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Abstract A bulk-arrival single server queueing system with second multi-optional service and unreliable
server is studied in this paper. Customers arrive in batches according to a homogeneous Poisson process, all
customers demand the first “essential” service, whereas only some of them demand the second “multi-optional”
service. The first service time and the second service all have general distribution and they are independent. We
assume that the server has a service-phase dependent, exponentially distributed life time as well as a service-
phase dependent, generally distributed repair time. Using a supplementary variable method, we obtain the

transient and the steady-state solutions for both queueing and reliability measures of interest.
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1 Introduction

In a recent paper, Madan[? considers an M/G/1 queue with the second optional service, in
which some of the customers may require immediately after completion of the first essential
service. Such queueing situations can be found in day to day life. By using a supplementary
variable method, Madan[? studies the time-dependent as well as the steady state behavior
of this kind of queueing system. Based on Madan’s model, some authors propose various
modifications. Medhil® considers a more general case of such a queue, where the service times
of all service phases are independent and have general distributions. Yin et al.[%l generalize the
model with assumptions that customers arrive at the system in batches according to a Poisson
process, and the customer may opt for a second multi-optional services when the first essential
service is completed. Wang!®! studies Madan’s model from the viewpoint of reliability theory
with the assumption that the server may be subject to breakdowns and repairs during the
service processes.

The present study focuses on generalizing the above works in an integrated way, i.e., the
MX /G /1 queueing system with server breakdowns and repairs is studied in this paper. Such
queueing situations are also common in practice. For instance, in flexible manufacturing system,
there are versatile, multi-functional machines which can perform several types of operations,
e.g., lathing, drilling, milling and so forth. Workpieces arrive in batches with different processing
requirements, all need the main essential service, whereas some of them may require further
particular type of operation after the main essential service. Meanwhile, the machine may be
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subject to random failures and/or interruptions which have impact on the system’s performance.
We wish to understand their effects on measures of system performance which influence the
efficient operation of the systems.

The rest of this paper is organized as follows. In the next section, we give a relative formal
description of the model and introduce supplementary variables to make the process Markovian.
In Section 3, we investigate the time-dependent solutions to this model by using the Laplace
transforms technique. In Section 4, the steady state solutions for the queueing quantities are
obtained and it is shown that some previous works are special cases of our model. In Section 5,
we consider the reliability aspect of the model and obtain some important reliability measures
of the server, including the server availability, failure frequency, and the reliability function.
Finally, in Section 6, we work out some numerical examples to illustrate the effect of the
unreliability parameters on the system performance.

2 Basic Assumptions and Description of the Model

We consider the MX] /G /1 queueing systems with the following structure.

1. Customers arrive at the system according to a Poisson process with rate A > 0 and
arrive in batches such that the batch size X are i.i.d. random variables with distribution
P(X =i)=0C;, i=1,2,---, with mean ¢ = EX and EX? < co.

2. The first essential service is needed by all arriving customers. Let By(v) and bg(v),

respectively, be the distribution function and the density function of the first service

bo ()

1-B be the hazard rate function. It is
o(z)

times Vp, with mean 1/pug, and let po(z) =
assumed that EV{ < cc.

3. As soon as the first service of a customer is completed, then with probability (1 <

k < m) he may opt for the k-type second service, in which case his second service will
m

immediately commence or else with probability 7o = 1 — > 7, he may opt to leave the
k=1
system, in which case another customer at the head of queue (if any) is taken up for his

first essential service.

4. The k-type second service times Vj, are assumed to be generally distributed with distri-
bution function By (v), density function by (v), hazard rate function pg(z) = 1f’;3(:()$) with
mean service time 1/pg, 1 < k < m. It is assumed that EV,f < 00.

5. We assume that the server’s life time has exponential distribution with mean 1/¢q in
the first essential service. In the k-type second optional service, the server fails at an
exponential rate ax(1 < k < m).

6. The server may break down when servicing customers, and when the server breaks down
it is sent for repair immediately. The customer just being served before server breakdown
waits for the server to complete its remaining service. The repair times, Wy (0 < k < m),
of both service phases are arbitrarily distributed with probability distribution function
Gr(z)(0 <k <m). Also, let gx(z), Br(z) and 1/6,(0 < k < m), be the corresponding
probability density functions, hazard rates functions, and means, repectively. Immediately
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after the server is fixed, it starts to serve customers. It is assumed that the service time
for a customer is cumulative, and after repair the server is as good as new. Furthermore,
we assume that EWk2 <00, 0<k<m.

