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Derivation of Topological Graphs
of Some Planar 4DOF Redundant
Closed Mechanisms by
Contracted Graphs and Arrays

Some planar redundantly closed mechanisms (RCMs) have better dexterity, less singular
configuration, and higher stiffness. In this paper, the derivation of valid topology graphs
(TGs) of some planar four degrees of freedom (4DOF) RCMs is studied based on the
contracted graph (CG), arrays, and topology graph with digits (DTG). First, some CGs
without any binary links are constructed for the planar 4DOF RCMs, some curves with
only binary links are distributed over CGs, and some valid TGs of the planar 4DOF
RCMs are derived. Second, a complicated derivation of TG is transformed into an easy
derivation of array and DTG, and some programs are compiled in VISUAL BASIC; all valid
arrays corresponding to nonisomorphic TGs are derived, and some invalid arrays cor-
responding to the isomorphic TGs and invalid TGs are determined and removed by the
compiled programs. Third, many valid TGs of the planar 4DOF RCMs with various basic
links are derived from valid arrays and DTGs. Finally, some application examples are
illustrated. [DOI: 10.1115/1.4001735]
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1 Introduction

Applications of redundant closed mechanisms (RCMs) can be
found in textile machines, printing presses, iron-steel making
equipments, petroleum pumping units, automobiles, robots, surgi-
cal tools, machine tools, and micro mechtronic manipulators. A
planar four degrees of freedom (4DOF) RCM includes four actua-
tors, in which one is a redundant actuator. Comparing with the
nonredundant mechanisms, the planar 4DOF RCMs have better
dexterity, less singular configuration, and higher stiffness [1-5].
Although planar 5- and 6DOF RCMs belong to the redundant
mechanisms, more redundant actuators may result in a more com-
plicated structure and are difficult to control. To create more novel
RCMs with useful functions has been a significant and challeng-
ing issue. In type synthesis of mechanisms, Sohn and Freuden-
stein [6], Vucina and Freudenstein [7], and Tsai [8] proposed con-
tracted graphs (CGs). Jin and Yang [9] designed the topology
structure of mechanisms using a topology graph (TG). Johnson
[10] derived planar associated linkage (AL) using a determining
tree. Gogu [11] studied the type synthesis of parallel mechanisms
(PMs) by morphological/evolutionary approaches. Lu and Leino-
nen [12] proposed some basic rules for deriving some acceptable
CGs from AL and derived TGs from CG by visual inspection.
Sardain [13] combined the type synthesis with the dimension syn-
thesis of the mechanism. By changing the types and/or motion
orientations of joints, Yan and Kang [14] studied the configuration
synthesis of mechanisms. Hervé [15] proposed the Lie group for
type synthesis of mechanisms. Pucheta and Cardona [16,17] syn-
thesized planar linkages based on constrained subgraph isomor-
phism detection and existing mechanisms. Saxena and Anantha-
suresh [18] selected the best configuration based on kinetostatic
design specifications. Kong and Gosselin [19] studied the type
synthesis of PMs based on the screw theory and virtual joint.
Hess-Coelho [20] studied the topological synthesis of PMs based
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on wrist design requirements. Each of the above approaches has
its merits and different foci. Currently, some simple planar RCMs
have been synthesized [1-5], and many complicated RCMs with
more links are applied widely. Since TG is a simple and effective
tool for the type synthesis of mechanisms, some more complicated
CGs should be applied to derive TGs for the type synthesis of
complicated RCMs. However, when a CG includes more ternary
T, quaternary Q, pentagonal links P,, and hexagonal H links, a
large number of different TGs can be derived. Meanwhile, the
derivations of many valid TGs for planar 4DOF RCMs clearly
become more complicated since many isomorphic TGs and in-
valid TGs cannot be identified easily by visual inspection. Hence,
this paper focuses on the computational derivation of valid arrays
and valid TGs of the planar 4DOF RCMs by means of CGs and
arrays. The following problems are solved: (1) the construction of
CGs of the planar 4DOF RCMs with (2Ts, 2Qs, 2P,s, H+2T,
4Ts, Q+2T, 2Q+2T, or P,+3T); (2) the compilation of some
programs in VISUAL BASIC for finding all the arrays and identifying
the isomorphic TGs and invalid TGs; (3) the computational deri-
vation of all valid arrays from CGs; (4) the derivation of valid
DTGs from valid arrays; (5) the construction of valid TG from
valid DTG.

