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Abstract—In this paper, we study a special case of multi-
way relaying channel, to which traditional beamforming cannot
achieve the best performance due to insufficient antennas. A new
transmission protocol is proposed by aligning the messages from
the same pair with the help of relay precoding. As a result, inter-
pair interference can be avoided and intra-pair interference can
be coped with by using network coding. Then analytic results,
such as the ergodic sum rate and the outage probability, are
developed for the proposed protocol. The numerical results are
also provided to demonstrate the performance of our proposed
scheme. To improve the diversity gain of the proposed scheme,
an optimal scheme is also presented.

Index Terms—Network coding, multi-way relay, beamforming,
ergodic sum rate, outage probability.

I. INTRODUCTION

As an efficient technique to extend the coverage and
improve the system performance, relaying transmission has
drawn much attention in the wireless communication research
field. In particular, there exists extensive work about two-
way relaying channel, which has many important applications
in communications [1], [2]. Due to the broadcasting nature
of radio propagating, network coding has been proposed as
a promising method to significantly increase the throughput
for two-way relaying channel [3], [4], [5]. The key idea of
network coding is to allow the relay to broadcast the mixture
of messages to destinations, and then each destination obtains
the desired message by subtracting its self-interference from
the mixture. As a result, information exchange between two
source nodes can be completed in two time slots, whereas the
conventional protocol needs four time slots.

Multi-way relay channel is a natural extension of two-
way relaying channel, where multiple pairs of source nodes
exchange information with their partners. For such a scenario,
beamforming is an efficient approach to eliminate inter-pair
interference, and to achieve high spectral efficiency [6], [7].
However, there is a strict constraint that the number of relay
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antennas is larger than or at least the same as the number of
sources with single antenna. Otherwise, there are not enough
degrees of freedom to remove inter-pair interference [8].

In the next generation communication systems, such as
LTE-Advanced systems, Type I and Type II relays are defined
as two categories of relaying technologies. As defined in the
present standardizations, Type I relay has the independent cell
ID, and the right for radio resource management (RRM). Thus
Type I relay essentially can be considered as a low-power base
station. To improve the transmission efficiency, it is possible
for the users to communicate with each other via Type I relays
instead of the base stations in the future cellular systems. Due
to the low cost for installation, enough relays could be located
to satisfy the high-speed requirement of the users, which is a
difficult problem for base stations. Therefore, we focus on
the multi-way relay channel to introduce a realistic spacial
multiplexing technique for the future wireless communication
system, which shows the advantages of our work.

In this paper, we consider a multi-way relaying scenario
with M pairs of single-antenna sources and one multi-antenna
relay. Particularly we focus on a special case where the number
of relay antennas is less than the number of sources, to which
traditional beamforming cannot be applied. The main contribu-
tion of this paper is to propose a new transmission protocol for
such a challenging scenario. Specifically, the use of proposed
protocol can ensure that multi-pair information exchange can
be accomplished within two time slots, which yields high
multiplexing gains. On the other hand, for such a special
case, conventional beamforming has to rely on time sharing
due to insufficient antennas, which results in loss of system
performance. By carefully designing the precoding matrices at
the relay, two messages from the same pair could be aligned
to each other, and each node can obtain the message from
its partner by eliminating self-interference from the mixture.
Note that such a protocol can be extended to general multi-
way relaying channels in a straightforward way. In addition
to simulations, the proposed protocol is also evaluated by
analytic results, including ergodic sum rate, outage probability,
as well as their simplified approximations at the high signal-to-
noise (SNR) region. Both the analytical and numerical results
demonstrate that the proposed protocol can achieve better
performance than the comparable ones. Moreover, an optimal
proposed scheme is also provided, which can further improve
the diversity gain of proposed scheme.
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Fig. 1. Multi-pair two-way relay channels scenario for the proposed protocol.

II. PROTOCOL DESCRIPTION

Consider a communication scenario with M pairs of single-
antenna users and one relay equipped with N antennas, where
each pair exchanges information via the relay. For notation
simplicity, we denote u; and w) as the two users from the same
pair as shown in Fig. 1. For such a scenario, it is well known
that traditional zero forcing (ZF) beamforming can be applied
when N > 2M; however, it become challenging for the case
N < 2M since the relay does not have enough degrees of
freedom to serve all 2M users simultaneously. In this section,
we only focus on the case with N = 20 —1, and the proposed
scheme can be extended to a general case with N > 2M — 1
as shown in Section IV.

