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Abstract: The decay rate of the elastic and electric fields along the growth direction of a
transversely isotropic piezoelectric hollow or solid circular nanocolumn is investigated by
developing the general solution for the corresponding three-dimensional problems. While the
proposed method can be applied to asymmetric deformation, only axisymmetric deformation
is considered in this paper. The derived results are first verified by comparison with existing
elastic isotropic solutions. Then, the locus of smaller roots is plotted for different wall thicknesses,
including also the limiting solid circular nanocolumn case. Owing to the material anisotropy
and the coupling between the mechanical and electric fields, there exists an intriguing
interaction of real and complex root loci for the torsionless axisymmetric deformation. The
numerical results also show that the geometric parameter, material anisotropy, and piezo-
electricity of the hollow or solid nanocolumn can substantially influence the decay rates, which
can be applied to the strain relaxation analysis in novel semiconductor structures containing
self-assembled nanoposts and nanocolumns.

Keywords: nanocolumn, decay rate, Saint-Venant’s principle, transverse isotropy;,
piezoelectricity, circular cylinder, three-dimensional elasticity solution

1 INTRODUCTION

The decay rate of stresses and displacements along
the longitudinal direction due to self-equilibrating
loads acting at the end of the hollow or solid circular
cylinder is an old but challenging mechanics problem.
By employing the Love displacement solution, Klemm
and Little [1] presented a complete analysis for a long
solid circular cylinder with one end being traction
free and the other end under a self-equilibrated
traction. Earlier investigators on the decay of the
elastic field along solid circular cylinders include Purse
(see reference [2]) who obtained the eigenfunctions
governing axisymmetric torsion problem, and Little
and Childs [3] who obtained a vector bi-orthogonality
from Love’s strain function. Later, Stephen and
Wang [4] considered the self-equilibrated end load
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problem for a semi-infinite hollow circular cylinder
by using the Papkovitch-Neuber solution to the
elastostatic displacement equations of equilibrium
and derived solutions for both the axisymmetric and
the asymmetric cases. Stephen [5] further considered
the decay rates for a compound circular cylinder of
two materials having different stiffnesses. Ye [6, 7]
studied the decay rates of angle-ply laminated hollow
cylinders based on the recursive and approximation
technique. Piezoelectric materials and structures have
attracted great attention because of their capability
for converting the mechanical energy into electric
energy, and vice versa. As such, the corresponding
Saint-Venant’s principle in piezoelectricity has been
investigated by many researchers (see, for example,
reference [8]). These include decay rates under anti-
plane [9] and plane [10, 11] deformations. However,
to the best of the present authors’ knowledge, the
decay rate in a three-dimensional piezoelectric
hollow or solid cylinder has not been studied so far,
which yet may have great technical applications to
the semiconductor industry, as discussed below.
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In recent years, various semiconductor nano-
structures have been successfully grown to enhance
optoelectronic and electronic properties. Among
these, the novel nanopost and nanocolumn structures
are particularly of promise, as reported by Chen
et al. [12], Van Nostrand et al. [13], and Thillosen
et al. [14]. However, the strain relaxation feature
along the nanopost or nanocolumn is critical from
the device design point of view. Therefore, in this
paper, the exact decay rates of the elastic and
electric fields along the growth direction of a piezo-
electric hollow or solid nanocolumn are determined
by developing the general solution for the corre-
sponding three-dimensional problems [15, 16]. While
the more general asymmetric case can be discussed
by using the present formulation, attention is con-
fined to the torsional and torsionless axisymmetric
cases. The numerical results presented clearly show
the importance of the material anisotropy and
electromechanical coupling on the decay rate of
nanocolumns.

