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Abstract: A mathematical mechanism model was proposed for the description and analysis of the heat-stirring-acid leaching process. 
The model is proved to be effective by experiment. Afterwards, the leaching problem was formulated as a constrained multi-objective 
optimization problem based on the mechanism model. A two-stage guide multi-objective particle swarm optimization (TSG-  
MOPSO) algorithm was proposed to solve this optimization problem, which can accelerate the convergence and guarantee the 
diversity of pareto-optimal front set as well. Computational experiment was conducted to compare the solution by the proposed 
algorithm with SIGMA-MOPSO by solving the model and with the manual solution in practice. The results indicate that the 
proposed algorithm shows better performance than SIGMA-MOPSO, and can improve the current manual solutions significantly. 
The improvements of production time and economic benefit compared with manual solutions are 10.5% and 7.3%, respectively. 
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1 Introduction 
 

Leaching process is one of the central unit 
operations in the hydrometallurgical processes. The 
solution of optimal control problems that appear in 
leaching process has been a fascinating field of study for 
several decades. Many such real-world optimal control 
problems involve simultaneous optimization of multiple 
performance measures that are often non-commensurable 
and compete with each other. Historically, optimization 
techniques have dealt with multiple objectives by 
combining them into one objective function composed of 
the weighted sum of individual objectives, or by 
transforming one objective into a single response 
function while using others as constraints. For example, 
the usual objective in optimization of leaching process is 
to maximize either leaching rate or economic benefit in a 
minimum time. Like many chemical processes, the 
leaching process is characterized by a conflict between 
economic benefit and production time. The multi- 
objective optimization problem is to find an operating 
mode that achieves the best trade off between the 
economic benefit and the production time. 

An accurate model of leaching process is necessary 
for the optimization of controlled variables. Although the 
leaching reaction with acid has been investigated in 
recent years [1−6], the reactants in these researches are 

liquid. A kinetic study of a manganiferous ore leaching 
in acid media by glucose as the reducing agent is 
reported in Ref.[1]. A general model of the bacterial 
leaching process of ferrous and ferric ore is formulated in 
Ref.[2]. Several series of sulfuric acid leaching tests of a 
manganese carbonate ore are carried out in Ref.[3]. The 
overall mass balance model, the population-balance 
model and the segregated-flow model in acid media are 
reported in Refs.[4−6]. In this work, the acid leaching of 
cobalt compound ore which takes sulfur dioxide as the 
reducing agent is studied. A mathematical mechanism 
model for leaching process is proposed by analyzing the 
relationship of leaching rate and controlled variables. 
The main parameters of the model are estimated by 
experimental analysis and identification. The validity and 
generalization of the model are proved by experiment 
with practical data. 

The leaching rate is the most important criterion of 
leaching process dependent on the optimal controls of 
heating temperature, flux of sulfuric acid and flux of 
sulfur dioxide. Considering the complex solution space 
and nonlinear objective functions, the optimal solution is 
difficult to gain by many traditional optimization 
methods. However, several intelligent algorithms have 
been used to enhance the performance of industrial 
process, including genetic algorithms [7], particle swarm 
optimization [8], and evolutionary optimization [9]. 
Particle swarm optimization (PSO) is one of the most  

                       
Foundation item: Project(2006AA060201) supported by the National High Technology Research and Development Program of China 
Received date: 2010−07−15; Accepted date: 2011−01−18 
Corresponding author: HU Guang-hao, PhD; Tel: +86−15998355375; E-mail: guanghao5566@126.com 



J. Cent. South Univ. Technol. (2011) 18: 1200−1210 

 

1201

 

widely used multi-point search algorithms using 
stochastic behavior. PSO is developed by inspiring with 
social behavior that is observed in nature such as flocks 
of birds and schools of fish [10−11]. Recently, PSO has 
been gained more and more attention, due to its powerful 
search ability in function optimization. PSO is adopted to 
the multi-objective optimization widely. The main 
differences from single-objective PSO are the proper 
introduction of archive to reserve pareto-optimal 
candidates and the appropriate selection of guide 
particles for multi-objective optimization [12]. For 
example, MOSTAGHIM and TEICH [13] proposed a 
SIGMA method. This method selected the best local 
guides for each particle, which mainly improved the 
convergence to the pareto front. But, the method could 
not gain good convergence rate and uniform diversity 
simultaneously. COELLO and LECHUGA [14] 
introduced the global guide selection method based on 
pareto optimality and hypercube in the objective function 
space to maintain the diversity of the particles. But its 
convergence rate was low. To improve the performance 
of multi-objective PSO optimization algorithm, a two- 
stage guide multi-objective particle swarm optimization 
(TSG-MOPSO) algorithm is proposed in this work, 
which accelerates the convergence and guarantees the 
diversity of pareto-optimal front set as well. 

