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Abstract The nonlinear atomistic interactions usually
involve softening behavior. Instability resulting directly from
this softening are called the material instability, while those
unrelated to this softening are called the structural insta-
bility. We use the finite-deformation shell theory based on
the interatomic potential to show that the tension instability
of single-wall carbon nanotubes is the material instability,
while the compression and torsion instabilities are structural
instability.

Keywords Carbon nanotubes · Instability

1 Introduction

Single-wall carbon nanotubes (SWCNT’s) display superior
mechanical, thermal and electrical properties, and have many
applications in nanotechnology. They have been modeled as
linear elastic thin shells with the Young’s modulus E and
shell thickness h fitted by the atomistic simulation results of
tension and bending rigidities. Specifically, the thickness h
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is obtained from

h =
√

12
bending rigidity

tension rigidity
(1)

based on the classical linear elastic shell theory. Such an
approach, however, leads to large scattering of shell thickness
[1–11], which gives the Young’s modulus varying by an order
of magnitude, known as the “Yakobson’s paradox” [12].

Huang et al. [11] explained the Yakobson’s paradox. With-
out any parameter fitting, they determined analytically the
tension, shear, bending and torsion rigidities directly from
the interatomic potential for carbon [13,14]. For a graphene,
which is the limit of SWCNT’s with the radii approaching
infinity, the torsion rigidity vanishes, while other rigidities
do not. These give

bending rigidity

tension rigidity
�= torsion rigidity

shear rigidity
, (2)

since its right-hand side equals zero, and its left-hand side
does not vanish and defines the SWCNT shell thickness as
in Eq. (1). This inequality contradicts the classical linear
elastic plate theory [15], which gives the same ratio of ben-
ding/tension and torsion/shear rigidities. It is responsible for
the aforementioned scattering of shell thickness in the conti-
nuum shell modeling of SWCNT’s because the thickness
thus defined depends on the loading. For example, the pure
twisting κ11 = −κ22 and κ12 = 0 gives zero thickness, while
the equ-biaxial bending κ11 = κ22 and κ12 = 0 gives a non-
vanishing thickness.

Wu et al. [16] established a finite-deformation shell theory
directly from the interatomic potential for carbon [13,14].
This atomistic-based continuum shell theory accounts for the
nonlinear, mutli-body atomistic interactions, as well as the
effect of SWCNT chirality, without any parameter fitting. Wu
et al. [17] then studied the instability of SWCNT’s subjected
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to different loadings. The critical strain for instability in ten-
sion is around 30%, while the critical strain for compression
and twist for torsion are small, and depend strongly on the
SWCNT length. The present paper does not account for the
Stone–Wales transformation (5775 defect), which may occur
prior to tension instability [18].

The nonlinear atomistic interactions always involve sof-
tening at large deformation. The instability results directly
from this softening is called the material instability, while
the instability unrelated to this softening (e.g., Euler buck-
ling) is called the structural instability. The purpose of this
paper is to determine whether the tension, compression and
torsion instabilities of SWCNT’s are material or structural
instabilities. The paper is structured as follows. The consti-
tutive model for the atomistic-based finite-deformation shell
theory [16] is briefly reviewed in Sect. 2. An SWCNT subjec-
ted to tension/compression and torsion is studied in Sects. 3
and 4, respectively. The strains at which the applied loads
reach the maximum, or equivalently the tangent rigidities
vanish are then compared to the critical strains for bifurca-
tion [17] in order to determine whether they are material and
structural instabilities.

2 Constitutive model for the finite-deformation shell
theory based on the interatomic potential

The Green strain tensor and curvature tensor in the SWCNT
are denoted by E and K, respectively. The strain energy den-
sity W is an analytic function of E and K obtained from the
interatomic potential [16]. The second Piola–Kirchhoff stress
tensor T and bending moment tensor M are work conjugates
of E and K,

T = ∂W

∂E
, M = ∂W

∂K
. (3)

Their increments are related by

Ṫ = L : Ė + H : K̇,

Ṁ = HT : Ė + S : K̇,
(4)

where L = LT and S = ST are the symmetric tension and
bending rigidity tensors given analytically in terms of the
interatomic potential, H and its transpose HT are the coupled
tension/bending rigidity tensors.

The results presented in the following are based on the
Brenner potential for carbon [13].

3 Tension/compression

For an armchair or zig-zag SWCNT of radius R subjected
to simple tension/compression, the deformation is uniform
prior to instability. A material point P = ReR + ZeZ on

the SWCNT prior to deformation moves to p = R(1 +
εlateral)eR + Z(1 + εaxial)eZ after the deformation, where
εaxial is the axial strain, and εlateral is the strain in circumfe-
rential direction to be determined in terms of εaxial.

The non-vanishing components of the Green strain and
curvature tensors are

E�� = εlateral + 1

2
ε2

lateral,

EZ Z = εaxial + 1

2
ε2

axial, (5)

K�� = −R−1εlateral.