2 GENERAL SOLUTIONS OF TRANSVERSELY
ISOTROPIC PIEZOELECTRIC SOLIDS

As shown in Fig. 1, a fixed Cartesian coordinate system
(x,y, z) and a circular cylindrical coordinate system
(r, 0, z) are attached to the nanocolumn which is free
standing on a substrate (see, for example, reference
[13]). For the transversely isotropic (or hexagonal
crystal) piezoelectric hollow or solid circular nano-
column with poling direction along the z axis, the

Nanocolumn
arowth
direction

Substrate

Fig. 1 A simplified free-standing transversely isotropic
piezoelectric nanocolumn over a substrate

equilibrium equations in terms of the electric
potential ¢ and the three displacements u, v and w
along the x, y and z directions respectively are
(assuming also zero body force and zero electric
charge density)
1 1
Cllu,xx + E(Cll - ClZ)u,yy + C44u,zz + E(Cll + CIZ)U,xy
+ (13 + Caa)W o + (€15 + €31)P . =0
1 1
5(‘311 —C12)0 ey + €110,y + CaqV o + 5(‘311 + C12)u,xy
F(C13 + caa)w . + (€3 + €15)9 ;. =0
CagW xx + W) + C33W 2o+ (Cr3 + Caa) (U +0,52)

+ 615(¢,xx + ¢,yy) + e33¢,zz = 0

elS(W,xx + W,yy) + €33 M},zz + (615 + e31)(“,xz + U,yz)
- 811(¢,xx + (p,yy) - 533¢,zz = 0
(D

where c¢;;, e;;, and ¢; are the elastic, piezoelectric, and
dielectric coefficients respectively, of the piezoelectric
solid, and the symbol u,, denotes differentiations of
the elastic displacement component u with respect to
x and y. In addition the linear constitutive equations
in the Cartesian coordinate system are given by

[ O] fcyp ¢ ¢33 0 0 0 0 0 €3 |
Oyy ¢ ¢y ¢z 00 0 0 0 s
0., i3 ¢i3 ¢z 00 0 0 0 €33
0.y 0 0 0 ¢y 0 O 0 s 0
o,|=]10 0 0 0 ¢4y O €5 0 0
Oyy 0 0 0 0 0 ¢ O 0 0
D, 0 0 0 0 es5 0 —g; 0 0
D, 0 0 0 e5 0 O 0 —&; 0

LD, | Les; ez ez 0 0 0 0 0 — &35

e
Eyy
€2z
2.,

x| 2e,, (2)

2e,,
—E,
—E,

L —E, ]

It is obvious that the x—y plane is the isotropic
plane and the elastic and piezoelectric properties
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are uniform within this plane. In equation (2),
Cee =%(Cn —¢,) and

1
Exx=Ux, Eyy =1V, Ez=Wo Exy= E(u,y + v,x)

e =30 F W), ey =3(0.+w)
Ex: _(p,x’ Ey: _(p,y; Ez: _(p,z
(3)

It can be shown that the displacements u, v, and
w, the electric potential ¢, the stresses o,,, 0,,, 0y,
0. 04, and o,,, and the electric displacements D,,
D,, and D, can all be concisely expressed in terms of
a 3 x 1 harmonic function vector P= [®; @, &,]"
and a scalar harmonic function @&, as [16]

u+iv=AJP+id,), [w ¢|"=KP,
O+ 0,y =2(coeJH — 4 — I BK)P.,

Opx — Oy + 210, = 2066 A*(JP + 1Dy)
OZZ ~ o~
b |~ B(IoJ + K)HP_,

[ozx +io,,

. } = AB[(I,J + K)P, +il, D, .]
D, +1D,
(4)

where

0o .0 - -
A=—+i—, J=[1 1 1], I,=[1 01"
ox 0y

(5a)
H=diag[l;, 4, 4]  (5b)