In this study, according to the inherent mechanism 
and manufacturing characteristics of leaching process, a 
mechanism model for leaching process is proposed. 
Afterwards, the leaching problem is formulated as a 
multi-objective optimization problem with secure and 
technological constraints. TSG-MOPSO algorithm is 
proposed to solve the proposed multi-objective 
optimization problem to obtain the optimal setting of 
heating temperature, flux of sulfuric acid and flux of 
sulfur dioxide for the leaching process. The leaching 
process optimization system, which includes the 
mathematical model and the improved algorithm, is 
applied in an advanced factory. The practical application 
results are evaluated. 
 
2 Mathematical mechanism model of 

leaching process 
 
2.1 Brief introduction of leaching process 

Leaching is defined as removal of ore by dissolving 
them from the solid matrix. The reagent is injected into a 
leaching tank and dissolves ore to separate useful 
components and impurities. In this work, cobalt 
compound is produced in the hydrometallurgical factory, 
and the reagents are sulfuric acid and sulfur dioxide. The 
field device is shown in Fig.1. The device can monitor 
the temperature, pH value, flux of sulfur dioxide and flux 
of sulfuric acid on line, and detect the leaching rate off 

line. The whole process is a batch process. The ore is 
stored in the slurry tank and transported to the leaching 
tank. And then, the ore pulp is stirred and heated, and 
reacted with the sulfuric acid and sulfur dioxide in the 
leaching tank. In the reaction, lower-priced ore reacts 
with sulfuric acid to generate vitriol, and higher-priced 
ore reacts with sulfur dioxide to generate vitriol. 
 

 
Fig.1 Field device of heat-stirring-acid leaching process 
 
2.2 Mechanism model of leaching process 

Before modeling, some assumptions for the 
leaching process are proposed as follows. 

1) The solution is stirred uniformly in leaching tank; 
2) The temperature of solution is uniform in 

leaching tank; 
3) Reaction is not exothermic; 
4) The average specific heat of mixtures has nothing 

to do with the temperature, and does not change along 
with the composition of reactant; 

5) The sulfur dioxide injected into solution is 
reacted completely; 

6) Classifying ore as two parts: one part is higher- 
priced ore, and the other is lower-priced ore. 

The kinetic study of the leaching process is 
researched. In the leaching process, the reaction rate is 
supposed to be controlled by the chemical reaction [1−6, 
15−16], then 
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where N is the amount of the substance of unleached ore 
at time t, ,/π3/4 3

k MrN ρ=  t is the reaction time, S is 
the surface area of a ore particle ,π4 2

krS =  k is a 
constant of reaction, C is the concentration of acid, rk is 
the radius of ore particle, ρ is the ore density, and M is 
the average molar mass of ore. Then, there is 
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Because the radius of ore particle is not convenient 
to be detected, the kinetic equation is usually expressed 
by the relationship between leaching rate y and reaction 
time t. N0 is supposed to be the amount of the substance 
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of unleached ore at beginning, then 
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where rk0 is the initial radius of ore particle. Substituting 
Eq.(3) into Eq.(2) results in 
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According to Arrhenius equation [17], k is defined 

as 
 

k=Aexp(−E/RT)                                    (5) 
 
where A is the activation coefficient, E is the activation 
of ore, R is the gas constant, and T is temperature. 

Based on the kinetic analysis on the leaching 
process above and combined with the actual field 
production, the material balance equation of leaching 
process is established as follows. 

Lower-priced ore: 
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Higher-priced ore: 
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Total leaching rate: 

 
21 yyy ϕφ +=                                    (8) 

 
where y1 is the leaching rate of lower-priced ore, y2 is the 
leaching rate of higher-priced ore, y3 is the concentration 
of sulfuric acid, y4 is the concentration of sulfurous acid, 
y5 is the temperature of leaching solution, y is the total 
leaching rate, φ is the ratio of lower-priced ore in reactant, 
and φ is the ratio of higher-priced ore in reactant. 