2  Some Concepts and Conditions

Let J be a point of connection with 1DOF. Some links with 3Js
or more (such as T with 3Js, Q with 4Js, P, with 5Js, and H with
6Js) are defined as the basic links. A CG only includes the basic
links with 3Js or more [8,12]. Each of the basic links in CG is
represented by a dot. These dots are connected with each other by
some curves. For example, the simplest CG includes 27s, which
are connected with each other by three curves ¢y, ¢,, and c3 (see
Fig. 1(a)).

A TG is similar to CG, except that each of the curves is re-
placed by some Bs connected in a series by some Js. For example,
a TG includes 2T+7B and 10Js (see Fig. 1(c)). It can be derived
from CG in Fig. 1(a) by replacing (c;,c,,c3) with (2,2,3) Bs
connected in a series by (3,3,4) Js, respectively. In order to sim-
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Fig. 1 (a) A CG with 2Ts, (b) a DTG with 2T+7B represented
by digits, and (¢) a TG with 2T+7B and 10Js

plify the TG, a TG can be represented by a DTG, in which each of
the curves is represented by a curve with a digit versus the number
of B (see Fig. 1(b)). Many different DTGs can be derived from the
same CG by distributing some Bs over the curves. Suppose that
both TG x and TG y are derived from the same CG. If TG x is the
same as TG y, then TG x and TG y must be the isomorphism of
each other.

Let (n,,n3,n4,n5,n6) be the number of (B,T,Q,P,,H), respec-
tively. A general planar closed mechanism includes a moving plat-
form m with an end-effector, a fixed base b, and some branches
with various chain structures for connecting m with 5 [10-12].
Several different CGs can be derived from one AL with the same
group of basic links [12]. A valid TG can be derived from its valid
DTG. Many different mechanisms can be synthesized from one
valid TG by replacing any J with a revolute joint R or a prismatic
joint P [10]. In order to derive the valid TGs of the planar 4DOF
RCMs from CGs, two conditions must be satisfied as follows:

1. The number of links in any closed loop chain should be 4 or
more.
2. The number of B in each of curves must be 5 or less.

Two auxiliary conditions should be satisfied as follows:

1. The number of links connected in series in each branch from
m to b should be 2 or more.
2. A curve should not include three successive Ps.

The four conditions above are discussed as follows.

Since the simplest TG of 1DOF planar closed mechanism in-
cludes 4Js connected with four links [10,12], in order to avoid
some local structures with DOF=0, condition 1 must be satisfied.

When a curve includes 6Bs and 7Js, it must have 4DOF and
needs four actuators. Thus, other parts of the planar 4ADOF RCM
must be a structure with DOF=0. Hence, condition 2 must be
satisfied.

If m is connected with b by one link and 2Js, it has 2DOF and
moved by two actuators, the other two actuators are redundant. If
m 1is connected with b by 1J and moved by one actuator, other
three actuators are redundant. Since the planar 4DOF RCMs only
have one redundant actuator, condition 3 must be satisfied.

When a curve includes three successive Ps, one of 3Ps may be
redundant and a passive DOF may exist.

For example, a valid TG with 2T+7B in Fig. 1(b) includes
three closed loop chains L, L,, and Ls. L; is composed of ¢y, c3,
and 2Ts. L, is composed of ¢y, ¢,, and 2T5s. L is composed of ¢,
¢s3, and 2Ts. Since curves (cq,c,,c3) have (2,2,3) Bs, respectively,
the number of links in (L,,L,,Ls) are (7,6,7), respectively. Thus,
conditions 1 and 3 are satisfied. In addition, 27s can be m and b,
according to condition 3.

The numbers of B and some basic links in TGs have been
determined in Ref. [12] for synthesizing some planar ALs with
4DOF, see Table 1.

3 CG and TG of Some Simple ALSs

Generally, TGs of some simple ALs can be derived easily from
their CGs. Their isomorphic TGs and invalid TGs can be identi-
fied easily.

When a planar 4DOF RCM includes 27, its CG is constructed
(see Fig. 2(a)). Based on conditions 1-3 in Sec. 2 and the AL 1 in
Table 1, the six valid arrays are derived from this CG (see Table
2). Then, the six valid DTGs with 27+ 7B are derived from the six
valid arrays (see Fig. 2(a)). Based on conditions 1 and 3 in Sec. 2,
2Ts can be m and b at the same time only in No. 6 DTG.

When a planar 4DOF RCM includes 2Q0s, its CG is constructed
(see Fig. 2(b)). Based on conditions 1-3 in Sec. 2 and the AL 2 in
Table 1, the eight valid arrays are derived from this CG (see Table
2). Then, the eight valid DTGs with 2Qs and 9Bs are derived from
the eight valid arrays (see Fig. 2(b)). Based on conditions 1 and 3
in Sec. 2, 2Qs can be m and b at the same time only in No. 8
DTG.

