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Using the semi-tensor product of matrices, this paper investigates the maximum (weight) stable set and
vertex coloring problems of graphs with application to the group consensus of multi-agent systems, and
presents a number of new results and algorithms. Firstly, by defining a characteristic logical vector and
using the matrix expression of logical functions, an algebraic description is obtained for the internally
stable set problem, based on which a new algorithm to find all the internally stable sets is established
for any graph. Secondly, the maximum (weight) stable set problem is considered, and a necessary and
sufficient condition is presented, by which an algorithm to find all the maximum (weight) stable sets is
obtained. Thirdly, the vertex coloring problem is studied by using the semi-tensor product method, and
two necessary and sufficient conditions are proposed for the colorability, based on which a new algorithm
to find all the k-coloring schemes and minimum coloring partitions is put forward. Finally, the obtained
results are applied to multi-agent systems, and a new protocol design procedure is presented for the group
consensus problem. The study of illustrative examples shows that the results/algorithms presented in this
paper are very effective.

Group consensus

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The maximum (weight) stable set (MSS) problem is a basic
one in graph theory, and has found wide applications in many
research fields such as computer science, operations research,
and so on. The MSS problem is a classical NP-hard problem, and
remains NP-complete even for triangle-free graphs and planar
graphs of degree three (Garey & Johnson, 1979; Poljak, 1974).
During the past decades, the MSS problem has been studied
extensively and numerous approaches have been presented for
solving or approximating the problem (Goemans & Williamson,
1995; Pardalos & Xue, 1994). In Pardalos and Xue (1994), a brief
overview of progress on the MSS problem was given, where
the authors described several different formulations of the MSS
problem, and summarized a number of both exact algorithms (such
as explicit and implicit enumeration) and heuristic algorithms
(such as sequential greedy approaches, local and random searches)
for the problem. Although many of these algorithms work well on
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certain classes of graphs, none of them is demonstrated to perform
well for a general graph. Thus, it is necessary for us to establish a
new formulation and algorithm to solve or approximate the MSS
problem for general graphs.

Another basic and classical problem in graph theory is the
coloring problem, which is one of the first problems proved to
be NP-complete in the early 1970s. Graph coloring shows up in
various forms such as vertex coloring, bandwidth coloring, list
coloring, set coloring, T-coloring, lambda coloring, alpha coloring,
and so on. Graph coloring is widely used in many real-life
areas such as scheduling and timetabling in engineering, register
allocation in compilers, air traffic flow management and frequency
assignment in mobile (Barnier & Brisset, 2004; Carter, Laporte,
& Lee, 1996; Chaitin, Auslander, & Chandra, 1981; Gamst, 1986).
The vertex coloring problem is a well-known coloring problem,
in which each vertex of a graph is assigned one color such
that no adjacent vertices share the same color. For the coloring
problem, two important issues should be considered: one is the
k-colorability, that is, to determine whether a given graph can
be legally colored with at most k different colors, and the other
is the so-called minimum coloring problem, namely, to find the
smallest number of colors by which the graph can be legally
colored. It is noted that there are numerous works on designing
algorithms to solve the coloring problem (Blochliger and Zufferey,
2008; Galinier, Hertz, & Zufferey, 2008; Glass & Pruegel-Bennett,
2005; Hertz, Plumettaz, & Zufferey, 2008; Malaguti, Monaci,
& Toth, 2008; Torkestani & Meybodi, 2011; Yanez & Ramirez,
2003). The most popular coloring algorithms belong to three
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main solution approaches: sequential construction methods (very
fast but not very efficient), local search methods (Bléchliger and
Zufferey, 2008; Glass & Pruegel-Bennett, 2005), and population-
based evolutionary methods, which need to utilize tables to reach
the best results (Galinier et al., 2008; Malaguti et al., 2008).

Recently, a new powerful mathematical tool, called the semi-
tensor product of matrices, was proposed by Cheng and Qi (2007)
and Cheng, Qi, and Li (2011). This tool has been successfully applied
to express and analyze Boolean control networks, and up to now
many fundamental and landmark results have been presented on
calculating fixed points and cycles of Boolean networks (Cheng
& Qi, 2010), on the controllability and observability of Boolean
networks (Cheng & Qi, 2009) and on their control design
problems (Cheng, 2010; Cheng, Li, & Qi, 2010; Cheng, Qi, Li, & Liu,
2011). For other successful applications of the semi-tensor product,
see Laschov and Margaliot (2011) and Li and Sun (2011).

In this paper, we investigate the MSS and vertex coloring
problems by using the semi-tensor product of matrices, and
present a new formulation to deal with these problems. First,
by defining a characteristic logical vector and using the matrix
expression of logical functions, an algebraic description is obtained
for the internally stable set problem, based on which a new
algorithm to find all the internally stable sets is established for
any graph. Second, the maximum (weight) stable set problem is
considered, and a necessary and sufficient condition is presented,
by which an algorithm to find all the maximum (weight) stable sets
is obtained. Third, the vertex coloring problem is studied by using
the semi-tensor product method, and two necessary and sufficient
conditions are proposed for the colorability, based on which a new
algorithm to determine all the k-coloring schemes and minimum
coloring partitions is established for any graph. Finally, as an
application, we apply the obtained results to multi-agent systems,
and present a new protocol design procedure for the group
consensus problem of a class of linear multi-agent systems. The
study of illustrative examples shows that the results/algorithms
presented in this paper are very effective.

It is well worth pointing out that graph theory has been widely
used in the analysis and synthesis of multi-agent systems, which
are currently one of the hottest topics in the control field (Fax
& Murray, 2004; Lin, Francis, & Maggiore, 2005; Lin & Jia, 2009;
Su, Wang, & Lin, 2009). In particular, it is shown that the graph
Laplacian plays an important role in control protocol designs for
groups of agents with linear dynamics, and by it many useful
results have been obtained in a series of recent works (Lee & Spong,
2007; Liu & Guo, 2009; Li & Zhang, 2009; Olfati-Saber, 2006; Olfati-
Saber & Murray, 2004; Zhang & Tian, 2009). Can the results of this
paper help to solve certain problems of multi-agent systems? This
is the motivation for applying the main results obtained for graphs
to the group consensus problem in this paper.

