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An external weak electric field is introduced into the small-world networks of Hodgkin–Huxley neurons to study
the control and breakup of a spiral wave. The effect of an external electric field on the neurons in the small-
world network is described by an additive perturbation on the membrane potentials of neurons at the cellular
level, in which an additive term 𝑉E is imposed on the physiological membrane potential. A statistical factor of
synchronization is used to measure the collective behaviour of spiral waves by changing the electric field; it is
confirmed that a smaller factor of synchronization is associated with the survival of a spiral wave. In the case of
no channel noise, the spiral wave could be removed under a certain intensity of constant electric field; it keeps
robustly to the weak electric field when the electric field changes periodically. In the case of weak channel noise,
a breakup of the spiral wave is observed when the intensity of the electric field exceeds certain thresholds, which
could be measured from the curve for synchronization factors. No drift of the spiral wave is observed under the
weak electric field.

PACS: 87.19.lq, 87.18.Hf, 05.45.−a, 47.54.−r, 82.40.Ck DOI: 10.1088/0256-307X/29/8/088703

The spiral wave is one kind of characteristic spa-
tiotemporal pattern,[1−6] and this problem has been
extensively studied[7−12] to prevent the occurrence of
ventricular fibrillation in the heart. Researchers began
to investigate the pattern formation in the networks
of neurons[13−16] since some experimental results[17,18]
confirmed that spiral waves were observed in disinhib-
ited mammalian cortex and that the appearance of a
spiral wave could play a positive role in signal commu-
nication among neurons. For example, Ma et al. re-
ported the formation and breakup of the spiral wave in
the regular and small-world network of neurons[15,16];
the effect channel noise was also considered.[1]

A neuronal system consists of a large number of
neurons, the normal function is dependent on the col-
lective behaviour of the neurons; the electrical activi-
ties of the neurons could be measured by the biological
network Hodgkin–Huxley equations[19] than the sim-
plified network of Hindmarsh–Rose (HR) neurons.[3]
Stable rotating spiral waves in rat neocortical slices
visualized by voltage-sensitive dye imaging are found
in experiments,[17,18] and it is confirmed that the spi-
ral waves might serve as emergent population pace-
makers to generate periodic activity in a nonoscil-
latory network without individual cellular pacemak-
ers. As a result, it is reliable to study the devel-
opment of spiral waves in neocortical slices with the
scheme of complex networks. The electric activities of
neurons are also greatly dependent on channel noise
[20,21] and it is believed that the probabilistic gating of
voltage-dependent ion channels is a source of electrical
‘channel noise’ in neurons.[20] For example, Schmid et

al.[21] reported that the capacitance fluctuations cause
the channel noise reduction in stochastic HH systems.
Fox et al.[22] presented the autocorrelation functions
of channel noise to estimate the effect of channel noise.
Therefore, it is also important to study the effect of
channel noise on the formation and transition of a spi-
ral wave in the networks of HH neurons. The external
field often induces a transition of the spiral wave and
other ordered waves in the media.[9] In the case of a
reaction-diffusion system, a gradient force is often in-
troduced into the reaction-diffusion equations to sim-
ulate the polarization effect of the external field.[23,24]
It is critical to measure the polarization effect of the
electric field on the networks of neurons. It is reported
that a membrane potential perturbation at the cellular
level[25] is suitable to measure the polarization effect
when the external electric field is imposed on the neu-
ron due to the medium characteristics of the cell mem-
brane. Particularly, Wang et al.[26] suggested that a
modified Hodgkin–Huxley neuron model subjected to
a certain external electric field could be described by
introducing an additive term 𝑉E over the physiologi-
cal membrane potential and the simulated circuit[26]
was also presented to study the bifurcation and syn-
chronization of Hodgkin–Huxley neuron exposed to an
extremely low frequency electric field. Furthermore,
Wang et al. investigated the effect of an external elec-
tric field on the spiral wave in the regular network of
neurons.[28]

In this Letter, the removal and breakup of a spiral
wave in the small-world networks of Hodgkin–Huxley
neurons subjected to the external electric field is in-
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vestigated and the channel noise is also considered.
All the neurons in the two-dimensional array are con-
nected with the small-world connection type, which is
described by the local nearest-neighbour coupling and
the long-range connection with a certain probability 𝑝.
A factor of synchronization is used to study the phase
transition and development of a spiral wave under dif-
ferent field conditions. A stable rotating spiral wave
is regarded as the initial state to be changed by the
external electric field. Our numerical results confirm
that the death and breakup of the spiral wave in the
networks can be detected under certain electric field
actions, respectively.

