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Abstract: The works for feedrate profile generation, such as linear and S-curve profiles, have been proposed all over the world, and
these algorithms can greatly improve the smoothness of motion. However, most of the algorithms lead to the discontinuous
acceleration/deceleration and jerk, or high jerk levels, which is very harmful to machine tool or robot in most occasions. This paper
presents a smooth S-curve feedrate profiling generation algorithm that produces continuous feedrate, acceleration, and jerk profiles.
Smooth jerk is obtained by imposing limits on the first and second time derivatives of acceleration, resulting in trapezoidal jerk profiles
along the tool path. The discretization of smooth S-curve feedrate is realized with a novel approach that improves the efficiency without
calculating the deceleration point in each sampled time. To ensure that the interpolation time is a multiple of the value of sampled time,
the feedrate, acceleration, jerk, and jerk derivative are recalculated. Meantime, to improve the efficiency, the interpolation steps of all
regions are computed before interpolation. According to the distance of trajectory, the smooth S-curve acceleration and decelerations are
divided into three blocks: normal block, short block type-1, and short block type-II. Finally feedrate discretization of short block type-I
and type-1I is obtained with considering the efficiency. The proposed generation algorithm is tested in machining a part on a five axis
milling machine, which is controlled with the CNC system for newly developed high-speed machine tools. The test result shows that the
smooth S-curve approach has the smoother feedrate, acceleration, deceleration, and jerk profiles than S-curve. The proposed algorithm
ensures the automated machinery motion smoothness, and improves the quality and efficiency of the automated machinery motion
planning.
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exponentially along with the order of polynomial. Although
1 Introduction the digital convolution is much more efficient than
polynomial function method, it can only generate
symmetric feedrate profiles'. Trigonometric function has
consecutive velocity, acceleration, jerk, and displacement
for smooth motion®!. In addition, the computational cost is
so high that the data need to be computed off-line to meet
the real-time requirements. S-curve profile has been widely
investigated and adopted for motion control in theory as
well in practice!® '), Although the values of discontinuity
are not as infinite as the trapezoidal profile, the acceleration
of the S-curve profile is discontinuous. Therefore, the
required smooth dynamic in machinery is not available.

This paper presents an algorithm for smooth S-curve
acceleration and deceleration, which can be used in
industrial robots and computer numerical control(CNC)
machine tools. The algorithm can generate a continuous
acceleration continuity, which provides sufficiently smooth
acceleration and feedrate profiles to reduce jerk levels,
minimize discontinuities and reduce mechanical shock. The
interpolation computation time also meets the controller
) ) requirements. In the algorithm, the number of interpolation
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2009AA043901) finally the feedrate during each sampling time is calculated.

Feedrate profile generation is one of the important issues
in  automated  industrial  applications  including
manufacturing machinery and robotics. Manufacturing
machinery, such as computer numerical control machinery,
requires high speed, high accuracy, and smooth motion for
better product quality and less production time. Therefore,
it is very important to plan the profile of the motion of
automated machinery. One of the easiest ways to generate
the smooth profile of motion is to use trapezoidal feedrate
profile, which has been widely used in machinery
controllers. However, the acceleration of trapezoidal profile
is discontinuous. Therefore, machinery may easily suffer
mechanical shock because of the discontinuous
acceleration''!. Another way is to use polynomial functions
to generate feedrate profiles’” *. However, higher degree
polynomial profiles demand high computational efforts.
The computational complexity increases almost
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The feedrate fluctuation is so small that it can be neglected.

The rest of this paper is organized as follows. The
smooth S-curve acceleration and deceleration are explained
in section 2, followed by the normal block feedrate profile
generation in section 3. Then the short block feedrate
profiles are given in section 4. Simulation and experiment
results are presented in section 5. Finally the conclusions
are drawn in section 6.