The main contributions of this paper are as follows. (i) A
new mathematical formulation has been established to deal with
the MSS and coloring problems, and a set of new theoretical
results and algorithms has been presented under this formulation.
(ii) A kind of new group consensus is presented for multi-agent
systems by using the minimum coloring partition of graphs, and
the corresponding protocol design procedure has been obtained for
a class of linear multi-agent systems. Compared with the existing
results on the MSS and coloring problems, our method has the
following advantages. By our method, the problems of graphs can
be exactly expressed in an algebraic form of matrices, which is
quite different from the existing results (Bléchliger and Zufferey,
2008; Galinier et al., 2008; Goemans & Williamson, 1995; Pardalos
& Xue, 1994; Torkestani & Meybodi, 2011; Yanez & Ramirez, 2003).
According to our method, to check/determine whether a vertex
subset is an MSS or a given graph is k-colorable, one only needs
to compute a kind of structural matrix, with which the conclusion

can be easily obtained. Our method expresses these problems in
such a clear way that it may be very helpful for further study of the
problems. Moreover, for a given graph with the number of vertices
not too large, one can easily use our algorithms to find out all the
maximum (weight) stable sets, k-coloring schemes or minimum
colorings with the help of a computer, although our algorithms
are not shown to be more efficient than the existing ones. It
should be pointed out that the advantage of our approach lies in
the mathematical formulation and exact decision results, not in
reducing the computational complexity. In fact, the computational
complexity of the MSS and coloring problems cannot be reduced
by our algorithms, since the two problems are proved to be
NP-hard/complete and it is impossible to design exact algorithms
to solve them in polynomial time for a general graph.

The remainder of the paper is organized as follows. Section 2
gives the preliminaries on the semi-tensor product, the pseudo-
Boolean function and graph theory. In Section 3, we investigate the
MSS and vertex coloring problems, and present the main results
of this paper. Section 4 studies the group consensus problem
for a class of multi-agent systems. In Section 5, we give several
illustrative examples to support our new results; this is followed
by the conclusion in Section 6.

2. Preliminaries

In this section, we give some necessary preliminaries on the
semi-tensor product, the pseudo-Boolean function, and graph
theory, which will be used in the following sections.

Definition 1 (Cheng and Qi (2007)).

1. Let X be a row vector of dimension np, and Y be a column
vector with dimension p. Split X into p equal-size blocks as
X', ..., XP, which are 1 x n row vectors. We define the (left)
semi-tensor product, denoted by i, as

p
XxY= ZX'yi eR",
T, (1
Y X" =) "yx) e R",
i=1
where y; € R is the i-th component of Y.

2. Llet A € R™" and B € RP*4. If either n is a factor of p, say,
nt = p and denote it as A <; B, or p is a factor of n, say, n = pt
and denote it as A > B, then we define the (left) semi-tensor
product of A and B, denoted by C = {CY} = A x B, as follows: C
consists of m x g blocks and each block is defined as
C" = A x Bj,

i=1 ...,mj=1, ..., q,

where A' is the i-th row of A and B; is the j-th column of B.

Remark 1. The (left) semi-tensor product of matrices is a gener-
alization of the conventional matrix product. Thus, we can simply
call it a “product” and omit the symbol “x” if no confusion arises.

Definition 2 (Cheng and Qi (2007)). A swap matriX Wy, is an
mn x mn matrix, defined as follows: its rows and columns are
labeled by double index (i, j), the columns are arranged by the
ordered multi-index Id(i, j; m, n), and the rows are arranged by
the ordered multi-index Id(j, i; n, m). Then the element at the

position [(I, J), (i, j)]is
L) 1, I=i and J=j
wap. i) =% =10, otherwise.
Remark 2. From Definition 2, it is easy to see that (Cheng & Qi,
2007)

WimnXY =YX, VX eR"™, VY e R". (2)
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Let “1” and “0” represent the logical “True” and “False”,
respectively, and O := {1, 0}. In many cases (Cheng et al., 2011)
we also use the following two vectors to represent them:

T:=1~8,, F:=0~26,

where §! denotes the i-th column of the identity matrix I,, and

~" stands for “identity” or “equivalence”. Similarly, a k-valued
logical variable A € Dy can be equivalently represented with the
following vectors:

k—i ;

ﬁ"’a;‘,, i:1,2,...,k,

where

Dy 1k—2 1 0
k -— ’k—‘l’“.’k—l’ .
Set

Ag = {8l | 1<i<n},

and for notational ease, let A := A, and A ~ D.
Ann x t matrix M is called a logical matrix if

M = 8182 ... 8],
and for compactness, we express M briefly as
M = 8plirip - - - i

The set of n x t logical matrices is denoted by £"*¢,

Lemma 1 (Cheng et al. (2011)). Let f(x1, X2, ..., Xs) bse a Boolean
function. Then, there exists a unique matrix My € £2%2 called the
structural matrix of f, such that

f(xa, %2, .. X € A, (3)

where x§_; Xj == X1 X Xp X -+ X Xs.

C X)) = Mg K?:] Xi,

Remark 3. The first row of the structural matrix My corresponds
to the truth values of the logical function f (x1, x3, .. ., X;).

Now, we list the structural matrices of some basic Boolean
operators (Cheng et al., 2011), which will be used later.

Negation (—): M,, = §,[2 1].

Conjunction (A): M. = §,[12 2 2].

Dummy operator (og4): Eq = §,[12 1 2].

The structural matrix E4 has the following property: for any two
logical variables u, v € A, Equv = v or EgW yjuv = u.

The following concept will be used in the next section.

