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a b s t r a c t

A modified variable-coefficient projective Riccati equation mapping method is applied to
(2 + 1)-dimensional Wick-type stochastic generalized Broer–Kaup system. With the help
of Hermit transformation, we obtain a series of new exact stochastic solutions to the sto-
chastic Broer–Kaup system in the white noise environment.

� 2010 Elsevier Inc. All rights reserved.

1. Introduction

In Ref. [1], Zhang et al. researched the (2 + 1)-dimensional variable coefficient Broer–Kaup (VCBK) system:

uyt � cðtÞðuxxy � 2ðuuxÞy � 2vxxÞ ¼ 0; ð1aÞ
v t þ cðtÞðvxx þ 2ðvuÞxÞ ¼ 0; ð1bÞ

where the coefficient c(t) is a bounded or integrable functions on Rþ. If the problem is considered in random environment,
we can get a random (2 + 1)-dimensional Broer–Kaup system. In order to obtain their exact solutions, we only consider this
problem in white noise environment.

In this paper, we will consider a (2 + 1)-dimensional Wick-type stochastic generalized Broer–Kaup (WSGBK) system in
the following form:

Uyt � CðtÞ } ðUxxy � 2ðU } UxÞy � 2VxxÞ ¼ 0; ð2aÞ
Vt þ CðtÞ } ðVxx þ 2ðV } UÞxÞ ¼ 0; ð2bÞ

where ‘‘}” is the Wick product on the Hida distribution space ðSðRÞ�Þ, C(t) is a white noise function. Eq. (2) can be seen as the
perturbation of the coefficient c(t) of the variable coefficient Broer–Kaup system Eq. (1) by white noise function.

In Ref. [2], Huang and Zhang investigated a invariable coefficient Broer–Kaup system by means of a variable-coefficient
projective Riccati equation mapping method. Soon, the method was further improved by Liu et al. [3] and the improved ap-
proach called modified variable-coefficient projective Riccati equation mapping method was used to solve same equation in
Ref. [2]. In this paper, we shall research WSGBK Eq. (2) by the aid of above improved method.

In Ref. [4], Wadati has studied for the first time the stochastic partial differential KdV equation. Recently, many authors,
e.g., [4–23] and so on, have investigated more intensively the stochastic partial differential equation (SPDE). And many

0096-3003/$ - see front matter � 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.amc.2010.05.100

* Corresponding author at: School of Communication and Information Engineering, Shanghai University, Shanghai 200072, PR China.
E-mail addresses: lsxylq@163.com, lsxylq@yahoo.com.cn (Q. Liu).

Applied Mathematics and Computation 217 (2010) 629–638

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate/amc



Author's personal copy

methods, e.g., the homogenous balance method [13,14], the homogenous balance principle and F-expansion method [15,16],
the elliptic equation mapping method [17,18], the Riccati equation mapping method [19,20], the elliptic function expansion
method [21], the modified mapping method [22,23] and the like, have been continuously proposed in the investigation of the
SPDEs.

In Ref. [24], Holden et al. researched stochastic partial differential equations in Wick versions on the basis of the theory of
white noise function. With the help of their ideas and a modified variable-coefficient projective Riccati equation mapping
method [3], we derive a series of exact solutions to the WSGBK Eq. (2).

2. Some concepts on ‘‘Wick-type’’ and the modified variable-coefficient projective Riccati equation mapping method

Here we outline some concepts on ‘‘Wick-type”. For more details about the exchange between the Wick-type stochastic
equation and the common partial differential equation, we suggest readers to see the remarkable achievement by Holden
et al. [24] and the second section of Ref. [13].