2 Smooth S-curve Acceleration and
Deceleration

S-curve acceleration/deceleration(acc/dec) is achieved by
making constant changes to acceleration in the specified
acceleration change time. Smooth S-curve acc/dec
performs control in the way that the acceleration changes in
an S-curve form by specifying the jerk change time for
S-curve acc/dec. Therefore, acc/dec for smooth S-curve
tends to be smoother, which helps to reduce vibration and
shocks to the machine in acc/dec regions. Thus, by altering
the jerk change time, jerk constant time and jerk zero time,
the acc/dec can be easily modified on the fly.
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Fig. 1. Kinematic profiles for smooth S-curve acceleration based feedrate generation

The kinematic profiles used in feedrate generation are
illustrated in Fig. 1. The profiles can be divided into zones I,
II and III, i.e., acceleration zone, constant zone, and
deceleration zone. For the motion along the tool path, jerks
have trapezoidal profiles with pre-specified slopes (the jerk
derivative values). Acceleration profiles are S-curve
profiles. Jerk profiles are linear. Acceleration profiles are
parabolic. Feedrate profiles are cubic and displacement
profiles are quartic in regions 1, 3, 5, 7, 9, 11, 13, 15, where
jerk derivatives are constant. Jerk values are constant. Jerk
derivatives and jerks are zero in regions 2, 6, 10, 14, where
acceleration profiles are linear, velocity profiles are
parabolic, and displacement profiles are cubic. Acceleration
values are constant. Jerks and jerk derivative are zero in
regions 4, 12, where velocity profiles are linear and
displacement profiles are parabolic. In region 8, jerk
derivative, jerk, and acceleration values are zero; feedrate is
constant and displacement is linear.

2.1 Formulation

As shown in Fig. 2, the initial feedrate is zero, the
desired feedrate is F, the initial jerk and acceleration are
zero, J is the desired jerk, a4 is the desired acceleration, the
jerk change time is the same T}, the jerk constant time is
the same T, the jerk zero time is 7.
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Fig. 2. Smooth S-curve acceleration
If the initial conditions of jerk derivative, jerk,
acceleration, feedrate and displacement at time # (k=1,
2,--+, 15) are known, jerk J(¢), acceleration a(t), feedrate
v(t), and displacement s(f) profiles can be obtained by
integrating the jerk derivative profile k() as follows:

J(1)= J(Z‘[)-l-f;jk(f[)df[, a(r) = a(t[)"‘f;jJ(T[)dT[,
V(t) = V(t[)+ f[ja(r[)dr[, S(t) = S(t[) + f;fV(T[)dT[.

The jerk derivative k profile in Fig. 1 can be obtained by

k, 0<t<y,
0, #<t<t,,
t, <t<t,
0, #<t<t,
t, <t<ts,
0, <t<t,
k, t, <t<t,,
k(r)=10, ¢, <t<t, (1)
t, <t <ty,
0, t,<t<t,,
k, t,<t<t,,
0, ¢, <t<t,,
k, t,<t<tg,,
0, t;<t<ty,
hy St<ts,

where k is the jerk derivative, ¢ denotes absolute time, #;
(k=1,2,---, 15) denotes the time boundaries of each region.
By integrating Eq. (1) with respect to time, the jerk profile

where 7 (g=t—t;_; (k=1, 2,---, 15)) is the relative time
parameter that starts at the beginning of the kth region as
shown in Fig. 1. By integrating Eq. (2) with respect to time,
the acceleration profile is obtained as follows:

0<r<y,

L <t<tb, alsz12>
a2—|—p12'3—p2'32, , <t<t, ay=a,+pl,
ay, t; <t<t, a3=a2—|—p7;2=pl(Tl—|—T2)=ad,
a4—p2'52, t, <t<t,, a,=a,,

as—prg, ls <t <lg, a5=a4—pT12,

2
ag—pt, +pr;, 1<t <t, a;=a;—pT,

2
pt,
a,+ pi1y,

a(t) =10, ¢, <t<¢,
—pre,  t,<t<t,
2
ay —PiTys by St<ty, ag=—pI,

Ay — Pty +p7121> hy <t <ty, @y =a,—pl,
L StE<ty, @;=a, —Plea

ap, +p7123> hy St<ty, a, =ay _plea

hy St<ty, a;=a, +p7;2>

ay + P _prlzsa hy <t <ts, a,=ay+pl,

€)

all’

ay + Pty

where a; (k=1, 2,---, 15) is the acceleration reached at the
end of the corresponding region, p=0.5k, p;=2pT.

