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Abstract: The power quality of three-phase grid-connected inverters has drawn attention with the increasing numbers of
distributed generation systems. In order to effectively eliminate the harmonics in output currents, a hybrid system based on
proportional–integral (PI) control and repetitive control (RC) implemented in the synchronous reference frame (SRF) is
presented. Based on the reference frame transformation, the use of a repetitive controller is not for achieving fundamental
reference current tracking but attaining the harmonics compensation, which is different from the RC designed in a static
reference frame. In addition, analyses of the SRF-based hybrid controlled converter system, including stability constraints,
harmonics rejection principles and the relationship between the PI controller and repetitive controller, are further developed in
frequency domain and time domain. Finally, experimental results are demonstrated to validate the steady-state and dynamic
performance of the proposed hybrid controlled system.
1 Introduction

Grid-connected technology is becoming a crucial issue in the
distributed generation [1–3] to meet the stricter grid
interconnection standards. According to the IEEE standards
[4], the total harmonic distortion (THD) of the current
injected to the grid should be lower than 5%. Since the
power quality mainly depends on the output current,
current-controlled (CC) voltage source inverters (VSI) [5, 6]
are extensively used to interface the utility grid. Therefore
different current control methods are proposed to achieve
lower output harmonic distortions. As the predictive
controller and hysteresis controller are well known for their
fast response to eliminate low-order harmonics, they are
used in current controllers to improve the output current
quality [7, 8]. But these controllers require high sampling
speed and still have little effect on eliminating higher
harmonics. Another compensation method which has gained
large popularity is the proportional resonant (PR) controller
[9–11]. As the proportional–integral (PI) controller gets
high loop gain at low frequencies to achieve zero steady-
state error for direct current (DC) reference and disturbance,
PR controller achieves high loop gain around the resonance
frequency to reject the harmonic with the same frequency.
However, since the distorted currents usually contain more
than one order harmonics, it would be preferable to use
many resonant compensators tuned at different harmonic
frequencies cascaded together or nested in different rotating
reference frames to achieve multiple harmonics
compensation. Nevertheless, all the controllers mentioned
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above are unable to provide a large loop gain at the
multiple harmonic frequencies to effectively compensate a
wide bandwidth of harmonics; hence their compensation
capability is therefore limited.

The repetitive control (RC) [12–14], based on internal
model principle [15], is well known for its steady-state
performance to control periodic components. From the
frequency viewpoint, the RC presents large gain at the
integral multiples of the fundamental frequency;
consequently it offers a practical and simple solution for
multiple harmonics compensation of converter systems [12].
As a result, many papers have been published to improve
the performance of the converters with the RC scheme. In
[16, 17], a robust RC scheme based on H1 control theory
and linear phase compensated repetitive controller are
presented to enhance the stability of the repetitive
controlled system. A sliding mode repetitive control [18],
odd-harmonic repetitive controller [19] and dual-mode
repetitive controller [20] are proposed recently to improve
the dynamic response of inverters. However, these repetitive
controllers are all implemented in static reference frame, in
which the repetitive controllers are not only used as a
harmonic compensator but also as a controller to track the
fundamental reference current. Therefore this kind of
control scheme designed in static reference frame cannot be
adopted under occasions needing fast response in terms of
the slow dynamic property of the repetitive controller.

This paper presents a hybrid controlled scheme with RC-
based harmonic compensator implemented in synchronous
reference frame (SRF) for a three-phase grid-connected
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Fig. 1 Three-phase grid-connected inverter with hybrid control scheme
CC-VSI. As the fundamental alternating current (AC)
components are transformed into DC components with the
coordinate transformation, the fundamental current tracking
is controlled by a conventional PI controller while grid
harmonics are rejected by the RC harmonic compensator. In
this paper, a detailed frequency analysis of the repetitive
controlled harmonic compensator is presented. The
correlation and different roles of the PI controller and
repetitive controller in SRF, the selection of RC parameters
and their contributions to the multiple harmonics
compensation, the trade-off between the stability and
compensation accuracy of the hybrid controlled system are
further discussed in frequency domain and time domain.
The system design procedure based on the frequency
response analysis is given. Finally, the proposed control
scheme is implemented in a 3 KVA three-phase grid-
connected inverter to test the steady-state and dynamic
performance of the system.