The Wick product X } Y of two elements X ¼
P

aaaHa; Y ¼
P

abaHa 2 ðSÞn�1 with aa; ba 2 Rn is defined by

X } Y ¼
X
a;b

ðaa; bbÞHaþb:

For X ¼
P

aaaHa 2 ðSÞn�1 with aa 2 Rn, the Hermite transformation of X, denoted by HðXÞ or eXðzÞ, is defined by

HðXÞ ¼ eXðzÞ ¼X
a

aaza 2 Cn ðwhen convergentÞ;

where z ¼ ðz1; z2; . . .Þ 2 Cn (the set of all sequences of complex numbers) and za ¼ za1
1 za2

2 � � � zan
n � � � for a = (a1,a2, . . .) 2 |.

For X;Y 2 ðSÞn�1, by this definition we have

gX } Y ðzÞ ¼ eXðzÞ � eY ðzÞ;
for all z such that eXðzÞ and eY ðzÞ exist. The product on the right-hand side of the above formula is the complex bilinear prod-
uct between two elements of CN defined by ðz1

1; . . . ; z1
nÞ � ðz2

1; . . . ; z2
nÞ ¼

Pn
k¼1z1

kz2
k , where zi

k 2 C.
The main steps by which we get exact solutions for Wick-type stochastic equation are outlined as follows.
Step 1: Let the operators @t ¼ @

@t
; rx ¼ @

@x1
; @
@x2
; . . . ; @

@xd

� �
when x = (x1,x2, . . . ,xd). With the help of the Hermite transforma-

tion, we transform Wick-type equation

A}ðt; x; @t;rx;U;xÞ ¼ 0; ð3Þ

into an ordinary products equation as follows

eAðt; x; @t ;rx; eU ; z1; z2; . . .Þ ¼ 0; ð4Þ

which is a variable coefficient partial differential equation.
Step 2: Reduce the partial differential equation (4) to ordinary differential equation by considering the transformationeUðt; x; zÞ ¼ uðt; x; zÞ ¼ uðnÞ. The equation that is reduced reads

Aðu;un;unn; . . .Þ ¼ 0: ð5Þ

Step 3: Seek the solutions of Eq. (5). We assume that Eq. (5) possesses the solution in the form:

uðnÞ ¼ a0 þ
Xn

i¼1

f i�1ðnÞðaif ðnÞ þ bigðnÞÞ; ð6Þ

where a0 = a0(x,y, t), ai = ai(x,z, t), bi = bi(x,z, t), (i = 1,2, . . . ,n), n = n(x,z, t) are functions to be determined later, and f(n), g(n)
satisfy

f 0ðnÞ ¼ �f ðnÞgðnÞ; g0ðnÞ ¼ 1� g2ðnÞ � rf ðnÞ; ð7aÞ

g2ðnÞ ¼ R� 2rf ðnÞ þ ðr
2 þ eÞ

R
f 2ðnÞ; R – 0; � ¼ �1; ð7bÞ

where R is an arbitrary constant and 0 denotes d
dn. We have known that Eq. (7) possesses the following solutions:

when � = �1,

f1ðnÞ ¼
4R

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
; g1ðnÞ ¼

ffiffiffi
R
p
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
; ð8Þ

f2ðnÞ ¼
R

coshð
ffiffiffi
R
p

nÞ þ r
; g2ðnÞ ¼

ffiffiffi
R
p

sinhð
ffiffiffi
R
p

nÞ
coshð

ffiffiffi
R
p

nÞ þ r
; ð9Þ

when � = 1,
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f3ðnÞ ¼
R

sinhð
ffiffiffi
R
p

nÞ þ r
; g3ðnÞ ¼

ffiffiffi
R
p

coshð
ffiffiffi
R
p

nÞ
sinhð

ffiffiffi
R
p

nÞ þ r
: ð10Þ

Step 4: Determine the parameter n by balancing the highest derivative term with the nonlinear terms in Eq. (5).
Step 5: Substituting Eq. (6) into Eq. (5) along with Eq. (7) and then setting all coefficients of figj (i = 0,1,2,3, . . ., j = 0,1) of

the resulting equation to zero, we get an over-determined system of algebraic equations with respect to a0, ai, bi

(i = 1,2, . . . ,n) and n.
Step 6: Solving the over-determined system of algebraic equations, we would end up with the explicit expressions for a0,

ai, bi and n.
Step 7: Substituting a0, ai, bi, n obtained in Step 6 into Eq. (6) along with Eqs. (8)–(10), we can deduce the solutions of Eq. (5).
Step 8: Taking the inverse Hermite transformation of u(t,x,z) obtained in Step 7, i.e., Uðt; xÞ ¼Hðuðt; x; zÞÞ, we deduce

U(t,x) which is the solutions of the Wick-type stochastic Eq. (3).