Definition 3 (Liu and Zhang (1993)). An n-ary pseudo-Boolean
function f (x1, X2, . . ., X;) is a mapping from D" to R, where D" :=
DXDX---XD.
—_———

n

A graph G consists of a vertex (node) set V = {vq, vy, ..., vy}
and anedge set & C 'V x V,denoted by ¢ = {V, &}.If each edge of
g, denoted by e; = (v;, vj}) € &, is an ordered pair of two vertices
of V, we call § a directed graph (or digraph); if each edge e; € &
implies that e; € &, then we call § an undirected graph. A graph
is called simple if each edge e € & is described by a pair of two
distinct vertices. In a digraph §, a directed path is a sequence of

ordered edges of the form (vi,, vi,), (vi,, Vi3), . . .. For node vj, its
neighbor set, V;, is defined as
N o= {vj | €i = (v;, vi) € &}. (4)

Definition 4 (Minty (1980)). Consider a graph § = {'V, &}. Givena
vertex subset S € V, if v; € Nj and v; & A hold for any v;, v; € S
(i # j), then S is called an internally stable set (an independent
set, or a vertex packing) of §. Furthermore, S is called a maximum
internally stable set, if any vertex subset strictly containing S is not
aninternally stable set. An internally stable S is called an absolutely

maximum internally stable set if |S| is the largest among those of
all the internally stable sets of 4, and the largest |S| is called the
internally stable number of 4, denoted by «(4) = |S|, where |S|
stands for the cardinality of S.

Remark 4. From Definition 4 it is easy to see that any subset of
an internally stable set is also an internally stable one, and any
internally stable set can be enlarged to a maximum internally
stable one. In particular, the empty set J is regarded as an internally
stable set of any graph.

Definition 5 (Minty (1980)). Consider a graph ¢ = {V, &}. Given
a weight function w : V — R, a vertex subset S C 'V is called a
maximum weight stable set if S is an internally stable set and
Y ics w(vy) is the largest among those of all the internally stable
sets.

3. Main results

In this section, we investigate the maximum (weight) stable set
and vertex coloring problems by the semi-tensor product method,
and present the main results of this paper. First, we consider the
internally stable set problem.

Consider a graph § with n nodes V = {vq, vy, ..., vy}. Assume
that the adjacency matrix, A = [a;], of § is given as
L 1, Uj € eM
% = {0, vj € M. ()

Remark 5. If § is not a simple graph, say, there exists v; such that

(vi, v;)) € &, then we just let a; = 0 in our study. Thus, without
loss of generality, we can assume that a; = 0 holds for all i in the
following.

Given a vertex subset S C V, define a vector Vs = [x1, Xa,
..., Xp], called the characteristic logical vector of S, as follows:

_ 1, v;ieS

Xi = {o, v &s. (6)
Let

yi::[;f:], X=1-x, i=12,...,n,

Ys = %L, ¥i.

Then, we have the following result to determine whether or not S
is an internally stable set.

Theorem 1. Assume that Ys = 8’2‘n. Then, S is an internally stable set
of G, if and only if the k-th component of the first row of matrix Ms is
zero, where

n
Ms = Z Z a,'jM,»j,
i=1 j#i (7)
Mj = Mj; = MC(Ed)n_zW[quzn—j]W[zi,zj—i—l],
i<j.
Proof. (=)IfS is an internally stable set of §, it is easy to see from
Definition 4 that for any nodes v;, v; € V, if a; = 1, then either

v; & S or vj & S holds, from which and (6) we have x;x; = 0. Thus,
the characteristic vector [x1, X2, . . ., X;] of S satisfies

non n
Z Z ajjXiXj = Z Z ajiXiXj = 0, (8)

i=1 j=1 i=1 jAi

which is a Boolean equation. Since x;x; = X;x; (= x; A X;), without
loss of generality, we assume that i < j. Then, using (2) and the


https://www.researchgate.net/publication/241162719_Analysis_and_Control_of_Boolean_Networks_A_Semi-Tensor_Product_Approach?el=1_x_8&enrichId=rgreq-dbee0ab4-ff1a-4ad8-90a4-0f72db1ff283&enrichSource=Y292ZXJQYWdlOzI1NjY2MDc1MDtBUzoxMDI4NDg3MjU1MjAzOTFAMTQwMTUzMjQ1NTU3MA==
https://www.researchgate.net/publication/241162719_Analysis_and_Control_of_Boolean_Networks_A_Semi-Tensor_Product_Approach?el=1_x_8&enrichId=rgreq-dbee0ab4-ff1a-4ad8-90a4-0f72db1ff283&enrichSource=Y292ZXJQYWdlOzI1NjY2MDc1MDtBUzoxMDI4NDg3MjU1MjAzOTFAMTQwMTUzMjQ1NTU3MA==
https://www.researchgate.net/publication/241162719_Analysis_and_Control_of_Boolean_Networks_A_Semi-Tensor_Product_Approach?el=1_x_8&enrichId=rgreq-dbee0ab4-ff1a-4ad8-90a4-0f72db1ff283&enrichSource=Y292ZXJQYWdlOzI1NjY2MDc1MDtBUzoxMDI4NDg3MjU1MjAzOTFAMTQwMTUzMjQ1NTU3MA==
https://www.researchgate.net/publication/220074814_On_maximal_independent_sets_of_vertices_in_claw-free_graphs?el=1_x_8&enrichId=rgreq-dbee0ab4-ff1a-4ad8-90a4-0f72db1ff283&enrichSource=Y292ZXJQYWdlOzI1NjY2MDc1MDtBUzoxMDI4NDg3MjU1MjAzOTFAMTQwMTUzMjQ1NTU3MA==
https://www.researchgate.net/publication/220074814_On_maximal_independent_sets_of_vertices_in_claw-free_graphs?el=1_x_8&enrichId=rgreq-dbee0ab4-ff1a-4ad8-90a4-0f72db1ff283&enrichSource=Y292ZXJQYWdlOzI1NjY2MDc1MDtBUzoxMDI4NDg3MjU1MjAzOTFAMTQwMTUzMjQ1NTU3MA==
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dummy operator (E;), we have

ViVi = E)" i1« YVist -« -Vim1V1 - - - Vie1ViYj
= (E)" *Wigi gn-ipVis1 - - - Yjie1¥1 - - - YiVi¥i1 - - - I
= (Ed)nizw[zi,zﬂfj]W[zi,zi*iq])’l < YiYik1 - Yi-1Yje - Yn,

where the product is “x”. Thus, x;x; = J{M; x[L; i, where J; =
[1, 0],and

M; = M, (Ed)n_zw[zjyzn—j]W[Zi_zj—ifl].