The small-world networks of Hodgkin–Huxley neu-
rons in the presence of channel noise[22] is described
by

𝐶𝑚
𝑑𝑉𝑖𝑗

𝑑𝑡
= 𝑔K𝑛

4
𝑖𝑗(𝑉K − 𝑉𝑖𝑗) + 𝑔Na𝑚

3
𝑖𝑗ℎ𝑖𝑗(𝑉Na − 𝑉𝑖𝑗)

+ 𝑔L(𝑉L − 𝑉𝑖𝑗) +𝐷
∑︁
𝑘𝑙

𝜀𝑖𝑗𝑘𝑙(𝑉𝑘𝑙 − 𝑉𝑖𝑗)
(1)

𝑑𝑦𝑖𝑗
𝑑𝑡

= 𝑎𝑦(1− 𝑦𝑖𝑗)− 𝛽𝑦𝑦𝑖𝑗 + 𝜉𝑦(𝑡), (𝑦 = 𝑚,𝑛, ℎ)
(2)

𝑎𝑚 =
0.1(𝑉𝑖𝑗 + 40)

1− exp(−(𝑉𝑖𝑗 + 40)/10)
;

𝛽𝑚 =4 exp(−(𝑉𝑖𝑗 + 65)/18); (3)
𝑎ℎ =0.07 exp(−(𝑉𝑖𝑗 + 65)/20);

𝛽ℎ =
1

1 + exp(−(𝑉𝑖𝑗 + 35)/10)
; (4)

𝑎𝑛 =
0.01(𝑉𝑖𝑗 + 55)

1− exp(−(𝑉𝑖𝑗 + 55)/10)
;

𝛽𝑛 =0.125 exp(−(𝑉𝑖𝑗 + 65)/80); (5)

where the variable 𝑉𝑖,𝑗 describes the membrane poten-
tial of the neuron in the node (𝑖, 𝑗). All the neurons
are arranged in a two-dimensional array in space; 𝑚,
𝑛 and ℎ are the parameters for gate channel, the ca-
pacitance of membrane is 𝐶𝑚 = 1µF/cm

2. 𝐷 is the
intensity of coupling, 𝜀𝑘𝑙𝑖𝑗 describes the connection
state between the node (𝑘, 𝑙) and node (𝑖, 𝑗), 𝑖 and 𝑗
are integers, 𝜀𝑘𝑙𝑖𝑗 = 1 if the node (𝑘, 𝑙) is connected
with node (𝑖, 𝑗), otherwise 𝜀𝑘𝑙𝑖𝑗 = 0. Clearly, if the
fraction of randomly introduced shortcuts, i.e. rewired
links, 𝑝 (probability) equals zero, 𝜀𝑘𝑙𝑖𝑗 = 0 only if the
node (𝑘, 𝑙) locates one of the four nearest neighbours
of the node (𝑖, 𝑗). The maximal conductance of potas-
sium is 𝑔K = 36mS/cm2, the maximal conductance of
sodium is 𝑔Na = 120mS/cm2, the conductance of leak-
age current is 𝑔L = 0.3mS/cm2. The reversal poten-
tial 𝑉K = −77mV, 𝑉Na = 50mV and 𝑉L = −54.4mV;
𝜉𝑚(𝑡), 𝜉ℎ(𝑡) and 𝜉𝑛(𝑡) are independent Gaussian white
noise, and the statistic properties[22] of the channel
noise are represented by

⟨𝜉𝑚(𝑡)⟩ = 0,

⟨𝜉𝑚(𝑡)𝜉𝑚(𝑡′)⟩ = 2𝛼𝑚𝛽𝑚

𝑁Na(𝛼𝑚+𝛽𝑚)
𝛿(𝑡−𝑡′) = 𝐷𝑚𝛿(𝑡− 𝑡′),

(6)

⟨𝜉𝑛(𝑡)⟩ = 0,

⟨𝜉𝑛(𝑡)𝜉𝑛(𝑡′)⟩ =
2𝛼𝑛𝛽𝑛

𝑁K(𝛼𝑛 + 𝛽𝑛)
𝛿(𝑡− 𝑡′) = 𝐷𝑛𝛿(𝑡− 𝑡′),

(7)

