, pa(s) =
(s +1/2) i.e., condition (A) is satisfied. Thus we can apply Theorem 2 to obtain

_ (it DA+2 " D2 4541\ 2k Qr+ D
u(n)_(n+1)(1—n)+n2(1—n)2{ 2 <2s+1> 11 <1+272(1—n))

s=1 =25+1

(n—2)/2 n—1
4543 Qr+Dp
14— fi
* ZFO <2s+3) 11 < +2r2(1—n)>}’ orevent (325)

T=25+2

_ (i+2A+2 m 02 4541\ Q@+ Dp
u(n)_(n+2)(1—7])+n2(1_7))2{ 21: <2s+1) H <l+m)

5= T=2s5+1
(n=3)/2 n—1
4543 Qr+Dp
I+ forodd
! ; <ZS+3)J;[+2< tana =) (0 foreddn (3.26)

since

a(n) ==supa(r) =

™=n

A+2/(n+1), nis even,
A+2/(n+2), nis odd.

Although Theorem 2 requires an additional condition (A), the resulted inequality is
easier to be calculated and the proof is simpler than that of Theorem 1. For a precise
estimate we usually enlarge b(n,s) with p;(n), po(s) in (A) as exact as possible. In our
Example 1,
lim sup,—eb(n, s)/p1(M)p2(s) = lim sup,—oo(ds + 1 4+ cos (n + 1)) /(4s +2) = 1.

Example 2. Consider inequality (1.3) with functions

o1 b onon=s s Qs—n

o C
l _ bzuqﬂ Y C(na S) =

1
a(n):ﬁ—i-)\, b(n,s) = 1=
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where 0 < b < 1,0 < ¢ <1 and A, a4, 0, are positive constants such that

2 (3.27)
1 —

with K := max{0,1 + (Inln2 — In|Inb])/In 2}. Obviously, neither b(n, s) nor c(n, s) is of
variable separation. Note that our this case includes stronger growth than exponential
growth, because lim,—.b(n + 1,5)/b(n,s) = 0, i.e., the growth rate of b(n, s) is stronger
than exponential one. Thus those functions with stronger growth can be enlarged by
functions of exponential growth and the known result in Ref. [5] can be applied to this
example for an estimate of u(n). However, if applying our Theorem 1, we can obtain a
better estimate for u(n) because our theorems are not restricted to the case of exponential
growth and the stronger growth can be considered in the estimate.

In order to apply our Theorem 1, we note that a(n) = A+ 1/2 for n =0 and
as 1= inf,~pa(n) = A, i.e. (H,) holds. Moreover, b(n, s) and c(n,s) are both non-negative
and are well defined for all integers 0 = s = n < oo and for all integers 0 = n = s < 0,
respectively, i.e. (H,) holds. In order to verify (H3), we first note that

z”:czk_i:l_l_l_l
1_62k+1 — l_czk 1_Czk+l l_c 1_C2u+l7

k=0

implying that > % c(n,s) = a’zc/(l —¢). On the other hand, although it is hard to
calculate the sum s(n) == > 1 0b(n s) directly, we know

b2n+l+2u+l s_0s b2n+1+2_2n
sin+1) = 012 prm T O
b2n+2 n—1 n—1
= (1 — + b2 >s‘(n) =2b%" §(n), (3.28)

implying that s(n + 1) < s(n) for n > K, the number defined just after (3.27). Therefore,
sup,=0s(n) = maxg=,=ks(n) and, from the assumption (3.27),

=su b(n,s) + c(n,s) <1,
1= s $ 0.9+ 3 et = o
i.e. (H3) is also satisfied. By Theorem 1 we conclude that
1422 o1b?'+2 b o1b> !
u(n) = 5
2(l=m) (A —-n’A-b%H[1+b2 (1 —md—=0Y

n—1 ) s
s b a1b _
* {;(zb) [l R R b4)] } Vn =0, (3.29)
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where we notice that (n) = 5% /(1 + b?) because b(n,s) = b(n, s) and

bn+1,8) =0

b2n+l+2n+l*x72x bznbzn*x b2n+2n*x72x bzn
( 1 ) b(n,s).

1 _ b2n+27s = 1 +b2n+lf; o l _ b2u+lfx l/bzn s +b2n s

4. Application to difference equations

In this section, we apply our result to estimate solutions for the non-linear difference
system

x(n + 1) = A(n)x(n) + f(n, x(n)), (4.30)

where A(n) is a d X d matrix valued function on Z, and f(n, x) is an R valued function on
7, x RY. Forx € R? and a d X d matrix A denote by |x| and |A| its Euclidean norm and the
corresponding norm, respectively. Suppose that

(S1):  The linear system
x(n+ 1) = An)x(n) 4.31)

admits an (h, k)-dichotomy for n = 0, i.e. as defined in Ref. [10], there exist a
projection P and a positive constant ¢ such that

(4.32)

|Um)PU ~"(m)| = ch(n)h(m)™ !, n=m=0,
{ [Um)I — PYU " (m)| = ck(n) k(m), m=n=0,

where U(n) is a fundamental matrix of Equation (4.31) and A, k are two positive
non-increasing functions defined on Z, such that lim,—h(n) =0 and
lim,—sk(n) = 0.

(S2):  f:7Z.xR!—R? satisfies | f(n,x)| = {n)|x| for all n =0 and x € R?, where
{(n) is a non-negative function.