By integrating Eq. (3) with respect to time, the feedrate

profile is expressed as follows:

is then expressed as follows:

kty, 0<e <y,
kT, L <t<t,
KT, —kz,, t,<t<t,
0, L<t<t,
—kts, t, <t <t
—kT,, t, <t <t
—kT, +kz,, t, <t<t,
J(r) =10, t, <t <t 2)
—kt,, to <t <ty
—kT,, ty <t <t
—kT, +kt,, t, <t<ty,
0, f <t<t,,
k3, ty St<tys,
KT, hy St <ty
KT —kzys, 1, <t <tgs,

v(r) =1V,

Vio _pzrn(p3 + 3Tl“'n - 7121)9
Vi _60T1(T1 +T2)712>

Lo St <y,
Ly St <tp,,

2 2

Vi, = P (617 + 61T, —73), 1, <t <ty

Vi3 —3p2T12'14 (Tl + 2Tz - 714)9 b <t< Ly
2 2

Vig = PaTs (3T1 _3T1715 +T15)> hy St<t;,

Pﬂﬂ 0<t<y,

v +3p, L7, (T, +17,), t, <t<t,,
v2—|—p22'3(p3 —|—3T12'3—2'32), tz St<t3a

v, +6p, (T + 1)1, ty<t<i,
V4—|—p22'5(6T12—|—6T1T2—z'52), t, <t<t,
V5+3p2T176(T1 +2T2_T(7)9 t5 St<t(79

Ve —|—p22'7(3T12—3T12'7 —|—T72), ty <t <t,

5> h<t<t, (4
Vs—szsa t, <t<t,,

vy =3P, T, (T} + 7)), ty <t <t,

where v, (k=1, 2,---, 15) is the feedrate reached at the end

of the corresponding region, and

1
D> :gka

ps =317 + 61T,



Vi = p2T13,

v, = +3p, LT+ 1),

vy = v, + p, (6T, + 61T, = T3),

v; +6p, 11 (T) + 1),

Vs = vy + p, 1 (5T, +6T5),

vs + P, IL(T + 1),

V7 = Ve +p2T13 =op, [ (L +T,)2N +T,+T,) = F,

Vg = V5,

=
Il

=
Il

Vo =v, =T},

vip =V =3P, TIL(T1 + 1),
viy =Wy — 17 (5T, +6T,),
Vi, =V, — 6, I (T1+T5),
Viy = v, — p, 1 (5T, +6T,),
vy =i — P IL(L+T).

Where F is the desired feedrate which needs to be achieved
at the end of the seventh region. By integrating Eq. (4) with
respect to time, the displacement profile is yielded:

P 0<t<t,
S+ Pty (ZTJZ +377, +2'[22)5 t, <t<t,,
Sy PaT3 (5 + 5537+ 4T1'[32 *Tg), t, <t<t,,
sy +6p,7, (L +1,)2T +T, + 1), t,<t<t,
Sy P3Ts (S + 255375 — T;)s t, <t<t,
851+ PyTelssy +3(1 + 2T,z *27(%]: ty <t <tg,
Se1 + D375 (s, + 6T1277 *4T1772 + ‘[5), to <t<t,
s(7) =7s; +kT(T, +T,)(2T, + T, + Tz, t, <t <t
Sg1  D3To (S, 775)5 ty <t <ty,
So1 P40 (89 — 3717 *27120)5 ty <t <t,
S101+p3711(S10274T17121 +'[11'[131)5 ty <t <ty,
S 6P, 1 (G +T)CRT 4T, + 2T, — 1), 4 SE<ty,
Si1 T D3T3 (S15y — 28375 + 7133)5 t, <t<t;,
131 DaTialsis, + 2'[124 =3(T, +2L,)r, ], ty St <ty,
Sia1— 173'[15(4T12 — 6775 +4le5 - 7135 ), t, <t<ts,
(%)
where p, :ik,p4 :Lle,
24 12