Hence, Eq. (8) can be expressed as

n n
0=3 > axixi=J1)_ > asMyxi,y
i=1 jAi i=1 jAi
= JiMsYs, 9)

which implies that Ys satisfies (9). Noticing that Ys = 8%, € Apn,
the k-th component of J;Ms must be zero, that is, the k-th
component of the first row of Ms is zero. Thus, the necessity is
proved.

(«=) If the k-th component of the first row of matrix Mg is zero,
then it can be seen from the assumption on Ys that J;MsYs = O.
Equivalently, (8) has a solution [x1, X5, ..., x,]. Noticing x; € D
and a; > 0, we know from (8) that a;x;x; = 0 holds for any i # j,
which implies that either v; € S or v; ¢ S holds when a; = 1. From
the definition of internally stable sets, S is an internally stable set.
Thus, the proof is completed. O

From the above proof, we have the following corollary.

Corollary 1. Consider the graph § in Theorem 1. For each node v; €
V, we assign it a characteristic logical variable x; € D and let y; =
[xi, x;]". Then, § has a non-empty internally stable set if and only if
the equation

JiMs xiL,y; =0 (10)

is solvable. Furthermore, the number of zero components of J{Ms is
just the number of internally stable sets of §.

Remark 6. The structural matrix M;; or Ms in Theorem 1 can be
easily calculated with the help of a computer.?

Based on the proof of Theorem 1 and Corollary 1, we now
establish an algorithm to find all the internally stable sets for a
given graph §.

Algorithm 1. Given a graph § with nodes V = {vq, v,, ..., vz},
assume that its adjacency matrix is A = [a;]. For each node v;,
we assign it a characteristic logical variable x; € £ and lety; =
[x;, X;]7. To find all the internally stable sets of §, we can take the
following steps.

(1) Compute the matrix Ms = YL, Y a;jM;; by (7).

(2) Extract the first row of Mg, and denote it by 8 = [by, b, ...,
byn]. If for all i, b; # 0, then § has no internally stable set
and the calculation is stopped. Otherwise, find out all the
zero components of 8, and denote their positions in 8 by
i1, ip, ..., im, thatis, by, =0,k=1,2,...,m.

2 A MATLAB toolbox was provided by Professor Daizhan Cheng and his co-
workers to deal with all the related computations on the semi-tensor product. For
details, see http://lsc.amss.ac.cn/~dcheng/stp/STP.zip.

(3) For each index iy, k = 1,2,...,m, consider x';y; = (S;",,,
Let (Cheng et al., 2011)

St =8[1---12---2],

Sy =81---12---21---12-..2],

on—2 on—2 on—2 on—2

(11)
n = ...
S'=5[12 -+ 121,
2 2
~—— ———
on—1
thenwe havey; = S xi_, y; = S{'(S;"n,i =1,2,...,n Noticing

thaty; = [x;, X]", we need to check whethery; = 8] orx; = 1.
Set

S(i) = {vi | yi=8;, 1<i<n), (12)

then S(iy) C 7V is the internally stable set corresponding to
bi, = 0, and all the internally stable sets of § are {S(iy) | k =
1,2,...,m}.

(4) Let
oo = max {|S(|}, 8 ={S() | 1S = ao}s

1<k<m

then «p is the internally stable number of §, thatis, ®(4) = wo,
and 4 is the set of all the absolutely maximum internally stable
sets of G.

Remark 7. In the above algorithm, with the product x_, y;, each
y; can be uniquely determined (return to its original value) by the
formulay; = Si' xj_, y; (Cheng et al., 2011).

Algorithm 1 also provides a way to determine the absolutely
maximum internally stable sets. In the following, we put forward
another method to find all the absolutely maximum internally
stable sets. To this end, we present a theorem first.

Theorem 2. Consider a graph § with n nodes V = {v{, vz, ..., Un}.
Given a vertex subset S C V with its characteristic vector Vs =
[X1, X2, ., Xn), let x™ [x;, %] = 8%, where 1 < k < 2" can
be uniquely determined. Then, S is an absolutely maximum internally

stable set if and only if

b, = max {b;} > 0, (13)
1<i2n
where
[b1, by, ... by, ..., by] :=]M,

n
M= "M — (n+1)Ms, (14)
i=1
M; = (E)" Wiy, i=1,2,....n,
and Ms and J; are the same as those in Theorem 1.

Proof. From the proof of Theorem 1 and Definition 4, that S is
an absolutely maximum internally stable set is equivalent to that
Vs is a global solution to the following constrained optimization
problem:

maxe,-, (15)
s.t. Z Z jjXiXj = 0. (16)
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According to Liu and Zhang (1993), this constrained optimization
problem can be changed to find a global maximum point

(x7, ..., x;) of the following function:
n n
fa %o, x) =Y xi—@+1)) > agx; (17)
i=1 i=1 j#i
such that f(x],...,x;) > 0.
On the other hand, letting y; = [x;, x]",i = 1,2,...,n, and

using (2) and the dummy operator, we have

Vi = E)" Wit1 . Yny1 .- Vic1yi
= (E))" "W gn-iiV1¥2 - - - Yi¥is1 - - - Ui
= Mi xj_, yj,

from which we obtain

X,'=_]1M,‘ M}lzlyj, i=1,2,...,n. (18)

Thus, with (18) and the proof of Theorem 1, the pseudo-Boolean
function f (x1, X2, ..., X;) can be expressed as

fx1, %2, ..., Xp) =]11\71 Xi 1 Vi, (19)

where M is given in (14).