C13+C44 C33 €33
, A=
€15+ e3; €33 —E&3;
Caq €35
B =
€15 —¢&11

K= [k1 k, k3]9

u

(5¢)

k;=2,(A—2;B) 'u (5d)
and @; (i=0, 1, 2, 3) satisfy

D+ D+ 4D . =0 (i=0,1,2,3) (6)

where 1,=cy,/css and 4; (i=1,2,3) are the three
roots of the cubic equation

al®> +bi*+cA+d=0 (7)

with
a=cy(caueqn + 6%5)
b= —ci1(c33811 + Caa€33 + 2€15€33) — Cas(Cas€ry + 9%5)
+ &11(c13 + €as)® — caalers +e31)°
+2e15(c13 + cas) (€5 + €31)
¢ =c11(Ca3833 + €33) + Caa(C33€11 + Castsz + 2€15€33)
— &33(C13 + Cag)” — 2e33(c13 + Caq) (€15 + €31)
+ caz(egs +e3)?
d= —cyy(cs333 + €33)
(8)

It should be mentioned that the above general
solution (4) is only valid when 2, # 1, # 15. Therefore,
when addressing the corresponding purely elastic
isotropic material case or any other possible material
cases where repeated roots occur, a small perturbation
is given to the material coefficients to make the three
eigenvalues unequal so that the general solution
presented in this paper can still be applied with
negligible errors (see, for example, reference [17]). The
above general solution (4) can also be easily expressed
in the cylindrical coordinate system (r, 0, z) as

ur + iu@ = Ac(jP + iQSO)J [M; ¢]T = KP.z
O+ 0gp = 2(CeJH — ¢4 I — I} BK)P._.

Orr - 099 + 2i0r9 = 2C66(/1§ - rilAc)(jP + l(po)

OZZ ~ o~
[D ]=B(IOJ+K)HP,ZZ

Ozr+iozH ~ o~ ~
[ } — ABI(I,J + K)P. +il,®,.]
D, +iD,
9)
where
a1
¢ r+1r 00
L (21 1aN(o 1a
oyl ar_r+1r69 6r+1r69
(10)

For the torsional axisymmetric deformation of the
piezoelectric solid, u,=w=¢ =0,, =09y =0,=0,,=
D,=D,=0 and P=0. Then the general solution (9)
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is reduced to

— — -1
Ug = ¢0,r5 OrB - C66(¢O,rr —-r ¢0,r)

020 ~
= Blo (pO,rz
D,

On the other hand, for the torsionless axisymmetric
deformation of the piezoelectric solid, uy=0,y=0,=
Dy=0 and &,=0. For this case, the above general
solution (9) is reduced to

(11)

u,=JIP,, v ¢I"=KP,
O+ 0pp = 2(ceeIH — 4] —IJBK)P_,
Oy — Ogg = 2C663(1),”' —r II),r)

ozz ~ ~ azr ~ o~
[ } =B(1,J + K)HP__, [ ] =B(I,J +K)P,.
D, D,

(12)

3 DECAY RATES OF THE TRANSVERSELY
ISOTROPIC PIEZOELECTRIC NANOCOLUMN

It is assumed that the circular hollow nanocolumn
occupies the region a<r<b, 0<z< + co. In this
investigation, only the torsional and torsionless
axisymmetric deformations of the nanocolumn are
considered. The two lateral surfaces of the column
r=a and r= b are traction free; thus

onr=aand r=»> (13)

In addition, either the charge-free (insulating) con-
dition D,=0 or electroded (conducting) condition
¢ =0 is imposed on the two surfaces r=a and r=b.

3.1 Torsional case

It is first pointed out that the torsional case is purely
elastic and that its solution is associated with the
scalar harmonic function @, only. Assuming that the
field quantity in the nanocolumn decays exponentially
in its growth direction, then

@y = By Jo(pNAor) e 7+ By YolpJigry e (14)

where B; and B, are two constants to be determined,
and J, and Y, are the nth-order Bessel functions of

the first and second kinds respectively. Substituting
equation (14) into the general solution (11) and
imposing the traction-free boundary conditions
=0 on r=a and r=>b, the homogeneous linear
equations for B, and B, are

[Jz(pﬁoa) Yz(pﬁoaq[gl}_[o] 0s)
To(pNaob)  Ya(p/Aeb) ILB. 1 L0

A non-trivial solution for equation (15) yields the
transcendental equation for p according to