Su = p3T14>

S =S —|—p4T2(2T12 +317, —|—2T22),

S = 4T13 +12I (T, +T,),

8y = 61 (T} +2T5),

83 = 8y + piT, (2T12 +317T, + 2T22),

S =83 + 173T12 (13T12 + 2417, —|—12T22),

sp = 12021 + 30T, + T +20,(T + 1)),

85y = 8y +op, L (L + )T + T, 4 2T)),

55, = 2217 +30T,T, + 6T, +12(T, + T,)T;,

Sg1 = S5+ 173T12 (35T12 +481 T, +24T,T, —|—12T22),

Se, = 44T +T2T7°T, + 24T, T, + 24T,(T, + T,)T,,
s, =8¢ + pT,(22T7 +33TT, +
127,T, +12T,T; +10T}),
Sq1 = S5, + TV (ATT + 7217, +
24T,T, + 24T,T, + 24T;),
Sg, = 48T +72T°T, + 24T, (T, +T))T, + 24T,T7,
Sor = 8 +12p, T, (T + )T + T, + 2T)),
Sy = 2217 +36T,T, + 12T} +12(T, + T,)T,,
S101 = So, + P31 (47T + 72T, T, +
24T,T, + 24T,T, + 24T;),
S0y = T 4+ 60T T, +12T,T; + 24T, (T, +T,)T, — 5,5,
Sy = S0+ T, (2277 + 33T, +
127,T, +12T,T, +10T}),
Si1 = Si1, + py T (35T + 48T T, +
24T,T, 4 24T, T, +12T}),
Sip = 24T +36T,'T, + 1211,
Szt = 811 O, (T + T )T + T, + 2T)),
Sy = 2T, +6T,T, + 6T,
Si1 = Sy + P T (13T + 24T T, +12T7).

2.2 Smooth S-curve speed profile

The inputs to the smooth S-curve feedrate generation
algorithm are the jerk change time, the jerk constant time,
the jerk zero time, the total distance of travel (L), the
control loop sampling period (75), the initial, commanded,
and final feedrates (f;, F, fc, respectively. For simplicity, the
/s and f; are assumed to be zero), the allowable acceleration
magnitudes (dmay), and the allowable feedrate (Viax)-

The reqired value of jerk derivative k& should not be
larger than the achievable value for the given acceleration,
jerk change time, jerk constant change time, and jerk zero
time. Based on Eq. (3) and Eq. (4), k£ can be expressed as

v a

k _ . max max

n s .
LT+ )T, +T,+2T) (T +T5)

(6)

In order to generate a feedrate profile, it is necessary to
check if the path is a normal block or a short block. The
normal block includes acceleration zone, constant-speed
zone, and deceleration zone, while the short block includes
only acceleration zone and deceleration zone. Eq. (7) needs
to be satisfied for a normal block, otherwise the block is a
short block:

L>kL(L+T)QRT+ L+ L)AL +2L,+T). (1)

For the normal block, we can obtain the feedrate profile
as shown in Fig. 1. The feedrate reaches the desired
feedrate F and the acceleration reaches the desired
acceleration. There are two types of short block. The first
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one is short block type-I, where the acceleration reaches the
desired acceleration and the speed does not reach the
desired feedrate. The second one is short block type-II,
where the acceleration does not reach the desired
acceleration and the feedrate does not reach the desired

feedrate, T; is zero. type-I short block should satisfy Eq. (8).
If neither Eq. (7) nor Eq. (8) is satisfied, the block is type-II.

For the short block, the length of the path is shorter than the
length needed for the actual speed to reach the desired
feedrate F from zero and to change back from the desired
feedrate F' to zero. It is therefore impossible for short block
to reach the desired feedrate, which is F:

)

L<KL(T, + T,)QT, +T, + T, J4T, + 2T, +T5),
L > 2KT, (T, + )T, + T, ).

3 Normal Block Speed Profile Generation

In practice, the value of interpolation time is not a
multiple of the value of sampled time. Therefore, the low
speed zone called “tail” appears in the interpolation, which
is shown in Fig. 3. Where v represents the low speed. In
order to get rid of the “tail”, CHEN, et all"®™* recalculated
the acceleration, jerk, and start velocity when entering into
the deceleration zone. Firstly, in each interpolation period,
the feedrate for the next period is predicted ceaselessly, the
distance of the deceleration zone for the next period is
calculated, and the remaining distance in current period is
also calculated. The distance for the next period of the
deceleration zone is compared with the remaining distance
for the next period to determine whether it enters into the
deceleration zone and whether the acceleration, jerk, and
feedrate need to be recomputed. In this paper, a new
method of feedrate profile generation is proposed based on
recalculating the feedrate without recalculating the
remaining distance, the distance of the deceleration zone
for the next period, the acceleration, jerk, and start velocity.
With this method, the number of interpolation steps for
constant speed zone is calculated; then the jerk derivation,
jerk, acceleration, and feedrate are recomputed; finally, the
number of interpolation steps for each region is used to
determine the region reached. The normal block speed
profile generation is shown in Fig. 1.

