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Abstract In the present paper, a long thick-walled piezo-thermoelastic hollow cylinder with double layers is
studied. The effects of temperature on the performance of the cylinder are obtained. Based on the theory of
elasticity, the exact solutions of the cylinder under some coupled loadings are found. In the present paper,
differences of a piezoelectric parameter between the two layers is taken into account. For comparison, numer-
ical results have been carried out for both double-layered and graded cylinders. At the end of the present paper
some discussions are addressed.
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Sensors and actuators

1 Introduction

Since the Curie brothers discovered the piezoelectric effect in 1880, piezoelectric materials and structures have
received considerable attention because of their potential for designing adaptive structures with control capa-
bilities. Piezoelectric symmetric structures always play an important role in this field. To date, a large number
of investigations have been completed, on a variety of these structures, such as studies on the static behav-
iors of an elastic cylinder [1] and piezoelectric tube [2,3], the dynamic properties of a hollow piezoelectric
sphere/cylinder [4,5] and a piezo-thermoelastic cylindrical panel [6], and so on.

In recent years, it has been realized that temperature loading is sometimes so high that it is the predominant
reason for failure of smart structures. Therefore the mechanical response of structures excited by thermal load-
ing is of increasing interest in engineering research and a large number of investigations have been made on
these subjects. For example, theoretical analysis of the control of displacement was developed for a composite
rectangular plate constructed from an isotropic elastic layer and a piezoelectric layer due to nonuniform heat
supply [7], and the thermal stress distribution in a particle-reinforced functionally gradient material (FGM)
[8] or piezo-thermoelastic plate [9, 10] was obtained. On the other hand, the investigation of the effects of
temperature on piezoelectric sensors found that even moderate fluctuations of temperature within 200°C could
significantly change the voltage reading from the sensors [11]. In this investigation the geometric nonlinearity
of the material was considered and the numerical results were presented [12].

As well-known piezoelectric ceramic transducers are often designed as a hollow cylinder with multilayers.
In the present paper, a long piezo-thermoelastic thick-walled hollow cylinder with double layers is analyzed.
The effects of temperature on the performance of the cylinder are studied. Based on the theory of elasticity
and using the mixed solving method, the exact solutions for the cylinder submitted to some coupled loadings
are obtained. In the present investigation, differences in the material parameter gs; in different layers are taken
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into account. For comparison, numerical results have been carried out for both double-layered and graded
cylinders subjected to two different kinds of loadings. At the end of the present paper, some inherent properties
and discussions have been addressed.

2 Basic equations for piezo-thermoelastic materials under plane-strain conditions

For a long thick-walled hollow cylinder poled in the radial direction and submitted to a symmetric loading on
any cross section, the problem can be considered under plane-strain condition. A polar coordinate system (7, 6)
is used in the present analysis. Let ¢;;, 0y, D;, E; denote the components of strain, stress, induction and elec-
tric field strength of the piezoelectric media, respectively. The constitutive equations of a piezo-thermoelastic
material under plane-strain conditions can be expressed in the habitual form as [13]

Ey = —g15T0 + $11Dg

1
E, = —g3109 — 8330, + (33D, — 3T M

& = 51309 + 5330, + 833D, — 33T

g9 = 51109 + S130, + g1 D, — unT {
Vro = S44Tr9 + 815D¢

where s;;, g;; and ¢;; are the coefficients of the effective elastic compliance, piezoelectric and dielectric imper-
meability, respectively; T is the temperature rise; 1;; and g3 are the thermal strain and pyroelectric coefficients
of the material, respectively. Without consideration of body force and body charge, the equilibrium equations
can be given as

r 90 B — _— —:0 2
dg;urlgﬁJrz’Tf@:o r0 T Ty @

{‘%Jrlaf_rur@:o 19Dy 3D, D,

r 060

In steady state, the temperature field is governed by Fourier’s heat conduction equation
9°T 10T 1 9°T
-t 5 =0 3)
or: ror r?o6?

The components of strain and electric field strength are related to the displacement (uy, u,) and electrical

potential ¢ by the following equations

— u 4 13up — du —_13
{89—rlj'r398’ & =%, {Ee— 570
— 1du, | Bup _ up — _ 9
Yo =% T Er=—5

“)

ar r

Based on the theory of elasticity, the compatibility equation expressed by the components of strain can be

obtained as
2 20\, (19 13 Lo 1@ )
St )eat| s )e =551 .
a2 T rar )T\ 2002 T For 7200 " roron )V’

In the following sections these basic equations will be used to study the behavior of a double-layered piezo-
thermoelastic hollow cylinder.