To(03 0@ Yy(p3/20b) — Ya(p/20@) T, (p/Agb) = 0
(16)

which is identical with that derived by Stephen and
Wang [4] if we set k = ,o\/f0 . Therefore, once the decay
rate for the torsional deformation of an isotropic
elastic hollow cylinder is calculated, the torsional
decay rate for the corresponding transversely isotropic
piezoelectric nanocolumn can be simply found by
dividing result by the factor /4. In other words, the
decay rate for the torsional case of the transversely
isotropic piezoelectric nanocolumn is inversely
proportional to the ratio /4y = /C4/Ces-

3.2 Torsionless case

Similarly, for this case, it is assumed that the physical
quantity in the nanocolumn decays exponentially as

P=c " [(o(px/2)>Cr + Xolpaar)yCl  (17)

where the angular brackets {-) stand for a 3 x 3
diagonal matrix with its element varying with the
index «, and C; and C, are two 3 x 1 constant vectors
to be determined. Substituting equation (17) into the
general solution (12) and imposing the traction-free
and charge-free (or electroded) boundary conditions
onr=aand r= b, the homogeneous linear equations
for C, and C, are

A Ci+A,LC=0
Ay Ci+A5C=0
(18)
where the elements of the matrices A; are given

below for different boundary conditions at r =a and
r=>b.
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If r=a and r= b are traction free and charge free

(D, =0),

then

(Tod + K)VH, (pa/2,))

A=\ 2¢, IVHU, (pa/A,)

A21 =

If r=a

= | 2663V HCY (par/2,))

—pa(cad + igBKKJo(Pa\/Ta»

(ToJ + K)VHCY (par/2,))

— pa(ca,d + TTBK)Yo(pan/2,)) |

(Tod + K)VHU, (ph\/2,))

266 INHC (A
— pb(cayd +TTBK)o(pb/1,)> |

(1o + K)VHY, (pb/2,))

= | 2663 HY, (ph/2,))

— pb(casd + TTBK) Yo (ph/2,))

(19)

and r=>b are traction free and electroded

(¢ =0), then

[0 11Ko(pav/A,))
15B(1,J + K)VH, (pav/2,))
2¢66IVHC (par/2,))
L~ paeasd + TEBK)Uo(par/2,)
[0 11KYo(par/Z,)
0B (1,J + K)VHCY, (pav/2.))
2¢66IVHCY (par/2,))
L~ paleasd +IBK) Yo (par/Z,))
[0 11Ko(pby/A,)>
0B (1,3 + K)VHU, (0bV/2,))
2e66 I VHCT, (pDN2,))
— pb(cyd + TBK)CJo(pbN2,))
[0 1]KCYo(pbN2,))
15B(1,J + K)VHCY, (phV/2.))

2o IVHCY (b))
| — pb(casd + TEBK ) Yo (pb/2,))

I [N U N |

(20)

Ifr=

a is traction free and charge free while r=»b

is traction free and electroded, then

If r=

(Tod + K)VHU, (pa/2,))
- 2c66j\/ﬁ<‘]1 (Pa\/fa»

—pa(caJ + HBKKJO(pa\/Zz»

(ToJ + K)VHY, (pa/2,))

=1 2e56IVHY, (pan/2,))

— pa(cayd + TTBK)Yo(par/i,))

[0 1KUo(pby/20))
1IB(1,J + K)VHU, (0b/2,))
2¢66IVHCU, (pb\/ 7))
— pb(casd +TEBK)Jo(pb/A,))
[0 1K(Y(pb\/2.)
I B(I,Jd + K)VHCY, (0bV/A,))

20663V HCY, (pb/1,)
— pb(casd + TIBK) Yo (ph/2,))

(21)

a is traction free and electroded while r=»b

is traction free and charge free, then

A11 =

A12 =

A21 =

[0 11Ko(pav/a,))
ITB(1,J + K)VH (pav/A,))
2e66INHC (pav'ha)
— pa(cssd +TBK) o (par/a,)y
[0 11K Yo(pan/2,))
ITB(1,J + K)VH(Y, (pav/A,))
2o VHY 1 (pav/2))
— pa(ey,d + TBK) Yo (par/a,))