(83):  The function m(n):= c{h(m)>"—gh(s + 1) ¢s) + k(n) S22 k(s + Ds)} is
well defined for all n = 0 such that 1 := sup,=om(n) < 1.

COROLLARY 1. Suppose that (S1-S3) hold. Then every bounded solution x(n) of system
(4.32) satisfies

chim)x(n)l  c*h(n)lx(n)l ( cm(f))
- 433
lx(m)| _n)h(n])+(l_n)%(m){;}w()ﬁ]l (4.33)

for all n = ny, where ny € Z, is given and w(n) := h(n)h(n + 1)71§(n). Furthermore,
[x(n)] — 0 as n— oo in the convergence rate of hif Y .., @(n) < .

Before proving this Corollary, we need the following lemma.



Downloaded by [Eastern Michigan University] at 04:39 10 December 2013

Journal of Difference Equations and Applications 941

LemmA 2. Suppose that (S1—-S3) hold. Then for every solution x(n) of (4.30) which is
bounded on Z., there is an xp € PRY such that

n—1

x(n) = Um)U ' (0)xp + Z Um)PU ~ (s + 1)f (s, x(s))
5s=0

=) UM = PYU (s + 1)f (s, x(5)).

s=n

The proof of this lemma can be referred to Ref. ([1], Theorems 5.6.8 and 5.8.6).
Although the result given in Ref. [1] was obtained under the assumption of exponential
dichotomies, there are no difference between exponential dichotomy cases and (h,k)-
dichotomy cases because the equality in Lemma 2 is guaranteed by the summability of
Z;in U(n)(I — P)U ~'(s + 1)f(s, x(s)), which follows from the assumption of Lemma 2
immediately.

Proof of Corollary 1. By Lemma 2, every bounded solution x(n) of system (4.32) satisfies

n—1
x(n) = UmPU " (n)x(nn) + > UMPU ™ (s + Df (5, x(s5))

s=n;

=Y UmU = PU s+ Df(s,x(s)),  Vn=ny,

s=n

where n; € Z is given arbitrarily. It follows that

n—1
lx(m)| = ch(n)h(n) ™" lx(np)] + CZ h(h(s + 1)7'¢(s)|x(s)]

s=n;

+e> k) k(s + D), Vn=ny. (4.34)

s=n

Then Theorem 2 is applicable to the inequality (4.34) and the estimate (4.33) can be
obtained.

Furthermore, under the assumption >~ @(n) < oo, it is well-known that [ (1 +
Ow(n)) < oo for an arbitrarily given constant 6 > 0. It follows from (4.36) that |x(n)| =
Lh(n) for all n =n;, where L > 0 is a constant. Hence |x(n)] — 0 as n— oo in the
convergence rate of 4. The proof is completed. |

By Corollary 1, a weaker condition for bounded solutions x(n) of system (4.30) to
approach 0 as n — oo is that

n—1 n—1
limhm>_ wts) [ [1 4 ‘;w_(?)] —0. (4.35)

0 T=s+1

Furthermore, Corollary 1 covers the situation of exponential convergence rate, discussed
in Ref. ([1], Theorem 5.8.6, pp. 273—274). In fact, consider the class

n—1
H = {qs 7= Ryldn) > 0,¢(m s+ 1) s bounded}.

s=0
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If {(n) is identical to a positive constant, then the assumption (S3) in our Corollary 1
implies that

n—1
gm) =Y hs+1)"' =Khn)', Vn€Z,, (4.36)

s=0

where K is a positive constant and K > 1. This means that 7 € H. This further implies that
Agn)=h(n+1)"' = (1/K)g(n+ 1), i.e. (1 = 1/K)g(n + 1) — g(n) = 0. Hence,

A Kl - ;{) g(n)} =0, VnezZ,. (4.37)

Summing up (4.37) from n; = 0 to n, we get g(n) = g(ny)(1 — 1/K)"". By (4.36) we
obtain Kh(n)~! = g(n))(1 — 1/K)y" ™", i.e.

N
g(ny) K '

It means that i(n) tends to 0 as n — oo in the exponential convergence rate. On the other
hand, it is also easy to give an example of slower convergence rate. Consider system (4.30)
with A(n) := diag{A;(n), ..., Ay(n)}, where

h(n) =

02 (n+2°%Q2n+1)
An) = L Vn=0, j=1,....6, Am=—or2nT )
i = =0 i) = 1 2n 1 3)

Vn=0, j=£+1,....d.

and suppose |f(n,x)| = (1/(n+ 2)*)|x|. One can check that the linear system (4.31)
admits an (h,k)-dichotomy, where h(n) = 1/(n+ 1)’ and k(n) = (2n+ 3)/(n + 2)*.
Obviously, & tends to 0 in a slower convergence rate than exponential one and i & H.
Moreover, (S2) and (S3) are satisfied with {(n) == 1/(n + 2)%. Note the fact that ¢ = 1,
() = n/(n+ 1)> + 1/(2n + 3) and hence n = 9/20. By Corollary 1,

_ 201x(0)| 400x(0)] [&X 1 20
bl = s T 21 03 {Z (s + 1) (1 METIE 1)2> }

s=0 T=s+1

As defined in Corollary 1, @w(n) = 1/(n+ 1)>. It is clear that > yw@(n) < oo. Thus,
Corollary 1 implies that |x(n)| approaches 0 in the convergence rate of h.
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