All nodes are subjected to the half-duplex constraint, and
time division duplexing (TDD) is used because of its sim-
plicity. Only time synchronization is assumed in this paper,
similar to [4]. Due to the symmetry of TDD systems, the
incoming channel and forwarding channel are assumed to
be symmetric. All channels are considered as quasi-static
Rayleigh fading, and the channel fading for each link is
independent and identically distributed (i.i.d) with each other.
It is assumed that the relay has the access to all source-relay
channel information, while each user dose not have to know
the global channel information.

The proposed network coding transmission consists of two
time slots. During the first time slot, all the users transmit
messages to the relay simultaneously, and thus the relay
receives

M M
Ye = hisi+» Wis+ny, (1)
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where s; is the message sent from the user w;, y, is the
N x 1 observation vector at the relay, n, is the relay additive
Gaussian noise vector, h; is the IV x 1 channel vector between
the user w; and the relay, s; and h’; are defined similarly for
the user /.

The amplify-forward (AF) strategy will be considered in this
paper. The key idea of the proposed protocol is to design the
precoding matrices at the relay, where two messages from the
same pair will be grouped together and inter-pair interference
will be eliminated. Specifically for the i-th pair, the precoding
matrix Q; can be designed as

where P; is a N x (2M — 2) submatrix of the
channel matrix H = [h;---h'py]yxonm by remov-
ing its ¢-th and (¢ + M)-th columns, ie P; =

hy---h;_; hygy---hy bl h/(i—l) I(z‘+1) ---h’,]. Appar-
ently Q; is a orthogonal projection matrix generated from
P;, which is a submatrix of the channel matrix. Due to
the definition of orthogonal projection matrix, the null space
dimension for Q; is (2M — 2). Therefore, the number of relay
antennas must satisfy the constraint that N > 2M — 1, which
ensures that the dimension of the signal space of Q; is larger
or equal to one. Prior to transmission, then the relay uses Q;
to group two messages from the ¢-th pair as following

Qiyr = Qihys; + Q;his) + Qn,, 3)

where the facts Q;hy, = 0 and Q;h), = 0(i # k) have been
used.

During the second time slot, the mixed messages are broad-
casted to all the users,

M
te =Y iQiyr, )
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where «; is the factor for power normalization, o; =

1/V11Qibil3 + 1Qibi[I3 + (1/p)[Qil13. and [|A]z is the

norm of A, defined as ||A|y = (ZZaij2>2, and p is
J

i
denoted as SNR. Note that equal power allocation is adopted
at the relay for simplicity. As a result, the user u; receives

M
ri =h'te +ni =Y ;b Q;yr + i, )
j=1

where n; is the additive Gaussian noise at the user u;. Due
to the conjugate symmetry of Hermite matrix Q;, it can be
easily shown that h# Q; = 0, for ¢ # j. Thus the observation
at the user u; is shown as

ri = a;h? Q;hys; + ayhf Qhls) + a;h Qiny +ny. (6)

As shown in (6), the desired message could be detected by
the user u; if two coefficients a;h Q;h; and a;h7Q;h/ are
informed. Since the relay has the access to global channel
information, such coefficients will be calculated at the relay
and transmitted to the users. As a result, the proposed scheme
only needs to transmit 4/ coefficients in total. Provided that
global information is assumed at each user, 2M 2N coefficients
are required to be transmitted, which is much larger than
our proposed scheme. Thus the proposed scheme can further
reduce the system resource spending on channel information
transmission.

Similar to physical layer network coding, each destination
can first subtract its own information from the observation and
then detect the message from its partner. In the following sec-
tion, we will develop some analytic results for the performance
achieved by our proposed protocol for a special case where
the relay equipped with (2M — 1) antennas.



III. PERFORMANCE ANALYSIS FOR THE PROPOSED
PrROTOCOL

In this section, we use the ergodic sum rate and outage
probability as the criteria to evaluate the performance of the
proposed protocol. The ergodic sum rate demonstrates the av-
eraged system throughput a transmission scheme can achieve
and the outage probability shows the reception reliability given
a targeted data rate. Note that in this section, we only focus
on the case with N = 2M — 1.