3. Exact solutions for stochastic Broer–Kaup system

Taking the Hermite transformation of Eq. (2), we can get the following equations:

eUyt � eCðt; zÞðeUxxy � 2ðeU eUxÞy � 2eV xxÞ ¼ 0; ð11aÞeV t þ eCðt; zÞðeV xx þ 2ðeV eUÞxÞ ¼ 0; ð11bÞ

where z ¼ ðz1; z2; . . .Þ 2 ðCNÞc is a vector parameter.
For the sake of simplicity, we denote uðt; x; y; zÞ ¼ eUðt; x; y; zÞ; vðt; x; y; zÞ ¼ eV ðt; x; y; zÞ and Cðt; zÞ ¼ eCðt; zÞ.
We take the following Bäcklund transformations of Eq. (11)

u ¼ fx

f
þ H0ðx; tÞ; v ¼ fxy

f
� fxfy

f 2 ; ð12Þ

which can be obtained from the standard Painlevé truncation expansion with H0(x, t), an arbitrary function of {x, t}.
It is easy to derive from Eq. (12) that

v ¼ uy: ð13Þ

Substituting Eq. (13) into Eq. (11), and integrating two sides of Eq. (11a) with respect to y, we can reduce Eq. (11) to a single
differential equation:

ut þ Cuxx þ 2Cuux ¼ Qðx; z; tÞ; ð14Þ

where Q(x,z, t) is an arbitrary function of the indicated variables. In what follows, we only consider Q(x,z, t) = Q(t).
Suppose u have the solution in the following form:

uðx; y; z; tÞ ¼ P1ðy; zÞ þ P2ðtÞ þ Aðy; zÞf ðnðx; y; z; tÞÞ þ Bðy; zÞgðnðx; y; z; tÞÞ; ð15Þ

where a0(x,y,z, t) = P1(y,z) + P2(t), a1(x,y,z, t) = A(y,z), b1(x,y,z, t) = B(y,z), n(x,y,z, t) = L(y,z)x + K(y,z, t).
Substituting Eq. (15) into Eq. (14) and letting the coefficients of figj (i = 0,1,2,3, . . ., j = 0,1) of the resulting equation to zero

yields an over-determined system of algebraic equations with respect to P1(y,z), P2(t), A(y,z), C(t,z), B(y,z), L(y,z), Q(t) and
K(y,z, t), namely:

2ðr2 þ �ÞACLðL� 2BÞ ¼ 0; ð16aÞ
2ðr2 þ �ÞBCLðL� BÞ � 2RA2CL ¼ 0; ð16bÞ
3RrACLð2B� LÞ � ðr2 þ �ÞBð2CLðP1 þ P2Þ þ KtÞ ¼ 0; ð16cÞ
� RðrBCLðL� 2BÞÞ þ Að2CLðP1 þ P2Þ þ KtÞ ¼ 0; ð16dÞ
RðRACLðL� 2BÞÞ þ rBð2CLðP1 þ P2Þ þ KtÞ ¼ 0; ð16eÞ
RðP2t � QÞ ¼ 0: ð16fÞ

We choose A(y,z) (–0), F1(y,z) (=�L(y,z)P1(y,z) � C1), F2(y,z) and Q(t) as arbitrary functions, C1 as arbitrary constant. Solving
Eq. (16), we obtain

Case 1:

P2ðtÞ ¼
Z t

QðsÞdsþ C1; Aðy; zÞ ¼ Aðy; zÞ; Bðy; zÞ ¼ �Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r
;