The non-vanishing components of the second Piola–
Kirchhoff stress and bending moment tensors are

T�� = ∂W

∂ E��

, TZ Z = ∂W

∂ EZ Z
,

M�� = ∂W

∂K��

, MZ Z = ∂W

∂K Z Z
.

(6)

The equilibrium equation in the current configuration
becomes

T�� − M��

R(1 + εlateral)
= 0, (7)

which determines εlateral in terms of εaxial. The total axial
force on the SWCNT is

F = 2π R(1 + εaxial)TZ Z . (8)

The tangent rigidity of the SWCNT in tension/
compression is defined by

CTension = Ḟ

dzz
, (9)

where dzz = ε̇axial

1 + εaxial
is the rate of deformation. Figure 1

shows the tangent rigidity CTension, normalized by the cir-
cumference 2π R of the undeformed SWCNT versus the
axial strain εaxial for the armchair (8,8) and zig-zag (14,0)
SWCNT’s subjected to uniaxial tension and compression.
The critical strains for bifurcation obtained by Wu et al. [17]
are also shown by the solid and open circles in Fig. 1. For
the armchair (8,8) SWCNT in tension, bifurcation always
occurs once the tangent rigidity reaches zero regardless of the
SWCNT length. For the zig-zag (14,0) SWCNT in tension,
bifurcation depends on the SWCNT length, and occurs after
the tangent rigidity reaches zero and becomes negative, i.e.,
the bifurcation corresponds to softening in atomistic interac-
tions. This is somewhat similar to plastic shear localization
in plasticity [19], which also occurs in the softening stage.
Therefore, the bifurcation of SWCNT’s in tension represents
the material instability.

For SWCNT’s in compression, bifurcation depends on the
SWCNT length, and occurs when the tangent rigidity is still
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Fig. 1 The tangent rigidities of armchair (8,8) and zig-zag (14,0)
single-wall carbon nanotubes, normalized by the nanotube circumfe-
rence 2π R, versus the (nominal) axial strain. The solid and open circles
denote the critical bifurcation strains for different nanotube length L

positive. This suggests that bifurcation in compression cor-
responds to structural instability. In fact, the bifurcation mode
[17] is the same as the Euler buckling for long SWCNT’s.

4 Torsion

For an armchair or zig-zag CNT of radius R subjected to
torsion, the deformation is uniform prior to instability. Let
� denote the twist (rotation per unit length). A material point
P = ReR + ZeZ on the CNT prior to deformation moves
to p = R(1 + εlateral)(eR cos � Z + e� sin � Z) + Z(1 +
εaxial)eZ after the deformation, where the axial strain εaxial

and the strain εlateral in the circumferential direction are to be
determined in terms of � .

The components of the Green strain and curvature tensor
are

E�� = εlateral + 1

2
ε2

lateral,

EZ Z = εaxial + 1

2
ε2

axial + 1

2
� 2 R2(1 + εlateral)

2, (10)

E�Z = 1

2
� R(1 + εlateral)

2,

K�� = −R−1εlateral,

K Z Z = −� 2 R(1 + εlateral), (11)

K�Z = −�(1 + εlateral).

The components of second Piola–Kirchhoff stress and ben-
ding moment tensors are

T�� = ∂W

∂ E��

, TZ Z = ∂W

∂ EZ Z
, T�Z = ∂W

∂ E�Z
, (12)

M�� = ∂W

∂K��

, MZ Z = ∂W

∂K Z Z
, M�Z = ∂W

∂K�Z
. (13)

Fig. 2 The tangent rigidities of armchair (8,8) and zig-zag (14,0)
single-wall carbon nanotubes, normalized by 2π R3, versus the nomi-
nal twist, where R is the radius of undeformed nanotube. The solid
and open circles denote the critical twist for bifurcation for different
nanotube length L

The equilibrium equations in the current configuration
become

T�� + 2� RT�Z − M�� + 2� RM�Z + � 2 R2 MZ Z

R(1 + εlateral)
= 0,

(14)

TZ Z = 0, (15)

which give εaxial and εlateral in terms of � . The torque on the
SWCNT is

MTorsion = 2π R(1 + εlateral)[R(1 + εlateral)

×(Tθ Z + � RTZ Z ) − 2(Mθ Z + � RMZ Z )].
(16)

The tangent rigidity of SWCNT in torsion is defined by

CTorsion = ṀTorsion

(1 + εaxial)−1�̇
. (17)

Figure 2 shows the tangent rigidity CTorsion normalized by
2π R3 versus the normalized twist � R for the armchair (8,8)
and zig-zag (14,0) SWCNT’s subjected to pure torsion. The
critical strains for bifurcation obtained by Wu et al. [17] are
also shown by the solid and open circles in Fig. 2. Bifurcation
clearly depends on the SWCNT length, and occurs when
the tangent rigidity is still positive, which suggests that the
bifurcation in torsion corresponds to structural instability.

5 Concluding remarks

The bifurcation of single-wall carbon nanotubes in tension
are due to softening in the atomistic interactions, i.e., mate-
rial instability. The bifurcations in compression and torsion
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are not due to softening in the atomistic interactions, i.e.,
structural instability, which is similar to Euler buckling.
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