2 Modelling of the three-phase VSI in SRF

Fig. 1 shows a three-phase grid-connected CC-VSI
incorporating a line-frequency transformer with the
proposed hybrid control scheme. Space vector pulse width
modulation technology is employed in the control system
for its higher utilisation rate of the DC bus voltage. The
three-phase inverter is connected to the grid through
filtering inductors. As seen from Fig. 1, the model of VSI
in static abc reference frame is

d
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where L and rL are the filtering inductance and the parasitic
resistance, ia, ib, ic are the output currents of the inverter,
ua, ub, uc and uga, ugb, ugc are the line-to-neutral output
voltages of the inverter and the grid side voltages,
respectively.
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The transformation matrix from static reference frame to
SRF is

T =
��
2

3

√ cos vt cos vt − 2p

3

( )
cos vt + 2p

3

( )

−sin vt −sin vt − 2p

3

( )
−sin vt + 2p

3

( )
⎡
⎢⎢⎣

⎤
⎥⎥⎦

(2)

By multiplying matrix T on both sides of (1), we have
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where v ¼ 2pf, f is the fundamental frequency of the grid
voltage. Therefore taking the Laplace transformation of (3),
the plant of VSI in each frame of SRF is as follows

Gp(s) = Gdp(s) = Gqp(s) = I(s)

U (s)
= 1

Ls + rL

(4)

where Gdp(s), Gqp(s) denote the plant of the VSI in d–q
reference frame, I(s) represents the output current in d or q
reference frame and U(s) is defined as Um(s) 2 Ugm(s),
m ¼ d, q.

Since the SRF has the same rotating speed v with the
vector of the fundamental grid voltage, the AC variables
with the fundamental frequency in three-phase static abc
reference frame are transformed to be DC variables in SRF,
and variables at harmonic frequencies in static abc reference
frame are still AC variables with v’ ¼ vi 2 v as their angle
frequencies in SRF (where vi is the angle frequency of the
harmonic variables in abc reference frame). For example,
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the seventh positive sequence variables and the fifth negative
sequence variables in abc reference frame are sixth positive
sequence variables and sixth negative sequence variables,
respectively, in SRF for 6v ¼ 7v 2 v and
26v ¼ 25v 2 v [10]. In this case, we can see that the
harmonics of grid voltages ug in (1) (generally 5th, 7th,
11th, 13th harmonics for three-phase grid connected
inverters) will cause corresponding harmonics in output
currents. Therefore the good steady-state performance of the
traditional PI controller in SRF will be weakened since the
control variables are not absolute DC components under
generalised grid conditions.

3 Control strategy for three-phase VSI in SRF

Fig. 2 shows the conventional control scheme in SRF, where
vL.Id(s) and vL.Iq(s) are decoupling factors and grid voltages
can be viewed as disturbances Dd(s), Dq(s). Then, the tracking
errors of each reference frame can be expressed as (see (5))

Fig. 2 Conventional control scheme in d–q reference frame
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where Gc(s) is a conventional PI type compensator,
Imref(s)|m¼d,q and Im(s)|m¼d,q are references and output
currents of the VSI, respectively. According to the
internal model principle, the zero-error steady-state tracking
can be achieved only if the models of Imref(s)|m¼d,q and
Dm(s)|m¼d,q are included in the model of Gc(s). Because the
references Imref(s)|m¼d,q are DC variables in SRF, their
models can be included in a PI controller of Gc(s). The
grid-side disturbance models Dm(s)|m¼d,q are periodic AC
variables and their models can be included in a repetitive
controller.

Fig. 3 shows the hybrid control scheme with the repetitive
controllers, where krc is the gain of the repetitive controller,
Q is an integral coefficient that can be designed as a constant
or a low-pass filter and Gf(s) is a phase lead compensator
[17]. As the disturbance model is ‘learned’ by the
repetitive controller period by period, any disturbance
model D(s) with period T can be included in the controller
for harmonics compensation of the output currents. The
transfer function of the repetitive controller is

Grc(s) =
krc × Qe−sT × Gf (s)

1 − Qe−sT
(6)

