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A new approach for measurement of
pitch, roll and yaw angles based on a
circular feature
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Abstract
This paper presents a simple, yet very effective approach to measure the three types of rotation angles by the method of imaging analysis. This

approach is suitable for many actual applications, such as head pose tracking, vehicle monitoring, robotic operation, etc. In this paper, a circular feature

is fixed on the object, which can do the rotational motion. By measuring the rotational angles of the circular feature based on perspective projection,

we can obtain the object’s rotational angles. We deduce the computation methods of the pure pitch, roll and yaw angles. Then we propose the meth-

ods of computing the pitch, roll and yaw angles in complex situations, which are different from the computation methods of pure pitch, roll and yaw

angles. Based on the approach proposed in this paper, some experiments are conducted and the results show that the approach can achieve good per-

formance when the rotation angles are in the scope of 690�.
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Introduction

An object’s position and orientation in 3D space has been the

focus of research in recent years (Beaudot and Mullen, 2006;

Fantoni, 2008; Lu and Leinonen, 2005; Price and Morrison,

2009; Regan, 1989; Triggs, 2004). In 3D space, a change in

the position of a rigid body is complicated to describe. It can

be regarded as a combination of two distinct types of motion:

translational motion and rotational motion. Translational

motion occurs when every particle of the body has the same

instantaneous velocity as every other particle, while rotational

motion occurs if every particle in the body moves in a circle

about a single line. This line is called the axis of rotation. In

general, any rotation can be specified completely by the three

angular displacements with respect to the rectangular co-

ordinate axes x, y and z. Any change in the position of the

rigid body can be completely described by three translational

and three rotational co-ordinates.
Rotational motion is a more complicate movement than

translational motion (Kremmer and Favier, 2000; Salgado et

al., 2010). The motion of pitch, roll and yaw are three repre-

sentative types of rotational motion. It has been found that

the three types of motion have played significant roles in

many scientific and engineering fields. In the field of com-

puter vision, the motion of pitch, roll and yaw are often used

to describe an object’s rotational motion (Ji, 2002; Romero

and Bobick, 2004; Zhu and Ji, 2004). In the field of human–

machine interactions, understanding the user’s focus of atten-

tion is critical for a variety of human–machine interactions,

and head orientation is a key component for assessing gaze

and attention focus. Head orientation can be specified given

three rotational parameters: roll, pitch and yaw. Yaw motion,

which is the most important rotation of the head, was studied

(Romero and Bobick, 2004). Three types of rotational motion

were also studied and three types of rotation angles generated

in the process of the motion were estimated when solving the

problem of head orientation (Ji, 2002). Yaw and pitch were

studied when solving the problem of real-time face tracking

(Zhu and Ji, 2004).
In the fields of aeronautics and astronautics, the motion of

pitch, roll and yaw, which could represent the aircraft’s orien-

tation, were also studied (Kumar and Kumar, 1999; Shang

and Palmer, 2011). We could obtain the flight attitude by the

study on the three kinds of rotational motion. This motion

has also been found in the research on vehicles (Dornaika and

Sappa, 2009; Qiu and Griffin, 2005; Sappa et al., 2006). When

a car moves along a road, it will also generate other motion in

the car except the forward motion, as we can feel the car’s

shaking. The car’s motion of yaw, pitch and roll were studied

for the transmission of roll, pitch and yaw vibration to the

backrest of a seat supported on a non-rigid car floor (Qiu and

Griffin, 2005).
In the field of shipping, research on the motion of the ship,

especially the motion of roll and yaw, are significant for the
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safety of ship (Das and Das, 2005). The three angles were also
used in the field of orthodontic diagnosis and treatment plan-
ning (Ackerman et al., 2007). Three rotational descriptors
(pitch, roll and yaw) were used to supplement the planar
terms (anteroposterior, transverse and vertical) in describing

the orientation of the line of occlusion and the aesthetic line
of the dentition. They were also used in patient positioning
(Kaiser et al., 2006).

In industrial activities such as manufacturing and inspec-
tion, physical quantities like angle and length are benchmark
parameters for maintaining and improving the quality of
products. Conventionally, the measurement of pitch and yaw
angles is based on the laser autocollimation method (Ennos
and Virdee, 1982). A fundamental concept of this method is to
magnify the angle changes as an optical magnifier, which con-
sists essentially of a thin collimate laser beam projected onto
the target plane reflector along the reflector surface normal,
an objective lens receiving the reflected beam and a position-
sensing detector located at the focal position of the objective
lens. The small angular displacement of the target reflector is
converted into linear displacement of the light spot on the
focal plane by using the objective lens as the optical magnifier.
The pitch and yaw angles can be detected simultaneously by
using a two-axis position-sensing detector such as a quadrant
photodiode. However, the conventional laser autocollimation
method cannot detect the roll angle (Saito et al., 2009).