"} Feedrate
F
) [ Iy I v Time
L -
o t
Fig. 3. Tail appearance in acceleration

and deceleration

3.1 Determination of the numbers of interpolation
steps for each region
Given the numbers of interpolation steps for all regions

(except the constant-speed region) specified, the total
distance of travel L is calculated from Eq. (5), shown as

L=KkT'n (n, +n,)2n +n, +n)(@4n +2n, +ny +n,). (9)

Then the number of interpolation step for constant-speed
region is calculated as follows:
L

= +1|—4n, —2n, —n,.(10)
k]ffnl (n, +n,)2n, +n, +n,) ! S

ny

The numbers of interpolation steps for different regions
are expressed as follows:

N, =n, N,=n,, Ny=n, N,=n,, N,=n,
N¢=n,, N;,=n, Ny=n,, Ny=n,, Ny=n,,
N, =n, N,=n;, Ny=n, N,=n,, Ns=n,.

(11)

3.2 Readjustment of jerk derivative, acceleration,
and constant feedrate values

After the number of interpolation steps for different
regions is determined, jerk derivative, acceleration, and
constant feedrate values are readjusted so that the number
of interpolation steps remains unchanged.

The expression of L in Eq. (9) is used to readjust the
value of jerk derivative k. The acceleration and feedrate
values will also be adjusted based on Eq. (3) and Eq. (4).

The jerk derivative value can be recalculated based on
Eq. (9) as follows:

— L . (12)
nT(n +n,)2n, +n, +n,)(4n, +2n, + n, +n,)
The acceleration value can be obtained:
a' = k'n(n, +n,)T. (13)
Then the feedrate value is
F' = k'n/(n, +n,)2n, +n, +n,)T.. (14)

The readjusted values of jerk, acceleration and feedrate
should not be larger than the desired values. Considering
Eq. (13), Eq. (14), andk’ < k, we have

k' <k,
a'<a,
F' <F.

(15)

For the machining, the feedrate can’t change too
drastically. Therefore, it is necessary to check the
percentage feedrate variation 7:



(16)

_|F—F'
=%

then 7 <

4n, 4+ 2n, +ny+n,

For normal block, the value of 4n, +2n,+n,+n,is
much larger than 1 so that the feedrate variation can be
neglected. For short block, the length of the path is shorter
than the required length for the actual speed to change from
zero to the desired feedrate F and to change back from F to
zero. It is therefore impossible for the actual speed to reach
the desired feedrate, which is F.

3.3 Discretization of feedrate
The s,, in Eq. (5) can be written as

5, = k' :%k/n“Tf. (17)

24

Therefore, the position increment As during each sampling
time in region 1 is calculated as follows:

As =58, =5

n

_ ik/(n —0—1)4T§4 —ik/n4714,
24 ’ 24 ’

where As=fT, and 0<n < n,,the feedrate is achieved as
follows:

f=§k/(zn+1>(2n2 +2n+ D1, (18)

The discretization of feedrate for each region can be
calculated from

psn+1)(2n° 4+ 2n+1), 0<n<n,neN,
2pon (1, 461 +6n), 0<n<n,,
Pps(ry +4r,n+ 61’23n2 —4n®), 0<n<n,
12 psry, (1, +2n+1), 0<n<n,,
ps(ry, +4r,n —4n® —6n* -1, 0<n<n,,
2pin (1, + 615yn — 60 —2), 0<n<n,,
Ds (1, +4ron —6ron® +4n’), 0<n<n,
S =124p,r,(2n, +n, +ny), 0<n<n,,
Ds (15, —4n’ —6n* —4n), 0<n<n,
2psn, (%, 76n1n76n276n), 0<n<n,,
Pps(ry, —4nyn—6rn® +4n* +1), 0<n<n,
12 psry, (19, —2n—1), 0<n<n,
ps(}q“74r“2n+6nz+4n3), 0<n<n,,
2 psmy (g, — 6K pyn +6n%), 0<n<n,,
Ps(rhy —2n)(15, — 2rzn + 2n2), 0<n<n,.