3 Exact analysis of a double-layered piezo-thermoelastic hollow cylinder

Piezoelectric materials have been widely used to produce sensors and actuators in engineering. Besides, piezo-
electric materials (such as piezoelectric ceramics) are also a class of transducer materials [ 14, 15]. As mentioned
above, piezoelectric ceramic transducers are often designed as a hollow cylinder with multilayers. In the pres-
ent paper, an exact analysis of a double-layered piezo-thermoelastic hollow cylinder will be presented and the
effects of temperature on the performance of the cylinder will be studied. It should be noted that the dielectric
and elastic coefficients depend on the degree of polling. However, as demonstrated by some experimental
investigations, this dependence is less pronounced than that of the piezoelectric coefficients g3; in type-g or
ds) in type-d constitutive equations [16, 17]. Therefore, for simplicity, except the piezoelectric coefficient g3y,
the dielectric and elastic coefficients are assumed to be constant for all the layers in the present investigation.
In detail, the piezoelectric parameter g3, of the material will be denoted by g3;; for layer i (i = 1, 2), and the
other corresponding parameters of the material as well as the coefficient of thermal conductivity in each layer
are assumed to be the same. The thickness of layer i is determined by the inner radius R; and the outer radius
R;+1, as shown in Fig. 1. The temperature rise of layer i at the inner and outer surfaces are denoted by 7}; and
T»;, respectively.
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Fig. 1 Cross section of a hollow cylinder with double layers

3.1 Solutions of a piezo-thermoelastic monolayer cylinder

For the piezo-thermoelastic hollow cylinder with double layers shown in Fig. 1 the exact solutions can be
found based on the theory of elasticity when the cylinder is subjected symmetrically to some coupled thermal
and mechanical as well as electric loadings. First the general solution of a random monolayer is studied. To
find the mechanical field of the piezo-thermoelastic hollow cylinder, the Airy stress function method is used.
The stress function and the electric potential of layer i are denoted by ¢; and ¢;, respectively. For symmetry,
the components of stress and electric field strength can be expressed as

oo = ¢/ (r), 0y = %%{(r), T =0 (6)
Ep =0, E;=—¢/r) (7N

By using Eq. (1), we obtain
Dpi =0, v60:=0 (®)

It is easily found from Eq. (3) that the temperature field is related to the temperature change only. Therefore,
the temperature field can be solved first. Supposing that the piezoelectric hollow cylinder is homogeneously
heated at the surface, the temperature rise of the inner and outer surfaces of each sub-cylinder remains constant
at Ty; and T»;, respectively. This means we have the following thermal boundary conditions

Ti(r=R)=Ti, T.(r=R1)="Ty ©)
By symmetry, the heat conduction equation (3) can be simplified to
" 1 /
T/(r) + -T/(r) = 0 (10)
r

The solution of above equation can be found as

Ti(ry =tiInr + 1 (11
where
T,‘lIlR,' —T,'th,' T,‘—Ti
fj= ——— A= (12)
InR;1; —InR; InR;11 —InR;

Having obtained the distribution of temperature field, we will try to find the mechanical and electrical fields.
Substituting Eqgs. (6) and (7) into Eq. (2), yields

dDri + Dri
dr r

=0 (13)
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The general solution of this equation is

D, = 2% (14)
r

where ag; is an unknown constant to be determined. Keeping Eq. (1) in mind, the compatibility equation (5)
can be rewritten as

"

sV () 4 25119 (1) — s3] (N + s3300(r) + (33 — pi)tur + gazaor = 0 (15)

After integrating, the above equation becomes

@i(r)y =ayr+birlnr +cur® +cur™ +¢; (16)
where
s= [5B p 1i (133 Mn)’ o =—&a0i (17
S11 §33 — 811 $33

in which ay;, ¢j; and ¢y; are unknown constants to be determined. Substituting Eq. (16) into Eq. (6), the stress
components can be expressed as

o9i = ay +bilnr +b; +cpsr*™! — cysrs7!
o =ay +bInr +cr +eyr ™ ! (18)
Troi =0

The strain components can be found from Eq. (1); as

goi = (s11s + siz)eur™ = (sus — s13)eor ™+ (s13c + ganiao)r™!
+(s11 + s13)bi — wnti]Inr + [(s11 + s13)an; + subi — wiitoi]

i = (5135 + s33)cur' ™" — (s138 — s33)c0ir 7! (19)
+(s13 + 533)b; — pssty]Inr + [(s13 + s33)a1; + s13b; — wu3sto;]
Yroi = 0