There has been much research on the method for calculat-
ing the pitch, roll and yaw angles. Though the three angles
had been measured, the process was sophisticated and the
methods were limited in special situations. There is consider-
able measurement error and the precision could not meet the
requirement. So in this paper, we propose a new approach to
imaging analysis based on a circular feature, which has many
advantages, such as easy operability, simplicity, low cost and
high precision.

The research introduced in this paper is a part of a research
study on a head pose tracking system, which can measure the
three angles (pitch, roll and yaw angles) relative to its original

pose in real time. In this system, we take the feature-based
approach in which a circular feature labelled with one or two
diameters is fixed on a person’s head. The object tracked by
camera is the circular feature instead of the head. The research
in this paper is fundamental for the circular feature’s rota-
tional motion.

Camera calibration is a necessary procedure in traditional
photogrammetry, but the creativity in this paper is that the
approach proposed does not need the complicated procedure
of camera calibration. The only thing we should do is to com-
pute the effective focal length of the camera, and set the initial
position and orientation of the camera and the circular
feature.

The remainder of this paper is structured as follows: next,
we describe the definition of the three angles and the principle
of the approach for estimation of the object’s rotational
angles during the motion of pitch, roll and yaw using a circu-
lar feature. Then the computation methods of the pure pitch,
roll and yaw angles are described, followed by the computa-
tion methods for the pitch, roll and yaw angles in a complex
situation. We present some experiments and discuss the
results, and finally, the conclusions are given.

The principle of the approach

The pitch, roll and yaw angles

As a specification of a rotation obtained by applying three

consecutive principal rotations, the Euler angle representation

of a rotation or orientation is important, in part because most

inertial systems produce Euler angles as outputs. In addition,

Euler angles are often used to determine orientation in con-

trol mechanisms such as robotic arms and motion platforms.
There are 12 distinct ways to select a sequence of three

principal axes and apply the principal rotations. Each ordered

selection is a Euler angle convention. There are numerous con-

ventions for Euler angles in use and many are named inconsis-

tently. The two common used conventions are Z–X–Z

convention (also known as the 3–1–3 convention) and X–Y–Z

convention (also known as the 1–2–3 convention).
The Euler angles in the Z–X–Z convention are the three

angles: a, b and g. In some literature, a is called spin angle, b

is called the nutation angle and g is called the precession

angle. These three angles specify a rotation as consecutive

principal rotations using the Z-axis, the X-axis and the Z-axis

again. The first principal rotation is about the Z-axis through

angle a, followed by the X-axis through angle b, followed by

the X-axis again through angle g.
The Euler angles in the X–Y–Z convention are variously

called Tait–Bryan angles, Cardano angles or nautical angles.

There are three angles: f, u and c. f is called the roll angle, u

is called pitch angle and c is called the yaw angle. These three

angles specify a rotation as principal rotations about the

space-fixed principal axes. The first rotation is by angle c

about the Z-axis. The second is by angle u about the Y-axis.

The third is by angle f about the X-axis.
Figure 1 shows a model of cubic box for introduction of

the motion of pitch, roll and yaw. We consider a right handed

co-ordinate system (X, Y, Z) with the origin point O.
The three types of rotational motion can be defined as fol-

lows: the yaw motion is the object’s rotational motion about

the Z-axis, the pitch motion is the object’s rotational motion

about the Y-axis and the roll motion is the object’s rotational

motion about the X-axis. We can set anticlockwise direction

Figure 1 The motion of pitch, roll and yaw.
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as the motion’s positive direction from the view of facing on

the positive direction of the three axes.

Method of imaging analysis

Based on the principle of computer vision and image process-

ing, imaging analysis has been a popular method in many fields

such as real-time measurement, pose estimation, and so on.

There exist two common approaches to the solution of motion-

image processing and recognition problems using the method of

imaging analysis: the feature-based approach and the optical-

flow approach. The feature-based approach (Cosar and Cxetin,
2011; Han and Requicha, 1997; Shapiro and Brady, 1992)

requires that correspondence be established between a set of fea-

tures extracted from one image and those extracted from the

next image. Various features have been adopted to establish

such correspondence, including points, lines, planes and conics,

and combination of these features (Ma, 1993; Tissainayagam

and Suter, 2005). Amongst the available features, as a good can-

didate for object recognition, a circular feature has been widely

applied and has been the focus of research.
How does one track the object’s rotational motion and

measure some parameters such as angles of rotational

motion? The object can be a boat, a ship, a car or an aircraft,

from which we can hardly find a similar feature. So we pro-

pose a general method wherein a circular feature is fixed on

the object, and the model can be shown in Figure 2.
Figure 2 shows a circular feature, a circle O1, which is set

in the plane YOZ, is fixed on the object by a thin stick. The

point O1 is on the Z-axis. BD is a diameter that is parallel to

the Y-axis, while AC is another diameter that is on the Z-axis.