(19)

1
where p, = ak’Tﬁ

R, =2n +6nn+3n +2,
1y =2(3n +2n +2)n, +12(n, +n, + Dnyn, —1,
1y, = 3n, +6mn, +2n] —1,
Iy =2n—1,
= m(n +n,),
By =2m +ny,
1y = 12[(n, +2ny, +Dn, + (Bn, + 20y + 3)n, n;,
Iy, = 6n 4 6n, —1,
5, = (22n, +3)n, +6(Sn, +n, +1)n, +
12(n, +n,)n;,
ry, =m +2n, —1,
ryy = 461 4+ 6n,n, —n, +2(6n; +
36n, +22n, +3)n +1,
ry =3n —3n, 41,
Ty =2n,+1,
r, =481 +72n'n, +24nn; +
24n.n + 24nnn, —1,
Ky =220 +3n +12n,n, +36nn, +
12nyn, +121; —2,
ry, =12(5n +ny +2n, —nn, +
2(12n, +22n, —3)n} —4n,,
Ty, = 6mn, +3n +3n, —1,
Ty =m—1,
Koo = 2m +ny +2ny,
Ry = 12mn; —12nn, +1+36n,n] —12n] + 24n;,
Ry = 6mn, +6n +1,
Ry = 613 —6n, +6mn, —3n, +2n +2,
hip =1 +2n, +1,
By =21 —2n, +1.

4 Short Block Speed Profile Generation

4.1 Short block type-I

For short block type-I, there is not any constant-speed
region, as shown in Fig. 4. T, is zero, therefore, the
displacement becomes

L= kn,(n, + n,)2n, + n, + ny)(4n, +2n, +n,)T'. (20)
For the case n;>0,
4L
\/(an + n2)2 +m —32n, +n,)
n, (n, +n,)T.
I’l3: 1 12 27 s +1,(21)
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Fig. 4. Short block type-I feedrate profile

The numbers of interpolation steps for different regions
are expressed as follows:

N, =n, N,=n,, Ny=n, N,=n,, N,=n,
Ng=n,, N;=n, Ny=0, Ny=n, Nj,=n,, (23)

N, =n, N,=n;, Ny=n, N,=n,, Ns=n,.

The jerk derivative value can be recalculated based on
Eq. (20) as follows:

/ L

= . (29
n(n, +n,)2n, +n, +n,)(4n, + 2n, + n, )7;4

The acceleration value can be recalculated as follows:
a' =k'n/(n +n,)T . (25)

The readjusted values of jerk, acceleration and feedrate
should not be larger than the desired values. Considering
Eq. (21) and Eq. (22), k' < k, we get

kK <k
{ 7 (26)

a' <a.

The discretization of feedrate for each region can be
expressed as Eq. (19). The constant-speed region doesn’t
exist, so n4=0. n3 is obtained by Eq. (21), and the jerk
derivative value is expressed as in Eq. (24).

4.2 Short block type-1I

For short block type-II, there is no constant-speed region
or constant acceleration region, so 73 and T, are zero.
Considering the efficiency, the smooth S-curve acc/dec

degenerates to S-curve acc/dec. The S-curve is illustrated in
Fig. 5.

A Travel distatnce s
s, S, S,
Time ¢
o >
A Feedrat¢ v
Time ¢
o >
| -«
[ 'T+ NS
A Acceleration ¢
A
Time ¢
0 | ]
-A
Fig. 5. Kinematic profiles for S-curve acceleration

based feedrate generation

The inputs to the S-curve feedrate generation algorithm
are the acceleration change time 73, the acceleration
constant time 75, the total distance of travel (), the control
loop sampling period (75), the initial, commanded, and final
feedrates (f;, F, f., respectively. For convenience, f; and f.
are assumed to be zero), the allowable acceleration and
deceleration magnitudes (@, and agmax. For simplicity, we
assume that the ay,, equals to agm.x), and the desired jerk J.