Based on the above analysis and noticing that x[__, [x;, x]T =
8% € Apn, we conclude that if S is an absolutely maximum inter-
nally stable set, then the k-th component of the row vector jﬂVI is
the largest among all the non-negative components, which is just
what (13) says. N

Conversely, if (13) holds, then the k-th component of 1M is
the largest among all the non-negative components, which implies

that Vs = [xq, ..., X;] is the maximum point of f(x{, x5, ..., X,)
such that f (x4, X2, ..., X;) > 0. According to Liu and Zhang (1993),
Vs = [X1, ..., Xy] is a global solution to the constrained optimiza-

tion problem (15)-(16), which means that S is an absolutely max-
imum internally stable set, and thus the proof is completed. O

The proof of Theorem 2 provides us with a way to find all the
absolutely maximum internally stable sets for a given graph.

Algorithm 2. Givenagraph g withnodesV = {v1, v,, ..., v}, for
each node v; we assign it a characteristic logical variable x; € D
and let y; = [x;, X;]". To determine all the absolutely maximum
internally stable sets of ¢, we can take the following steps.

(1) Compute the matrix M givenin (14).

(2) Extract the first row of M, that is, J{M, and denote it by
[b1, by, ..., ba]. If for all i, b; < O, then § has no absolutely
maximum internally stable set (except #J) and the calculation
is stopped. Otherwise, find out the maximum components of
[by, by, ..., byn], and set

K = {ik| b;, = 1rggn{b,-}, k= 1,2,...,m}.

(3) Foreachindexi, e K,k=1,2,...,m,letx,y; = 8;"“. Using
the formula (11), compute y; = S35, i = 1,2, ..., n.Set

S(i) = {vilyi = 8,, 1<i<nl, (20)

then S(iy) € V is the absolutely maximum internally stable
set corresponding to b, and «(4) = |S(ix)|. Thus, all the abso-
lutely maximum internally stable sets of g are {S(iy) | k = 1, 2,
.o, ml

Now, we consider the maximum weight stable set problem of
graphs. For this problem, we have the following result.

Theorem 3. Consider a graph § with nnodes 'V = {v1, vo, ..., Un},
and let a non-negative weight function w : 'V + R be given. Given
a vertex subset S C 'V with its characteristic vector Vs = [xq, X2,
ooy Xl let i [, x| = 5’2‘n, where 1 < k < 2" can be uniquely
determined. Then, S is a maximum weight stable set if and only if

coly(p) = max {coli(p)} > 0, (21)
1<ig2n

where

p=]M eR”,

(22)

M = 2”: w(v))M; — (2”: w(v;) + 1) Ms,
=1 =1

M;, Ms and ], are the same as those in Theorem 2, and col;(p) stands
for the i-th component of p.

Proof. The proof is similar to that of Theorem 2, and thus it is
omitted. O

Remark 8. Theorem 3 provides us with an algorithm to find all the
maximum weight stable sets for a given graph. The algorithm is
similar to Algorithm 2, and we omit it here.

In the following, we study the vertex coloring problem of
graphs. First, we give some necessary concepts.

Definition 6. An n-ary k-valued pseudo-logic function f(x1, x;,
..., Xp) is a mapping from A} to R¥.

Assume that A = [a;] € R™™, B = [b;] € R™™, then we can
define

A O B = [c],

which is called the Hadamard product of matrices/vectors.

Now we are ready to study the coloring problem. Consider a
graph ¢ = {V, &} with V = {vq, vy, ..., vy}, and assume that its
adjacency matrix is A = [aj]. Let a coloring mapping ¢ : V +—>
N = {c1, ..., cx} be given, where cy, ..., ¢ stand for k kinds of
different colors. Here, ¢ is not necessarily surjective.

The coloring problem is to find a suitable coloring mapping ¢
such that for any v;, vj € V,if (v;, vj) € &, then ¢p(vi) # d(vj).

For each vertex v; € V, we assign it a k-valued characteristic
logical variable x; € Ay as follows:

Gi=ajby, i=1,2,...,n,j=1,2,...,m,

x=8, ifpw)=¢geN,i=12,...,n (23)

Then, we have the following results.

Theorem 4. Consider a graph § = {V, &}, and let a coloring map-
ping¢ : V+— N = {cy, ..., c} be given. Then, the coloring pro-
blem is solvable with the given ¢, if and only if the n-ary k-valued
pseudo-logic equation

n
Z Z QjjX; (O] Xj = Ok (24)
i=1 j#i
is solvable, where Oy is the k-dimensional zero vector.

Proof. (=) If the coloring problem is solvable with the given map-
ping ¢, then for any v; # v; € V,if (v;, vj) € &, thenp(v;) # d(vj).
Thus, if aj = 1, then x; # x;, which implies that x; © x; = 0y or
a;x; © xj = 0. With this, it is easy to see that (24) holds true. In
other words, (24) is solvable.

(«=) Assume that the Eq. (24) has a solution (x4, ..., x,). Since
a; > 0andx; € A, this solution satisfies a;x; © x; = Oy, i,
j=1,2...,n1i # j Thus,if a;j = 1, thenx; © X; = 0, which
implies that x; # x; or ¢(v;) # ¢(v;). Hence, ¢ is a solution to the
coloring problem. 0O
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Theorem 5. Consider a graph § = {V, &}, and let a color set N =

{c1, ..., ck} be given. Then, the coloring problem of § is solvable with
a mapping ¢ : V —— N, if and only if
0y € Col(M) := {col;(M), ..., colin(M)}, (25)
where
n
M=% aMf, (26)
=1 j#i

and M}/ € R¥K" given in (30) below, is the structural matrix of the
k-valued pseudo-logic function x; © x;.