We can set a camera, which can take the images of the circu-

lar feature in front of the circular feature. When the object

moves, no matter whether it is the motion of pitch, roll or

yaw, the circular feature also does the same motion. So we

can obtain the object’s parameters of motion by measuring

the circular feature’s parameters of motion.

The perspective projection of a circular feature

The camera used to capture a sequence of images of circular

feature is modelled as a pinhole camera with perspective pro-
jection. Perspective projection, also called the pinhole imaging
model, is simple and practical. It is an ideal model based on

the linear projection theory.
Figure 3 shows the perspective projection of a circular fea-

ture. There is a cone formed by the projection centre OC as

the vertex and every point on the circle in 3D space. The
intersection of the cone and the image plane is the perspective
projection of the circular feature, which is always an ellipse.

When the circular feature’s supporting plane is parallel to the
image plane, the perspective projection of a circular feature is

a circle, a special case of ellipse.

Computation methods of angles of pure
pitch, roll and yaw

We can measure the object’s rotation angles by measuring the
circular feature’s rotation angels, as we have mentioned in the
previous section. In this section, we only consider the mea-

surement of angles of pure pitch, roll and yaw. That is to say
that there is only one kind of rotational motion each time. In

most situations, the object’s rotation angles are relatively
small. So we only consider 690� as the scope of rotation angle
in this paper, and our method proposed is also suitable for

this situation.

Pitch angle

As we can see in Figure 2, when the object rotates about the

Y-axis in the co-ordinate frame O–XYZ, the circle will do the
same motion, which is called pitch motion.

Figure 2 A circular feature is fixed on the object.

Figure 3 Perspective projection of a circular feature.
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We can take the images of the circular feature using a

camera, which can be placed in front of the circle O1. The

optical axis of the camera should be perpendicular with the
plane YOZ and pass the circle centre O1 for the convenience

of computation, as shown in Figure 4. The following analy-

sis is under a premise that the circular feature can be com-

pletely imaged in the camera. The imaging of the circular

feature based on perspective projection can be shown in

Figure 5.
In Figure 5, a circle O1, which lies in the plane p, has its

perspective projection, a circle O0 in the image plane p0. OC–

XCYCZC is the camera co-ordinate frame, in which OC is the

optic centre of the camera and the ZC axis is perpendicular to

the two planes p and p0. In Figure 6, the circle O2, which is

also the abovementioned circle O1 but is in the position after

a pitch motion, has its perspective projection, an ellipse O02 in
the image plane p0.

Based on geometrical reasoning, it can be shown that

Figure 6 can be simplified schematically to Figure 7. Figure

7(a) and (b) display the triangle DOCB2D2 and DOCA2C2 sep-

arately. The pitch angle is u. The distance between the optical
centre OC and the circle centre O1 is l. The distance from O to

O1 is h. The radius of the circle O1 is r.
For the convenience of computation, we should draw aux-

iliary line in Figure 7(b). From the point O2, we draw the ver-

tical line to the segment OCO1 and the foot point is E. In

Figure 7(b), the segment AC moves to the segment A2C2 after

the pitch motion. A02C
0
2 is an axis of the image ellipse O02. We

can obtain the equation as follows:

OcO02
OcO2

=
OcO01
OcE

ð1Þ

where OcE=OcO1 � EO1 = l � h sin u. l is the distance

between the optical centre OC and the circle centre O1 in ini-

tial status; h is the distance between the circle centre and the

origin of the O–XYZ co-ordinate frame and u is the pitch

angle. The length of OCO
0
1 is the camera’s effective focal

length f0. In Figure 7(a), there is the following relationship:

OcO02
OcO2

=
B02D02
B2D2

ð2Þ

where B02D
0
2 is another axis of image ellipse O02. We can set a

as the length of the segment B02D
0
2. Based on Equations (1)

and (2), it can be shown that

Figure 4 The schematic of measuring the angles of pitch, roll and yaw.

Figure 5 Perspective projection of the circular feature in initial status.

Figure 6 Perspective projection of the circular feature after the pitch

motion.