Lðy; zÞ ¼ �2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r
; P1ðy; zÞ ¼

F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ �

R

r
� C1;

Kðy; z; tÞ ¼ 4Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

ð17Þ
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Case 2:

P2ðtÞ ¼
Z t

QðsÞdsþ C1; Aðy; zÞ ¼ Aðy; zÞ; Bðy; zÞ ¼ Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r
;

Lðy; zÞ ¼ 2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r
; P1ðy; zÞ ¼ �

F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ �

R

r
� C1;

Kðy; z; tÞ ¼ �4Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ �

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

ð18Þ

Substituting Eqs. (17) and (18) into Eqs. (15) and (13), and using Eqs. (8)–(10), we obtain some families of exact solutions of
Eq. (11):

Family 1:

1. When e = �1, r2 � 1 > 0, R > 0,

u11ðx; y; t; zÞ ¼
Z t

QðsÞdsþ F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðy; zÞ 4�
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

v11ðx; y; t; zÞ ¼
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ 4RAyðy; zÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
R

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðy; zÞð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ Aðy; zÞ
ffiffiffi
R
p

nyð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
Aðy; zÞR

ffiffiffi
R
p

nyð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ � 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ2
; ð19Þ

u12ðx; y; t; zÞ ¼
Z t

QðsÞdsþ F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðy; zÞ 1�
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

v12ðx; y; t; zÞ ¼
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r

þ
RðAyðy; zÞ �

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðy; zÞ sinhð

ffiffiffi
R
p

nÞ þ Aðy; zÞny coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

þ
Aðy; zÞR

ffiffiffi
R
p

ny sinhð
ffiffiffi
R
p

nÞ
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ � 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ2
; ð20Þ

where

n ¼ �2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 � 1

r
xþ 4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 � 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

2. When e = �1, r2 � 1 < 0, R > 0,

u13ðx; y; t; zÞ ¼
Z t

QðsÞdsþ i
F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðy; zÞ 4� i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

v13ðx; y; t; zÞ ¼ i
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ 4RAyðy; zÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

� i
R

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðy; zÞð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ Aðy; zÞ
ffiffiffi
R
p

nyð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
Aðy; zÞR

ffiffiffi
R
p

nyð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ � 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ2
; ð21Þ

u14ðx; y; t; zÞ ¼
Z t

QðsÞdsþ i
F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðy; zÞ 1� i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;
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v14ðx; y; t; zÞ ¼ i
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r

þ
RðAyðy; zÞ � i

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðy; zÞ sinhð

ffiffiffi
R
p

nÞ þ Aðy; zÞny coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

þ
Aðy; zÞR

ffiffiffi
R
p

ny sinhð
ffiffiffi
R
p

nÞ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ � 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ2
; ð22Þ

where

n ¼ �i2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
xþ i4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

3. When e = 1, R > 0,

u15ðx; y; t; zÞ ¼
Z t

QðsÞdsþ F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r
þ

RAðy; zÞ 1�
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ
� �
sinhð

ffiffiffi
R
p

nÞ þ r
;

v15ðx; y; t; zÞ ¼
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r

þ
RðAyðy; zÞ �

ffiffiffiffiffiffiffiffi
1

r2þ1

q
ðAyðy; zÞ coshð

ffiffiffi
R
p

nÞ þ Aðy; zÞny sinhð
ffiffiffi
R
p

nÞÞÞ

sinhð
ffiffiffi
R
p

nÞ þ r

þ
Aðy; zÞR

ffiffiffi
R
p

ny coshð
ffiffiffi
R
p

nÞ
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ � 1
� �

ðsinhð
ffiffiffi
R
p

nÞ þ rÞ2
; ð23Þ

where

n ¼ �2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ 1

r
xþ 4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 þ 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

Family 2:

1. When e = �1, r2 � 1 > 0, R > 0,

u21ðx; y; t; zÞ ¼
Z t

QðsÞds� F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðy; zÞ 4þ
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

v21ðx; y; t; zÞ ¼ �
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ 4RAyðy; zÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
R