With RC harmonic compensator, (5) can be revised as

E′
d(s) = Ed(s) × 1 − Qe−sT

1 − (1 − krc × Gf (s) × Hd(s)) × Qe−sT

E′
q(s) = Eq(s) × 1 − Qe−sT

1 − (1 − krc × Gf (s) × Hq(s)) × Qe−sT

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(7)
Fig. 3 Three-phase VSI control scheme with RC-compensator

Ed(s) = Id ref (s) − Id(s) = 1

1 + Gc(s)Gdp(s)
[Id ref (s) − Gdp(s)Dd(s)]

Eq(s) = Iq ref (s) − Iq(s) = 1

1 + Gc(s)Gqp(s)
[Id ref (s) − Gqp(s)Dq(s)]

⎧⎪⎪⎨
⎪⎪⎩

(5)
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where E ′
d(s) and E ′

q(s) are the errors of the hybrid controlled
system in d 2 q reference frame, and Hm(s)|m¼d,q ¼
H(s) ¼ {(Gp(s))/(1 + Gc(s).Gp(s))} is the disturbance
transfer function of Fig. 2.

4 Hybrid controlled system analysis

4.1 Stability analysis

For simplicity, the following discussion is only focused on
d-frame and the same control strategy can also be applied
to q-frame. From (7), the hybrid controlled system is stable
if the poles of (5) are at the left side of the complex plane
and the following condition is satisfied [12]

||1 − (1 − krc × Gf (s) × H(s)) × Qe−sT || = 0, s = jv

(8)

where T ¼ (1/f ), |e2sT| ¼ |e2jvT| ¼ 1. Equation (8) is
guaranteed if the following condition is satisfied

|(1 − krc × Gf (jv) × H( jv))Q| , 1 (9)

where Q = 0, then we have [17]

|1 − krc × Gf (jv) × H( jv)| ,
1

|Q| , v [ 0,
p

Ts

[ ]
(10)

Fig. 4 shows the geometric explanation of (10) in complex
plane. When Q ¼ 1, the stability condition (10) can be
viewed equally as the vector krcGf( jv)H( jv) (OA1, OA2)
not exceeding the unit circle with C as its centre. Fig. 4
also indicates two features to ensure the stability of the
hybrid controlled systems.

1. The phase of the vector krcGf ( jv)H( jv) should be within
the range of [2908, 908].
2. The magnitude of vector krcGf( jv)H( jv) should be
reduced when /krcGf( jv)H( jv) � +908.

When Gf( jv) ¼ 1, it is difficult to design a PI controller
that can ensure (10) and maintain a high dynamic
performance for the VSI system both. In a practical design,
the PI controller is usually first designed to achieve the best
fundamental current tracking performance, and a

Fig. 4 Illustration of stability condition for the hybrid controlled
VSI system in complex plane
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compensator Gf( jv) ¼ eju is consequently designed to
guarantee the stability of the VSI system when RC
harmonic compensator is plugged in. On the other hand, the
stability condition (b) will lead to a tough selection of the
gain krc because a large krc will deteriorate the stability
while small krc will slow the convergence rate of harmonics
compensation.

Reducing the value of Q can simplify the selection of krc.
The stability margin is improved with the left border of the
circle enlarged when /krcGf ( jv)H( jv) � +908, and this
can be seen from Fig. 4. For example, the vector OA1
exceeds the unit circle when Q ¼ 1. But the system
becomes stable with OA1 staying in the larger circle when
Q ¼ 0.8. With Q decreasing, krc can be selected larger and
still maintain the stability of the system. However, the
steady-state analysis shows that the harmonics cannot be
fully rejected with Q , 1.

To enhance the robustness and maintain Q ¼ 1, Gf( jv)
can be modified as Gf ( jv) ¼ Gf1( jv).eju, where Gf1( jv)
is a low-pass filter and eju is the phase compensator.
Gf1( jv) is used to damp the magnitude of high frequencies
when /krcGf ( jv)H( jv) � +908. When Q ¼ 1, the
stability condition for krc in (10) can be obtained directly
from the triangle OBC in Fig. 4

|krcGf (jv)H(jv)| , 2|OB| = 2|OC| cosw

⇔ krc ,
2 cosw

|Gf (jv)H(jv)| (11)

where f ¼ /Gf ( jv)H( jv).