Further, the displacement components can be obtained by the use of Eq. (4) as

Uy = MBS o) pS o M0 TS 4 (51305 + 317d07)
+[(s13 + 533)b; — a3zt ](n ¥ — Dr + [(s13 + s33)a1; + s13b; — pssto;]r + Ay, sin 0 + A; cos 6
ug; = Ay; cos 0 — Ap; sin 0 + B;r
(20)

where Ay;, A;; and B; are unknown constants. Taking the condition of single-valued displacement into account,
we obtain

ay; = (533 + s10)b; + (33 — piDto; — K33ty 21

§33 — 811

On the other hand, to find the electric potential, Eq. (1), is expressed as

Eqi =0
E. = —(g31is + g)cnir*™ + (g31s — g33)ear ™' — (g3 — g33a0)r ™! (22)
—[(g31i + g33)bi + g3ty ]1Inr — (g31; + g33)a1; — g31:bi — q3toi

By the use of Eq. (4), the electric potential can be obtained as follows:

L 831iS+833 . .5 831i5—833 .. ,.—S L .
¢ = T Ccur + TGl (g33¢i — g33ap) Inr (23)

+[(g31i + g33)bi + g3t 1(nr — Dr + [(g31; + g33)a1; + g31:bi + gatoilr + F;

where F; is another unknown constant.

It is obvious that once the unknown parameters ay;, ¢;, c1;, ¢2i, A1, A2i, B; and F; are determined by using
some suitable boundary conditions, the distributions of all the mechanical and electrical components such as
the stress, electric field strength and displacement as well as electric potential in each layer can be found.
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3.2 Exact solutions of a double-layered hollow cylinder under different loadings

Now let us try to assemble the above solution to find the solutions of a double-layered hollow cylinder under
different loadings. Without loss of generality it is assumed that the double layers (with the same coefficient of
thermal conductivity k) are in complete contact at the interface. First the continuity conditions at the interface
(r = R,) can be considered as follows:

0T 0T,
Tio="Tn, k—=k— (2412)

or or
Orl =0y2, Trol = Tre2, Upl = Ur2, Ugl = Ug (24b)
D,y =Dy, ¢1=¢ (2410)

These connecting conditions result in

for =12 =1o, h1=ta=1
bl—bz—b—w

533
— —_ — (511+533)b+(ll-33 Hi)to—p33ty
ajp =ap =a; = S

(ci1 — )R + (ca1 — )R =0
W (1) — 1) Ry 4 2= (01 — en) Ry 4 Algailinag =0

A =Ap=A, (25)
Ay = Apn = Ay,
B =B, =B

dop = do2 = Ao,
Cl=C=¢C

Z Z( 1) gaus—{=) g ( ])/gﬁ iRz_(_l)js — Algsiliz(@ +bIn Ro)R,
i=lj=

where the symbols #y, 71, b, ag, a; and c are introduced, and A[g31]12 = g311 — &312- To determine the unknown
constants, the piezo-thermoelastic hollow cylinder subjected to three kinds of coupled loadings will be studied
separately.

Case I—Subjected to a thermal loading only

In this case, the temperature rise at the inner and outer surfaces of the cylinder is assumed to be 7} and 7,
respectively. So the parameters #; and #; can be obtained from Egs. (9), (11) and (25) as:

tl — T2 Tl
In R3—In R
o= I e Ry (26)
0= In R3—In R,

Thus the distribution of temperature field can be determined by Eq. (11). On the other hand, let us consider
the following electrical and mechanical boundary conditions.

D, (r=R)=D(r=R3)=0 0r1(r =R;)) =00 =R3)=0 (27)
¢1(r=R) =0 " | wor(r =Ri) =T02(r = R3) =0

With the aid of Eq. (25), all the unknown constants relating the stress and electric fields can be given as

ay=0, cp=c=c=0

cm=cn=4="5, ar=m=6=1=2
2 . .
=y s Cen o gECDY (g3 + g33)b + gty [(In Ry — DR,
j=1 (28)

[(8311 + g33)ar + g311b + q3t9] Ry

—~ Z Z 0= o ALR=CD'S) ) 4oy + Algailin(ar + b1n Ry) Ry
i=1 j=1

—[(g311 + g33)b + g3t1](n Ry — 1) Ry — [(g311 + g33)a1 + g3116 + q310] Ry
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Fig. 2 The cylinder subjected to thermal and mechanical loadings
in which
T R ) A el BEY