7. Various stochastic processes involved in the system are assumed independent of each
other.

Let N(t) be the number of customers in the system at time ¢, and Ni(t) the number of
customers in the queue. To make it a Markov process, we introduce supplementary variables.
Define X (t) as the elapsed service time of the customer currently being served at time ¢, and
Y (t) the elapsed repair time of the failed server at time ¢, and define the state probabilities at
time t as follows:

1. I(t) is the probability that the server is idle at time t.

2. P, o(t,z)dx is the joint probability that at time ¢ there are n customers in the queue
excluding the one being provided the first essential service, the server is up and a customer
is being served with the elapsed service time between = and x + dx (n > 0).

3. Py i(t,x)dz, 1 <k < m, is the joint probability that at time ¢ there are n customers in
the queue excluding the one being provided the k-type second optional service (n > 0).

4. Ry 0(t,x,y)dy is the joint probability that at time t there are n customers in the queue
excluding the one being provided the first essential service, the elapsed service time for
the customer under service is equal to x, and the server is being repaired with the elapsed
repair time between y and y + dy (n > 0).

5. Ry i(t,z,y)dy, 1 <k < m, is the joint probability that at time ¢ there are n customers
in the queue excluding the one being provided the k-type second optional service, the
elapsed service time for the customer under service is equal to x, and the server is being
repaired with the elapsed repair time between y and y + dy (n > 0).

Thus, at an arbitrary time, the state of the system can be characterized by the random variables
N(t), X(t) and Y (). By considering transitions of the process between time ¢ and ¢t + At and
letting At — 0, we derive the system of forward equations for n =0,1,2,---.

d 00 m oo
(dt + A)I(t) = ro/o Py o(t, ) po(z)dx + ;/0 Py . (t, ) pr (x)dz, (2.1)

o 0
s + 5 8@ + A+ @] Pa(t,2)
:)\Zcipnfi,k(tvx) +/ Rn,k(tvxvy)ﬁk(y)dyv (22)
i=1 0
(24 2 A4 B Rusltg) =AY CRialty) (23)
ot By n, y Ly v idln—q, s Ly ’

where 0 < k < m,n = 0,1,2,---. These equations are to be solved subject to the following



356 J.T. Wang, J.H. Li

boundary conditions:

Pn,o(t, 0) = 7‘0/ Pn+1,0(t, Jj)‘uo(x)dgj
0

#3 [ Pt (@)de + AChn Q) (2.4)
=1 0
P, ;(t,0) = rk/ P, o(t, x)po(z)de, 1<k<m, (2.5)
0
R, 1(t,x,0) = apP, i (t, ), 0<k<m, (2.6)

where n =0,1,2,---

We assume that at ¢ = 0 there is no customers in the system, and the server is idle. So the
initial condition is I(0) = 1, where P_q y(t,z) =0, R_1 x(t,z,y) =0,0 < k < m.
3 The Model Solutions

To solve the above equations, we define the following generating functions:
% (t, 2, 2) ZPnkta: , Ri(t,x,y,2) ZRnkta:y 0<k<m.

Also, define the Laplace transform of a given function f(z) as f*(s) = [~ e~*! f(t)dt,Re(s) > 0

Theorem 3.1.  The Laplace transforms of I(t), Py(t,x, z), Ri(t,z,y,2), k=0,1,---,m, are
given by

Fle)= 1) —1)\C(zs) ’ (3.1)
Py(s,z,2z) = P (s,0,z) exp{—Po(s, z)x}[1 — Bo(z)], (3.2)
Py (s,x,z) = riby(Po(s, 2)) P (s, 0, 2) exp{—Px(s, z)z}[1 — Br(z)], 1<k<m. 653

Ri(s,x,y,2) = aiPr (s, x, z) exp{—[s + A = AC(2)]y}[1 — Gk (v)], 0<k<m,
(3.4)

where
Pi(s,0,2) = [s—l—)\—)\C(z)]Im(s) -1 7 (35)
robg(Po(s, 2)) + b (Po(s, 2)) kgl b (Pr(s, 2)) — 2