⟨𝜉ℎ(𝑡)⟩ = 0,

⟨𝜉ℎ(𝑡)𝜉ℎ(𝑡′)⟩ =
2𝛼ℎ𝛽ℎ

𝑁Na(𝛼ℎ + 𝛽ℎ)
𝛿(𝑡− 𝑡′) = 𝐷ℎ𝛿(𝑡− 𝑡′),

(8)

where 𝐷𝑚, 𝐷𝑛 and 𝐷ℎ describe the intensity of noise,
function 𝛿(𝑡 − 𝑡′) = 1 at 𝑡 = 𝑡′ and 𝛿(𝑡 − 𝑡′) = 0 at
𝑡 ̸= 𝑡′, 𝑁Na and 𝑁K are the total numbers of sodium
and potassium channels presenting in a given patch
of the membrane, respectively. In the case of ho-
mogeneous ion channel density, 𝜌Na = 60µm−2 and
𝜌K = 18µm−2, the total number of channels is de-
cided by 𝑁Na = 𝜌Na𝑠 and 𝑁K = 𝜌K𝑠, and 𝑠 describes
the membrane patch. As reported in previous works,
optimized channel noise and multiplicative noise are
helpful to support the survival of the spiral wave in
the networks of neurons, which is helpful for the sig-
nal breaking through these quiescent areas. Based
on the mean field theory, a statistic variable is de-
fined to study the collective behaviour and statistic
property,[15,16]

𝐹 =
1

𝑁2

𝑁∑︁
𝑗=1

𝑁∑︁
𝑖=1

𝑉𝑖𝑗 = ⟨𝑉 ⟩; (9)

𝑅 =
⟨𝐹 2⟩ − ⟨𝐹 ⟩2

1
𝑁2

𝑁∑︀
𝑗=1

𝑁∑︀
𝑖=1

(⟨𝑉 2
𝑖𝑗⟩ − ⟨𝑉𝑖𝑗⟩2)

, (10)

where 𝑅 is a factor of synchronization, the number of
neurons is 𝑁2 and the variable 𝑉𝑖𝑗 is the membrane
potential of the neuron. As reported in Refs. [15,16],
the smaller factor of synchronization is associated with
no perfect synchronization and a spiral wave often oc-
curs, while a higher factor about 𝑅 ∼ 1 could make
perfect synchronization. The curve for the factor of
synchronization vs the bifurcation parameters mea-
sures the phase transition of the spiral wave by de-
tecting sudden changing points in this curve. By using
the modified Hodgkin–Huxley neuron model exposed
to an external electric field,[26] the networks of the
modified HH neuron model read

𝐶𝑚
𝑑𝑉𝑖𝑗

𝑑𝑡
=𝐷

∑︁
𝑘𝑙

𝜀𝑖𝑗𝑘𝑙(𝑉𝑘𝑙 − 𝑉𝑖𝑗)− 𝐼E

+ 𝑔K𝑛
4
𝑖𝑗(𝑉K − 𝑉𝑖𝑗 − 𝑉E)

+ 𝑔Na𝑚
3
𝑖𝑗ℎ𝑖𝑗(𝑉Na − 𝑉𝑖𝑗 − 𝑉E)

+ 𝑔L(𝑉L − 𝑉𝑖𝑗 − 𝑉E), (11)

where the parameter 𝑉E is the induced transmem-
brane potential from the external electric field[26,27]

and 𝐼E = 𝐶𝑚𝑑𝑉E/𝑑𝑡 is the mapped current flowing
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through the capacitor due to the electric field stimu-
lus.
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Fig. 1. The stable rotating spiral wave is developed as
shown in (a) 200 time units, (b) 500 time units without
channel noise at long-range probability 𝑝 = 0.02. The sta-
ble rotating spiral wave is developed as shown in (c) 500
time units, (d) 2000 time units at long-range probability
𝑝 = 0.02 and channel noise (membrane patch 𝑠 = 36) is
considered. The snapshots are plotted in gray from black
(about −80mV) to white (about 40mV) and the coupling
coefficient 𝐷 = 1.
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Fig. 2. Factors of synchronization are calculated vs dif-
ferent intensities of constant external electric field within
a transient period of about 800 time units.