A. Ergodic sum rate analysis

From the definition, the ergodic sum rate can be obtained
by finding the expectation of the mutual information over all
possible channel state. The ergodic sum rate for the user u;
can be shown as
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When N = 2M — 1, Q;h; and Q;h} are aligned in the
same direction. Combined with the conjugate symmetry and
idempotence of Q;, the numerator in (7) can be derived as

7 Qib's 13 = [|(Qihi) T Qil'i|3 = [[Qih 131 Qih"s[3-
®)
Substituting (8) and the expression of «; into (7), R; can be
simplified as

1 P*|Qihi|3]|Qih’i|13
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In order to obtain the closed-form expression for the ergodic
sum rate, it is important to obtain the probability density func-
tion (PDF) of R;. Define z; = ||Q;h;||3 and 25 = ||Q;h’;]|3,
then the joint distribution of the two parameters is provided
in the following lemma.

Lemma /: The two variables, z; and zo, are independent
identically exponentially distributed and their joint PDF can
be shown as following

flz1,22) = e G122 oy o0 > 0. (10)

Proof: See Appendix A. |
Based on the conclusion in Lemma 1, we can present the
following theorem about the upper and lower bounds of the
system ergodic sum rate.
Theorem 2: When N = 2M — 1, the system ergodic sum
rate R for the proposed protocol can be bounded as
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where Fi(-) denotes the exponential-integral function.
Proof: See Appendix B. |
Furthermore, the ergodic sum rate for point-to-point direct
transmission can be expressed as

1
° . er 1
RDR:/O logy (14 pz) e *dz = o [Ez (p)} .

Thus the difference between the ergodic sum rates of two
protocols can be bounded as
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where C denotes the Euler’s constant. When p > %ec, we can
obtain that

R > MRDR, (14)

which shows that the proposed protocol can achieve M
times larger ergodic sum rate than the Peer-to-Peer direct
transmission scheme, if the SNR is high enough. Taking
dual-hop transmission scenario and the existence of inter-pair
interference into account, the capacity gain for the proposed
protocol could be significant.

B. Outage Probability Analysis

In this part, we focus on the outage probability for a single
user since the inter-pair interference is eliminated. The amplify
forward strategy is employed at the relay, thus the outage
probability P; for user u; can be defined as the probability
that the data rate of dual-hop channel is less than the targeted
data rate, which can be shown as

P, = P{R; < R}, 15)

where R; is the data rate. From the definition of data rate in
(9), P; can be further derived as
zv} ,

where v = 22f%* — 1. By using the PDF of z; proposed in
Lemma 1, we can have the following theorem about outage
probability of the proposed protocol.

Theorem 3: When N = 2M — 1, the outage probability
for the user u; achieved by the proposed protocol can be shown
as
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where I'(a,z) is the incomplete Gamma function, and
W,(2) is the Whittaker function. Furthermore, the approxi-
mation of outage probability for high SNR can be given as

P, P = 1-— 6_% ~ z

P

Proof: See Appendix C. |

As shown in Theorem 3, the diversity gain for a single-

user in the proposed protocol is 1, which is the same as the

Peer-to-Peer direct transmission scheme. In other words, each

user can communicate with its partner as if there is no other

pairs transmitting at the same time. Therefore such property

demonstrates that the proposed protocol is reliable for multi-
pair information exchanging.

(18)



IV. EXTENSION OF THE PROPOSED SCHEME WHEN
N>2M -1

Previously we focused on the case with NV = 2M —1, where
Q; can be viewed as an orthogonal projection matrix of the
N x 2M matrix P;. As shown in the proof of Lemma 1, Q;
is equal to g;q/7, and it is easy to show that the dimension of
the null space of P; is 1 and q; is from the null space. When
the number of relay antennas N > 2M — 1, the dimension of
the null space of P; becomes (N — 2M + 2). By using the
basis vectors from such a subspace, denoted as q; 3, 1 < k <
(N —2M + 2), we can construct (N — 2M + 2) projection
matrix, denoted as Q;

Qirn=airaly (k=1 ,N—2M+2). (19

When Q; j; is selected as the precoding matrix, the received
SNRs for the i-th pair are

2
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To improve the system transmission performance, it is
necessary to chose an appropriate precoding matrix QQ; among
Qi for the i-th pair. Since the system performance is largely

impacted by the worst user’s performance of each pair, the
precoding matrix can be selected by using the following rule

SNRy ) = (20)

Q; = arg max min {SNRi,/w SNRi'7k}7
Qiex
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where ¥ = {Q;1, -, Qi N—2m+2} is the set of precoding
matrices. We can have the following corollary for the outage
performance of such a scheme.