Here and in the following we introduce the notations A[f(R)],] f(R) — f(Rj) and let Ry =0, Ry = Ry,
such as A[gs11i; = g31i — &31j» ALR™ TV [y = Ri_(_l)/A R, (211)13'

Case II—Subjected to thermal and mechanical loading

For the case of a piezo-thermoelastic cylinder subjected to a thermal and mechanical loading simultaneously,
as shown in Fig. 2, the uniform pressures on the inner and outer surfaces will be denoted by Q; and Q»,
respectively. The temperature field in this case is the same as in case I. The electric boundary conditions
expressed by Eq. (27); are also valid. Besides, the mechanical boundary conditions can be expressed by

or1(r=Ry) =—-0;
02(r =R3) =—0> (30
T01(r = R1) = 592(r = R3) =0

Keeping Eq. (25) in mind, all the unknown constants can be determined as follows:

ay=0,ci=c,=c=0
ci = 6122= ¢ = % 1l =cn=0= %
Fr=- Z] M@Rﬁfl)!s — [(g311 +g33)b + g3t1]1(In Ry — R,

—[@311 + g33)ar + gnb + gstol Ry Gh

=- Z Z Bl ( Dgn & AR y2i) + Algsilin(ar + bIn Ry) R,
i=1j=1

—[(g311 + g33)b + g3t1](In Ry — )Ry — [(g311 + g33)a1 + 3116 + q3t0] Ry

where

jo_|-@i+blnR +a) R
"T =0y bRy +ay) Ry

s |RTY —(Qi+bInR; +a)
J 32
2= ‘RYI-%Qz+me3+m) (32)

Case IlI—Subjected to thermal and electric loading

For the case of a piezo-thermoelastic cylinder subjected to a thermal and electric loading simultaneously, as
shown in Fig. 3, the solution of temperature field is the same as in case I. The electric boundary conditions can
be expressed as follows:

ba(r = R3) = V,
{50=R5=00 (33)
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Vo

7" ]

T,

Fig. 3 The cylinder subjected to thermal and electric loadings

The mechanical boundary conditions are the same as Eq. (27),. By the use of Eq. (25), all the unknown
constants can be determined as follows:

ag =20 o) =y —c= U ¢ =gie+ & () =1,2)
2 , )
F = — ng gzllsf(sfl)’gzs lele(*l)jé — (g3 + §;335333 Yeln R,
—[(g311 + g33)b + g3t ]l(In Ry — DRy — [(g311 + 833)a1 + g3110 + 310l Ry (34)

2 2 . v
== > M%‘A[R%q)]s]mmdw — (g3 + %)cln Ry
i=1j=1
—[(g311 + g33)b + q3t1](n Ry — 1) Ry — [(g311 + g33)a1 + g311b + q3t0] Ry
+Algsiliz(@ +bIn Ro)R,

where the following denotations are introduced:

by =0by=0, b3=>b, gu13=-g3 ¢q=q=0
2 2 i —2s 12—j ;
=1/ -1 __ (Rl s (=D'Ags1 _os
=L {T’%?n T atr [T g A e
im1 j—1 ;

[R72 12i

Rt Ko Ve bin R Rst @i-1)
éji—zz ———la1 +bInRpi—)]

> Qi-1) — WA[(GI +Dbln R)R]13} (35)

i=1 j—1

2 2 A
g31is — (—1)7g33 EPERTY,
§= ZZ R i AR i1ya+2) + g3A[N R3]

i=1 j—1
: e s — (=g 1y 2
§= Z Z P —§jiALR *lii+n + Z(bgsu —¢qit) A[(In R — DR]i+1)

i=1 j—1 i=1

3
+ Z[(fll + b —bi)gsi — gito] A[R]ii+1)

i=1

The unknown constants for a double-layered thick-walled hollow cylinder subjected to some coupled
loadings have now been determined. Given these constants, all the distributions of stress, strain, displacement
and electric potential of the hollow cylinder can be found by the use of Egs. (18), (19), (20) and (23), respectively.