Figure 7 The simplified schematic representation of Figure 6.
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OcO01
OcE

=
B02D02
B2D2

ð3Þ

In Equation (3), OCO
0
1 represents the camera’s effective focal

length f0. OcE= l � h sin u. The length of B02D
0
2 is a. B2D2 is

the diameter of the circle and the length is 2r. So, the

Equation (3) can also be shown as:

f0

l � h sin u
=

a

2r
ð4Þ

So we can obtain the equation of the pitch angle.

u= arcsin
al � 2f0r

ah
ð5Þ

From Equation (5), we obtain the method for computing the

pitch angle. We should know the values of five parameters: r,
h, l, f0 and a. The values of r (the radius of the circular fea-

ture), h (the distance between the circle centre and the origin

of the O–XYZ co-ordinate frame) and l (the distance between
the optical centre of the camera and the circle centre in initial

status), can be measured on the scene. The values of f0 (the

effective focal length of the camera) can be calculated by
acquiring an image of a known-size object. The value of a can

be estimated from the acquired image. When the values of

pitch angles increase, the direction of the pitch motion is
positive.

Roll angle

As we can see in Figure 2, when the object rotates about the

X-axis in the co-ordinate frame O–XYZ, the circle O1 will do

the same motion, which is called roll motion.
From the Figure 5, we can see that the segment BD is par-

allel with its projection B0D0 in the image plane. When the cir-

cle O1 rotates about the point O, the two segments, BD and

B0D0, always keep parallel. The simplified image of the circle
O1 can be shown in Figure 8. Obviously, we can obtain the

method for computing roll angle f by measuring the slope of

the diameter B0D0.

f= arctan kBD ð6Þ

where kBD is the slope of B0D0, which is the image of diameter

BD. When the values of roll angles increase, the direction of

the roll motion is positive.

Yaw angle

As we can see in Figure 2, when the object rotates about the
Z-axis in the co-ordinate frame O–XYZ, the circle O0 will do
the same motion, which is called yaw motion.

As shown in Figure 5, the diameter BD has its perspective

projection B0D0. Figure 9 is the perspective projection of the
circle O1 in Figure 5 after a yaw motion. We can see that the

diameter BD of the circle has rotated to the position of B1D1

and the plane that the circle lies on is p1, while the image
plane is still p0.

Based on geometrical reasoning, this can be shown in
Figure 10, which is simplified schematically. It mainly shows

the two triangles DOCBD and DOCB1D1. The angle between

BD and B1D1 is the yaw angle c, as shown in Figure 10.

Drawing the vertical lines from the point B1 and D1 to the seg-
ment OCO1, the foot points are E on the segment OCO1 and F

on the extended line of the segment OCO1. In Figure 10, the

length of the segment OCO
0 is also called the effective focal

length. Let f0 be the effective focal length and r be the radius

of the circle O1. The distance between the optic centre OC and
the circle centre O1 is l.

Based on the principle of similar triangles, the following

equations can be obtained.

B0
1
O
0

B1E
= OcO0

OcE

D01O
0

D1F
= OcO0

OcF

8<
: ð7Þ

where B1E=D1F = r cos c. r is the radius of the circle and c

is the yaw angle.

Figure 8 The image of the circle before and after the roll motion.

Figure 9 The perspective projection of the circular feature after the

yaw motion.
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Based on Equation (7), the following equations can be
obtained by division.

B01O
0

D01O
0 =

OcF

OcE
=

l+ r sin c

l � r sin c
ð8Þ

where B01O
0 and D1O

0 are the two segments of an axis of

image ellipse. Here we can let b1 =B01O0 and b2 =D01O0. l is
the distance between the optic centre OC and the circle centre
O1. r is the radius of the circle. Thus, Equation (8) can be

expressed as

b1

b2

=
l+ r sin c

l � r sin c
ð9Þ

Based on Equation (9), we can finally obtain the equation of
the yaw angle.

c= arcsin
(b1 � b2)l

(b1 + b2)r
ð10Þ

In Equation (10), b1 and b2 are the two segments of the minor

axis of the image ellipse. The values of b1 and b2 can be esti-
mated from the acquired image. The values of l and r can be

measured on the scene. If the values of yaw angles increase,

the direction of the yaw motion is positive.

Computation methods of angles of pitch,
roll and yaw in complex situations

In complex situations, the circular feature does two or three
types of rotational motion at the same time. The circular

feature’s rotational motion can be decomposed of three kinds

of rotation motion. So we can analyse the circular feature’s

rotational motion by computing the three kinds of rotational

angles. Different from the method for computing pure pitch,

roll and roll angles, we should select other appropriate track-

ing object, which can be used to compute rotational angles

more easily.
In most situations, the object’s rotational angles are rela-

tively small. So in this section, we also consider 690� a mea-

surement scope of the three types of rotational angles.