(Tod + K)VHC, (pb /7)) ]

2 d HC (ph/2,))
— ph(casd + TBK)Jo(ph/2,))

(103 + K)VHY (0h/2,))

= | 2e6 3 VHCY, (/1))

— pb(casd + TIBK)(Yo(pb/2,)

(22)

JSA324 © IMechE 2007

J. Strain Analysis Vol. 42



562 E Pan, X Wang, and J D Albrecht

The condition that equation (18) admits a non-
trivial solution yields the transcendental equation for
p as

All A12

=0 (23)
A21 A22

It should be noted that, when the piezoelectric
tensor vanishes (i.e. e; =0), the problem decouples
into purely elastic and purely dielectric problems.
While the purely elastic case is still relative com-
plicated, the purely dielectric case can be simply
discussed below for different electric boundary
conditions.

It is found that, if both r = @ and r = b of a dielectric
hollow circular nanocolumn are charge free, then the
transcendental equation for p is

Ji(spa)Y(spb) — Y, (spa)J,(spb) =0 (24)

where

s= |28 (25)
€11
If both r=a and r=>b are electroded, then the

transcendental equation for p is

Jo(spa)Yo(spb) — Yo(spa)Jo(spb) =0 (26)

If r=a is charge free while r=b is electroded, then
the transcendental equation for p is

Ji(spa)Yo(spb) — Yi(spa)Jo(spb) =0 (27)

If r=a is electroded while r=b is charge free, then
the transcendental equation for p is

Jo(spa)Y:(spb) — Yo(spa)J,(spb) =0 (28)

The calculations show that the roots to the trans-
cendental equations (24), (26), (27), and (28) are all
real.

4 RESULTS AND DISCUSSION

First, the results are verified by comparison with
existing isotropic solutions. It is noted that, by using
a small perturbation from isotropy to anisotropy, the
decay rates based on the present formulation are in
complete agreement with those obtained by Little and
Childs [3] for an isotropic elastic solid circular cylinder,
and by Stephen and Wang [4] for an isotropic elastic
hollow circular cylinder. For example, in Fig. 2 the
complex decay roots pb for axisymmetric torsionless
displacements for an isotropic elastic hollow cylinder
with Poisson’s ratio v=0.25 are illustrated. It is

5 - —
Complex
0 | | | 1 | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
alb

Fig. 2 Dimensionless complex decay roots pb under axisymmetric torsionless deformation for
an isotropic elastic hollow nanocolumn with Poisson’s ratio v =0.25. Only real parts of
the roots are shown
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observed that Fig.2 is identical with Fig. 3 in the
paper by Stephen and Wang [4].

Next, the specific results for the transversely iso-
tropic piezoelectric gallium nitride (GaN) nanocolumn
[13] are presented. It is noted that GaN is a semi-
conductor compound with strong coupling between
the electric and mechanical fields and with a wide
energy bandgap [18, 19]. As such, the correspond-
ing GaN nanopost and nanocolumn growth and
overgrowth have recently attracted wide attention
in the semiconductor community (see, for example,
references [12] to [14]). The material properties of
the transversely isotropic (or hexagonal) GaN with
its material symmetry axis along the z direction are
listed in Table 1.

Figure 3 demonstrates the dimensionless real and
complex decay roots pb under the axisymmetric
torsionless deformation for the transversely isotropic
piezoelectric hollow GaN nanocolumn. Both surfaces
r=a and r=>b are insulating, i.e. D,=0. Similarly,
Fig. 4 presents the corresponding results when
both r=a and r= b are conducting (or electroded),
i.e. ¢ =0. It is found that, even for the axisymmetric
torsionless case, there exists an intriguing interaction
between the real and complex root loci due to the