Proof. First, we show that

n

faxa, %) =Y ) axi O

i=1 j#i
can be expressed as

fx1, %2, ..., %) = M I x;. (27)

In fact, there exists a unique matrix M,-? € R¥K" (see Remark 9
below) such that

fitas %) =% O X = Ml xL xi.
With this, we have

n
FU Xy xa) = DY afy(a, %, - %)
i1 jA

n
= Z ZGUMI? M?:l Xi=M l><;]:l Xj.
i=1 j£i
Thus, Eq. (24) can be rewritten as
M x_; x; = Og. (28)

Noticing that x[_, x; € A, Eq. (28) is solvable if and only if 0
is one of columns of M. Thus, the theorem follows from Theo-
rem4. 0O

Remark 9. The structural matrix Mi’f in Theorem 5 can be
calculated as follows. Set (Cheng et al., 2011)

n
1.k = L @ Tyn-1,

Sok = e ® L2, .., [ ® L2 ],
k
- (29)
Sn—],k = @1k, ..., [ ® 1],
n Kn—2
Sie = Uis -, I,
——
kn—l
where 1; :=[1, 1, ..., 1] and ® is the Kronecker product. Then,
———
j
ﬁj(xlv cen Xn) =X OXx = Hpx; x Xj

= HiS{ (il %0)S] (<11 X0)

= HS [lin ® S}?k]Mr,k” Xiq Xi,

ik

where M, i = Diag{8}:, 82, ..., 8%} is the power-reducing ma-
trix, and Hy = Diag{Ey, Bz, ..., Ee} with E; = (DT, i = 1,2,
..., k. Therefore,

M = H S o @ ST My g (30)

The proof of Theorem 5 suggests an algorithm to find out all the
coloring schemes with no more than k colors for a given graph.

Algorithm 3. Assume that § is a graph with nodes V = {vy, vy,
..., Uy}, and let a color set N = {cy, c3, ..., ¢} be given. For each
node v;, we assign it a k-valued characteristic logical variable x; €
Ay.Tofind all the k-colorings of g, that is, to find out all the coloring
mappings such that the coloring problem of § is solved with no
more than k different colors, we can take the following steps.

(1) Compute the matrix M given in (26).

(2) Check whether 0, € Col(M). If not, the coloring problem with
the given color set has no solution, and the computation is
stopped. Otherwise, label the columns which equal 0, and set

K = {j| coly(M) = 0y}. (31)
3

=

For each index j € K, let x}! ,x; = 8{;,1. Using (29), compute
Xi = SP XX = S8, i = 1,2,..., n. With the obtained
solution (x1, ..., X,), define

SLo={vi|x =8, 1<i<n},

SLo={vi|x =8, 1<i<n},

Slo={vi | x =8, 1<i<n},

then a coloring scheme corresponding to index j € K is given
as: all the vertices in S]C,. are colored with color ¢;, i = 1, 2,
.ok

(4) All the coloring schemes are given as follows:

¢i(v) = ¢, ifv €S,

i=1,2,...,n;s=1,2,...,k jeK. (32)
That is,
Color Vertices

C — S’C'1

C — Sfc2

Cx —> Sl

Ck

for all j € K. The number of coloring schemes is |K]|.

Remark 10. Withx; € Ay, i = 1,2, ..., n, the product x[_, x; is
well defined. Conversely, with the product x[_; x;, each x; can be
uniquely determined (return to its original value) by the formula
Xi = S xi_; xi (Cheng et al, 2011).

Based on Theorems 4 and 5, we have the following result for Sii
defined in Algorithm 3.

Proposition 1. Assume that 0, € Col(M) holds. Then,

(1) each S];i defined in Algorithm 3 is an internally stable set of 4, and
(2) for each index j € K, {St,, St,. ..., S.} is a coloring partition

of .

Proof. (1) If s’;,. =), it is naturally an internally stable set.
Otherwise, we choose vs, v, € S’;i. Ifag, = 1,thenitis easy to know
from Theorem 4 or Theorem 5 that ayx; © x; = 0, which implies
thatx; ©x; = 0. Noticing thatx;, x, € Ay, we obtainx; # x;, which
means that vg, v, belong to two different sets of the form Sii. This
is a contradiction with vs, v; € S{;,,, and thus as; = 0. Therefore, Sii
is an internally stable set of §.

(2) With (1), to show that {S’;], Sﬁz, e S{k} is a coloring
partition, we need to prove that (a) Sii N S’;S = {,i # s, and
(b) UL, SL = V.Infact, if S, NS, # @ (i # s), then there
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exists at least one vertex v; such that v; € S{i and v; € SJ;S hold
simultaneously. Thus, from the construction of such sets, 5§, =
X = &;, which implies that i = s. This is a contradiction, and
then (a) holds true. Now, we show that (b) holds too. Fixingj € K,
from the construction of Sjci, i=1,2,...,k itis easy to see that

Uf‘:l S’;i C V. On the other hand, for any v; € 7V, its k-valued
characteristic logical variable x; € Ay. Since the coloring problem
is solvable, we can let x; := §;, from which and the construction
of S, we have v; € S, C UL S, This implies that V C UL St
Thus, (b) follows from the above analysis. O

Remark 11. Noticing that ¢ in Theorem 4 or 5 is not necessarily
surjective, it is easy to see that the coloring schemes ¢;, j € K
obtained by Algorithm 3 contain all the colorings with the number
of colors being no more than k. Thus, if the above coloring problem
is solvable, the coloring schemes contain the minimum coloring
mappings, in other words, {St,, S.,,..., S} (allj € K) contain
the minimum coloring partitions.

Remark 12. When the above coloring problem is solvable, the
minimum coloring partition can be given as follows. Let

Nj={il S, =0 1<i<kh  IN|=max{|N]},
je

then a minimum coloring partition is given as

(S, SO, ... SEIN{SE ISP =1}, (33)
and the chromatic number of § is
Y (§) =k — [Nj,|. (34)

4. Application to multi-agent systems

As mentioned earlier, graph theory has played an important
role in the study of multi-agent systems, a basic issue of which
is the consensus problem (Liu & Guo, 2009; Olfati-Saber, 2006;
Zhang & Tian, 2009). Generally speaking, the main objective in
the consensus problem is to design a suitable protocol such that
a group of agents in a network converge to some consistent
value such as attitude, position, velocity, and so on. It is noted
that such a consensus requires all the agents in a network to
share acommon value. However, in complex practical applications,
the agreement may be different with a change of environment,
situation or cooperative tasks. Based on this, a more general
consensus, called the group consensus, was studied in Yu and
Wang (2010). The so-called group consensus problem is to design
an appropriate protocol such that agents in a network reach more
than one consistent value, i.e., different sub-groups reach different
consistent values.