When a planar 4DOF RCM includes 2P,s, its CG is constructed
(see Fig. 2(c)). Based on conditions 1-3 in Sec. 2 and the AL 3 in
Table 1, the 11 valid arrays are derived from this CG (see Table
2). Then, the 11 valid DTGs with 2P,s and 11Bs are derived from
the 11 valid arrays (see Fig. 2(c)). Based on conditions 1 and 3 in
Sec. 2, 2P,s can be m and b at the same time in No. 11 DTG.

When a planar 4DOF RCM includes H+2T7, its CG is con-
structed (see Fig. 2(d)). Based on conditions 1-3 in Sec. 2 and the
AL 4 in Table 1, the 15 valid arrays are derived from this CG.
Then, the 15 valid DTGs with H+2T+10B are derived from the
15 valid arrays (see Fig. 2(d)). Many planar 4DOF serial-parallel
mechanisms can be created from these DTGs.

4 TGs and Their Arrays

When the planar 4DOF RCMs include more links, the deriva-
tions of their TGs clearly become more complicated. Generally,
several different CGs versus one AL can be constructed. During
the derivation of all valid TGs from each of CGs, some isomor-
phic TGs and some invalid TGs must be eliminated in order to
avoid some identical and invalid mechanisms. However, it is a
challenging issue to identify the isomorphic TGs and invalid TGs
from some complicated CGs. Hence, an array approach is used for
deriving all the valid different TGs from each of the CGs.

Table 1 The number of B and basic links in some planar ALs with 4DOF

The number of B

The number of basic links

Associated linkage n, ns ny ns ng
1 3+DOF=7 2 0 0 0
2 5+DOF=9 0 2 0 0
3 7+DOF=11 0 0 2 0
4 6+DOF=10 2 0 0 1
5 3+DOF=7 4 0 0 0
6 4+DOF=8 2 1 0 0
7 5+DOF=9 2 2 0 0
8 5+DOF=9 3 0 1 0
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Fig. 2 Some CGs and valid DTGs versus ALs 1-4 in Table 1

Fig. 3 CGs | and Il with 4Ts versus AL 5 in Table 1

A CG may include some ternary 7; (i=1,...,n3), quaternary Q;
(j=1,...,ny), pentagonal P, (k=1,...,ns), and hexagonal H, (I
=1,...,ne) links. Each of (T}, Q;, Py, and H)) includes (3, 4, 5,
and 6) branches, respectively. Let (¢;1,,,%;3) be the number of B
in three branches of T}, (¢j1,4)2,4;3.4;4) be the number of B in
four branches of Q;, (py1,Pk2»P3>Pka»Prs) be the number of B in
five branches of P, and (hy,hp,hy3,hy, ks, hyg) be the number of
B in six branches of H,. For example, two different CGs I and 11
can be constructed from an AL with 47s, and the number of B in
three branches of T; is represented (see Fig. 3).

Each of DTGs can be represented by an array (see Table 3 and
Fig. 4). The isomorphic or invalid DTGs derived from the same
CG can be determined by the arrays. When representing the DTG
of planar 4DOF RCMs by an array, some criterions must be sat-
isfied as follows:

(1) Each of the arrays includes several strings. Each of the
strings corresponds to one basic link; the number of digits
in the strings is the same as that of the branch of the basic
link; the digits of the strings are the same as the number of
B in the branches of the link. For example, when a CG only
includes T; (i=1,2,3,4), No. 1 array {020, 020, 005, 500}
with four strings is derived (see Table 3). In this array, the
first string 020 corresponds to the number of B in three
branches of Ty, i.e., (t;;=0, t;,=2, 1;3=0); the second string
020 corresponds to the number of B in three branches of 75,
i.e., (t5;=0, ty,=2, t;3=0); the third string 005 corresponds
to the number of B in three branches of T3, i.e., (¢3;=0,
t3,=0, 133=5); the fourth string 500 corresponds to the
number of B in four branches of Ty. i.e., (t4;=5, t4,=0,
[43=0).

The sum of digits in every array is 2n,.