In the reaction of leaching process, the 
concentration of sulfuric acid and the concentration of 
sulfurous acid are changed. The change of the 
concentration of sulfuric acid is dependent on two factors: 
one is the consumption of sulfuric acid during the 
reaction, and the other is the supplement of sulfuric acid 
during the reaction. Considering these two factors, the 
material balance of sulfuric acid can be formulated as the 
following differential equation: 
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where K1=χ·G/M, Ccon is the concentration of 
concentrated sulfuric acid, u2 is the flux of concentrated 
sulfuric acid, ρcon is the density of concentrated sulfuric 
acid, Mcon is the molar mass of concentrated sulfuric acid, 
χ is the content of lower-priced ore, G is the weight of 
ore, α is the consumption of amount of the substance of 

sulfuric acid when 1 mol lower-priced ore is leached, and 
V is the cubage of leaching tank. 

The change of concentration of sulfurous acid is 
dependent on four factors: 1) consumption of sulfurous 
acid during the reaction, 2) flux of sulfur dioxide, 3) 
solubility of sulfur dioxide, and 4) contact area between 
sulfur dioxide and leaching solution. The dissolution rate 
[18] and the contact area between sulfur dioxide and 
leaching solution [19] can be defined as follows. 

Dissolution rate: 
 

g4hgg /)( δyCDv −=                             (10) 
 

Contact area: 
 

)/(3 3g rHuS μ=                               (11) 
 
where Dg is the diffusivity of sulfur dioxide in the water, 
Ch is the solubility of sulfur dioxide, δg is the thickness 
of gas−liquid contact area, u3 is the flux of sulfur dioxide, 
H is the height of leaching tank, μ is the rising velocity of 
bubble, and r is the radius of bubble.  

Considering these factors, the material balance of 
sulfurous acid can be formulated as following differential 
equation: 
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where K2=γ·G/M, γ is the content of higher-priced ore, 
and β is the consumption of amount of the substance of 
sulfur dioxide when 1 mol higher-priced ore is leached. 

The leaching process is a heat-acid-stirring reaction. 
It is also an energy transfer process in which energy is 
delivered from the heating pipe in leaching tank to the 
leaching solution, and it can be expressed by the 
following equation: 
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where U is the heat transfer coefficient of leaching tank, 
B is the heat transfer area of leaching tank, u1 is the 
heating temperature, m is the mass of leaching solution, 
and c  is the average specific heat of leaching solution. 

In summary, the mechanism model of the leaching 
process may be expressed by Eqs.(6), (7), (8), (9), (12) 
and (13). 
 
2.3 Parameters of mechanism model 

Considering the multi-tudinousness of the 
parameters in mechanism model, an accurate setting of 
the parameters is important to the application of the 
model. The main parameters of the mechanism model are 
tested by experimental analysis and identification. 
2.3.1 Known parameters in field 

V=12 000 L, H=500 cm, M=73.31 g/mol, ρ=    
8.9 g/cm3, Ccon=0.95, ρcon=1.84 kg/L, Mcon=98 g/mol, α= 
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1, β=4.19, U=27 509 J/(m2·K·s), B=14.13 m2 and r=   
0.5 cm are used. 
2.3.2 Known parameters in literature 

μ=10 cm/s [18], R=8.31 J/(K·mol) [18], Dg=    
1.21 cm2/s [19] and δg=0.74 cm [19] are used. 
2.3.3 Parameters obtained from experiment and 

identification 
1) Parameters obtained from experiment 
The solubility of sulfur dioxide is a variable 

parameter about temperature. The solubility of sulfur 
dioxide drops along with the ascension of temperature. 
The function of solubility of sulfur dioxide is expressed 
by the regression analyzing of the experimental data: 

 
+×−×= −− 3
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Similarly, the average specific heat of leaching 

solution is =c 2 298.365 J/(kg·K−1). 
2) Parameters obtained from identification 
Parameters A, E1 and E2 are identified by PSO 

optimization algorithm with the field actual data. The 
chart of identification is shown in Fig.2. 

The results of the identification are A=68.36, E1=  
68 891 J/mol and E2=66 529 J/mol. 

 

 
Fig.2 Chart of identification 
 
2.4 Model verification 

The predicted leaching rate is compared with the 
actual leaching rate. The actual leaching rate is collected 
four times at random, and the comparison between the 
predicted leaching rate and the actual leaching rate is 
shown in Fig.3. The relative error (RE) and root mean 
square error (RMSE) are denoted in Table 1, which are 
tested by four groups of actual data. The result indicates 
that the proposed model can predict the leaching rate 
accurately. 