Op(s,2) = s+ A+ ar —AC(2) —argi(s + A= AC(2)), 0 <k <m, C(z) = Y Ciz" and 2, is
i=1
the root of the equation:

= 1oby(Po(s, @) + b5(Po(s,2)) D ribip(@x(s, ).
k=1

Proof. Taking the Laplace transforms with respect to ¢ for equations (2.1)—(2.3), using the
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initial condition, we have

(s+NI*(s)—1=r9 /000 Fyo(s, )po(w)dr + kz_l/ooo Fy (s, 2) g (v)d, (3.6)

0
axpyf,k(s, z) + [s+ A+ a + pg(2)] Py i (s, )
NS CPsls)+ [ Rasm)B )y (3.7)
i=1 0
8 * * S *
8y Rn,k(sv €T, y) + [8 + A+ ﬁk(y)]Rn,k(‘g? L, y) =A Z CiRnfi,k(‘g? €, y) (38)
i=1

Similarly, taking the Laplace transform of the boundary condition (2.4)—(2.6), we get for n > 0:

R%@m:m/ Yy o(s, 2)pol(x)dz
0

+§j/ P s, 0)ue(@)de + ACoin I (s), (39)
nksO—m/ Py o(s,x)po(w)dz, 1<k<m, (3.10)
R}, 1 (s,2,0) = a. Py (s, 7), 0<k<m. (3.11)

Multiplying equation (3.7) by suitable powers of z, summing over n and use the generating
function defined above, and after simplifying, we obtain for 0 < k < m:

9
oy TE(5:2,2) == [s + A+ ap + (@) = XC(2)] P (5,2, 2)

+ [T Ryt )y (3.12)
0

Similarly, we get the following equations from (3.8)—(3.11).

0
B RZ(S,JZ,Z/,Z) = _[S +A+ ﬁk(y) - )\C(Z)]RZ(S,JZ,Z/,Z), 0 < k < m,
y (3.13)

2P} (s,0,2) = ro/ Pj(s,x,z)po(x)dx
0

+ 2::1 /000 P (s,x, z2)uk(x)dx + AC(2)I*(s)

- [7“0 /O00 Fgo(s, ) po(w)dr + ;/000 Fg1.(s, z)pg(z)dz|, (3.14)

Pi(s,0,2z) = rk/ Py (s,x, z)po(z)de, 1<k<m, (3.15)
0
R;(s,2,0,2) = ap P (s, x, 2), 0<k<m. (3.16)

From (3.13) we get

Ry (s,z,y,2) = R(s, 2,0, z) exp{—[s + A = AC(2)]y}[1 — Gk (v)], 0<k<m. (3.17)
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With the help of (3.16), we get the following equation from (3.17):
| Bl 0y = angis 4 A= ACER (s2). 0k <m,
Substituting (3.18) into (3.12), after simplifying, we obtain
Pl (s,x,z) = Pi(s,0, z) exp{—Px(s, z)x}[1 — Bi(x)], 0<k<m,

where ®x(s,2) = s+ A+ ar — AC(2) — argi(s + A — AC(z)), 0 <k < m.
Taking £ =0 in (3.19), we get

Py(s,z,2z) = Pj(s,0,z) exp{—Po(s, z)x}[1 — Bo(z)],

further, we have .
/0 PJ(s,x, z)puo(x)dx = b§(Po(s, 2)) Py (s, 0, 2).

So, from (3.15) we get

Py (s,0,2) = rpbi(Po(s, 2)) Py (s,0, 2), 1<k<m.
Substituting (3.22) into (3.19), we obtain

Pl (s,x,z) = riby(Po(s, 2))Pj (s, 0, 2) exp{ —Px(s, z)z}[1 — Br(x)], 1<k<m.

Substituting (3.16) and (3.23) into (3.17), we get:

RS(S,x,y, Z) = O‘OPJ(“;?Z? Z) exp{—[s +A- )\C(Z)]y}[l - GO(y)]a k= 0,

Ry (s,x,y,2) = ai Py (s,x, 2) exp{—[s + A = AC(2)]y}[1 — Gk(y)], 1<k <m.