Another method for computing roll angle

In this section, we propose a new method for computing the

roll angle of the circle. Different from in the Roll angle sec-

tion above, we use the diameter AC as the tracking object,

which is on the Z-axis initially, as shown in Figure 4. The rea-

son is that the image of diameter AC is more stable than the

diameter BD for our computations during the complex rota-

tional motion.
From the Figure 5, we can see that the segment AC is par-

allel with its projection A0C0 in the image plane. When the cir-

cle O1 rotates about the point O in the plane p, the two

segments always keep parallel. The simplified image of the cir-

cle O1 can be shown in Figure 11. Obviously, we can obtain

the method for computing roll angle f by measuring the slope

of the diameter A0C0.

f=

arctan kAC +p=2, (kAC \ 0)

arctan kAC � p=2, (kAC . 0)

0, (kAC =‘)

8><
>:

ð11Þ

where kAC is the slope of A0C0, which is the image of diameter

AC. When the diameter A0C0 is still vertical, it means the roll

angle is zero, but when kAC is zero, there will be two solutions:

90� and 290�. It is not difficult to distinguish the two cases by

Figure 10 The simplified schematic representation of Figure 9.

Figure 11 The image of the circle before and after the roll motion.
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the images. For example, if the circle’s image moves right rela-

tive to its initial position, it means the roll angle is negative.

Another method for computing pitch angle

In this section, we propose a new method to compute the pitch

angle of the circular feature. Different from the Pitch angle
section previously, we use the diameter AC as the tracking
object, which is on the Z-axis initially, as shown in Figure 4.

Figure 12 is the simplified schematic representation of
Figure 6. We draw three vertical lines from the point O2, A2

and C2 to the segment OCO1, and the foot points are E, F
and G separately. AC is the diameter in its initial status and
A2C2 is the diameter after a pitch motion. A02C

0
2 is the per-

spective projection of the diameter A2C2. The radius of the

circle is r. The distance from O to O1 is h. The distance from
OC to O1 is l. The length of OCO

0
1 is the effective focal length

f0. The pitch angle in this process is u, as shown in Figure 12.
We can obtain the following equations:

A02O01
A2F

=
OCO01
OCF

O01O02
O2E

=
OCO01
OCE

O01C02
C2G

=
OCO01
OCG

8>>>>>>><
>>>>>>>:

ð12Þ

The derivation of the segment A02O
0
1 is as follows:

O1F =(h+ r) sin u

OCF =OCO1 � O1F = l � (h+ r) sin u

OD= h=cos u

A2D=OA2 � OD=(h+ r)� h=cos u

A2F =A2D cos u=(h+ r) cos u� h

We can obtain:

A02O01 =
OCO01 � A2F

OCF
=

f0 (h+ r) cos u� h½ �
l � (h+ r) sin u

ð13Þ

The derivation of the segment O01O
0
2 is as follows:

O1E= h sin u

O1D= h tan u

DE=O1D� O1E= h tan u� h sin u

O2E=DE cot u= h� h cos u

OCE=OCO1 � O1E= l � h sin u

So we can obtain:

O01O02 =
OCO01 � O2E

OCE
=

f0(h� h cos u)

l � h sin u
ð14Þ

The derivation of the segment O01C
0
2 is as follows:

O1G =(h� r) sin u

DG=O1D� O1G= h tan u� (h� r) sin u

C2G=DG cot u= h� (h� r) cos u

OCG =OCO1 � O1G = l � (h� r) sin u

So we can obtain:

O01C02 =
OCO01 � C2G

OCG
=

f0 h� (h� r) cos u½ �
l � (h� r) sin u

ð15Þ

The circle O1 can be imaged an ellipse and we can obtain the
image of the diameter AC, the segment A02C

0
2, which is com-

posed of two segments, A02O
0
2 and O02C

0
2. Based on the

Equations (13), (14) and (15), we can obtain:

A02O02
O02C02

=
A02O01 +O01O02
O01C02 � O01O02

=

f0 (h+ r) cos u� h½ �
l � (h+ r) sin u

+
f0(h� h cos u)

l � h sin u

f0 h� (h� r) cos u½ �
l � (h� r) sin u

� f0(h� h cos u)

l � h sin u

=
l � (h� r) sin u

l � (h+ r) sin u
ð16Þ

Let a1 and a2 be the lengths of the segments A02O
0
2 and O02C

0
2.

So,

a1

a2

=
l � (h� r) sin u

l � (h+ r) sin u
ð17Þ

u= arcsin
(a1 � a2)l

(a1 � a2)h+(a1 + a2)r
ð18Þ

We can compute the pitch angle u by Equation (18) in a com-
plex situation. In this equation, a1 and a2, which are the
lengths of images of two radii (A2O2 and O2C2, shown in
Figure 12), can be measured from the acquired image. r is the
radius of the circle. h is the distance from the circle centre O1

to the origin O of the O–XYZ co-ordinate frame. l isFigure 12 A new method for computing the pitch angle.
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the distance from the camera optical centre OC to the circle

centre O1.