 

 
Fig.3 Comparisons between predicted leaching rate and actual leaching rate: (a) Test 1; (b) Test 2; (c) Test 3; (d) Test 4 
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Table 1 RE and RMSE of four tests 

Error Test 1 Test 2 Test 3 Test 4 

RE (1) 0.019 6 0.055 3 0.017 4 0.040 4 

RE (2) 0.008 0 0.014 1 0.027 6 0.005 9 

RE (3) 0.009 6 0.008 3 0.000 6 0.031 4 

RE (4) 0.019 1 0.013 6 0.006 7 0.005 2 

RE (5) 0.000 8 0.008 6 0.005 5 0.024 6 

RE (6) 0.006 8 0.000 3 0.003 1 0.001 5 

RE (7) 0.009 1 0.005 3 0.002 5 0.000 3 

RE (8) 0.007 1 0.000 9 0.000 7 0.003 6 

RE (9) 0.004 4 0.016 8 0.017 5 0.000 8 

RE (10) 0.003 7 0.009 7 0.002 4 0.001 1 

RE (11) 0.004 0 0.020 7 0.008 3 0.008 5 

RMSE 0.012 3 0.015 1 0.014 7 0.011 4 

RE—Relative error; RMSE—Root mean square error 

 
3 Multi-objective optimization model of 

leaching process 
 

Under the safety conditions, the higher leaching rate, 
the less consumption and the less production time are 
significant to the actual production. In the leaching 
process, the consumption includes three parts: 1) the 
consumption of steam (temperature), 2) the consumption 
of sulfuric acid, and 3) the consumption of sulfur dioxide. 
In this work, two conflict objectives are considered: 
maximizing the economic benefit and minimizing the 
production time. A multi-objective optimization model is 
established which regards the heating temperature u1, the 
flux of sulfuric acid u2, the flux of sulfur dioxide u3 and 
production time tf as the decision variables: 
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where tf is the production time, Q is the price coefficient 
of leaching rate, Q1 is the price coefficient of temperature, 
Q2 is the price coefficient of sulfuric acid, Q3 is the price 
coefficient of sulfur dioxide, ymin is the expected 
minimum value of leaching rate, Tmax is the maximum 
value of temperature, Tmin is the minimum value of 
temperature, lmax is the maximum value of flux of 
sulfuric acid, lmin is the minimum value of flux of 
sulfuric acid, Lmax is the maximum value of flux of sulfur 

dioxide, Lmin is the minimum value of flux of sulfur 
dioxide, tmax is the maximum value of production time, 
and tmin is the minimum value of production time. The 
discrete optimization model can be expressed by the 
following equation: 
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(16)  
where n is the number of discrete segments of control 
variables. Solving the multi-objective optimization 
model, it is important to determine the number of 
discrete segments of control variables. The more the 
segments are, the more the difficulties of the 
optimization and implementation of control strategies are. 
The less the segments are, the worse the effect of control 
is. For this reason, the number of discrete segments of 
control variables needs to be determined by experiment 
for many times. The result of the experiment indicates 
that the effect of optimization becomes better and better 
while the number of discrete segments increases and the 
improvement stops while the number of discrete 
segments is more than 8. So, 8 is determined to be the 
number of discrete segments in this work. 
 
4 Multi-objective PSO algorithm based on 

two-stage guide 
 
4.1 Basic concepts of multi-objective optimization 

problems 
A general multi-objective optimization (MOP) 

includes a set of n parameters (decision variables), a set 
of l objective functions and a set of p inequation 
constraints and q equation constraints. All objectives are 
assumed to be minimized in this work, and the problem 
can be described as 

 

), ,2 ,1(0)(
), ,2 ,1(0)(s.t.

) , , ,(

))(,),(),(()(min
T

21

T
21

qvXh
puXg

xxx

fff

v

u

d

l

L

L

L

L

==
=≤

=

=

X

XXXXF

                  (17) 

 
where x is the decision variable, f is the objective 
function, d is the dimension of decision variable, gu is the 
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u-th inequation constraint, and hv is the v-th equation 
constraint. 