From equation (3.23) we have
/ P (s,z, z)pr(x)de = ribi (Po(s, 2)) b5 (Pr(s, 2)) P (s, 0, 2), 1<k<m,
0
with (3.21) and (3.6), (3.14) becomes

[s+A—=AC(2)|I*(s) — 1 .
rob (®o(s, 2)) + b (Do(s, 2)) 3 b (@k(s, 2)) — 2

k=1

Pj(s,0,2) =

Integrating (3.20) with regard to = by parts, we get

1- bé(‘bo(& Z))]P(T (87 07 Z)

FPols,2) = | Do (s, 2)

Integrating (3.23) with regard to = by parts, we get

kaﬁ(‘I’O(S»Z))[l - bZ(q)k(Sv Z))]PS(S,O, Z)

Fiils,2) = Dy (s, 2)

, 1<k<m.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Integrating (3.24) with regard to x and y by parts, respectively, we get

aoll = 05(Po(s, 2))][L — g5 (s + A = AC(2))|F5 (5,0, 2).

Ro(s,2) = Do (s,2)[s + X — AC(2)]

(3.30)

Substituting (3.22) into (3.25), integrating with regard to « and y by parts, respectively, we get

B ) = BB L —alfe X =MD 03y

where 1 < k < m.

m

Let Py (s,z) = kz_:O[Pk*(s, z) + R; (s, z)] denote the generating function of the number in the
queue irrespective of the type of service being provided. Then adding equations (3.28)—(3.31),

with (3.27) we have

NIE

’I“kb

¥

[1—7ob}(Po(s,2)) — b5(Po(s, 2))
Pi(s,2) = F

‘ ((I’k(‘g? Z))] [I* (8) - s+)\—1)\C(z)]
robg (Po(s, 2)) + b5(Po(s, 2))

(3.32)

NIE

by (Pr(s,2)) — 2
k

1

By Rouché’s theorem, the denominator of the right hand of (3.32) has one zero z, inside
the unit circle |z| = 1 for Re(s) > 0, and it is also the zero point for the numerator of (3.32).
This is sufficient to determine the only unknown I*(s) appearing in the numerator:

1

)= o aCac(e) (3.33)

where z; is the root of the equation

z = roby (Po(s,z)) + b5 (Po(s, z)) Zrkb,”;(@k(s,x)).
k=1

Thus, Py (s, 2), P{ (s, 2), Ri(s, 2), Py (s, z, 2), Rg(s, 2,9, 2), 0 < k < m, can be completely deter-
mined by (3.32), (3.29), (3.31), (3.23), (3.17) together with (3.16), (3.27). O

4 The Queueing Quantities in Steady-state

In this section, we investigate the queueing quantities of our model in steady state. To this end,
it should be noted that the “true” service time of a customer is not the length of time from the
point when a customer begins to be served to the point until the service is completed because
of possible breakdowns. We define the generalized service time as the length of time from when
a customer begins to be served until the service is completed.

Let T, be the generalized service time of the nth customer when he receives the first
essential service. We note that it may include some possible down times of the server due to
server failures during the service period of the nth customer, since the nth customer begins to
be served until the service is completed. Define E,[ﬁo(t) = P{T,,0 <t and the server just fails
times during the first service of the nth customer}, where n > 1, [ >0, t > 0.
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It was shown in Cao and Cheng[” that T;, ¢’s are i.i.d. random variables with the distribution
function

-~ e t l
Bo(t) = Bao(t) = P{Tuo <t} = > / GV (t — u)e o (a(l)'“) dBy(u),
1=0 70 :

which is independent of n. Its Laplace-Stieltjes transform is
Bi(s) = / e~ tdBo(t) = bi(s + ap — a0g(s),  Re(s) > 0,
0

and its first two moments are given by

dz*(s) 1 Qg
ET,o=— 0 = 1 ,
0 ds s=0 o ( + ﬂo )

2
ET?, = Z‘O EWE + (1+ ZO) EV2.
0 0

In a similar manner, we can define T}, ; as the generalized service time of the nth customer
when he receives the k-type second optional service. We have
dby(s)

1 < (092
= 1 —|— ) s
ds ls=0  pg B

2
ETZ, = Z”]:EW,EJr (1+ g:) EV?, 1<k<m.

ETn,k =

m
Thus, the mean generalized service time for a customer is given by #10 I+ 30+ > F(0+
k=1
m
5> ). During this period, c[po(1+ §°) + >° ripe(1+ 3F)] customers will arrive at the system in
k=1

average (pg := #)\k ). To make the system stable, it requites that c[po (14 3 )+k§:1 repr(1+50)] <
1. -

Under the stability condition, the steady state probabilities and the corresponding proba-
bility generating functions can be obtained by applying the well-known T'auberian property:

lim () = lim f(1)

t—o0

and thus we have

I= 75lim I(t) = lim sI*(s),

—00 s—0

Py(z) = tlirgo Py(t,z) = 1&1(1) 5Py (s, z).