Table 1 Material properties of

GaN [18, 19]
i1 = Cyp (GPa) 390.0
C33 (GPa) 398.0
¢,» (GPa) 145.0
€3 = Cp3 (GPa) 106.0
Cas = Cs5 (GPa) 105.0
Cos (= (€11 — €12)/2) (GPa) 122.5
e;s (C/m?) —0.30
e, (C/m?) —0.33
€33 (C/m?) 0.65
&1 =&y (1072 C*/N m?) 78.8
£33 (10712 C?/N m?) 78.8

anisotropic effect and the electromechanical coupling
(the piezoelectric effect). For the purely elastic and
isotropic case, such interactions only occur for the
non-axisymmetric deformation [4]. Different electrical
boundary conditions (insulating or conducting) also
influence the root loci. The decay rate, defined as the
decay distance of end effects (or the strain relaxation
rate), is the real part of the root with smallest positive
real part. By comparing Fig. 3 and Fig. 4, it is found
that, when a/b > 0.05, the difference between the
decay rates for the insulating and conducting cases
is minimal. On the other hand, the discrepancy in

Complex

3_
_—_'-‘——-n..____-__

25

"I | R

D L —— — . P e
0 0.1 0.2 0.3 0.4

S - .
0.5 0.6 0.7 0.8 0.9 1

a -"Eb

. - S - - S .

Fig. 3 Dimensionless real and complex decay roots pb under axisymmetric torsionless deformation
for a transversely isotropic piezoelectric hollow GaN nanocolumn with boundary condition
D,=0 on r=a and r=b. Only real parts of the roots are shown
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3 L -
e —— Complex
2
1 - -
0 A | | 1 L 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 08 1
alb

Fig. 4 Dimensionless real and complex decay roots pb under axisymmetric torsionless deformation
for a transversely isotropic piezoelectric hollow GaN nanocolumn with boundary condition
¢ =0 on r=a and r=b. Only real parts of the roots are shown

decay rates for the two different electric conditions
is most apparent for a solid cylinder: pb =2.855 for
the insulating condition and pb=2.605 for the
conducting condition.

It should be noted that Fig. 3 should be extremely
useful for the GaN nanopost and nanocolumn growth
as the experimental environment is most probably
insulating instead of conducting. For instance, for a
solid GaN nanocolumn of radius b =100 nm, using
the normalized decay rate pb = 2.855, it is found that
the elastic and electric fields at the height z = 161 nm
are reduced to 1 per cent of the value at the bottom
of the nanocolumn z = 0. It is further observed from
Fig. 3 that, for a hollow GaN nanocolumn, there is a
special ratio a/b where the normalized decay rate
reaches its minimum (i.e. pb=2.447 at a/b=0.4).
When the wall of the hollow nanocolumn becomes
thinner than a/b=0.4, then the normalized decay
rate increases. The thinner the hollow nanocolumn,
the faster the elastic and electric fields decay.

In order to demonstrate clearly how the piezo-
electricity influences the decay roots, in Fig. 5 the
decay roots for a GaN hollow nanocolumn are pre-
sented by ignoring the piezoelectric effects (i.e. e;=0).
In Fig. 5, besides the decoupled purely elastic roots
under the traction-free boundary condition, the

decoupled purely electric roots under the insulating
boundary condition (by the marked dashed lines)
are also presented for comparison. Furthermore, in
Fig. 5, the smallest decay mode loci have been
redrawn (from Figs 3 and 4) for the corresponding
fully coupled piezoelectric case (dashed curves for
the insulating condition on the two surfaces, and
dash-dotted curves for the conducting condition
on the two surfaces). By comparing Fig. 5 with the
previous two figures (Figs 3 and 4), it is observed
that the piezoelectric effect can influence the root
loci, especially those of the higher decay modes. As
far as the decay rate is concerned, the piezoelectric
effects must be taken into consideration for thick
cylinders, a/b < 0.2, and they can only be ignored for
relatively thin cylinders, a/b > 0.2. In other words, in
the analysis of the strain and electric fields in GaN
nanocolumn structures, it is recommended that
the fully coupled piezoelectric model should be
employed (see, for example, references [20] to [22]).
This is particularly true for the solid nanocolumn
where a decay rate of pb=3.2213 is predicted for
the decoupled purely elastic case, and pb=2.855
and pb=2.605 correspond to the fully coupled
piezoelectric case with insulating and conducting
boundary conditions respectively (Fig.5 for the
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= Insulating