Definition 1: Pareto dominance 
For any two decision variables, a and b: 
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The definitions for a maximization problem 

( ~,, ≈ff ) are analogical. 
Definition 2: Pareto optimality 
A decision variable X∈x

r
 is said to be 

non-dominated to set X∈A  if and only if 
 

xaAa v
f

rr
:! ∈∃  

 
Moreover, x

r
 is said to be pareto optimal if and only 

if x
r

 is non-dominated to X. 
Definition 3: Non-dominated sets and fronts 
Let X∈A . The function p(A) gives the set of 

non-dominated decision variables in A: 
 

} regarding dominated-non is  {)( AaAaAp ∈=  
 

The set p(A) is the non-dominated set to A, and the 
corresponding set of objective functions F(p(A)) is the 
non-dominated front to A. Furthermore, the set Xp=p(XF) 
is called the pareto-optimal set and the set FP=f(XP) is 
denoted as the pareto-optimal front. 
 
4.2 Classical PSO 

Particle swarm optimization is a relatively new 
technique for optimization of continuous non-linear 
functions [20]. The individuals in a PSO have their own 
positions and velocities. Each particle moves in the 
search space with velocity, which is dynamically 
adjusted and balanced based on its own best movement 
(pb) and the best movement of the group (gb). If the best 
previous position of the i-th particle is recorded and 
represented as pi=( ) , , , , bbbb 321 d

pppp L  and the global 
best position is recorded and represented as gi= ,(

1bg   
), , , , bbb 32 d

ggg L  the modification of velocity (vid) and 
position (xid) of the i-th particle can be calculated by the 
current velocity and the distance from pi to gi as shown 
in the following formulas: 

 
)()( 2211 idiidiiid xgrcxprcvwv −⋅+−⋅+⋅=        (18) 

 
xid=xid+vi                                                                     (19)  
where w is known as the inertia weight, c1 and c2 are two 
positive constants, r1 and r2 are random numbers in the 
range of [0, 1]. 

The important part in multi-objective particle 
swarm optimization (MOPSO) is to determine the global 
best particle gi for each particle i of the population. In 
single objective PSO, the global best particle is 

determined easily by selecting the particle in the best 
position. In multi-objective optimization problems, each 
particle of the population should select its global best 
particle from the set of pareto-optimal solution. 
 
4.3 Multi-objective PSO algorithm based on two-stage 

guide (TSG-MOPSO) 
Different from normal multi-objective optimization 

methods that either pay attention to the convergence rate 
with the cost of worse diversity of solutions or pay 
attention to the diversity of solutions with the cost of 
lower convergence rate and more computing time, the 
TSG-MOPSO method proposed in this work takes both 
the convergence rate and the diversity of solutions into 
account. The SIGMA method is adopted to the first half 
of the evolution because of its fast convergence rate, and 
an approximated front of pareto is found. And then a 
proposed ideal optimal particle method is adopted to the 
remaining half of the evolution that will promote the 
diversity of solution. This method can both obtain higher 
convergence rate and ensure better diversity of solutions. 

The steps of TSG-MOPSO are shown as follows. 
Step 1: Initialize the parameters of TSG-MOPSO, 

including size of the swarm P, capacity of the archive A, 
PSO coefficients w, c1 and c2, and maximum iterations Z, 
t=0; 

Step 2: Randomly initialize the position and 
velocity of each particle in set P and set A. Set the initial 
position as the individual best position pi of each 
particle; 

Step 3: For t=1 to Z, 
1) Update archive, 
2) Select the global bests (gi) from A for each 

particle in the set P based on the strategy of two-stage 
guided, 

3) Update position and velocity of every particle 
according to the Eqs.(18)−(19), 

4) If t<0.9Z, the particle is mutated according to the 
proposed strategy, 

5) Each particle in set P has a new location, if the 
current location is dominated by its personal best 
location (pi), then the previous location is kept, otherwise, 
the current location is set as the personal best location. If 
the particles are mutually non-dominated, one particle is 
selected randomly; 

End. 
4.3.1 Strategy of archiving 

In normal multi-objective PSO optimization 
algorithm, the global solution will be stored in the 
external archive. If the size of the archive exceeds the 
maximum size limit, it will be truncated using the 
diversity consideration by crowding distance   
mechanism [21] to maintain the diversity of non- 
dominated solutions. 
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The crowding distance of a solution provides the 
density of solutions around this solution [21]. The 
crowding distance of a solution is the average distance 
between its two neighbouring solutions. The boundary 
solutions which have the lowest and the highest objective 
function values are given an infinite crowding distance 
values so that they are always selected. The final 
crowding distance value of a solution is computed by 
adding the entire individual crowding distances in each 
objective function. 