Multiplying both sides of equation (3.32) by s, taking s — 0 and simplifying, we have

[1 = rob5(@0(0, 2)) — b5(@0(0, 2)) 3° b (@4 (0, 2))]1
P,(z) = 111% sPy(s,z) = " k=1 . (4.1)

70b5(®0(0, 2)) + b5(Po (0, 2)) 1?::1 ebi(Px(0,2)) — 2
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Letting z = 1 in equation (4.1), P,(z) in the above equation is indeterminate of the 0/0 form.
Applying I’Hopital’s rule, we can obtain after simplifying that

[—epo(1+30) — Ck; repk(1+ G

Py(1) = lim P,() = K . (4.2)
cpo(l+ G )+CZ7”kPk(1+(§’;)—1
k=1
Since I + P,(1) =1, we get
oo “ Qg
I=1-c¢ <1+ )—c r (1+ ) 43
po(1+ g, ; wo (14 5 (4.3)

where cpo(1+ 37) — ¢ E rkpe(l+ 3F) <1 turns out to be the stability condition.

Consequently, we can get the probability that the server is busy and under repair in the steady
state:

= lim lim sZPk (s,2) = c(po + Zrkpk) (4.4)

z—1s5—0

R= hm lim sZRk s,2) = c(po + Zrkpk ) (4.5)

z—1s—0

Furthermore, let P(z) denote the number of customers in the system, we have
P(z) =1+ zPy(2),

and thus

m

2[1 = 7ob5(®0(0,2)) = b5(®0(0,2)) - ribi(Pr(0,2))]

P(z) :{1 + m ! }
rob5(®0(0, 2)) + B5(®o(0, 2)) > kb (@x(0,2)) — 2
[roam(ie ) e (1 5] (4.6)

4.1 The Mean Queue Length in the Steady State

Define L, as the mean number of customers who wait for service in the queue in the steady
state, then L, = { Py(2)].=1. Let Py(z) = N(2)/D(z), where N(z) and D(z), respectively,
denote the numerator and denominator of the right hand of (4.1). Applying L’Hopital’s rule
twice, we get

" ’ " ’

N (1)D (1) =D (1)N (1)
2(D'(1))?
Carrying out the desired derivatives, after simplifying we have

1

2[1—cpo(1+ %) - Ckz repe(1+ 5]
=1

Ly = lim Py(2) =

L, =
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(S04 )+ S5

i=1

2 m 2
e[ (1+ V) B+ Y n(1+ ) BV
0 k=1

B Bk
+ 202p0<1 + ZS) érkpk(l + (;:)
+Ae? {040;J0EI/V02 + zm:rkakpkEW,f] } (4.7)
k=1

Denote by L the mean number of customers in the system, then we have

L:Lq—i—(l—I):Lq—l—cpo(l—i—;g)+ckz_1rkpk<l+g:>. (4.8)

4.2 Mean Waiting Time

In this subsection, we will study the customers’ mean waiting time W, and mean sojourn time
W in the system under the FCFS discipline. In statistical equilibrium, we assume that upon a
batch of customers’ arrival there are N customers in the system. If NV = 0, one customer in the
batch will receive the service immediately. If N > 1, the first one who will receive his service
must wait for a period in which all those N customers have finished their services. Therefore,
his waiting time will be the sum of these N service times. Here we denote the remaining
service time of the customer in service by U. The other N — 1 customers’ service times are
Uy,Us, -, Un—_1. Thus, the first customer’s waiting time is

Ug=U1+Ua++Un_1+U,

the mean waiting time of this customer is

Wig =E(U1g) = PuE[U1g|N = n]

n=1

PnE[U1+U2+"'+Un71+U‘]

