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A simple approach for generating (2N + 1)-scroll chaotic attractor from a modified Colpitts
oscillator model is proposed in this paper. The key strategy is to increase the number of index-2
equilibrium points by introducing a triangle function to directly replace the nonlinearity term of
Colpitts oscillator model. The dynamical characteristics of the new multiscroll chaotic system
are studied comprehensively. A circuit realization structure is introduced and the experimental
results demonstrate that (2N + 1)-scroll chaotic attractors can be obtained in practical circuit.

Keywords : Colpitts oscillator model; equilibrium point; multiscroll chaotic system; triangle
function.

1. Introduction

Due to the practical applications of scroll chaotic
system as broadband signal generator and true
pseudorandom number generator for various chaos-
based communication engineering [Lü & Chen,
2006; Yalcin, 2007], the generation of multiscroll
chaotic attractors is of much interest both theore-
tically and practically.

Multiscroll chaotic attractor was first observed
by Suykens and Vandewalle in the early 1990s
[Suykens & Vandewalle, 1993]. Afterwards, Yalcin
et al. introduced a family of one-directional n-scroll,
two-directional n × m-grid scroll and three-
directional n × m × l-grid scroll chaotic attractors
by using step functions [Yalcin et al., 2002]. Lü
et al. presented a switching manifold technique for

2203

In
t. 

J.
 B

if
ur

ca
tio

n 
C

ha
os

 2
01

0.
20

:2
20

3-
22

11
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 N

O
R

T
H

W
E

ST
E

R
N

 U
N

IV
E

R
SI

T
Y

 o
n 

01
/0

9/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.

http://dx.doi.org/10.1142/S0218127410027039


August 7, 2010 10:11 WSPC/S0218-1274 02703

2204 B. Bao et al.

creating chaotic attractors with multiple-merged
basins of attraction [Lü et al., 2003] and proposed
saturated function series [Lü et al., 2004a], hystere-
sis function series [Lü et al., 2004b] and threshold
control [Lü et al., 2008] methods for generating mul-
tidirectional n-scroll, n×m-grid scroll and n×m×l-
grid scroll chaotic attractors with rigorous mathe-
matical proofs and experimental verifications [Lü
et al., 2006]. Yu et al. proposed a new approach
for generating three-directional multiscroll chaotic
attractors by constructing a family of triangular
function series [Yu et al., 2005] and successfully
obtained multiwing attractors by modifying the
cross product terms of a Lorenz-like system with
a multisegment function [Yu et al., 2005, 2008,
2010]. Both Radwan and Granhhi obtained mul-
tiscroll chaotic attractors by using MOS realiza-
tion technique respectively [Radwan et al., 2007;
Gandhi & Roska, 2009]. Recently, some other
research results have also been reported for gener-
ating multiscroll chaotic attractors by using novel
methods [Elwakil & Özoguz, 2006, 2008; Yalcin &
Özoguz, 2007; Zhang et al., 2009]. In 2006, Lü
and Chen surveyed the theories, approaches, and
applications of multiscroll chaos generation over the
last two decades [Lü & Chen, 2006]. In 2007, Yu
et al. proposed systematic methods for theoreti-
cal design and circuit implementation of multidi-
rectional multi-torus chaotic attractors [Yu et al.,
2007]. Moreover, Deng and Lü proposed saturated
function series [Deng & Lü, 2006] and hysteresis
function series [Deng & Lü, 2007] for generating
multidirectional multiscroll from fractional differen-
tial systems, respectively. Ahmad introduced a step
function method for n-scroll chaotic attractors from
fractional order systems [Ahmad, 2005].

As mentioned above, majority generation of
multiscroll attractors are under the framework of
Chua circuit, or Jerk equation, or Lorenz-like sys-
tems. Multiscroll attractors have a larger num-
ber of scrolls (n > 2, n is the number of scroll)
and have mostly been implemented by introduc-
ing additional saddle points of index 2 in terms of
added breakpoints in the model system. By extend-
ing this concept of the construction of a multi-
scroll chaotic system, a new (2N + 1)-scroll chaotic
system evolving from the classic Colpitts oscilla-
tor model [Maggio et al., 1999] through modify-
ing its nonlinear term by a triangular function
is proposed in this paper. The main idea of the
proposed approach is to increase the number of
index-2 equilibrium points of the modified Colpitts

oscillator model, such that their distribution is
extended horizontally along a particular axis. The
dynamic behaviors of the multiscroll chaotic system
is further investigated via the theoretical analysis
and verified by numerical simulations and circuit
experiments.