4.2 Steady-state tracking error

Assuming the system is stable, (7) can be expressed by the
Taylor progression as follows

E′(s) = E(s)(1 − Qe−sT ) + E(s)[1 − krcGf (s)H (s)]

× Qe−sT × (1 − Qe−sT )

+ · · · + E(s)[1 − krcGf (s)H(s)]i

× Qie−isT (1 − Qe−sT ) + · · · (12)

To observe the compensation effect of RC-harmonic
compensator on the VSI system, the error of the hybrid
controlled system can be further discussed in time domain by
the inverse Laplace transform of (12). e(t) can be written as

e(t) = L−1[E′(s)] = L−1[E(s)(1 − Qe−sT )]

+ L−1[E(s)[1 − krcGf (s)H(s)]

× Qe−sT × (1 − Qe−sT )]

+ · · · + L−1[E(s)[1 − krcGf (s)H(s)]i

× Qie−isT × (1 − Qe−sT )] + · · ·
= e0(t) − Qe0(t − T ) + e1(t − T ) − Qe1(t − 2T )

+ · · · + ei(t − iT) − Qei(t − (i + 1)T ) + · · · (13)

where ei(t) ¼ L21{E(s)[1 2 krcGf(s)H(s)]iQi}, i ¼ 0, 1, 2, . . . .
Assuming the error of the VSI system is caused by

harmonics whose frequencies are the multiples of
the fundamental frequency, we have ei(t 2 iT) ¼
ei(t 2 (i + 1)T ), where i ¼ 0, 1, 2, . . . , 1. Consequently
IET Power Electron., 2011, Vol. 4, Iss. 7, pp. 743–751
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(13) can be rewritten as

e(t) =
∑1

i=0

(1 − Q)× ei(t − iT ) (14)

The steady-state tracking error of the VSI system is
presented as

lim
t�1

e(t) = (1 − Q) × lim
t�1

∑1

i=0

ei(t − iT ) (15)

When Q ¼ 1, the zero steady-state error tracking is achieved.

4.3 Dynamic response analysis

From (13), the error of the hybrid controlled VSI system at
time t ei(t), t [ [iT, (i + 1)T ] can be eliminated in the next
period. If krcGf(s)H(s) ¼ 1 and Q ¼ 1, the error will
converge to zero in the second period and the dynamic
response relies on the PI controller in the first period. In
practice, krcGf(s)H(s) ¼ 1 is difficult to be satisfied, and the
error ei(t), t [ [iT,(i + 1)T ] is determined by
E(s)[1 2 krcGf(s)H(s)]i. We can see that the convergence
rate is influenced by the parameters of the RC harmonic
compensator and E(s) acts as a common ratio of the
convergence.

Note that the control of the VSI is implemented in SRF
and the PI controller can achieve zero steady-state tracking
error of the fundamental current. Therefore the error
e0(t) ¼ L21(E(s)) is smaller than the error of the VSI
implemented in static reference frame, which means the
three-phase VSI controlled in SRF yields faster dynamic
response and harmonic convergence rate theoretically.

5 System design and experimental results

5.1 Conventional PI controlled VSI in SRF

A three-phase VSI laboratory prototype is fabricated with the
parameters listed in Table 1. Consequently, the plant transfer
function of the three-phase VSI in each frame of SRF is

Gp(s) = 1

Ls + rL

= 1.67

0.003s + 1
(16)

The parameters of the PI controller can be preliminarily
designed based on the system performance demand and
then can be adjusted according to the experiment. The kp

and ki are chosen as kp ¼ 6 and ki ¼ 200. Fig. 5 shows the
Bode plot of the loop gain of PI controlled VSI in SRF, as
seen, while after PI compensation, the compensated loop
gain has a crossover frequency of 475 Hz and the phase
margin is 95.18.