After all population members in the pareto-optimal 
set are assigned a distance metric, each solution can be 
compared with other solutions in the set. A solution with 
a smaller crowding distance indicates that it is more 
crowded than other solutions and the diversity of the 
solution is smaller. On the contrary, a solution with larger 
distance indicates that the diversity of solutions is larger. 
So, a solution with larger crowding distance will be 
reserved and one with smaller crowding distance will be 
deleted from the external archive to make solutions 
diversified. 
4.3.2 Strategy of two-stage guided 

The selection of gi is the key of PSO algorithm. For 
MOP problems, gi is related to the convergence speed of 
the algorithm and the diversity of solution. A two-stage 
guide gi selection strategy is proposed in this work. 
SIGMA method is adopted to the first half of the 
evolution because of its fast convergence rate, and an 
approximated front of pareto is found. And then, a 
proposed ideal optimal particle method is adopted to the 
remaining half of the evolution, which will promote the 
diversity of solution. 

1) SIGMA method 
The SIGMA method involves choosing the guide 

particle based on the similarity of the angular position in 
objective space. This method was proposed by 
MOSTAGHIM and TEICH [13] and was proved to have 
good convergence speed. For two-dimensional objective 
space, δ is defined as 
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The guide particle of particles in set P is the particle 

that has the closest δ in set A. 
2) Ideal optimal particle method 
Definition 4: 

*
jf  is regarded as the optimal value 

of the j-th objective, and the point ) , , ,( **
2

*
1 nfff L  is 

called ideal point. The optimal particle xI of the 
following equation is the ideal optimal particle: 

 

2

1

*))(())((min ∑
=

−=
n

j
jIjI fxfxfϕ                      (21) 

 
For a complex multi-objective optimization problem, 

the optimal value of the each objective and the 
corresponding optimal point tends to be unknown in 
advance. In this work, the previous optimal value of each 
objective in iterative process is regarded as 

*
jf . 

The process in which the guide particles are 
selected from set A is described as the following steps: 

(1) Compute the optimal value 
*
jf  and the 

corresponding optimal particle x* in set A; 
(2) According to Eq.(21), obtain the ideal optimal 

particle xI; 
(3) Compute the average of the optimal particle x* 

and the ideal optimal particle xI, and regard the average 
value as gi. 

The value gi represents the optimal information of 
the each objective, achieves the global optimization of 
the algorithm, and is helpful to achieve the local depth 
search. 

3) Selecting guided particle strategy 
SIGMA method which has faster convergence rate 

is adopted to the first n1-th generation of the evolution, 
and the ideal optimal particle method is adopted to the 
remaining (Z−n1)-th generation. 
4.3.3 Strategy of mutation 

The use of mutation operator in this MOPSO is 
needed because the algorithm may converge to local 
optimal fronts. Mutation probability (Pm) is reduced with 
the iteration of the algorithm according to 

 
ZCP /1 gm −=                                  (22) 

 
where Cg is the number of current generation. For each 
particle, the variable mr is a random number in the range 
of [0, 1].  

If mr<Pg, the particle is randomly selected for 
mutation according to 

 
iii xvmx +⋅−⋅⋅= )1( rμθ                         (23) 

 
where μ points out the direction in mutation and θ 
controls the distance covered by a jump. In this work, 
μ=3 and θ is set as ±1 randomly. If the solution is beyond 
its boundary by mutation, it is moved to the 
corresponding boundary. 
 
5 Practical application and discussion 
 
5.1 Leaching process optimization system 

The leaching process optimization system, which is 
based on the study of the proposed models and the 
improved algorithm, is developed and put into operation 
in an advanced factory. In the optimization system, the 
heating temperature, flux of sulfuric acid and flux of 
sulfur dioxide are monitored, and a pareto-optimal set of 
these controlled variables is calculated by the 
optimization system to the operators, which provides a 
management guide to the production. The optimization 
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system is developed by C++ and runs on an Intel P4 
2.0GHZ PC with 1G RAM. The interface of the leaching 
process optimization system is shown in Fig.4. 
 