2. Generation of n-Scroll Attractors
Under the Framework of Colpitts
Oscillator

For generating a multiscroll attractor, the Colpitts
oscillator model is regarded as the basic framework
in this paper.

2.1. Colpitts oscillator model

With dimensionless state variables and normalized
parameters, the state equations of Colpitts oscilla-
tor model can be written in the form [Maggio et al.,
1999].




ẋ =
g

Q(1 − k)
[−n(y) + z],

ẏ =
g

Qk
z,

ż = −Qk(1 − k)
g

[x + y] − 1
Q

z,

(1)

where Q and g are real positive constants, k = 0.5,
and

n(y) = exp(−y) − 1. (2)

When the parameters in [Maggio et al., 1999] is
set as Q = 1.4158, g = 3.1623, system (1) is chaotic
and shows a spiral attractor.

It is noted that in system (1), only the first
equation contains the nonlinear term n(y) which, in
turn, depends only on one of the state variables, y.
Also, it should be noted that the dynamic behavior
of the system (1) depends only on two parameters:
the loop gain of the oscillator g and the quality fac-
tor of the tank circuit Q, while k only has a scaling
effect on the state variables.

2.2. Modified Colpitts oscillator
model

In order to generate n-scroll chaotic attractors,
it is found to be essential to design multiple
index-2 equilibrium points. System (1) is therefore
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modified as 


ẋ = a[−f(y) + z],

ẏ = az,

ż = − 1
2a

(x + y) − bz,

(3)

where a = 2g/Q and b = 1/Q for simplic-
ity. The nonlinear term in the first equation of
model (1) is modified by a triangular function
defined by

f(y) =
N∑

n=−N
n�=0

p

2q




∣∣∣∣y − p

(
2n − |n|

n

)
+ q

∣∣∣∣
−

∣∣∣∣y − p

(
2n − |n|

n

)
− q

∣∣∣∣




− y,

(4)

where K is a positive integer, p > 0 and q ∈ (0, p).
An example of f(y) with N = 3 is given in Fig. 1,
from which it can be observed that the character-
istics of each segment, including its slope and zero,
can be easily determined.

When parameters a = 4.5, b = 1, p = 1 and
N = 2 are kept constant while parameter q is vary-
ing, the Lyapunov exponent spectra of system (3)
and its corresponding bifurcation diagram of state
variable y with initial value (0.1, 0.1, 0) are shown
in Fig. 2. As q increases, a reverse Hopf bifurca-
tion route to chaos exists with a smaller parameter
value q. For q ∈ (0, 0.32], the multiscroll system is
chaotic and can display a 5-scroll chaotic attractor.
Furthermore, it can be observed that the smaller
the value of q, the more uniform is the distribution
of scrolls. Thus, in the following, we usually select
q = 0.02p.

For a = 4.5, b = 1, p = 1, q = 0.02 and N = 2,
system (3) is chaotic and displays a 5-scroll chaotic
attractor, as shown in Fig. 3. Its Lyapunov expo-
nents are LE1 = 0.2027, LE2 = 0, LE3 = −1.2001,
and the Lyapunov dimension is dL = 2.1689 for ini-
tial values (0.1, 0.1, 0).

Fig. 1. Triangular function f(y) with N = 3.

(a)

(b)

Fig. 2. (a) Lyapunov exponent spectra. (b) Bifurcation
diagram of y with increasing q.

2.3. Generation mechanism of
multiscroll attractor

In order to obtain the desired n-scroll chaotic
attractors, it is essential to distribute the index-
2 equilibrium points of the system along a cer-
tain axis. Let ẋ = ẏ = ż = 0, then one has
z = 0, f(y) = 0, x + y = 0. Clearly, system (3)
has (4N + 1) equilibrium points, in which (2N + 1)
equilibrium points are located on [x, y] = [−2Np,
2Np], . . . , [−2p, 2p], [0, 0], [2p,−2p], . . . , [2Np,−2Np]
with z = 0, called an even equilibrium point ES; the
other 2N equilibrium points are located on [x, y] =
[−(2N −1)p, (2N −1)p] · · · [−p, p], [p,−p] · · · [(2N −
1)p,−(2K − 1)p] with z = 0, called as odd
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(a)

(b)

Fig. 3. The phase portraits of a 5-scroll chaotic attractor.
(a) Viewed on x–y plane, (b) viewed on y–z plane.

equilibrium point OS. As an example, the equilib-
rium points on x–y plane with N = 2, p = 1,
and q = 0.02 are marked in Fig. 4, where five
even equilibrium points ES are marked with “•”
and four odd equilibrium points OS are marked
with “◦”.