Suppose that both No. x and No. y arrays are derived from
the same CG. When the digits of the strings in array x are

2
©)

Table 2 Some CGs and valid arrays versus ALs 1-4 in Table 1

No. T, T, No. 0, 0, No. P, P, No. T, T, H
1 025 025 1 0225 0225 1 02225 02225 1 022 024 022024
2 034 034 2 0234 0234 2 02234 02234 2 022 033 022033
3 115 115 3 0333 0333 3 02333 02333 3 022 114 022114
4 124 124 4 1125 1125 4 11135 11135 4 022 123 022123
5 133 133 5 1134 1134 5 11144 11144 5 022 222 022222
6 223 223 6 1224 1224 6 11225 11225 6 023 023 023023
n,=7, ny=2, Fig. 2(a) 7 1233 1233 7 11234 11234 7 023 113 023113
8 2223 2223 8 11333 11333 8 023 122 023122
n,=9, n,=2, Fig. 2(b) 9 12224 12224 9 112 024 112024
10 12233 12233 10 112 033 112033
11 22223 22223 11 112 114 112114
ny=11, ns=2, Fig. 2(c) 12 112 123 112123
13 112 222 112222
14 113 113 113113
15 122 122 122122

n,=10, n3=2, ng=1, Fig. 2(d)

Journal of Mechanisms and Robotics
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Table 3 The 28 valid arrays derived from CG | with 4Ts

Table 4 The 39 valid arrays derived from CG Il

T, T, T, T, No. T, T, T, T,

No. Lip s I1ys 113 Iy 5 121, 123 I3 5 131, 133 gy 5 141, 143 1 000 011 015 015
2 000 012 014 024

1 020 020 005 500 3 000 013 013 033
2 020 020 014 410 4 000 022 023 023
3 020 020 023 320 5 001 010 015 105
4 020 021 104 400 6 001 011 014 114
5 020 021 113 310 7 001 012 013 123
6 020 021 122 220 8 001 020 024 104
7 020 022 203 300 9 001 021 023 113
8 020 023 31 110 10 001 022 022 122
9 021 021 103 301 11 001 030 033 103
10 021 021 112 211 12 001 031 032 112
11 021 022 202 201 13 001 040 042 102
12 021 022 211 111 14 001 041 041 111
13 030 030 004 400 15 001 050 051 101
14 030 030 013 310 16 002 011 013 213
15 030 030 022 220 17 002 012 012 222
16 030 031 112 210 18 002 020 023 203
17 030 032 211 110 19 002 021 022 212
18 031 031 111 111 20 002 030 032 202
19 040 040 012 210 21 002 031 031 211
20 040 041 111 110 22 002 040 041 201
21 050 050 011 110 23 002 050 050 200
22 110 110 014 410 24 003 011 012 312
23 110 110 023 320 25 003 021 021 311
24 110 111 113 310 25 003 030 031 301
25 110 111 122 220 27 003 040 040 300
26 110 112 212 210 28 004 011 011 411
27 110 113 311 110 29 011 110 014 104
28 111 111 112 211 30 011 111 013 113
29 041 140 020 020 31 011 112 012 122
32 011 113 011 131

33 011 120 023 103

34 011 121 022 112

the same as that of the strings in array y without consider- 35 012 11 012 212

ing the string’s and the digit’s order in each of strings, DTG 36 012 120 022 202

. . 37 012 121 021 211

x versus No. x array must be an isomorphism of DTG y 33 012 130 031 201
versus No. y array, and one of them must be eliminated 39 111 111 112 112

[21]. For example, both No. 2 {020, 020, 014, 410} and No.
29 {041, 140, 020, 020} arrays derived from the same CG I
in Table 3 include four strings. Since the digits of the (first,
second, third, and fourth) strings in No. 2 array are the
same as that of the (third, fourth, first, second) strings in
No. 29 array without considering the string’s and the digit’s
order, a DTG 2 versus No. 2 array and a DTG 29 versus
No. 29 array are derived (see Fig. 4). Then, a TG 2 versus
DTG 2 and a TG 29 versus DTG 29 are constructed, re-
spectively. It is known that TG 29 is formed only by rotat-
ing TG 2 by 180 deg. Hence, TG 2 and TG 29 are the
isomorphism each other.

When a planar 4DOF RCM includes 47T, its two different CGs
I and II with 4T are constructed (see Fig. 3). Based on conditions

DTG 29

Fig. 4 The 28 valid DTGs versus the 28 valid arrays and two
isomorphic TG 2 versus DTG 2 and TG 29 versus DTG 29

031011-4 / Vol. 2, AUGUST 2010

1-3 in Sec. 2, the 28 valid arrays are derived computationally
from CG I (see Table 3). The 28 valid DTGs with 47+7B are
derived from the 28 valid arrays (see Fig. 4).