 
Fig.4 Interface of leaching process optimization system 
 
5.2 Experiment and analysis 

Computational experiments are conducted with 
practical data in order to examine the performance of the 
proposed TSG-MOPSO and the models. Eighty-two 
instances are collected from the advanced factory. All the 
parameters used in the study are listed in Table 2. The 
proposed algorithm is compared with the SIGMA- 
MOPSO method. Figure 5 shows the graphical results 
produced by the TSG-MOPSO and the SIGMA-MOPSO. 
It is indicated that all the performance indices of the 
TSG-MOPSO method are better than those of the 
SIGMA-MOPSO method. By comparing the 
pareto-optimal fronts produced by each algorithm in the 
multi-objective optimization problem, it is clear that the 
TSG-MOPSO generates more solutions which are closed 
with pareto-optimal front. Moreover, the TSG-MOPSO 
method has better diversity. 
 
Table 2 TSG-MOPSO parameters used for optimization 

Parameter Value 
Maximum number of 

iterations, Z 
1 000 

Archive size, A 200 

Population size, P 200 

ω Linear decrease from 0.9 to 0.2

c1 Linear decrease from 0.9 to 0.2

c2 Linear increase from 0.2 to 0.9

n1 400 

Number of discrete segments 8 

 

  
Fig.5 Pareto-optimal front obtained by TSG-MOPSO and 
SIGMA-MOPSO 
 

Figure 6 shows the evolution process of pareto- 
optimal front for multi-objective model. The particles 
iteratively converge on pareto-optimal front. 
 

 
Fig.6 Evolution of pareto-optimal front for multi-objective 
model 
 

Figure 7 shows that three representative groups of 
pareto-optimal solutions. The approximately equal 
heating temperature denotes that the reaction can be 
complete under a certain temperature in the leaching 
process. The sulfuric acid is injected in the first half of 
reaction because the concentration of sulfuric acid is 
required by Eq.(6) and Eq.(9) in the beginning of the 
reaction. The sulfur dioxide is complemented in the 
whole reaction because the complement of the sulfur 
dioxide should be equal to the consumption without 
waste and leak. The complement of sulfuric acid and 
sulfur dioxide both decrease finally with the reduction of 
ore. From the foregoing, these pareto-optimal solutions 
are reasonable and applicable. 

Operators choose a optimal solution from the 
pareto-optimal set obtained by the improved algorithm 
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according to different requirements of production. The 
optimization system is tested for six months in an 
advanced factory with practical data in field. Nineteen 
examples are sampled randomly according to the 
different masses of every tank of ore. The comparison of 
these examples between the results of TSG-MOPSO and 
manual operation is shown in Table 3, and the first three 

groups of results correspond to three representative 
groups of pareto-optimal solutions in Fig.7. The mean 
value of six months is compared in Table 4. It is obvious 
that the energy consumption is reduced significantly. The 
production time of the leaching process is reduced by 
10.5%, and the economic benefit of factory is increased 
by 7.3%. The improved algorithm is effective in practice. 

 

 
Fig.7 Three representative groups of pareto-optimal solutions: (a) Pareto-optimal solution 1; (b) Pareto-optimal solution 2;        
(c) Pareto-optimal solution 3 
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Table 3 Comparison of nineteen random examples between optimized and manual operation 

No. Method Mass of
ore/t 

Average heating 
temperature/K 

Accumulated 
flux of sulfuric 

acid/L 

Accumulated 
flux of sulfur 
dioxide/m3 

Production 
time/h 

Leaching 
rate/% 

Economic 
benefit/ 

(104RMB ¥)