Table 1 System parameters

DC-bus voltage Udc 400 V

grid-side line-to-line voltage Ugrid (rms) 380 V

fundamental frequency f 50 Hz

switching frequency fs 5 kHz

filter inductance L 2 mH

resistance of the filtering inductor rL 0.6 V

turns ratio of the line-frequency transformer N1:N2 1:2
IET Power Electron., 2011, Vol. 4, Iss. 7, pp. 743–751
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5.2 Design of the RC-harmonic compensator

Based on the disturbance transfer function H(s) of the three-
phase VSI without RC compensator, a phase compensator
ejvTc [17] can be designed to meet the stability condition (1)
mentioned in Section 4.1. For digital realisation, Grc

is designed as Grc(z) ¼ krc{(Qz2N)/(1 2 Qz2N)}Gf (z),
N ¼ (T/Ts). And correspondingly Tc should be integral
multiples of the sampling period Ts because the phase
compensator is realised as zn, n ¼ 0, 1, 2, . . .. Fig. 6 shows
the Bode plot of Gf (s).H(s) with different Tc. Table 2 shows
the bandwidth of Gf (s).H(s) with different leading
compensation Tc. It can be seen from Table 2 that when
Tc ¼ 0.0002s, the system has the widest range to ensure the
stability. Consequently, the range 0.05 , cos/
Gf ( jv)H( jv) , 1 can be obtained from Fig. 6. With (11), the
gain of the repetitive controller should be selected as
0 , krc , 0.6.

Fig. 7 shows the Bode plot of Grc(s) with Q ¼ 1 and
krc ¼ 0.5 below 1 kHz. The diagram indicates that one RC

Fig. 6 Bode plot of Gf(s).H(s) with different Tc

Table 2 Bandwidth of Gf(s).H(s) for stability with different Tc

Tc, s Bandwidth, Hz

0 [0, 720]

0.0002 [0, 3500]

0.0004 [0, 1600]

0.0006 [0, 900]

Fig. 5 Bode plot of the loop gain of PI controlled VSI in SRF
747
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harmonic compensator can eliminate multiple harmonics
because large magnitude for compensation is achieved at
each harmonic frequency of Grc(s).

To further discuss the harmonics rejection principles of the
RC compensator, the influence of different parameters of
Grc(s) is compared in Bode plot of Fig. 8. It can be
observed that the gain of RC compensator is determined by
krc, whereas the shape is governed by Q. The gain of Grc(s)
represents the harmonic convergence rate of the repetitive
compensator, and the magnitudes of Grc(s) at the harmonic
frequencies denote the accuracy of harmonic compensation.
Therefore the diagram illustrates that small krc will slow the
compensation rate whereas the small Q will weaken the
‘inherent’ harmonic rejection in repetitive controlled
harmonic compensator.

Fig. 9 shows the Bode plot of the system loop gain with and
without the RC compensator. The parameters of Grc(s) are
selected as Q ¼ 1 and krc ¼ 0.5. When the system is
controlled with the RC compensator, it can be seen that the
system loop gain achieves high magnitudes at harmonic
frequencies compared to the system controlled without the
RC compensator. From Fig. 9, it is also worth noting that
the fundamental current tracking mainly depends on the PI
controller when the SRF control strategy of the system is
taken into consideration. This is the main difference
between the conventional repetitive controllers implemented
in static reference frame and the RC harmonic
compensators in SRF, because the controller of the latter
one mainly works for the harmonics instead of the
fundamental components. The RC harmonic compensator
also simplifies the controller design procedure compared to
the selective harmonic compensators [21, 22], because one
RC compensator provides a wide bandwidth of harmonic
compensation as shown in Fig. 9. Besides, further
improvement on the RC compensator in SRF can be

Fig. 7 Bode plot of harmonic compensator Grc(s) with Q ¼ 1 and
krc ¼ 0.5
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implemented by revising the T referring to the fundamental
period as the period of harmonics to achieve selective
harmonic compensation.

5.3 Experimental results

A 3 kW experimental prototype of three-phase VSI is
fabricated to evaluate the performance with the proposed
control scheme. The system parameters are described in
Table 1 and the control is implemented by a TMS320F2407
digital signal processor with the parameters of the
controllers selected in Table 3.

Fig. 10 shows the steady-state performance of three-phase
VSI in SRF with and without RC compensator. In Figs. 10a
and b, three-phase output currents are read from a external
TLC7225 D/A converter. As seen, with and without RC
harmonic compensator, the THD is 1.7 and 4.3%,
respectively, and the measurement is implemented by Fluke
43B power harmonic analyser.