The acceleration profile in Fig. 5 can then be written as

petr, 0<t<t, p,=05J,
peli(li+22), 1, <t<t,
psQIT+ T +2T7,—7), 1, <t<t,

V) =12p L (L +T)=F, t; <t<t, 27)
P6(2E2 +2T7; _752)5 t, <t<t;,
Pl QT+ T —27,), 15 <t <t,
pe(I7 =2T7, +77), 1, <t <t,.
where ¢ denotes the absolute time, ¢; (i=1, 2,---, 7) denotes
the time boundaries of different regions, J is the jerk value;
% (5=t—t;_; (i=1, 2,---, 7)) is the relative parameter time

that starts at the beginning of the ith region, as shown in
Fig. 5. By integrating Eq. (27) with respect to time, the
distance is obtained:
p;T 13 > 0<t<y,

s, +3p, T\ (Tz, +722)a L <t<t,
s, + p, (6T Tz, + 317 + 3175 —13), 1, <t <t

s@) =15, +6p, T ([ + T))r,, t,<t<t,
s, + p, (6T, (T, + Tz, — 71, t, <t<t,
Ss +3p7T1[(T1 +2T5)T(7_T:]9 t, <t <t

s¢+p, 3Lz, =3T7; +17), to <t <t



(28)

where s; (i=1, 2,---, 7) is the displacement reached at the

end of the ith region, and

1
P7:g‘]>

S = p7T13>

s, = p; (T +30T, +31 1Y),

83 = 3p, (T, + T )(T5 + 2T)),

s, =3p, Q0 + 30T + ITT + 21,17 + 2T T,),
ss = p, L (1T + 15T + 31 + 61,1, +61,T,),

s = p, (11T +18T T, + 61T, + 61,1, + 6T,T,T,).

The required value of jerk J should not be larger than the
achievable value given acceleration, acceleration change
time, and the acceleration constant time. Considering
Eq. (27) and Eq. (28), we have

(29)

. [ F amax]
J=min| ————, .
L(L+T) T,

4.2.1 Determination of the number of interpolation steps
for each region
Given the numbers of interpolation steps for all regions
(except for constant speed region) specified, the total
distance of travel S is calculated from Eq. (28) as follows:

S = Jn T 2n +ng +n,)(n, + ). (30)
The number of the sampled time is
n4:++1—2n1—n5. (31)
JIn T (n, +ny)

The numbers of interpolation steps for different regions
are expressed as follows:

N, =n

1 i Ny =ns, Ny=n,,
N, =n,,

Ny=n, Ng=mns;, N,=n,.

(32)

4.2.2  Readjustment of jerk, acceleration and constant
feedrate values

After the numbers of interpolation steps for different
regions are determined, acceleration and constant feedrate
values are readjusted to make the numbers of interpolation
steps remain unchanged.

Eq. (33) is used to readjust the value of jerk J.
Acceleration and feedrate values will also be adjusted due
to Eq. (34) and Eq. (35).

The jerk can be calculated as follows:

J = ol . (33)
n (n, +ng)2n, +ng+n,)T?
The acceleration value can be achieved as follows:
a' =Jn. (34)
The feedrate value can be expressed as
F S (35)

@m g n)T

The readjusted values of jerk, acceleration and feedrate
should not be larger than the desired values. Considering
Eq. (31), Eq. (33), Eq. (34) and Eq. (35), we have

4.2.3 Discretization of feedrate
The s,, in Eq. (28) can be written as

St :lJ’tl3 :lJ’n3Tf.
6 6 )

Therefore, the position increment As during each sampling
time in region 1 is calculated as follows:

As =5, =5, s

1 1
=—J'(n+ )T —=Jn’T’.
6 6
where As=fT;and 0<n <n,. Therefore, the feedrate is

f:%J’(3n2+3n+l)Tf, 0<n<n,. (36)

The discretization of feedrate for each region can be
obtained by

f11(3n2+3n+1), 0<n<n,
3fum (n +2n+1), 0<n<n,,
Julfio =3(m—2n +1)n], 0<n<n,
f= 6f11n1(n1+n5), 0<n<n,,
fil6n,(n, +ng)—3n" —3n—1], 0<n<n,,
3fun (n, +2ns —2n—1), 0<n<n,
£iGBnf =3, +1—6nn+3n" +3n), 0<n<n,

(37)

1
where f;, = EJ’Tf, fia =3(n, + 205 +)n, — 1.
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5 Simulation and Experiment Results

Five case studies were developed in order to verify the
feedrate profile generating efficiency under real-time
conditions. The profiles were implemented in an in-house
developed CNC"*' running on an Intel pxa270 and
TMA320C6713 hardware. The first case is used to
demonstrate the advantage of using smooth S-curve
feedrate profile over S-curve speed profile. Then profile

examples are used to explore smooth S-curve path planning.