5 CGs and TGs of Complicated ALs

Similarly, the 39 valid arrays are derived from CG II by a
compiled program (see Table 4).

Then, the 39 valid DTGs with 47+7B are derived from the 39
valid arrays (see Fig. 5).

When a planar 4DOF RCM includes Q+2T, its CG can be
constructed (see Fig. 6(a)). Similarly, the 46 valid arrays are de-
rived from the CG with Q+27 by a compiled program (see Table
5). Then, the 46 valid DTGs with Q+2T+8B are derived from 46
valid arrays (see Fig. 7).

When a planar 4DOF RCM includes 2Q+2T, the four different
valid CGs are constructed from AL 7 in Table 1 (see Fig. 8).

DTG 1 DTG 2 DTG 38 DTG 39

Fig. 5 The 39 valid DTGs versus the 39 valid arrays
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9" @ Fal

Fig. 6 (a) A CG with Q+2T versus AL 6; (b) a CGs with P,
+3T versus AL 8 in Table 1

Similarly, the 115 valid arrays are derived from the CG with
2Q+2T in Fig. 8(a) by a compiled program (see Table 6). Then,
the 115 valid DTGs with 2Q+27T+9B can be derived from the 115
valid arrays (see Fig. 9(a)).

When a planar 4DOF RCM includes P,+37, a valid CG with
P,+3T is be constructed (see Fig. 6(b)). Similarly, the 237 valid

Table 5 The 46 valid arrays from CG with Q+2T

No. T, T, 0
1 020 015 0215
2 020 024 0224
3 020 033 0233
4 021 105 0205
5 021 114 0214
6 021 123 0223
7 022 204 0204
8 022 213 0213
9 022 222 0222
10 023 303 0203
1 023 312 0212
12 024 402 0202
13 024 411 0211
14 030 005 0305
15 030 014 0314
16 030 023 0323
17 031 104 0304
18 031 113 0313
19 031 122 0322

20 032 203 0303

21 032 212 0312

22 033 311 0311

23 040 004 0404

24 040 013 0413

25 040 022 0422

26 041 112 0412

27 042 211 0411

28 050 012 0512

29 051 11 0511

30 110 015 1115

31 110 024 1124

32 110 033 1133

33 111 114 1114

34 111 123 1123

35 112 213 1113

36 112 222 1122

37 113 312 1112

38 114 411 111

39 120 014 1214

40 120 023 1223

41 121 113 1213

42 121 122 1222

43 122 212 1212

44 130 013 1313

45 130 022 1322

46 220 022 2222

Journal of Mechanisms and Robotics

DTG 1 DTG2 DTG 45 DTG 46

Fig. 7 The 46 valid DTGs versus the 46 valid arrays in Table 5

arrays are derived computationally from this CG (see Table 7).
Then, the 237 valid DTGs with P,+37+9B are derived from the
237 valid arrays (see Fig. 9(b)).

Thus, all valid TGs are derived from all valid DTGs in Figs. 4,
5,7, and 9 (see Fig. 10).

It is known from Fig. 10 that conditions 1 and 2 in Sec. 2 are
satisfied. In order to satisfy condition 3 in Sec. 2, some Bs with
gray color and basic links with dark color in Fig. 10 can be m and
b of each other. In addition, in Fig. 10, there are many other cases
that satisfy condition 3.

6 Selection of TGs and Their Application Examples

In order to select a better TG from many valid TGs, some
factors should be considered as follows:

(1) any valid TG may be potential one for creating novel planar
4DOF RCM

(2) a simple TG should be selected for designing a simple
mechanism

(3) a complicated TG should be used for obtaining a large out-
put of the mechanical force/torque

In order to install all actuators on the same base, a TG should
include a basic link with 4Js or more, and this basic link should be
a base or platform.

The lower the difference between the numbers of B in all
curves is, the better of TG is.

All active joints are marked by an underline.

Example 1. A planar 4DOF 2RRR+PRR RCM with a redun-
dant actuator can be synthesized from DTG 6 and TG 6 with 2T
+7B in Fig. 2(a) (see Fig. 11(a)). This RCM includes a platform
(7), a base (T), three rotational actuators, a translational actuator,
nine revolute joints, and one prismatic joint.

Example 2. A planar 4DOF serial-parallel RCM with a redun-
dant actuator can be synthesized from DTG 5 and TG 5 with H
+2T+10B in Fig. 2(d) (see Fig. 11(b)). This mechanism is com-
posed of a 3DOF 3RRR parallel manipulator and a 1DOF Watt
mechanism. It includes four rotational actuators and 16 revolute
joints.