Figs. 10c and d show the single-phase output current ia and
transformed current in d frame id with and without the RC

Fig. 9 Bode plot of the system loop gain with and without RC
compensator

Table 3 Parameters of the controllers

proportional gain kp of PI controller 6

integral gain ki of PI controller 200

gain of the RC compensator krc 0.2

coefficient Q of the RC compensator 0.98

leading coefficient n in the phase compensator zn 1
Fig. 8 Bode plot of harmonic compensator Grc(s) with different parameters krc and Q

a Grc(s) with different krc and Q ¼ 1
b Grc(s) with different Q and krc ¼ 0.5
IET Power Electron., 2011, Vol. 4, Iss. 7, pp. 743–751
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Fig. 10 Performance of VSI with and without RC harmonic compensator in steady state

a Three-phase output currents without RC harmonic compensator
b Three-phase output currents with RC harmonic compensator
c Output current ia and transformed current id without RC harmonic compensator
d Output current ia and transformed current id with RC harmonic compensator

Fig. 11 Output current of phase A and the corresponding phase voltage under different power factors

a Unit power factor of the VSI system without RC harmonic compensator
b 0.8 power factor of the VSI system without RC harmonic compensator
c Unit power factor of the VSI system with RC harmonic compensator
d 0.8 power factor of the VSI system with RC harmonic compensator
IET Power Electron., 2011, Vol. 4, Iss. 7, pp. 743–751 749
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Fig. 12 Experimental transient response against step changes

a Step change in amplitude with the current of phase A and phase B without RC compensator
b Change in power factor with current of phase A, phase B and the grid voltage of phase A without RC compensator
c Step change in amplitude for the current of phase A and phase B with RC compensator
d Change in power factor with current of phase A, phase B and the grid voltage of phase A with RC compensator

Fig. 13 Harmonics analysis of the system

a Harmonics analysis of the output current for the system without RC compensator
b Harmonics analysis of the output current for the system with RC compensator
c Harmonics analysis of the grid voltages
750 IET Power Electron., 2011, Vol. 4, Iss. 7, pp. 743–751
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compensator. When only the PI controller is used, it can be
seen from Fig. 10c that the current distortion of single
phase will mainly cause sixth harmonics of the output
currents in d–q reference frame. When RC harmonic
compensator is implemented, the harmonics in ia and id are
well compensated as shown.

Fig. 11 shows the waveforms of the inverter output
currents and the corresponding grid voltages, at different
output power factors, for the systems with and without
the RC compensator. In Figs. 11a and c, the three-phase
VSI systems are at a unity power factor. Since that the
power factor of the hybrid system can be conveniently
controlled in SRF, the three-phase VSI systems with
leading power factor of 0.8 are shown in Figs. 11b
and d. It is worth noticing that although harmonics
distortion in grid voltage is 4.8%, the inverter output
currents are almost sinusoidal with a THD of 1.8% in
these two cases with the RC compensator.

Fig. 12 shows the experimental transients of the inverter
output currents facing the step changes of the references,
with and without the RC compensator. Figs. 12a and c
show that the references of the inverter are changed in
amplitude, and Figs. 12b and d present the inverter are
against a change in power factor from unit to 0.8, by setting
the reference in q frame unequal to zero. As can be seen
that with the RC compensator, although distortion and
overshoot of currents exist in the dynamic response, the
THD of the output currents is less than 2.5% in the both
situations when the dynamic process finishes.

Fig. 13 shows the harmonics analysis of the system
by Fluke 43B power harmonic analyser. For comparison,
Figs. 13a and b present the harmonic analysis of the output
current with and without the RC compensator, and Fig. 13c
is the harmonic analysis of the grid-side voltages.

6 Conclusions

This paper presents a hybrid controlled three-phase grid-
connected inverter in synchronous reference (d–q) frame. A
systematic theoretical analysis considering system stability
constraints of the hybrid controlled system in d–q frame,
the steady-state and dynamic response, and a set of design
tradeoffs relating parameters selection in the hybrid
controller, are further discussed from the frequency view
point. Moreover, this paper also reveals the different roles
of the PI controller and repetitive controller in d–q frame
during regulation procedures of the system. Based on this
analysis, a design procedure is formulated and experiments
are carried out. The results show that with the RC harmonic
compensator, the three-phase VSI system can be effectively
immune to the grid voltage distortions and achieve very low
THD of output currents. The experimental results also
reveal that the hybrid controller makes the system achieve
satisfactory dynamic performance, which also can improve
the slow system dynamic response of the repetitive
controller designed in static reference frame.
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