Corollary 4: The use of the selection criterion in (21) can
ensure that the diversity gain (N — 2M + 2) is achievable for
all users.

Proof: See Appendix D. |

Such a result shows that the extra diversity gain can be
achieved by increasing the number of user antennas, and the
proposed selection approach is optimal in term of diversity
gain.

V. NUMERICAL RESULTS

In this section, the performance of the proposed transmis-
sion protocol is evaluated by using Monte-Carlo simulations.
The comparable scheme is the physical layer network coding
(PNC) based on time sharing. The reason to use PNC as the
comparable scheme is that the scenario with N =2M — 1 is
addressed, to which beamforming is not applicable. Regarding
to the application of PNC to the addressed scenario, the time-
sharing approach is used, where we first randomly choose a
pair and PNC is applied to realize two-way relaying within
the chosen pair. Since the proposed protocol is based on the
AF strategy, AF has also been applied to PNC.

In Fig. 2 and Fig. 3, the ergodic sum rate and the outage
probability of the proposed scheme are shown as functions of

—6— Proposed scheme, M=2
501 —0-PNC,M=2
—#— Proposed scheme, M=4
—#—PNC,M=4
—&— Proposed scheme, M=6
a0 -B-PNC, M=6
—o— Proposed scheme, M=8
—0— PNC,M=8

Ergodic Sum Rate (bit/s/Hz)
8

Fig. 2. Ergodic sum rate vs SNR for the proposed scheme and PNC. M =
2,4,6,8 and N =2M — 1.

—*— Proposed scheme, M=2
—#—PNC, M=2
—b— Proposed scheme, M=4

Outage Probability

—&— Proposed scheme, M=8
—B- PNC, M=8

Fig. 3. Outage probability vs SNR for the proposed scheme and PNC.
M =2,4,6,8, N =2M — 1 and R; = 2 bit/s/Hz.

SNR, where the number of user pairs is set as M = 2,4,6,8
and the targeted date rate is set as R; = 2 bit/s/Hz. As
shown in the figures, the proposed scheme can achieve higher
ergodic sum rate than the PNC scheme. In addition, the
slopes of curves for the ergodic sum rates increase faster than
the comparable scheme as M increased, which means that
the gap between the two schemes can be further enlarged.
Moreover, the difference of the outage probability performance
between the two schemes widens as M increases. Such a
significant gain of transmission performance can be explained
as following. When the number of user pairs is increased,
the time sharing based approach requires more time slots to
accomplish information exchange among the multiple pairs,
but the proposed transmission protocol still requires only two
time slots. As a result, the proposed scheme can achieve
higher throughput gain and more robust performance than PNC
scheme when M increases.

The proposed scheme is also compared with the traditional
beamforming. Note that beamforming is used as a compa-
rable scheme for the scenario with N > 2M — 1, and not
applicable for the case of N < 2M — 1. Specifically the
traditional zero-forcing (ZF) beamforming scheme is modified
for such a scenario with N = 2M, and requires two time
slots for M user pairs as well. Assuming all source-relay
channel information is available for the relay, the precoding
matrix for the ZF beamforming scheme can be given as
W = (HY)"'H[!, where H; = [h; ---hy, h}---h/,] and
Hy; = [h]---h), h;---hyl, and h; is the N x 1 channel
vector between the user u; and the relay, while hg is defined
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Fig. 4. Averaged ergodic user rate and ergodic user rate for the worst user,
M =4, N =2M.
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Fig. 5. Outage probability vs SNR for the proposed scheme and traditional
ZF beamforming with different settings of relay antennas, M = 4and Ry = 5
bit/s/Hz.

similarly for the user u.

The averaged and the worst ergodic user rates are shown as
the functions of SNR in Fig. 4. The number of user pairs is
M = 4, and the number of relay antennas is N = 2M. As
can be observed from the figure, the proposed protocol can
achieve larger averaged ergodic user rate than traditional ZF
beamforming, and a similar result is also provided for the user
with the worst performance. In Fig. 5, the optimal proposed
scheme is compared with traditional ZF beamforming, where
the number of user pairs is M = 4, the number of relay
antennas is N = 2M, 2M + 1, 2M + 2, and the targeted
data rate is R; = 5 bit/s/Hz. As shown in the figure, the
diversity gain of optimal proposed scheme grows larger as
the number of relay antennas increase. Moreover, the optimal
scheme always achieves better robust performance than the
comparable scheme.