Another method for computing yaw angle

In the measurement of the three types of rotational angles, the

measurement of the yaw angle is the most difficult and com-
plex. In the Yaw angle section previously, we have proposed a

method for computing the pure yaw angle through the image
of diameter BD. In complex situation, the values of b1 and b2
(Equation 10) will change a lot and it is not suitable for the
computation of yaw angle in complex situations. We should

find a new method for computing the yaw angle, especially in
the premise of a pitch motion.

We let the circle rotate about the Y-axis firstly and the

pitch angle is u. Then the circle rotates about the Z0 axis (the
body-fixed axis: a body-fixed co-ordinate frame is used and it

can rotate along with the circle’s rotational motion), as shown
in Figure 13.

When the circle rotates about the Z0 axis, the diameter

B2D2 will perform the motion in the plane that B2D2 lies on
and the Z0 axis is perpendicular to. Let the plane be p3, as

shown in Figure 14. The diameter B2D2 rotates to B3D3 after
a yaw motion. p03 is a vertical plane, which is parallel to the

camera’s image plane. B02D
0
2 and B03D

0
3 are the diameter’s pro-

jections in the plane p03 (here we use parallel projection).
Because plane p03 is parallel to the image plane, the image of

the diameter B2D2 is parallel to the B02D
0
2. Initially the slope

of B2D2 and B02D
0
2 is zero.

In Figure 14, D3H ? B2D2 and D03H 0 ? B02D02. From the

right figure in Figure 14, we can obtain the relation between
D3H and D03H

0.

D03H 0=D3H sin u ð19Þ

So,

tan c0= tan c sin u ð20Þ

where c is the yaw angle and c0 is the projection of the angle
c in the plane p03. So,

c= arctan
tan c0

sin u
= arctan

kBD

sin u
ð21Þ

Here u is the pitch angle and u 6¼ 0. kBD is the slope of the

B03D
0
3 and also the slope of the image of B3D3 in the camera’s

image plane.

If the circle also rotates about the X-axis and the roll angle

is f, the equation of yaw angle should be revised.

c= arctan
tan (arctan kBD +f)

sin u
ð22Þ

If there are only the roll motion and yaw motion, the pitch

angle u in Equation (22) is zero. So the equation for comput-

ing the yaw angle should also be revised. In this situation, we

can use the method proposed in the Yaw angle section above.

c= arcsin
(b1 � b2)l

(b1 + b2)r
ð23Þ

Here b1 and b2 are the lengths of the images of two radii

(BO1 and DO1, shown in Figure 13). The distance between
the optic centre OC and the circle centre O1 is l. The radius of

the circle is r.

So the computing method for yaw angle can be classified

in two cases according to whether the circle performs the pitch

motion.

c=

arctan
tan ( arctan kBD +f)

sin u
, (u 6¼ 0)

arcsin
(b1 � b2)l

(b1 + b2)r
, (u= 0)

8>><
>>:

ð24Þ

Method for measuring the pitch, roll and yaw angles
in actual situations

In actual operation of the angles measurement, we can draw
two diameters on the circular object. As shown in Figure 15,

we can draw a solid line and a dotted line in the positions of

AC and BD separately. The method mainly includes the fol-

lowing steps:

� Step 1: Take the image of the circle.
� Step 2: Image processing. We can obtain more distin-

guishable images, which contain the two diameters byFigure 13 The schematic of the circle’s pitch motion.

Figure 14 Analysis of the diameter in the yaw motion.
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some image processing algorithms, such as image denois-

ing, image enhancement and morphological processing.
� Step 3: Compute the roll angle. If the diameter AC (the

solid line) remains vertical, it means that there is no roll

motion and the roll angle is zero. Otherwise, based on the

method proposed previously, we can compute the roll

angle of the circle by measuring the slope of the image of

diameter AC (the solid line).
� Step 4: Compute the pitch angle. If the images of two

radii in the diameter AC (the solid line) are equal in

length, it means that there is no pitch motion and the

pitch angle is zero. Otherwise, based on the second

method proposed for computing the pitch angle, we can

compute the pitch angle of the circle by measuring the

images of two radii AO1 and O1C (the solid line).
� Step 5: Compute the yaw angle. If the images of two radii

BO1 and O1D (the dotted line) are equal in length, it

means there is no yaw motion and the yaw angle is zero.

Otherwise, based on the second method proposed for

computing yaw angle, we can compute the yaw angle of

the circle by the measuring the slope of the image of dia-

meter BD or the lengths of the images of two radii BO1

and O1D. This is an approximate angle measurement

method in the complex situation.

Experiments and results

We have already analysed the object’s three types of rota-

tional motion with the help of a circular feature and proposed

the method for computing the pitch, roll and yaw angles

based on the principle of perspective projection in two situa-

tions. In order to verify the theoretical analysis and computa-

tional method for rotation angles that we proposed in this

paper, some experiments were carried out as follows.