In what follows, the external electric field-induced
changes of the stable rotating spiral wave in the small-
world network of the improved model of Hodgkin–
Huxley neurons is investigated. A stable rotating spi-
ral wave is used as the initial state in the numeri-
cal studies, the time step ℎ = 0.001, coupling inten-
sity 𝐷 = 1.0, 40000 neurons are located in a two-
dimensional array with 200 × 200 nodes, and no-flux
boundary condition is used. A spiral wave can cover
the entire system with a smaller probability of long-
range connection;[14] breakup of the spiral wave often
occurs when the long range connection probability ex-
ceeds certain thresholds. The small-world connection
network can be described by the local regular networks
and the long-range connection with certain probabil-
ity 𝑝. First, we investigate the case that no channel
noise is considered, the long range connection proba-

bility 𝑝 = 0.02, which is able to support the survival
of the spiral wave when an external electric field is not
imposed on the network. The developed spiral wave
in the networks of HH neurons is plotted as shown
in Figs. 1(a) and 1(b) with no channel noise consid-
ered, and snapshots in Figs. 1(c) and 1(d) show the
developed spiral wave in the network in the presence
of channel noise (membrane patch 𝑠 = 36, noise is
weak). Our aim is to investigate the effect of the ex-
ternal field on the spiral wave, so the long range con-
nection probability 𝑝 = 0.02 is used without special
statement.
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Fig. 3. Spatiotemporal patterns are developed within a
transient period about 800 time units for 𝑡 = 200 (a1),
𝑡 = 800 time units (a2), 𝑉E = −10−7; 𝑡 = 200 (a3),
𝑡 = 800 time units (a4), 𝑉E = −2×10−7. The evolution of
the average value for membrane potentials of all neurons in
the networks under different 𝑉E for 𝑉E = −9× 10−8 (b1),
𝑉E = −10−7 (b2), 𝑉E = −2× 10−7 (b3), 𝑉E = −3× 10−7

(b4). The snapshots are plotted in gray from black (about
−80mV) to white (about 40mV).

The numerical results in Fig. 1 show that a sta-
ble rotating spiral wave can be developed completely
with an appropriate long-range probability; extensive
numerical results confirm that no regular spiral wave
can be generated when the long-range probability 𝑝
exceeds a certain threshold (i.e, 𝑝 ∼ 0.04).

Next, an electric field with a very weak intensity is
used and no channel noise is considered. The intensity
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of the external electric field is selected with different
constants and periodical signals with different angular
frequencies, respectively. Statistical variable synchro-
nization factors under different conditions are calcu-
lated to measure the sudden transition of the spiral
wave.
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Fig. 4. Factors of synchronization are calculated vs angu-
lar frequencies of a periodical external electric field within
a transient period of about 800 time units.
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Fig. 5. Spatiotemporal patterns are developed within a
transient period of about 800 time units under different
angular frequencies (a) in 𝑉E = −10−7 sin(𝜔𝑡). The evo-
lution of the average value for the membrane potentials
of all neurons in the networks under different angular fre-
quencies (b1–b4). The snapshots are plotted in gray from
black (about −80mV) to white (about 40 mV).

The curve in Fig. 2 confirms that the factors of
synchronization change vs the external field inten-
sity monotonously before the intensity of electric field
reaching certain threshold, which is fixed to close the

sudden changing point in this curve. The correspond-
ing snapshots are plotted to detect the transition of
spiral wave when the electric field is selected with the
value close to the sudden changing point, the results
are shown in Fig. 3.
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Fig. 6. Factors of synchronization are calculated vs the
intensities of a constant external electric field within a
transient period of about 800 time units, channel noise
intensity is measured by membrane patch 𝑠 = 36.

(d)

(a) (b)

(c)

Fig. 7. Spatiotemporal patterns developed within a tran-
sient period of about 800 time units under different inten-
sities of electric field, for 𝑉E = −10−8 (a), 𝑉E = −2×10−8

(b), 𝑉E = −9×10−8 (c), 𝑉E = −10−7 (d). The snapshots
are plotted in gray from black (about −80mV) to white
(about 40mV).