In this section, as an application, we use the results obtained in
Section 3 to investigate a kind of group consensus problem for a
class of multi-agent systems, and present a new control protocol
design procedure.

Consider the following multi-agent system:

X = v,
{f)i=ui, i=12,...,n (35)

where x; € R, v; € Rand u; € R are the position, velocity and
control input of agent i, respectively.

Assume that the information topology of system (35) is
described by a directed/undirected graph § = {V, &}, where V =
{v1, va, ..., vy} consists of all the agents and v; stands for agent
i,i = 1,2,...,n. It is noted that § is not necessarily a balanced
graph here when § is directed.

Applying Algorithm 3 with k (> y) colors to the graph 4, we can
obtain a minimum coloring partition of 'V, denoted by

S], 52, D) Syv (36)

Fig. 1. A coloring partition of §.

where y = y(4) is the chromatic number of §. From Proposition 1,
each §; is an internally stable set, based on which the graph § can
be equivalently changed as shown in Fig. 1.

For each agent v;, define

F h— . 1 . .

NIE =S, ifves, (37)
Ny ={y | (vj, v) € &, i # ]},

which are called the “Friends” and “Enemies” neighborhoods of
agent v;, respectively. Obviously, the agents belonging to the same
internally stable set have the same “Friends” neighborhood, i.e.,
the internally stable set itself, and for agent v; € S, its enemies
disperse in one or more Sy, k # j.

The objective of this part is to design a distributed protocol only
based on the information from enemies such that all the agents are
attracted to friends while trying to avoid conflict with enemies and
keep the given distances from enemies. This can be described as the
following group consensus problem. Given a required distance d;; to
each pair (S;, Sj), i # j, design a linear control protocol

up = ui(Xi, Xj, , - .,ino), vj, € Nf,
k=1,2,...,00,i=1,2,...,n (38)
such thatfor Vv € S;and Vo, € S,

. _ di', l #]a
Jim (e (6) — x5(6) = {0,1 i=j, (39)

tl_i)rl;l(‘)k(t) —vs(t)) = 0.

To facilitate the analysis, we regard d; as a vector, i.e., we let
dij + di = 0. Then, we have the following results on the above
group consensus problem.

Theorem 6. Consider the multi-agent system (35) with its topology
of graph §. Assume that the required distances satisfy
dij:dil<+dkja i, J, ke{lvzv"'»y}$ (40)

where d;; .= 0. Then, the above group consensus problem is solvable
if and only if § has a directed spanning tree (or § is connected when
g is an undirected graph).

Proof. For each agent v; € S, let

yi:Xi_dlk’ i:1,2,...,|5k|, ]{:]’2,._.71/, (41)
then the system (35) can be expressed as

Vi =i,

{b,:u,-, i=12....n (42)

On the other hand, for Vvs € S; and Y v, € §;, we obtain from
(40) and (41) that

rlin;o(y"(t) —ys(t) = tllﬂgo[(xk(f) —dyj) — (Xs(t) — dqp)]
Jim [(x(6) = x5(6)) — (dy; — du)]

Jim [ () — x5(6)) — dy].
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Thus,
Jim ((0) = ys(D) = 0 lim [(x(0) = x(0) — dy] =0,

which implies that the group consensus problem is equivalent to
the state consensus of the system (42). From Zhu, Tian, and Kuang
(2009), the group consensus problem is solvable if and only if §
has a directed spanning tree when § is directed (or § is connected
when § is an undirected graph). O

Remark 13. The condition (40) is a natural one for the position
requirement of S;, i = 1,2, ..., v, and it also works in the case

v,

Fig. 2. The graph of Example 1.

that the dimension of the agents’ positions is larger than one. The N "
results of this section can be generalized to the versions on high- : ! :
order multi-agent systems.

Theorem 7. Consider the multi-agent system (35) with its topology
of graph §. Assume that § has a directed spanning tree (or § is a
connected undirected graph) and the required distances satisfy (40).
Then, the group consensus protocol (38) can be designed as

ui=2a(vj—vi)+i Z b

«NE s=1 :-NE
JeN; sk JEN;NSs

Vv

Fig. 3. The graph of Examples 2 and 3.

X (X —dis — X +du), Yui€Sk, k=1,2,...,y, (43) a;x;x; with a; = 1. By (7) and (14), and using the MATLAB toolbox
provided by Cheng and his co-workers, we easily obtain

[bi by -+ beal = 1M = J;
Proof. Applying (41) to each agent, the multi-agent system can be % |:

where a, b > 0 are real numbers satisfying a*> > cob, and co > Oisa
sufficiently large real number.

expressed as (42). On the other hand, by (41), the control (43) can
be rewritten as

v
U = Za(vj— vi)+z Z b(y; —y)

6
ZMi — 7(M24 + M3 + My + Msy + Mgy + Mﬁs):|

i=1
=[-36-16-23-10—-23-3-103
—30—-17 —17 =11 —-17 —4 —42

jenE i;}( jeNEns; —30—-10—-17 —4—-24—-4—-112
—24—-11-11-5-18-5-51
= Y la(y; — vy) + b(y; — y)].
JeNE —16 -3 -10—-4-103 —42
—10—-4-4-5-4221
UiESk,kzl,Z,...,)/. (44)

—-103-42-112-51
It can be seen from Zhu et al. (2009) and the conditions of the —4221-5110]
theorem that the system (42) can reach the state consensus under ’
the control (44), with which and the proof of Theorem 6 we know from which it is easy to see that
that the group consensus of the system (35) is solved by the control

protocol (43). Thus, the proof is completed. O max {b;} =3

1<i<64

5. Illustrative examples and the corresponding column index set is

In this section, we give three examples to illustrate the K = {ix | bj, = 3} = {8, 38, 50}.
effectiveness of the results/algorithms obtained in this paper. ) . 5 ; )
For each index iy € K, let x7_,y; = 82"6. By computing y; =
Example 1. Consider the graph G = {V, &} shown in Fig. 2. We sfs’zkﬁ, i=1,2,...,6(see(11)), we have

use Algorithm 2 to find all the absolutely maximum stable sets of

the graph. i1 =8~ (X1,X2,X3,X4,%5,%) = (1, 1, 1, 0, 0, 0),

ip = 38 ~ (x1, X2, X3, X4, X5, X5) = (0, 1, 1, 0, 1, 0),

i3 =50~ (X],XZ, X3,X4,X5,XG) = (Oa 07 15 ]7 15 0)'