Example 3. A planar 4DOF RCM can be synthesized from DTG
42 and TG 42 with Q+27T+8B in Figs. 7 and 10 (see Fig. 12(a)).
It includes one rotational actuator, three translational actuators,
two sliders (T}, T,), a moving platform Q, a base B, five prismatic
joints P; (i=1,2,...,5), and eight revolute joints (R;,j
=1,2,...,8).

Example 4. A planar 4DOF RCM is synthesized from DTG 218
and TG 218 with P,+3T+9B in Figs. 9(b) and 10 (see Fig. 12(b)).

(d)

Fig. 8 Four different CGs with 2Q+2T versus AL 7 in Table 1
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Table 6 The 115 valid arrays from CG with 2Q+2T Table 6 (Continued.)

No. Ty T, 0, &) No. T, T, [ &)
1 020 005 0220 0205 73 032 211 0311 1111
2 020 014 0220 0214 T4 040 012 0420 0212
3 020 023 0220 0223 75 040 011 0430 0311
4 020 004 0230 0304 76 040 012 0411 1112
5 020 013 0230 0313 77 040 011 0421 1211
6 020 022 0230 0322 78 041 111 0420 0211
7 020 003 0240 0403 79 041 111 0411 1111
8 020 012 0240 0412 80 050 011 0520 0211
9 020 002 0250 0502 81 050 011 0511 1111
10 020 011 0250 0511 82 110 014 1120 0214
11 020 005 0211 1105 83 110 023 1120 0223
12 020 014 0211 1114 84 110 013 1130 0313
13 020 023 0211 1123 85 110 022 1130 0322
14 020 004 0221 1204 86 110 012 1140 0412
15 020 013 0221 1213 87 110 011 1150 0511
16 020 022 0221 1222 88 110 014 1111 1114
17 020 003 0231 1303 89 110 023 1111 1123
18 020 012 0231 1312 90 110 013 1121 1213
19 020 002 0241 1402 91 110 022 1121 1222

20 020 011 0241 1411 92 110 012 1131 1312

21 020 003 0222 2203 93 110 011 1141 1411

22 020 012 0222 2212 94 110 012 1122 2212

23 020 002 0232 2302 95 110 011 1132 2311

24 020 011 0232 2311 96 111 113 1120 0213

25 021 104 0220 0204 97 111 122 1120 0222

26 021 113 0220 0213 98 111 112 1130 0312

27 021 122 0220 0222 99 111 111 1140 0411

28 021 103 0230 0303 100 111 113 1111 1113

29 021 112 0230 0312 101 111 122 1111 1122

30 021 102 0240 0402 102 111 112 1121 1212

31 021 111 0240 0411 103 111 111 1131 1311

32 021 104 0211 1104 104 111 111 1122 2211

33 021 113 0211 1113 105 112 212 1120 0212

34 021 122 0211 1122 106 112 211 1130 0311

35 021 103 0221 1203 107 112 212 1111 1112

36 021 112 0221 1212 108 112 211 1121 1211

37 021 102 0231 1302 109 113 311 1120 0211

38 021 111 0231 1311 110 113 311 1111 1111

39 021 102 0222 2202 111 120 022 1220 0222

40 021 111 0222 2211 112 120 013 1211 1113

41 022 203 0220 0203 113 120 022 1211 1122

42 022 212 0220 0212 114 120 012 1221 1212

43 022 202 0230 0302 115 121 112 1220 0212

44 022 211 0230 0311

45 022 203 0211 1103

46 022 212 0211 1112

47 022 202 0221 1202

48 022 211 0221 1211

49 023 302 0220 0202 It includes a rotational actuator, three translational actuators, two

2(1) 8;3 g(l)é 82?(1) ?%é sliders (T,T3), a moving platform P,, a base T, six prismatic

5 023 311 0211 111 joints P; (i=1,2,...,6), and nine revolute joints (R;,j

53 030 004 0320 0204 =1,2,...,9).

54 030 013 0320 0213

55 030 022 0320 0222

56 030 003 0330 0303

57 030 012 0330 0312

58 030 011 0340 0411

59 030 004 0311 1104

60 030 013 0311 1113

61 030 022 0311 1122

62 030 003 0321 1203 0 1 0

63 030 012 0321 1212 ... DTG114 DTGI115

64 030 011 0331 1311

65 030 011 0322 2211

66 031 103 0320 0203

67 031 112 0320 0212

68 031 111 0330 0311 -

69 031 103 0311 1103

70 031 112 0311 1112 DTG 1 Dile:2 DTG236 DTG 237

71 031 111 0321 1211 . . . .