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðy; zÞð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ Aðy; zÞ
ffiffiffi
R
p

nyð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
Aðy; zÞR

ffiffiffi
R
p

nyð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ2
; ð24Þ

u22ðx; y; t; zÞ ¼
Z t

QðsÞds� F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðy; zÞ 1þ
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

v22ðx; y; t; zÞ ¼ �
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r

þ
RðAyðy; zÞ þ

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðy; zÞ sinhð

ffiffiffi
R
p

nÞ þ Aðy; zÞny coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

�
Aðy; zÞR

ffiffiffi
R
p

ny sinhð
ffiffiffi
R
p

nÞ
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ þ 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ2
; ð25Þ

where
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n ¼ 2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 � 1

r
x� 4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 � 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

2. When e = �1, r2 � 1 < 0, R > 0,

u23ðx; y; t; zÞ ¼
Z t

QðsÞds� i
F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðy; zÞ 4þ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

v23ðx; y; t; zÞ ¼ �i
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ 4RAyðy; zÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ i
R

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðy; zÞð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ Aðy; zÞ
ffiffiffi
R
p

nyð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
Aðy; zÞR

ffiffiffi
R
p

nyð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ2
; ð26Þ

u24ðx; y; t; zÞ ¼
Z t

QðsÞds� i
F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðy; zÞ 1þ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

v24ðx; y; t; zÞ ¼ �i
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r

þ
RðAyðy; zÞ þ i

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðy; zÞ sinhð

ffiffiffi
R
p

nÞ þ Aðy; zÞny coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

�
Aðy; zÞR

ffiffiffi
R
p

ny sinhð
ffiffiffi
R
p

nÞði
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ þ 1Þ

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ2
; ð27Þ

where

n ¼ i2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
x� i4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

3. When e = 1, R > 0,

u25ðx; y; t; zÞ ¼
Z t

QðsÞds� F1ðy; zÞ
2Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r
þ

RAðy; zÞ 1þ
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ
� �
sinhð

ffiffiffi
R
p

nÞ þ r
;

v25ðx; y; t; zÞ ¼ �
F1yðy; zÞAðy; zÞ � F1ðy; zÞAyðy; zÞ

2A2ðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r

þ
RðAyðy; zÞ þ

ffiffiffiffiffiffiffiffi
1

r2þ1

q
ðAyðy; zÞ coshð

ffiffiffi
R
p

nÞ þ Aðy; zÞny sinhð
ffiffiffi
R
p

nÞÞÞ

sinhð
ffiffiffi
R
p

nÞ þ r

�
Aðy; zÞR

ffiffiffi
R
p

ny coshð
ffiffiffi
R
p

nÞ
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ þ 1
� �

ðsinhð
ffiffiffi
R
p

nÞ þ rÞ2
; ð28Þ

where

n ¼ 2Aðy; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ 1

r
x� 4Aðy; zÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 þ 1

r Z t

Cðs; zÞ
Z s

QðsÞdsdsþ 2F1ðy; zÞ
Z t

Cðs; zÞdsþ F2ðy; zÞ:

Suppose h(t) be integrable function on R and

CðtÞ ¼ hðtÞ þ bWðtÞ;

where W(t) is a Gaussian white noise and B(t) is a Brownian motion, we know WðtÞ ¼ _BðtÞ. Considering the Hermite trans-
formation of C(t), we have

Cðt; zÞ ¼ hðtÞ þ bfW ðt; zÞ;
where fW ðt; zÞ ¼P1

k¼1

R t
0 gkðsÞdszk.
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Since exp}ðBðtÞÞ ¼ expðBðtÞ � 1
2 t2Þ (see Lemma 2.6.16 in Ref. [24]), set /ðtÞ ¼