3?:';'\‘5:\-..“ 1

s i Complex

2+ i Conducting -

11 -

0 1 4 e i i B A i _

0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 039 1
alb

Fig. 5 Dimensionless real and complex decay roots pb under axisymmetric torsionless deformation
for a decoupled purely elastic and purely electric hollow GaN nanocolumn. The smallest
decay model loci of the corresponding fully coupled piezoelectric case are also shown
for comparison (the dashed curves are for insulating boundary conditions and the
dash-dotted curves for conducting boundary conditions on the two surfaces). Only real

parts of the roots are shown

smallest loci at a/b=0). Figure5 also indicates
clearly that, even for the decoupled piezoelectric
case, an interaction between the real and complex
root loci still exists. It should be mentioned that
the decay roots for the axisymmetric torsionless
displacements for an isotropic elastic hollow nano-
column are all complex and there is no mode-
coupling phenomenon (see Fig.2 here or Fig.3 in
the paper by Stephen and Wang [4]). Thus it is con-
cluded that the material anisotropy in a nanocolumn
can also significantly influence the decay roots.

5 CONCLUSIONS

The decay rate of the elastic and piezoelectric fields
along a transversely isotropic piezoelectric hollow or
solid circular nanocolumn is investigated in detail by
developing the general solution for the correspond-
ing three-dimensional problem. It is shown clearly
that the geometric parameter, material anisotropy,
and piezoelectricity can all significantly affect the
decay rate and thus can influence the strain and

electric field relaxation in the piezoelectric hollow
or solid nanocolumn. In particular, a solid GaN
nanocolumn can have a decay rate of pb=3.2213
for the decoupled purely elastic case, and pb = 2.855
and pb=2.605 for the fully coupled piezoelectric
case with insulating and conducting boundary con-
ditions respectively. This obviously indicates that the
piezoelectric effect cannot be ignored for a solid GaN
nanocolumn as far as the decay rate is concerned.
The results presented in this paper should be parti-
cularly useful to guide the nanopost and nanocolumn
growth where the growth-induced strain is critical to
the corresponding semiconductor nanostructured
devices. Even though only the simple axisymmetric
case is discussed, the methodology can be easily
extended to the more complicated asymmetric case.
For the asymmetric case, because of the coupling
between torsional and torsionless displacements,
and between mechanical and electric fields (the
piezoelectric effects), and because of the anisotropic
effect, it is expected that the decay root loci for this
situation are more complex than their isotropic
counterparts.
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APPENDIX

Notation

a b radii of the circular hollow

A B two 2 x 2 real and symmetric
matrices

A; 3 x 3 matrix (i, j=1, 2)

Cij» €y & elastic, piezoelectric and dielectric
coefficients respectively of the
piezoelectric solid

D,, D, electric displacements in the circular
cylindrical system

D,,D,, D, electric displacements in the
Cartesian coordinate system

H 3 x 3 diagonal matrix

1, 2 x 1 matrix=[1 0]T

J., Y, nth-order Bessel functions of the first
and second kinds respectively

] 1 x 3 matrix=[1 1 1]

K 2 x 3 matrix

p 3 x 1 harmonic function vector

r,0, z circular cylindrical coordinates

u, v, w displacement components along the
X, ¥ and z directions respectively

Uy, Uy displacement components along the
r and 6 directions respectively

u 2 x 1 matrix

Xz Cartesian coordinates
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Y| differential operator in the Cartesian Oxr Oyyr Orzy Oy Oy Oy

coordinate system stress components in the Cartesian
A, differential operator in the circular coordinate system

cylindrical system ¢ electric potential
Orry Go0y Ozry Oz0r Orp D, scalar harmonic function

stress components in the circular [0 1] 1 x 2 matrix

cylindrical system
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