The adjacency matrix of this graph is as follows:

0O 0 0 0 0 O
0 0 0 1 0 O Thus, all the absolutely maximum stable sets are as follows:
4|0 0 0 0 0 1
—|/1t 0 0 0 0 O S(@i1) = {v1, v, v3}, 5(iz) = {va, v3, s},
0 0 0 0 0 S(i3) = {vs, vs, vs}.
1 0 0 0 1 O

For each vertex v;, we assign it a characteristic logical variable Example 2. Consider the graph G = {V, &} shown in Fig. 3. Letting
x; € Dandlety; = [x;, x;]",i=1,2, ..., 6.Since there are many a two-color set N = {c; = Red, c; = Blue} be given, we use
‘0’s in A, we only need to calculate the structural matrices of x; and Algorithm 3 to find out all the coloring schemes for 4.
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For each node v;, we assign it a characteristic logical variable
Xi € A,i = 1,2,...,6. The adjacency matrix of this graph is as
follows:

—_—_—m o000
cocoococo
cocococoo
cococo~o0O
cocococo
co~oo0O

0 0 O

By (26) and (30), and using the MATLAB toolbox provided by
Cheng and his co-workers, we obtain

6
M= D aM

i=1 jAi
~153423120433221104231312
~— [00000000010101010000111

0322121102121101011110000
1010112120112122302131324

1010101000000000
0112233402132435("

It is observed that
colg(M) = cols7 (M) = 02,
and the corresponding column index set is
K = {8, 57}.

For each index j € K, let x®_, x; = 826. By computing x; = SP, 826,
i=1,2,...,6(see(29)), we have

0

1 ’

1 1
0 0 o}
from which we obtain the following two coloring schemes:

Sfl = {v1, vz, v3} (Red), 5?2 = {vs, vs, vg} (Blue)

0
1

- O

3 1
856 ~ [X1, X2, X3, X4, X5, X6] = [O

) [en I
—_

[ ) O =

57 0
8% ~ [x1, X2, X3, X4, X5, X] = |:1

and

55517 = {v4, vs, vs} (Red), 5C527 = {v1, v2, v3} (Blue).

Example 3. Consider the following multi-agent system:

5<i=Vi,
{ﬁi:ui, i=1.2.....6 (45)

where x; € R, v; € R and u; € R are the position, velocity and
control input of agent i, respectively.

Assume that the information topology of the system is given
by the graph § shown in Fig. 3, where v; stands for agent i, i =
1,2, ..., 6. From Example 2, we know that the minimum coloring
partition of § is as follows: S; = {vq, v2, v3}, S2 = {v4, vs, v6}.
Given a required distance d = 2 to (51, S;), for each agent v;
we design a control u; such that the whole system reaches group
consensus, thatis, foralli,j=1,2,...,6,

. ' 4 _Jd, vieS; and v €S,
rlin;o(xf(t) —x(0) = lO, bothv;, v; €Sy or S,

Jim (v(6) = vi(D) = 0,

It is easy to check that all the conditions of Theorem 6 are
satisfied, and thus the group consensus problem is solvable. By

6
5
41~ 0
- 3
k=]
S 2
g
1
0 L
-1t
o . . . .
0 5 10 15 20 25
time[sec]
Fig. 4. Responses of the positions.
1.5
121
123
-—l
Yy
U5
2 0o X0 Y6
‘©
Ke)
(0]
>
20 25

time[sec]

Fig. 5. Responses of the velocities.

Theorem 7, the desired control protocol is designed as

u; =0,

Uy = a(vg — v2) + b(xg — X — d),
uz = a(vs — v3) + b(xg — x3 — d),
ug = a(vy —vg) + b(x; — x4 + d),
us = a(vy — vs) + b(x; — x5 +d),
ug = a(vy — vg) + b(x; — x5 + d),

where a, b > 0 are real numbers, and a is sufficiently large.

To show the effectiveness of the control (46), we carry out some
simulation results with the following choices. Initial condition:
[X](O), X2(0)9 X3(O)’ X4(O)s XS(O)a XG(O)] = [1a -1,5,-2, 3, 4]
and [v1(0), v(0), v3(0), v4(0), v5(0), vs(0)] = [0, 0.5, 1, 0.5,
0.2, 0.5]; parameters: a = 4 and b = 1. The simulation results
are shown in Figs. 4 and 5, which are the responses of the agents’
positions and velocities, respectively.

It is observed from Figs. 4 and 5 that the group consensus with
the given distance between the two groups is reached under the
protocol (46). Simulation shows that the control design method
given in this paper is very effective.

(46)

6. Conclusion

In this paper, we have studied the maximum (weight) stable
set and vertex coloring problems with application to the group
consensus of multi-agent systems, and presented a number of
new results and algorithms by the matrix semi-tensor product
method. By defining a characteristic logical vector and using the
matrix expression of logical functions, an algebraic description has
been obtained for the stable set problem, and a new algorithm
is established to find all the internally stable sets. Based on the
matrix expression, a necessary and sufficient condition is also
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obtained for the maximum (weight) stable set problem, and an
algorithm to find all the maximum (weight) stable sets is designed.
Moreover, by the semi-tensor product method, two necessary and
sufficient conditions are proposed for the vertex coloring problem,
based on which a new algorithm to find all the k-coloring schemes
and minimum coloring partitions is established. In addition, the
obtained results have been applied to multi-agent systems, and
a new protocol design procedure has been obtained for the
group consensus problem. The study of illustrative examples has
shown that the results/algorithms presented in this paper are very
effective.
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