M

3
Il
-

Py(n—1)EUy + Y P,EU

n=1 n=1

—L,EU, + (1 — I)EU (4.9)

M

o0
where P, is the steady state distribution of queue length, > P, =1—1.
n=1

By the previous results, we have

_ _ 1 Qp i Tk Qg
BUy= ETyo+ BTy = (1+ 60) + ; " (1+ Bz)' (4.10)
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In addition, it is easy to see that

P{U; <t} =rqgP{U; < t| the customer leaves without second service}

m
+ Z r, P{Uy < t| the customer selects k-type second service}
k=1

=roBo(t) + Y _ r4(Bo * Bi)(1), (4.11)
k=1

Wy

where “x” represents convolution of distributions. The mean remaining service time is given by

E[/j: / t{l—’/‘oBo Z’I‘k BO*Bk ) dt
) 0

RS AL

1 { 2 rk
o m ET, o+ n0+Tnk]}
LT ) >
1

_ N
_*30(”%3>+,§£i<1+z',:){?[ﬂom+< o) £
+éT§{Z:EW’“ (14 5) B+, (5 04 5]} a2

Substituting (4.3), (4.7), (4.10), (4.12) into (4.9), after simplifying, we get the mean waiting
time of the customer:

Wi, =L EU, + (1 — I)EU

1 [ L T ag
uo(1+53)+]€;u2(1+62)

2[1—cpo(1+ %) — Ck; repr(1+ 5°)]

{f‘:i(i_l)@{po(l—k g(?) +§m:mpk<1+ ;:)}

1=

+A2c2[( o ) EV? +Zrk<l+6 ) Evk}

+ 2¢ p0(1+ )irkpk<1+ )

=1

+ 2?2 [ozgpoEVVO2 + Z rkakpkEW,f} }
k=1

+ )\c{; {zz EWZ2 + (1 + ﬁo) EVOQ}
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(e (14 ) Ee)
EW, 1 EV,
+;2[(uk EET ) B

s (S (1.13)

The mean waiting time of the j-th customer receiving service in the same batch is given by
Wiq = Wig + (j—1EU:.
Furthermore, if the size of this batch is i, and because the service discipline is random service
in the same batch, we get the mean waiting time of this batch customers
;1
Wq Zi(qu—FWQq—F"'—FWiq)
1 i(i—1
= [z’W1q+ ( ) ) o,
i

1
Wiy + , EUL. (4.14)

Therefore, the mean waiting time of any given customer in the queue is

o0

W, = Z P(W; | the customer from a batch whose size is )
i=1
x P(the customer from a batch whose size is )

=3 px w5 ]

EU, &
Wiat 9px 2 i-ne
(L G0+ 3 T2 (4 1)
=Wy, + - [EX? —c]. (4.15)

Finally we get the mean sojourn time of a customer

_ _ 1 Qg s Tk g
W—Wq+EU1—Wq+MO<1+ﬁ0)+;ﬂk<1+ﬂk>. (4.16)

Remark 4.1. When ag = a = 0, 1 < k < m, our model becomes the M[X]/G/l queue
with second multi-optional services and reliable server. The results obtained in this paper, e.g.,
(4.3), (4.7), (4.8), (4.15), (4.16), are consistent with equations (32), (41), (42), (48), and (49)
in [6] respectively.

5 Reliability Analysis

We now consider some reliability quantities of the server in this section. Let A(t) be the system
availability at time ¢, that is, A(t) = P{the server is up at time ¢}, and define the steady-state
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availability of the server as A = lim A(¢). By definition, its Laplace transform is given by

t—o0

m

A*(s) =T"(s) + Y _ Pi(s, ).

k=0
Based on the results obtained above, we have
Theorem 5.1.  The steady-state availability of the server is
1= b5(Po(s,1)) + Po(s, 1)bg(Po(s, 1)) k; o (5,1) 1 = Ok (Pr(s, 1))]

A*(s) = L
Do (s, 1)[robg(Po(s, 1)) + b5 (Po(s, 1)) k; b (®r(s, 1)) — 1]
s 1
X [8—1—)\—)\0(25) _1] +3+)\—>\C(zs)' (5.1)

Multiplying both sides of (5.1) by s, and letting s — 0, we get the steady state availability
of the server.