R tCðsÞ
R sQðsÞdsds; wðtÞ ¼R thðsÞdsþ bBðtÞ � bt2

2 . Taking the inverse Hermite transformation of Eqs. (18), (20)–(28), respectively, we can obtain the exact
solutions of (2 + 1)-dimensional WSGBK Eq. (2) as follows:

Family 1:

1. When e = �1, r2 � 1 > 0, R > 0,

U11ðx; y; tÞ ¼
Z t

QðsÞdsþ F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðyÞ } 4�
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

V11ðx; y; tÞ ¼
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ 4RAyðyÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
R

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðyÞ } ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ
ffiffiffi
R
p

ny } AðyÞ } ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
R
ffiffiffi
R
p

AðyÞ } ny } ð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ }
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ � 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ}2 ; ð29Þ

U12ðx; y; tÞ ¼
Z t

QðsÞdsþ F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðyÞ } 1�
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

V12ðx; y; tÞ ¼
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r

þ
RðAyðyÞ �

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðyÞ } sinhð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

þ
R
ffiffiffi
R
p

AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞ }
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ � 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð30Þ

where

n ¼ �2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 � 1

r
xþ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 � 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

2. When e = �1, r2 � 1 < 0, R > 0,

U13ðx; y; tÞ ¼
Z t

QðsÞdsþ i
F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðyÞ } 4�
ffiffiffiffiffiffiffiffiffiffi
i �1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

V13ðx; y; tÞ ¼ i
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ 4RAyðyÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

� i
R

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðyÞ } ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ
ffiffiffi
R
p

ny } AðyÞ } ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
R
ffiffiffi
R
p

AðyÞ } ny } ð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ } ði
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ � 4Þ

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ}2 ; ð31Þ

U14ðx; y; tÞ ¼
Z t

QðsÞdsþ i
F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðyÞ } 1� i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

V14ðx; y; tÞ ¼ i
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r

þ
RðAyðyÞ � i

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðyÞ } sinhð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

þ
R
ffiffiffi
R
p

AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞ } i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ � 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð32Þ

where
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n ¼ �i2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
xþ i4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

3. When e = 1, R > 0,

U15ðx; y; tÞ ¼
Z t

QðsÞdsþ F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r
þ

RAðyÞ } 1�
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ
� �
sinhð

ffiffiffi
R
p

nÞ þ r
;

V15ðx; y; tÞ ¼
F1yðyÞ } Aðy; zÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r

þ
RðAyðyÞ �

ffiffiffiffiffiffiffiffi
1

r2þ1

q
ðAyðyÞ } coshð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞÞÞ

sinhð
ffiffiffi
R
p

nÞ þ r

þ
R
ffiffiffi
R
p

AðyÞ } ny } coshð
ffiffiffi
R
p

nÞ }
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ � 1
� �

ðsinhð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð33Þ

where

n ¼ �2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ 1

r
xþ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 þ 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

Family 2:

1. When e = �1, r2 � 1 > 0, R > 0,

U21ðx; y; tÞ ¼
Z t

QðsÞds� F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðyÞ } 4þ
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

V21ðx; y; tÞ ¼ �
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ 4RAyðyÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ
R

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðyÞ } ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ
ffiffiffi
R
p

AðyÞ } ny } ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
R
ffiffiffi
R
p

AðyÞ } ny } ð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ }
ffiffiffiffiffiffiffiffi

1
r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ}2 ; ð34Þ

U22ðx; y; tÞ ¼
Z t

QðsÞds� F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r
þ

RAðyÞ } 1þ
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

V22ðx; y; tÞ ¼ �
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1

R

r

þ
RðAyðyÞ þ

ffiffiffiffiffiffiffiffi
1

r2�1

q
ðAyðyÞ } sinhð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

�
R
ffiffiffi
R
p

AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞv
ffiffiffiffiffiffiffiffi

1
r2�1

q
sinhð

ffiffiffi
R
p

nÞ þ 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð35Þ

where

n ¼ 2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 � 1

r
x� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 � 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