7 032 211 0320 0211 Fig. 9 (a) The 115 valid DTGs versus the 115 valid arrays in

Table 6; (b) the 237 valid DTGs versus the 237 valid arrays in
Table 7
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Table 7 The 237 valid arrays derived from CG with P.+3T ver- Table 7  (Continued.)
sus AL 8 in Table 1

No. T, T, T, P,
No. T, T, T, P,
72 022 210 013 02113
1 020 010 015 02115 73 022 210 022 02122
2 020 010 024 02124 74 022 211 103 02103
3 020 010 033 02133 75 022 211 112 02112
4 020 011 105 02105 76 022 212 211 02111
5 020 011 114 02114 77 022 220 003 02203
6 020 011 123 02123 78 022 221 11 02211
7 020 012 204 02104 79 022 230 011 02311
8 020 012 213 02113 80 023 300 013 02013
9 020 012 222 02122 81 023 300 022 02022
10 020 013 303 02103 82 023 301 103 02003
11 020 013 312 02112 83 023 301 112 02012
12 020 014 402 02102 84 023 302 211 02011
13 020 014 411 02111 85 023 310 012 02112
14 020 020 005 02205 86 023 311 111 02111
15 020 020 014 02214 87 023 320 011 02211
16 020 020 023 02223 88 024 400 012 02012
17 020 021 104 02204 89 024 401 111 02011
18 020 021 113 02213 90 024 410 011 02111
19 020 021 122 02222 91 025 500 011 02011
20 020 022 203 02203 92 030 010 005 03105
21 020 022 212 02212 93 030 010 014 03114
22 020 023 302 02202 94 030 010 023 03123
23 020 023 311 02211 95 030 011 104 03104
24 020 030 004 02304 96 030 011 113 03113
25 020 030 013 02313 97 030 011 122 03122
26 020 030 022 02322 98 030 012 203 03103
27 020 031 103 02303 99 030 012 212 03112
28 020 031 112 02312 100 030 013 311 03111
29 020 032 211 02311 101 030 021 112 03212
30 020 040 012 02412 102 030 022 211 03211
31 020 041 111 02411 103 030 030 003 03303
32 020 050 011 02511 104 030 030 012 03312
33 021 100 015 02015 105 030 031 111 03311
34 021 100 024 02024 106 030 040 011 03411
35 021 100 033 02033 107 031 100 014 03014
36 021 101 105 02005 108 031 100 023 03023
37 021 101 114 02014 109 031 101 104 03004
38 021 101 123 02023 110 031 101 113 03013
39 021 102 204 02004 111 031 101 122 03022
40 021 102 213 02013 112 031 102 203 03003
41 021 102 222 02022 113 031 102 212 03012
42 021 103 303 02003 114 031 103 311 03011
43 021 103 312 02012 115 031 110 004 03104
44 021 104 402 02002 116 031 110 013 03113
45 021 104 411 02011 117 031 110 022 03122
46 021 110 005 02105 118 031 111 103 03103
47 021 110 014 02114 119 031 111 112 03112
48 021 110 023 02123 120 031 112 211 03111
49 021 111 104 02104 121 032 200 013 03013
50 021 111 113 02113 122 032 202 211 03011
51 021 111 122 02122 123 032 210 012 03112
52 021 112 203 02103 124 032 211 111 03111
53 021 112 212 02112 125 033 300 012 03012
54 021 113 302 02102 126 033 301 111 03011
55 021 113 311 02111 127 033 310 011 03111
56 021 120 004 02204 128 034 400 011 03011
57 021 120 013 02213 129 040 010 004 04104
58 021 120 022 02222 130 040 010 013 04113
59 021 121 103 02203 131 040 010 022 04122
60 021 121 112 02212 132 040 011 112 04112
61 021 122 202 02202 133 040 012 211 04111
62 021 130 003 02303 134 040 021 111 04211
63 021 131 102 02302 135 041 100 022 04022
64 022 200 014 02014 136 041 101 112 04012
65 022 201 104 02004 137 041 102 211 04011
66 022 201 113 02013 138 041 111 111 04111
67 022 202 203 02003 139 042 201 111 04011
68 022 202 212 02012 140 042 210 011 04111
69 022 203 302 02002 141 043 300 011 04011
70 022 203 311 02011 142 050 010 012 05112
71 022 210 004 02104 143 050 011 111 05111
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Table 7 (Continued.) Table 7 (Continued.)
No. T, T, T, P, No. T, T, Ts P,
144 051 101 111 05011 216 120 012 212 12112
145 051 110 011 05111 217 120 020 013 12213
146 052 200 011 05011 218 120 020 022 12222
147 110 000 025 11025 219 120 021 112 12212
148 110 000 034 11034 220 120 030 012 12312
149 110 001 115 11015 221 121 100 014 12014
150 110 001 124 11024 222 121 100 023 12023