Measurement of the pure pitch, roll and yaw angles

As shown in Figure 16, there is a box on which a circular fea-

ture was fixed. In order to measure the rotational angles of a

circular feature by the method of imaging analysis, it would

be better to know the mode of the rotational motion. We set
the camera as in Figure 4. In this study, we used a USB cam-
era. The radius of the circular feature is 0.045 m and the dis-
tance between the optical centre of the camera and the plane
of the circular feature is 0.6 m in this experiment. The distance
between the circle centre and the object centre is 0.12 m.

We acquired the images of the circular feature during the
three types of rotational motion. Each image is acquired when
the circular feature rotates to some angles. So the actual rota-
tional angel of each image is known. Figure 17 shows some

images of the circular feature when it is in the different orien-
tations. Then we analyse these images by image processing
methods, such as decreasing noises, contrast enhancement
and extraction of central line. The software used in this paper
is Matlab. Finally, we can compute the values of rotational
angles based on the method proposed previously. The results
are shown in Figures 18, 19 and 20 separately. In each figure,
the horizontal co-ordinates represent the actual values of
angles and the vertical co-ordinates represent the measured
values of angles. From the three figures, we can conclude that

the approach proposed in this paper achieved good perfor-
mance in spite of measurement errors.

Measurement of the pitch, roll and yaw angles in
complex situations

When measuring the pitch, roll and yaw angles in complex
situations, a holder is used to fix the circular feature. The cir-
cle can rotate about three vertical directions (X-axis, Y-axis
and Z-axis) in the holder, as shown in Figure 21. The angles
about each axis generated in the rotation can be obtained
before the angle measurement. Then we use the camera to

obtain the images of the circular feature in different orienta-
tions. The camera can be placed as shown in Figure 21. Here
we use a USB camera and a circular plate, which is labelled
with two diameters. The radius of the circular plate is 0.045
m and the initial distance between the optical centre of
the camera and the plane of the circular plate is 0.6 m. The
distance between the circle centre and the rotation centre is
0.28 m.

Figure 15 The schematic of measuring the angles of pitch, roll and yaw

in complex situations.
Figure 16 A box with a circular feature in the experiment.
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Through analysing the images of two diameters, we can

compute the pitch, roll and yaw angles by the method pro-

posed for measuring the pitch, roll and yaw angles in actual

situations. The two diameters can be distinguished by the

lines, i.e. the solid line and the dotted line.
We have captured images of the circular feature in differ-

ent orientations and some are shown in Figure 22. Figure

22(a) displays the image of the circular feature in its initial

state. We can find that the solid line diameter is vertical and

the four radii of the two diameters (the solid line and the

dotted line) are equal separately. So the three angles are all

zero by our method proposed. We can also take the image of

Figure 21(e) as an example. The circular feature’s rotational

angles relative to its initial status are: 230� (roll angle), 35�
(pitch angle) and 0� (yaw angle). The three angles are set in

advance. Firstly, we compute the roll angle by computing the

Figure 17 The circular feature’s images in different status: (a) the image in the initial and static status; (b) the image during the pitch motion; (c) the

image during the roll motion; (d) the image during the yaw motion.

Figure 18 Measurement result for pitch angle. Figure 19 Measurement result for roll angle.
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slope of the solid line diameter. The computed roll angle is

230.54�. Then we compute the pitch angle by measuring the

lengths of two radii (the solid line). The computed pitch angle

is 34.73�. At last, we compute the yaw angle. We find that the

lengths of two radii (the dotted line) are equal. So the com-

puted yaw angle is 0�. The detailed computation values of

three angles are shown in Table 1.

Discussion

Error analysis

We have measured the three types of rotation angles based

on the methods proposed in previously. Through the

measurement results, we find that the computation methods

of the pure pitch, roll and yaw angles are simple relative to

the angles computation methods in complex situation. From

Figures 18, 19 and 20, we can see that the methods of com-

puting pure pitch, roll and yaw angles have achieved good

effect. The error distribution can be shown in Figure 23. The

maximum value of the absolutely error is 0.4�. From the data

of the computed angles, we can compute the mean values of

these errors. They are: 0.061� (pitch angle), 20.031� (roll

angle) and 0.021� (yaw angle). The precision can meet a com-

mon need in actual applications.
In complex situations, there are two or three types of rota-

tional motion at the same time. From Table 1, we can see that

the computed roll and yaw angles have higher precision while

Figure 20 Measurement result for yaw angle.

Figure 21 The set-up in the experiment for measuring the three types

of rotational angles.

Figure 22 The circular feature’s images in different orientations.