Finally, the acceleration technique is applied to a surface
generated on a five axis machining center.

As shown in Fig. 6, smooth S-curve acc/dec profiles
generate smoother feedrate, acceleration, and jerk than
S-curve acc/dec, which are widely used in industry
machine tool controllers and robot controllers. The two
profiles have the same travel length, feedrate, acceleration,
and jerk values. For both cases, a linear displacement of
200 mm is programmed with a feedrate of 450 mm/s and
an acc/dec value of 4.4 m/s>. Fig. 6 shows there are no
discontinuities in the smooth S-curve position, speed and
acceleration, jerk, and acc/dec profiles, because the smooth
S-curve are smoother than S-curve acc/dec. Peak jerk
dynamics of the smooth S-curve is reduced compared with
the S-curve speed profile and no high-energy impulses are
present.

Travel distance s /mm
200 [

"""" S-curve profile
—— Smooth S-curve profile

| |
Acceleration a/(m * s2)

Fig. 6. Comparison of S-curve feedrate and smooth
S-curve profiled trajectories

The parameters in the experiment are as follows. The
programmed feedrate is 400 mm/s, the
acceleration is 2 m/s”, the jerk change time is 50 ms, the
jerk constant time is 75 ms, the Jerk zero time is 50 ms, and
the control loop sampling period is 1ms. The kinematic
profiles are shown in Fig. 7. From Fig. 7(a)-Fig. 7(c), the
travel length is 300 ms, 130 ms, and 100 ms, respectively.
From the parameters, we know that, if the travel length is
greater than 160 ms, it is the normal block, which is shown

maximal

in Fig. 7(a). If the travel length is less than 108.9 ms, it is
the short block type-II, which is shown in Fig. 7(c). Fig.
7(b) shows the short block type-I with 130 mm travel
length.
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Fig. 7. Kinematic profile of smooth S-curve

In Fig. 8, an example of machining part with smooth
S-curve and S-curve acceleration profiling is presented.
The tool path is shown in Fig. 8(a). After imposing a
smooth S-curve and S-curve acceleration profile to the tool
path, for a maximum feedrate of 1 000 mm/s, the obtained
velocity, acceleration and jerk profiles are shown in
Fig. 8(b). It can be seen that the acceleration, feedrate, and
Jerk profile of smooth S-curve in Fig. 8(b) are quite
smoother than those of S-curve. The part shown in Fig. 8 is
machined on a five axis machining center controller with



an in-house developed CNC running on microc/os-11
real-time operating system. The CAD model of the part and
the generated tool path are shown in Fig. 9(a). The
machined part is shown in Fig. 9(b). The machined part
shows the acc/dec method proposed in this paper is
effective.

300 [ v/mm
. 200
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0 300 600 900

(a) Tool path
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0l | | | R
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(b) Smooth S-curve acceleration profiling
along the tool path

Fig. 8. Machined part profile generated smooth S-curve

400, /mm

300

200

100 i x/mm
0 300 600 900 1200

(b) Machined workpiece (c) CNC

Fig. 9. Face surface machined using smooth S-curve.

6 Conclusions

(1) This paper presents a trajectory generation algorithm
which employs a smooth S-curve profiling aiming to
improve the machinery dynamics by reducing the jerk
value. This algorithm reduces the machinery stress by
smooth and continuity position, speed, acceleration and
jerk. The implementation of the proposed algorithm is
based on a TMA320C6713 DSP board showing the

feasibility of this feedrate discretization.

(2) In order to generate the feedrate profile, it is
necessary to determine if the path is a normal block or a
short block. We can get a smooth S-curve acc/dec in normal
block, part of a smooth S-curve acc/dec in short block
Type-1, and an S-curve acc/dec in short block type-II.

(3) Although promising, the efficiency and the degree of
smoothness may decrease if the polynomial feedrate profile
is more than three times. Therefore, further research on
optimal high degree polynomial profiles for motion
smoothness is needed.
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