The Jacobian matrix of system (3) at the equi-
librium point S∗ = (x∗, y∗, z∗) is given by

JS∗ =




0 −afJ(y∗) a

0 0 a

−0.5
a

−0.5
a

−b


 , (5)

where fJ(y∗) is the derivative of (4) at y = y∗, as

Fig. 4. Equilibrium points on x–y plane with N = 2, p = 1
and q = 0.02.

fJ(y∗) =
df(y)

dy

∣∣∣∣
y∗

=
N∑

n=−N
n�=0

p

2q




sgn
[
y∗ − p

(
2n − |n|

n

)
+ q

]

−sgn
[
y∗ − p

(
2n − |n|

n

)
− q

]




− 1. (6)

If y∗ = 2np(n = 0,±1,±2, . . . ,±N), then fJ(y∗) =
−1; else if y∗ = (2n−|n|/n)p(n = ±1,±2, . . . ,±N),
then fJ(y∗) = p/q − 1. The corresponding charac-
teristic equation can be obtained from (5) as follows

g(λ) = λ3 + bλ2 + λ − 0.5afJ(y∗) = 0. (7)

For even equilibrium point ES, one has
fJ(y∗) = −1, the above expression becomes

g(λ) = λ3 + bλ2 + λ + 0.5a = 0. (8)

Note that the coefficients of this cubic polynomial
are all positive for a, b > 0, thus g(λ) > 0 for
all λ > 0. It is noted that instability appears
(Re(λ) > 0) only if there are two complex conju-
gate zeros of g. In fact, by Routh–Hurwitz crite-
rion, Eq. (8) has one negative real root and two
complex conjugate roots with positive real part for
a > 2b. Hopf bifurcations emerge from the value of
a = 2b. Here, all even equilibrium points ES are sad-
dle points of index 2, from which a (2N + 1)-scroll
attractor can be evolved.

For odd equilibrium point OS, fJ(y∗) = p/q−1,
Eq. (7) becomes

g(λ) = λ3 + bλ2 + λ − 0.5a
(

p

q
− 1

)
= 0. (9)
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For p > q and a, b > 0, Eq. (9) has one positive
real root and two negative real roots or two complex
conjugate roots with negative real part. This means
that odd equilibrium points OS are unstable saddle
points of index 1.

When a = 4.5, b = 1, N = 2, p = 1 and q =
0.02, system (3) has nine equilibrium points totally,
of which five equilibrium points are ES, the other
four equilibrium points are OS. Three roots of ES
are λ1 = 0.208+ i1.2433, λ2 = 0.208− i1.2433, λ3 =
−1.416, which implies that ES of system (3) have
index 2 and a 5-scroll chaotic attractor is evolved
along the x axis or y axis. While three roots of
OS are λ1 = 4.4192, λ2 = −2.7096 + i4.196, λ3 =
−2.7096 − i4.196, which implies that OS of system
(3) are unstable saddle points of index 1.

The above results on the analysis show that
system (3) with triangular function of (4) may
generate chaotic behavior under the condition of
a, b > 0 and a > 2b. From the numerical
simulation given in the following section, we can
clearly see that system (3) displays a (2N + 1)-
scroll attractor located on three planes, where
each scroll chaotic attractor is corresponding to an
even equilibrium point, i.e. an index-2 equilibrium
point.

3. Dynamics of the Modified
Colpitts Oscillator

When b = 1, p = 1, q = 0.02 and N = 2 while
parameter a is varying, the Lyapunov exponent
spectra of system (3) and its corresponding bifur-
cation diagram of state variable y with initial val-
ues (0.1, 0.1, 0) are shown in Fig. 5. It is clear that
the bifurcation diagram well coincides with the Lya-
punov exponent spectra.

When a > 2b = 2, in a wide parameter vari-
ation range, system (3) is chaotic with a positive
Lyapunov exponent, a zero valued exponent along
with a negative Lyapunov exponent observed from
Fig. 5(a), and an undergoing chaotic route observed
from Fig. 5(b). Obviously, the system comprises
sinks for 0 < a ≤ 2 and chaos for a > 2. In the
vicinity of a = 3.95, there is a narrow window of
periodicity within the band of chaotic behaviors.
In particular, a wider periodic window occurs in
the region 6.8 ≤ a ≤ 7.35. The periodic window
plays an important role in the evolution of dynamic
behaviors of a chaotic system. As a increases in
the parameter variation range, a Hopf bifurcation
route to chaos exists in the system at a = 2,

(a)

(b)

Fig. 5. (a) Lyapunov exponent spectra. (b) Bifurcation dia-
gram of y with increasing a.

which well coincides with the above theoretical
analysis.