4 Numerical results and discussions

To give a clear explanation, numerical results are reported in this section. A cylinder made of cadmium selenide
will be considered and both layers of the cylinder are assumed to have the same thickness. The radius of the
inner and outer surfaces of the cylinder is taken to be 10 and 20 mm, respectively. The piezoelectric parameter
g31 of the inner and outer layers is taken to be —41.66 x 1073 m?/C and —70.00 x 10~3 m?/C, respectively.
The other material parameters of the cylinder are listed in Table 1.
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Table 1 Some material parameters of cadmium selenide [18]

Elastic constant Piezoelectric constant Dielectric impermeability Thermal strain Pyroelectric coefficient
(x10~12 m?/N) (x1073 m?/C) constant (x 10° m/F) constant (x 1077 1/K) (x10%) N/(K-C)
Si__ 813 $33_ S44 833 815 [STRIR %) M1l 133 93
23.20 —5.38 16.68 74.62 83.25 —12.48 11.91 10.62 —42.50 —27.49 —37.10
90 - —o— T=1K
] —— T=2K
80 —n— T=5K
70
< 60+
E i
> 50
(")O 4
— 40
X _
~ 30
© _
20
10
04— T T T T T T T :
0.010 0.012 0.014 0.016 0.018 0.020
r(m)

Fig. 4 Distribution of the normal stress o,

600 —
500 ] —0o— T=1K
—x— T=2K

4007 o TBK

300
200
100

0

(x 10°N/m?)

~ 100
-200-
-300
-400 -

T
0.018 0.020

T
0.010 0.012

T T
0.014 0.016

r (m)

Fig. 5 Distribution of the normal stress oy

For the cylinder subjected to temperature rise only, the distributions of normal stresses o, oy and the
relative displacement Au, as well as the electric potential A¢ are plotted in Figs. 4-7, respectively. It is easily
found that, with increasing temperature rise, the output of the mentioned components will increase. The effect
of the temperature rise on the electric potential output in the double-layered cylinder is consistent with that
found in the investigations on the piezo-thermoelastic plate and shell [9,18].

On the other hand, some analytical methods and theoretical solutions of functionally graded piezoelectric
cantilevers were presented in our previous works [ 19-23]. To make a comparison, a piezo-thermoelastic hollow
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Fig. 6 The relative displacement Au,
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Fig. 7 Distribution of the electric potential A¢

cylinder with a linearly graded parameter g3; is also studied in the present paper. The geometrical size of the
graded cylinder is the same as the double-layered cylinder. That is to say that the expression g3; = mr +my is
considered, in which the two coefficients m; are determined as m; = —28.33 x 10~ and my = —13.33 x 1073
so that g3, has the value —41.66 x 10~ m?/C and —70.00 x 1073 m?/C at the inner and outer surfaces, respec-
tively. The other material parameters of the cylinder are the same as given in Table 1. By the use of the same
method as used in Sect. 3, the exact solutions for the cylinder submitted to thermal loading and some coupled
loadings have been obtained, such as

1

op=a +binr+b+éisr —bsr™ o, =a+binr + 675 4 G 4 67! (36)

where d, b, ¢1, ¢, and ¢ are constants to be determined by using boundary conditions. When the FGM cylinder
is subjected to an electric potential V|, between the inner and outer surfaces only, these unknown constants can
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be found as

in which

where

N 1 H; A H; R H, 833 H3 ~
a=—"—"-—/—m, Cl = -, = -, C=——7""7-, =O
8§33 — 811 H H H 533 H
Rl_s_l Y Ri—l Y, Ry—] Rl—s—l
H =YV, , H,=-V _ , Hz; =YV, IR
1 0 Rz—x—l Y2 2 0 R; IY 3 0 R; 1R2s 1
R'REY,
m
H=|R" Ry ™y, | Y= — 8B pii=12),
Wl W2 W3 §33 S11 533
1 1
mis+di . m,-s—d,- i
W, = AR RS_H i W, = — N s+ ,
1 ; S [ o1 ) ; E— [ 121

1

1 m : 2
W= —— " (my + d) AR ]y + (B2 — ) Al RL,
i+ 1ss3— s 533

do = g33,d1 =0

(37)

(38)

Figure 8 shows the difference between the electric potential in the double-layered cylinder and in the graded
cylinder under the same temperature rise of 7 = 1 K. For both cylinders subjected to an electric potential
Vo = 100V, the distributions of normal stresses o, and oy are plotted in Fig. 9 and 10, respectively. These
figures show that the internal stresses are drastically reduced in materials and devices with functionally graded

properties.

5 Conclusions

Based on the theory of elasticity, the present analysis provides some exact solutions for a double-layered piezo-
thermoelastic hollow cylinder under some coupled loadings. It is found that, with an increasing temperature
rise, the amplitudes of the mechanical and electric components of the cylinder will increase, and the internal
stresses can be drastically reduced in functionally graded materials and structures.
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Fig. 8 Difference of the electric potential between the two models: A¢ = prom — Pvimorph at T = 1K
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