151 110 001 133 11033 223 121 101 113 12013
152 110 002 214 11014 224 121 101 122 12022
153 110 002 223 11023 225 121 110 022 12122
154 110 003 313 11013 226 122 200 013 12013
155 110 003 322 11022 227 130 000 014 13014
156 110 004 412 11012 228 130 000 023 13023
157 110 005 511 11011 229 130 001 113 13013
158 110 010 015 11115 230 130 001 122 13022
159 110 010 024 11124 231 130 010 013 13113
160 110 010 033 11133 232 130 010 022 13122
161 110 011 114 11114 233 131 100 022 13022
162 110 011 123 11123 234 140 000 022 14022
163 110 012 213 11113 235 220 000 023 22023
164 110 012 222 11122 236 220 001 122 22022
165 110 013 312 11112 237 220 010 022 22122
166 110 014 411 11111
167 110 020 014 11214
168 110 020 023 11223
169 110 021 113 11213 7 Conclusions
170 110 021 122 11222
171 110 022 212 11212 Some contracted graphs without any binary links can be con-
172 110 023 311 11211 structed for the planar 4DOF RCMs. Many different topology
173 110 030 013 11313 graphs of the planar 4DOF RCMs can be derived from the same
174 110 030 022 11322 contracted graph.
175 110 031 112 11312 A topology graph can be represented by a topology graph with
176 110 032 211 1311 digits. A topology graph with digits can be represented by a valid
};7 . 040 . 11412 array. All valid arrays can be derived computationally from a con-
8 110 041 111 11411
179 110 050 011 11511 tracted graph. _ , o
180 111 100 015 11015 When given a valid array, a valid topology graph with digits
181 111 100 024 11024 can be derived from its contracted graph and given valid array.
182 111 100 033 11033 After that, a valid topology graph can be constructed easily from
183 111 101 114 11014 its topology graph with digits.
184 111 101 123 11023 The isomorphic and invalid topology graphs can be determined
185 L1 102 213 11013 computationally by identifying the isomorphic and invalid arrays.
126 111 lgg gzg 118?5 A large number of different planar 4DOF RCMs can be synthe-
}8; ili i 04 4%1 H 011 sized based on valid topology graphs. Comparing with some ex-
189 111 110 023 11123
190 111 111 113 11113
191 111 111 122 11122
192 11 112 212 11112 Fffz“i m m m M
193 111 113 311 11111
194 111 120 013 11213 e TG27 TG 28
195 111 120 022 11222
196 111 121 112 11212
197 112 200 014 11014 from
198 112 201 113 11013 Fig.5
199 112 203 311 11011 - TG 38 TG 39
200 112 210 013 11113
201 112 210 022 11122 from
202 112 211 112 11112 Fig. 7
203 112 212 211 11111
204 113 300 022 11022 - TG45 TG 46
205 113 301 112 11012 [
206 113 310 012 11112 from ¢
207 114 400 012 11012 Fig. 9a ‘
208 120 000 015 12015
209 120 000 024 12024 G1 G2 - TG114  TGI1I5
210 120 000 033 12033 q q ] q > ]
211 120 001 114 12014 from b4 3 .
212 120 001 123 12023 Fig. 9b 8 b b b
213 120 003 312 12012
214 120 010 014 12114 TG 1 G2 .- TG236 TG237
215 120 010 023 12123
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Fig. 10 All valid TGs versus all valid DTGs in Figs. 4, 5, 7, and
9
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Fig. 11 Two planar 4DOF RCMs and their two DTGs and TGs
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Fig. 12 Two planar 4DOF redundant parallel machine tools
and their DTGs and TGs

isting planar 4DOF RCMs, there are still a large number of novel
planar 4DOF RCMs that can be synthesized based on topology
graphs and various chain structures of branches. They may be
selected as novel planar 4DOF RCMs with better characteristics.
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Nomenclature

Symbol List
m = moving platform

Journal of Mechanisms and Robotics

= fixed base,

prismatic joint (active P with under line)
revolute joint (active R with under line)
= binary link

ternary link

quaternary link

pentagonal link

= hexagonal link

= point of connection with 1DOF

= the ith curve
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