2. When e = �1, r2 � 1 < 0, R > 0,

U23ðx; y; tÞ ¼
Z t

QðsÞds� i
F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðyÞ } 4þ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ
� �
5 coshð

ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r
;

636 Q. Liu et al. / Applied Mathematics and Computation 217 (2010) 629–638



Author's personal copy

V23ðx; y; tÞ ¼ �i
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ 4RAyðyÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

þ i
R

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðyÞ } ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ
ffiffiffi
R
p

AðyÞ } ny } ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞÞÞ

5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4r

�
R
ffiffiffi
R
p

AðyÞ } ny } ð5 sinhð
ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ } i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
ð5 sinhð

ffiffiffi
R
p

nÞ þ 3 coshð
ffiffiffi
R
p

nÞÞ þ 4
� �

ð5 coshð
ffiffiffi
R
p

nÞ þ 3 sinhð
ffiffiffi
R
p

nÞ þ 4rÞ}2 ; ð36Þ

U24ðx; y; tÞ ¼
Z t

QðsÞds� i
F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r
þ

RAðyÞ } 1þ i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ
� �
coshð

ffiffiffi
R
p

nÞ þ r
;

V24ðx; y; tÞ ¼ �i
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � 1
�R

r

þ
RðAyðyÞ þ i

ffiffiffiffiffiffiffiffi
�1

r2�1

q
ðAyðyÞ } sinhð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } coshð
ffiffiffi
R
p

nÞÞÞ

coshð
ffiffiffi
R
p

nÞ þ r

�
R
ffiffiffi
R
p

AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞ } i
ffiffiffiffiffiffiffiffi
�1

r2�1

q
sinhð

ffiffiffi
R
p

nÞ þ 1
� �

ðcoshð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð37Þ

where

n ¼ i2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
x� i4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�R

r2 � 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

3. When e = 1, R > 0,

U25ðx; y; tÞ ¼
Z t

QðsÞds� F1ðyÞ
2AðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r
þ

RAðyÞ } 1þ
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ
� �
sinhð

ffiffiffi
R
p

nÞ þ r
;

V25ðx; y; tÞ ¼ �
F1yðyÞ } AðyÞ � F1ðyÞ } AyðyÞ

2A}2ðyÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 1

R

r

þ
RðAyðyÞ þ

ffiffiffiffiffiffiffiffi
1

r2þ1

q
ðAyðyÞ } coshð

ffiffiffi
R
p

nÞ þ AðyÞ } ny } sinhð
ffiffiffi
R
p

nÞÞÞ

sinhð
ffiffiffi
R
p

nÞ þ r

�
R
ffiffiffi
R
p

AðyÞ } ny } coshð
ffiffiffi
R
p

nÞ }
ffiffiffiffiffiffiffiffi

1
r2þ1

q
coshð

ffiffiffi
R
p

nÞ þ 1
� �

ðsinhð
ffiffiffi
R
p

nÞ þ rÞ}2 ; ð38Þ

where

n ¼ 2AðyÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

R
r2 þ 1

r
x� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

r2 þ 1

r
AðyÞ } /ðtÞ þ 2F1ðyÞ } wðtÞ þ F2ðyÞ:

Remark. We have discussed the exact solutions of Eq. (2), when e = �1, r2 � 1 > 0, R > 0, when e = �1, r2 � 1 < 0, R > 0, and
when e = 1, R > 0. For other cases, similar to the above, e.g. when e = �1, r2 � 1 < 0, R < 0, when e = �1, r2 � 1 > 0, R < 0, when
e = 1, R < 0, we can obtain the corresponding solutions.

4. Summary and discussion

We have discussed the solutions of SPDEs driven by Gaussian white noise. There is a unitary mapping between the Gauss-
ian white noise space and the Poisson white noise space. This connection was given by Benth and Gjerde [25]. We can see in
Section 4.9 of Ref. [24] as well. Hence, by the aid of the connection, we can derive some stochastic exact soliton solutions if
the coefficients C(t) are Poisson white noise functions in Eq. (2).
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