Liu and Zhao 11



the yaw angle has relatively lower precision. The error dis-

tribution is shown in Figure 24. The maximum value of the

absolutely error is 2.93�. It occurs in the computation of

yaw angle. From the data of computed angles, we can com-

pute the mean values of these errors. They are: 20.015�
(pitch angle), 20.145� (roll angle) and 1.063� (yaw angle).

We can see that the computation methods in complex situa-

tions have lower precision than the computation methods

of pure pitch, roll and yaw angles. The reason mainly is that

the characteristics of the tracking objects (two diameters)

will change in a complicated way during the motion. The

computation method for yaw angle is an approximate

method and is based on the computed values of pitch and

roll angles. In this process, the error may increase. So the

precision of yaw angle in complex situations is lowest, and

the error shows an increasing tendency when the values of

measured angles increase.
Other factors that impact the precision include: the lens

distortion of the camera, including the pincushion distortion

and the barrel distortion; the measurement error, including

the error of the measurement values on the scene and the error

of the measurement in the image; and the equipment error,

including the installation error.

Comparison of two kinds of computation methods

The methods introduced for angles of pure pitch, roll and yaw

can only solve the computation of the pure pitch, roll and yaw

angles, but the methods introduced for angles of pitch, roll

and yaw in complex situations not only can solve the compu-

tation of pitch, roll and yaw angles in complex situations, but

solve the computation of the pure pitch, roll and yaw angles.

So the methods introduced for angles of pitch, roll and yaw in

complex situations have relevance in actual applications.

The values of some parameters used in the
computation methods

In this paper, we should notice that there are three para-

meters: r (the radius of the circular feature), h (the distance

between the circle centre and the object centre) and l (the dis-

tance between the optical centre of the camera and the circle

centre in initial status), which should be set before the mea-

surement. Here we only give the qualitative explanation about

the values of the three parameters instead of the quantitative

interpretation. The three parameters should be appropriate

values in measuring the three types of rotation angles. They

Table 1. The computed values of three angles in complex situations.

No. Referenced values Computed values

Roll angle Pitch angle Yaw angle Roll angle Pitch angle Yaw angle

(a) 0� 0� 0� 0� 0� 0�
(b) 28� 14� 0� 27.61� 14.03� 0�
(c) 12� 28� 38� 12.31� 27.83� 39.7�
(d) 228� 30� 210� 228.26� 30.9� 28.25�
(e) 230� 35� 0� 230.54� 34.73� 0�
(f) 35� 25� 32� 34.23� 24.42� 34.93�

Figure 23 Error distributions in pure pitch, roll and yaw angles

computation.

Figure 24 Error distributions in pitch, roll and yaw angle computation

in complex situations.
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should be neither too big nor too small and they should meet

our need for better imaging of the circular feature. For exam-

ple, if the value of l is too big, the image of the circular feature

will be much smaller and it will obviously have an impact on

the computation precision. Otherwise, if the value of l is too

small, the circular feature perhaps cannot be imaged com-

pletely. If the value of h is too big, a rotational motion with a

small angle will cause the circular feature’s large amplitude

motion and it will have an impact on the imaging of the circu-

lar feature. If the value of h is too small, the object will hide

the circular feature in some orientations. The three values are

selected in many experiments by us.

The limitation of the methods proposed in this paper

The methods proposed in this paper have limitations. In this

paper, we only consider that the rotational angle is in the

scope of 690�, but in some actual applications, such as head

motion tracking or vehicle motion monitoring, the rotational

angle is relatively small, so the methods can perform well, as

we can see in the results we have acquired in the experiments.

Conclusions

In this paper, the object’s three types of rotational motion –

pitch, roll and yaw – were analysed based on a circular fea-

ture by the principle of perspective projection. First, we ana-

lysed the pure rotational motion of pitch, roll and yaw, and

proposed the methods for computing the pure pitch, roll and

yaw angles. Then we analysed the rotational motion in com-

plex situations and proposed the different methods for com-

puting the three angles in complex situations. Eventually, we

performed experiments to verify the methods based on the

analysis of this paper. Our results showed that the approach

proposed in this paper could achieve good performance.

Further work should be done to improve the measurement

precision.
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Nomenclature

f Roll angle
u Pitch angle

c Yaw angle
l The distance between the optical centre of the

camera and the circle centre in initial status
h The distance between the circle centre and the

origin of the O–XYZ co-ordinate frame
r The radius of the circular feature
f0 The effective focal length of the camera
a The length of the image of diameter BD

kBD The slope of the image of diameter BD
kAC The slope of the image of diameter AC
a1 The length of the image of radius AO1 or A2O2

(after a pitch motion)
a2 The length of the image of radius CO1 or C2O2

(after a pitch motion)
b1 The length of the image of radius BO1 or B1O1

(after a yaw motion)
b2 The length of the image of radius DO1 or D1O1

(after a yaw motion)
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