Corollary 5.2.  The steady state availability of the server is given by
. ay
A=1—-cpy . —c TEPE - - 5.2
Bo ; o (5:2)

Proof.  The result follows directly from Theorem 5.1 by considering

m
. Qo Qg
A=1limsA*(s)=1—-cpy . —c TLOE - .
lim 5A"(s) P g kZ:l pr g,
O
Let My(t) be the expected number of failures of the server in the first “essential” service,
and My (t) the k-type second “optional” service up to time ¢, given that the system is initially
empty and the server is idle. We have the following results by using the method in [4]:

M} (s) = Z/o a; Py (s, x)dr = a; P/ (s, 1), 0<i<m.
n=0

By using the results in Section 3, we have

Theorem 5.3.  The Laplace-Stieltjes transforms of My(t) and My(t),1 < k < m, are given

by
MS(S) — 040[1 - ba(q)0(87 1))] [SI*(STEL - 1] , (53)
Do (s, 1)[robs(Po(s, 1)) + b5(Po(s, 1)) k; bi(Pr(s, 1)) — 1]
M (s) = arprebg(Po(s, 1))[1 — b} (Pr(s, 1 7)71 sI*(s) —1] 7 L<k<m.
(5, )by (o5, 1) + B5(®o(s, 1)) 3= bi(@(s. 1)) =1 (5.4)

The steady state failure frequency of the server is given by

M; = E%S;OMk (s) = c(aopo + kzlrkpkak). (5.5)
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Denote by 7 the time to the first failure of the server, then the reliability function of the
server is
R(t) = P(r > t).

In order to find the reliability of the server, letting the failure state of the server be the absorbing
state, then we obtain a new system. In the new system, we use the same notations as in the
previous section, then we get the following set of equations:

(i FA)I(0) = o /0 " Poolt, 2o (z)da + kz::l /0 " Pyt 2) e (), (5.6)

0 0 -
[0+ o () At ay| Pur(t2) =AY CiPain(tn),  0<k<m,
ot Oz i=1 (5.7)

with boundary conditions:

Pn70(t, O) =T0 / Pn+170(t, x)”o(x)dx
0

£y / Pt i (b 2)pip (2)dae + ACoir I(2) (5.8)
k=170
P, 1 (t,0) = rk/ P, o(t, x)po(x)de, 1<k<m. (5.9)
0

Similar to the method used in Section 3, we get

I"(s) = 8+A+1AC(ZM)7 (5.10)
Pi(s,z,2) = {ls +A=AC(2)]I"(s) — 1} eprn_%(S’ 2)}[1 = Bo()] 7 (5.11)
rob5 (@o(s, 2)) + b5 (po(s. 2)) 20 rabj(wr(s, 2)) — 2
Pi(s,z, 2) = kG (o (s, 2){[s + A — AC(Z)]I:(s) —i} exp{—¢x (s, 2)}[1 — Bi(z)]
robg (o(s, 2)) + b5 (po(s, 2)) 20 rbj(wn(s, 2)) — 2 (5.12)
where

vi(s,2) = s+ A+ a; — AC(z2), 0<i<m, 1<k<m,

and zy, is the root of the following equation inside |z| = 1 when Re(s) > 0:

z = roby (o (s, 2)) + b5 (2o(s,2)) D ribi (e (s, 2)).
k=1

By definition, we have
R*(s) =I"(s)+ lim Z/ Py (s,z, z)dx.
0

Combining the above equation with (5.10)—(5.12), after simplifying we get
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Theorem 5.4.  The Laplace transform of R(t) is given by

1—bg (s+o) +hi(s+ag) 3 ri[1-b} (s+ag)]

stao stog S
R*(s) = 1;?1 " .
T0b3(3+a0)+b8(8+a0) E rkb]’;(s+ak)_1 (8+/\—/\C(zm) )
k=1

1

A AC(5)’ (5.13)

Based on (5.13), we get the mean time to the first failure (MTTFF) of the server:
MTTFF = / R(t)dt = R*(s)|s=0-
0

Corollary 5.5.  The mean time to the first failure (MTTFF') of the server is given by:

1-b7 (ao) + b5 (a0) i”: rell—br (ar)]

m (74} (o5
MTTFF = I*(0) + c(po +y rkpk> =l . (5.14)
k=1 1 —7robi (o) — bi(ao) Y- riby(ar)
k=1
Remark 5.6. (1) If the service times of the second optional service are exponentially

distributed, there is only one customer in every batch, and there is only one type of second
optional service, then the queueing quantities and reliability indices obtained in this paper are
the same as those in [5].