Manual 4.11 363.13 370.15 6.23 5.59 97.96 2.97 
1 

TSG-MOPSO 4.11 356.75 355.08 5.31 4.99 98.11 3.15 

Manual 4.13 358.25 365.14 7.78 4.72 96.13 2.85 
2 

TSG-MOPSO 4.13 354.86 360.96 7.14 4.31 98.26 3.18 

Manual 4.15 363.12 368.15 6.65 5.24 97.25 2.81 
3 

TSG-MOPSO 4.15 358.96 363.09 6.23 4.67 97.24 3.03 

Manual 3.83 362.77 361.24 7.32 5.23 95.63 2.87 
4 

TSG-MOPSO 3.83 359.65 353.26 6.25 4.65 97.36 3.11 

Manual 4.25 359.06 364.49 7.05 5.30 96.32 2.82 
5 

TSG-MOPSO 4.25 357.65 358.25 6.68 4.54 96.41 3.03 

Manual 3.77 367.65 351.21 7.12 5.03 96.24 2.88 
6 

TSG-MOPSO 3.76 359.32 350.36 6.08 4.63 98.06 3.08 

Manual 4.32 362.25 363.75 7.09 5.26 97.32 3.02 
7 

TSG-MOPSO 4.32 361.17 359.23 6.32 4.86 97.52 3.15 

Manual 4.16 359.23 368.25 7.35 4.96 95.11 2.97 
8 

TSG-MOPSO 4.15 358.03 354.21 6.28 4.92 98.23 3.18 

Manual 4.03 366.25 361.25 7.35 5.52 97.36 3.02 
9 

TSG-MOPSO 4.03 355.98 360.25 6.11 5.02 97.35 3.17 

Manual 3.85 360.23 364.28 7.32 5.11 96.23 2.78 
10 

TSG-MOPSO 3.85 355.74 353.12 6.45 4.35 96.56 2.85 

Manual 3.90 366.15 362.35 6.86 5.22 96.32 2.91 
11 

TSG-MOPSO 3.90 352.26 342.13 6.14 4.58 97.85 3.07 

Manual 4.33 362.18 375.32 7.25 5.56 96.58 2.99 
12 

TSG-MOPSO 4.32 360.12 363.56 6.59 4.97 97.81 3.16 

Manual 4.30 367.25 380.21 7.54 5.45 96.44 3.03 
13 

TSG-MOPSO 4.30 362.87 361.45 6.78 4.93 97.45 3.14 

Manual 4.08 365.21 373.37 7.25 5.13 95.87 2.95 
14 

TSG-MOPSO 4.10 360.14 353.11 6.78 4.72 97.03 3.11 

Manual 3.80 364.28 354.12 6.95 5.17 96.35 2.82 
15 

TSG-MOPSO 3.80 353.12 347.25 6.63 4.65 97.54 3.08 

Manual 3.92 363.25 359.24 6.86 5.18 96.32 2.85 
16 

TSG-MOPSO 3.92 355.17 352.14 6.44 4.52 96.53 2.98 

Manual 4.20 358.24 373.85 7.15 5.21 96.88 2.98 
17 

TSG-MOPSO 4.20 358.20 365.12 6.56 4.96 97.35 3.16 

Manual 4.18 365.23 368.26 7.26 5.47 97.29 3.02 
18 

TSG-MOPSO 4.18 360.25 362.24 6.52 4.86 97.40 3.13 

Manual 4.07 363.33 362.11 7.17 5.28 96.87 2.94 
19 

TSG-MOPSO 4.07 361.24 353.85 6.79 4.69 97.25 3.12 
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Table 4 Comparison of optimization results 

Method Heating 
temperature/K 

Sulfuric 
acid/L 

Sulfur 
dioxide/m3 

Production 
time/h 

Leaching 
rate/% 

Economic benefit/
(104RMB ¥) 

Manual 364.23 360.78 7.13 5.38 97.743 2.87 

TSG-MOPSO 358.75 358.69 6.43 4.81 97.892 3.08 

Improved ratio/% −1.5 −0.57 −9.82 −10.5 +0.15 +7.3 

 
 
6 Conclusions 
 

1) A mathematical mechanism model is proposed by 
analyzing the heat-stirring-acid leaching process. All the 
key parameters of the model are obtained from field, 
literature and identification. The model is verified to be 
effective with practical data. 

2) A multi-objective optimization model is 
established based on the mathematical mechanism model 
and the characteristics of the leaching process. Two 
objectives are considered in the multi-objective model: 
maximizing the economic benefits and minimizing the 
production time. 

3) A new method named TSG-MOPSO algorithm is 
proposed to solve this multi-objective optimization 
problem. The effective archiving strategy, two-stage 
guide strategy and mutation strategy accelerate the 
convergence and guarantee the diversity of pareto- 
optimal front. The proposed algorithm is compared with 
the SIGMA multi-objective algorithm. The TSG- 
MOPSO method shows better performance than the 
SIGMA-MOPSO method. 

4) The leaching process optimization system, based 
on the proposed models and the improved algorithm, is 
developed and put into operation in an advanced factory. 
In the optimization system, the production time and 
economic benefit are improved by 10.5% and 7.3%. The 
application of the optimization system provides a 
management guide to the leaching production and 
reduces the energy consumption significantly. 
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