The results in Fig. 3 confirm that a spiral wave
can be removed (death of spiral wave) when the in-
tensity of the external electric field exceeds the criti-
cal threshold, while the spiral wave keeps alive when
the intensity is below the critical threshold, which can
be measured from the sudden changing point in the
curve for factors of synchronization. The time series
of average values for the membrane potentials of neu-
rons in the networks become stable when the spiral
wave is removed, and the oscillating vs time just in-
dicates that the spiral wave remains greatly robust.
Furthermore, it is also interesting to investigate the
case of the electric field vs time periodically. For sim-
plicity, 𝑉E = −10−7 sin(𝜔𝑡) and the results are shown
in Figs. 4 and 5.

The curve in Fig. 4 confirms that the factors of
synchronization decrease monotonously vs the angu-
lar frequency of electric field, and a sudden drop is
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observed in the curve when the angular frequency 𝜔
is used in the intensity of the electric field. Snapshots
are also illustrated to check the transition of the spiral
wave when the angular frequency of the electric field
is selected with the value close to the sudden point in
the curve; the results are shown in Fig. 5.

The results in Fig. 5(a) show that the spiral waves
stay alive when the electric field is adjusted with weak
periodical signals. The time series of the average value
of membrane potentials of neurons in the networks os-
cillate vs time because spiral waves often hold a certain
rotating period. It just indicates that the spiral wave
is removed when the time series of the average values
of the membrane potentials of neurons in the networks
decreases to a certain stable value. Compared with the
results in Figs. 3 and 5, it is found that the spiral wave
used to keep robust to the external electric field when
the field is adjusted by weak periodical signals.

Optimized channel noise is helpful to support the
survival of the spiral wave, while a channel noise with
high intensity often causes the breakup of the spiral
wave. In this subsection, weak channel noise inten-
sity (i.e., membrane patch 𝑠 = 36) is considered to
investigate the evolution of the spiral wave under dif-
ferent electric field conditions. The factors of synchro-
nization are calculated under different kinds of electric
field and the curve is plotted in Fig. 6.

The results in Fig. 6 also show that the factors of
synchronization decrease vs the external field inten-
sity of the monotonous electric field and that a sud-
den fall of the factors is observed at certain thresh-
olds. It is found that the factors of synchronization
change rapidly when the intensity of the constant ex-
ternal electric field is close to 𝑉E = −10−8 when weak
channel noise is considered. The breakup of the spiral
wave is induced when the intensity of the electric field
is close to this critical threshold; some snapshots are
shown in Fig. 7.

The results in Fig. 7 confirm that the spiral wave
stays alive before the intensity of the electric field is
changed to a certain threshold about 𝑉E = −10−8

when weak channel noise is considered. Compared to
the case where without channel noise is considered, for
example, the results in Figs. 2 and 6, it is found that
the stable rotating spiral wave develops toward differ-
ent targets, death (in the case of no channel noise)
and breakup under weak channel noise. It is more
interesting that the spiral wave stays robust to the
external electric field at certain intensities of electric
field, which could be estimated from the curve for fac-
tors of synchronization vs intensity of electric field.
To our knowledge, some optimized channel noise in-
tensity still can support the survival of the spiral wave
when the electric field is imposed on the networks of
neurons. Extensive numerical results confirm that the
breakup of the spiral wave occurs easily in the pres-

ence of stronger channel noise and that the process is
enhanced when the electric field effect on the neurons
is considered.

In summary, a new additive term 𝑉E is introduced
on the membrane potentials to map the external elec-
tric field effect on the network of neurons. A statistical
factor of synchronization is helpful to detect the phase
transition of the spiral wave induced by the external
electric field. The results are concluded as follows: (1)
The factors of synchronization change monotonously
with the intensity of the electric field, and sudden
changing points in the curve for factors of synchro-
nization mark the critical value of the electric field to
induce the breakup or death of the spiral wave. (2) In
the case of no channel noise, the spiral wave could be
removed and the spiral wave also stays robust to the
periodical electric field. (3) In the presence of weak
channel noise, breakup of the spiral wave is observed
at a certain intensity of the electric field. (4) Drift
of the spiral wave is not observed in the networks of
neurons, it is different from the results in the reaction-
diffusion system. To our knowledge, the effect of an
external electric field on the reaction-diffusion system
is often described by an additive gradient force whiles
it is simulated by introducing an additive perturbation
on the membrane potentials of the neurons in the net-
works. It could provide a new way to understand the
development of the collective behaviour of neurons.
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