VI. CONCLUSION

In this paper, we proposed a network coding protocol for
multi-pair two-way relay channels, and the precoding matrices
have been carefully designed to remove inter-pair interference
in the system. the proposed scheme is still efficient for a
special case where beamforming is not applicable. Analytical
results, such as ergodic sum rate and outage probability, have
been developed for the proposed transmission protocol in a
specific case. The performance comparisons with PNC and
ZF beamforming are also provided respectively. Both the ana-
lytical and numerical results show that the proposed protocol
is spectral efficient, and can achieve higher performance gains.
To enlarge the diversity gain of the proposed scheme, the
optimization is also studied, and evaluated by simulation.

APPENDIX A
PROOF OF LEMMA 1

When N = 2M — 1, the dimension of non-null space for
the precoding matrix Q; is 1. Since the precoding matrix is
an idempotent matrix, i.e. Q;Q; = Q;, its only non-zero
eigenvalue is one. Therefore, the eigenvalue decomposition of
Q; can be shown as Q; = q;q?, where q; is the eigenvector
of the matrix corresponding to the eigenvalue 1. Then we
rewrite the expression of ||Q;h;||3 as

1Qih;[13 = (Qihi)" (Qihy) = h'Q;h; = b/ qi?, (22)

and [|Q;h’|3 can be derived as a similar expression. By using
the fact that unitary transform does not change the statistical
property of Gaussian matrices, it can be shown that h’q; and
hflq; are still identically and independent complex Gaussian
distributed, from which the lemma can be easily proved.

APPENDIX B
PROOF OF THEOREM 2

Since the messages from each pair are aligned to different
directions which are orthogonal to each other, there is no inter-
pair interference during the transmission process. Hence the
system ergodic sum rate R can be treated as the sum of 2M
channel ergodic sum rates from the relay to users, which can

be shown as
M
ReY R
i=1

By using the PDF provided in Lemma 1, the ergodic sum rate
R; for user u; can be given as

M
Ry (23)
1
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Considering the receive SNR at each user is independent and
identically distributed, the system ergodic sum rate can be
expressed exactly as

R= M// [log2(2pz1 + pza + pPoize + 1)
Z1,22

—log,(2pz1 + pze + 1)] 67(21+Z2)dz1d22. (25)

Then we can derive (26), and thus the system ergodic sum
rate can be bounded as

M 1
[ezlpEi (—) — e%Ei
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1 1
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and the theorem is proved.

APPENDIX C
PROOF OF THEOREM 3

Recall the expression of receive SNR in Lemma 1, the out-
age probability P; equals to the probability of the occurrence
of the events in (28), which is based on the total probability
theorem.

As shown in (28), for high SNR, we have % — 0, and

(2, 277) — 1. Recalling the expression of W), (22),
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When % — 0, it can be easily obtained that e”» — 1,
ptl
and 27" ® . 0. Based on the Maclaurin series for

the Confluent Hypergeometric Function of the Second Kind,
U (% 4+ — A1+ 2u; 277) goes to a finite constant when 277
goes to 0. Then we can derive that WA,#(%Y) — 0 when 277
goes to 0. Thus the following approximation can be derived
as

27 (30)

P

And the proof for the expression of outage probability P; is
completed.
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APPENDIX D
PROOF OF COROLLARY 4

The corollary can be easily proved by showing that the worst
user for each pair can have the diversity order (N —2M +2).
Define P (i) worst as the worst outage probability when Q; j

is the precoding matrix for the ¢-th pair. The outage probability
of the worst user for such a selection approach can be derived
as

P(i)worst min{P(i)l,worstv o 7P<i)k:,worst}

[P(i)l,worst]N72h1+2 )

3D

where the last equation follows from the fact that unitary trans-
form does not change the statistical property of a Gaussian
matrix and therefore SNR; ;. is independent to SN R; ,,, for
k # m. Furthermore P (i) worst can be bounded as

. . . 2
P(D)worst < P + P(i) o =~ (:) . (32

where P(i)g,, and P(i), are the outage probabilities for
the i-th pair when Q; j, is used, and the approximation is from
Theorem 3. Combining the above two equations, the corollary
is proved.
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