Two typical chaotic and periodic orbits of sys-
tem (3) are obtained from numerical simulations as
shown in Fig. 6. Figure 6(a) shows another portrait
phase of chaotic region for a = 3, the correspond-
ing Lyapunov exponent spectra are LE1 = 0.163,
LE2 = 0, LE3 = −1.1626. Figure 6(b) illustrates
the typical periodic orbit for a = 7, the corre-
sponding Lyapunov exponent spectra are LE1 = 0,
LE2 = −0.0258, LE3 = −0.9645.

Figure 7 shows other four multiscroll chaotic
attractors with different parameters N , where a =
4.5, b = 1, p = 1, q = 0.02. When N = 1, 3, 4, and
5, the system has (2N + 1) equilibrium points with
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(a) (b)

Fig. 6. Two typical orbits on y–z plane. (a) Periodic orbit (a = 7), (b) Chaotic orbit (a = 3).

(a) (b)

(c) (d)

Fig. 7. Four (2N + 1)-scroll chaotic attractors on y–z plane. (a) 3-scroll attractor (N = 1), (b) 7-scroll attractor (N = 3),
(c) 9-scroll attractor (N = 4), (d) 11-scroll attractor (N = 5).
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index-2 and generates 3-scroll, 7-scroll, 9-scroll and
11-scroll chaotic attractors, respectively.

As described above, this new multiscroll system
has been presented by modifying the nonlinear term
in the first equation with a triangular function. The
proposed system is very simple, and can generate
chaotic attractors with different numbers of scroll.

4. Circuit Realization and
Experimental Results

As examples, let a = 4.5, b = 1, p = 1, q =
0.02, and N = 2, an analog electronic circuit as
shown in Fig. 8 has been built to physically real-
ize the modified Colpitts oscillator model for gen-
erating n-scroll chaotic attractor [Lü et al., 2006;
Yu et al., 2008, 2010]. The design is based on a

direct implementation of the integrator using oper-
ational amplifier. It is constructed by two parts:
one part is a basic three-dimensional system as
shown in Fig. 8(a); the other part is the proposed
circuit for generating triangular function f(y) as
shown in Fig. 8(b), where the switch S provides
the necessary flexibility for different values of N , if
S is opened, N = 1, otherwise, N = 2. The time
constant of the integrator is determined by R0C0,
where R0 = 2kΩ, C0 = 33 nF are used in our exper-
iment. The operational amplifier in use is TL082
with saturated voltage of Vsat = ±13.5 V, assuming
the dual voltage sources of ±15V.

The observations by experimental circuit with
N = 1 and N = 2 are shown in Fig. 9, in which
Figs. 9(a) and 9(b) corresponding to 3-scroll chaotic
attractor on the x–y and y–z planes, Figs. 9(c) and

(a) (b)

Fig. 8. Electronic circuit for the modified Colpitts oscillator. (a) Basic circuit, (b) Circuit of triangular function f(y).

(a) (b)

Fig. 9. Multiscroll attractors from experimental circuit of modified Colpitts oscillator. (a) 3-scroll attractor on x–y plane,
(b) 3-scroll attractor on y–z plane, (c) 5-scroll attractor on x–y plane, (d) 5-scroll attractor on y–z plane.
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(c) (d)

Fig. 9. (Continued)

9(d) are correspond to 5-scroll chaotic attractor on
the x–y and y–z planes, respectively. Comparing
Fig. 9 with Figs. 3 and 7(a), one can observe that
there is a good agreement between the numeri-
cal simulations and the experimental measurement
results.

5. Conclusions

This paper has presented a novel approach for gen-
erating the multiscroll chaotic attractor from the
modified Colpitts oscillator model by modifying the
nonlinear term in the first equation with a triangu-
lar function. The proposed system is very simple,
and can generate multiscroll chaotic attractor with
up to (2N+1)-scroll, which corresponds to the num-
bers of index-2 equilibrium points of the system.
Through the analysis on even and odd equilibrium
points as well as their corresponding characteristic
equations, the dynamical characteristics of the mul-
tiscroll chaotic system are comprehensively studied.
Furthermore, an electronic circuit is realized and
multiscroll chaotic attractors are obtained by an
experimental circuit.
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Yu, S. M., Lü, J. H. & Chen, G. R. [2007] “Theoretical
design and circuit implementation of multi-directional
multi-torus chaotic attractors,” IEEE Trans. Circuits
Syst.-I 54, 2087–2098.

Yu, S. M., Tang, W. K. S., Lü, J. H. & Chen, G. R.
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