(2) Further simplifying our model by the assumptions that server is reliable based on (1)
leads to the original model studied in Madan[?!. It is easy to verify that our results are consistent
with those in Madan(?!.

6 Numerical Examples

In this section, we present some numerical examples to study the impact of system parameters
on the system performance. To this end, we consider a special case when k = 1, i.e., the
considered queueing system with 1-type second service, to show some sensitivities for ag, aq,
and 9.

We assume that the service time distributions and the repair time distributions in the
first and second service are all exponentially distributed with parameters pg, Sy and pq, 1,
respectively. We also assume that the batch size follows a geometric distribution with mean
c=(1—-0)"!such that Cy = (1 —o)o*" ! k>1,0€0,1).

Firstly, we investigate the impact of different values of the failure rate cg on the steady-state
availability A of the server under the ergodicity condition. Without loss of generality, we set
the arrival rate A = 1 and the mean value of the batch size ¢ = 1.2. We select a set of different
values of the failure rate ag to represent the unreliability of the server during the first service.
For seven different values of rg, from 0 to 1, the steady-state availability A of the server is
evaluated as a function of the failure rate «g, and detailed values are given in Table 1. It is
observed that the larger failure rate «q, the smaller the steady-state availability A of the server.
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On the other hand, as we expect, A increases with increasing values of ry since there are less
customers needing the second optional service (with probability 1 — rg).

Similarly, the impact of different values of the failure rate oy of the server (in the second
optional service phase) on the steady-state availability A of the server is illustrated in Table 2.
The steady-state availability A of the server is evaluated as a function of the failure rate a;; and
ro. 1t shows that the failure rate o also has a significant impact on the steady-state availability
A of the server.

Table 1. The effects of the failure rate cig on the availability A

ro = 0 0.2 0.4 0.5 0.6 0.8 1
ap Steady-state availability A of the server

0 0.3950 0.4360 0.4770 0.4975 0.5180 0.5590  0.6000
0.10  0.3750 0.4160 0.4570 0.4775 0.4980 0.5390  0.5800
0.20  0.3550 0.3960 0.4370 0.4575 0.4780 0.5190  0.5600
0.50  0.2950 0.3360 0.3770 0.3975 0.4180 0.4590  0.5000
0.75  0.2450 0.2860 0.3270 0.3475 0.3680 0.4090  0.4500
1.00 0.1950 0.2360 0.2770 0.2975 0.3180 0.3590  0.4000
1.50 0.0950 0.1360 0.1770 0.1975 0.2180 0.2590  0.3000

2.00 0.0360 0.0770 0.0975 0.1180 0.1590  0.2000
2.25 0.0270  0.0475 0.0680 0.1090 0.1500
2.50 0.0180 0.0590  0.1000

c=12,A=1, u=3,u1=6,8 =2, =4, a1 =0.1

Table 2. The effects of the failure rate a; on the availability A

ro = 0 0.2 0.4 0.5 0.6 0.8 1
[o%1 Steady-state availability A of the server

0 0.3800 0.4200 0.4600 0.4800 0.5000 0.5400  0.5800
0.10 0.3750 0.4160 0.4570 0.4775 0.4980 0.5390 0.5800
0.20 0.3700 0.4120 0.4540 0.4750 0.4960 0.5380  0.5800
0.50  0.3550 0.4000 0.4450 0.4675 0.4900 0.5350  0.5800
0.75 0.3425 0.3900 0.4375 0.4613 0.4850 0.5325 0.5800
1.00 0.3300 0.3800 0.4300 0.4550 0.4800 0.5300 0.5800
1.50 0.3050 0.3600 0.4150 0.4425 0.4700 0.5250 0.5800
2.00 0.2800 0.3400 0.4000 0.4300 0.4600 0.5200 0.5800
2.25 0.2675 0.3300 0.3925 0.4238 0.4550 0.5175  0.5800
2.50  0.2550 0.3200 0.3850 0.4175 0.4500 0.5150  0.5800

c=12,A=1 =3, u1=6,080=2,51 =4, ap =0.1
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