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Upper Bounds on the Weight Distribution Function
for Some Classes of Linear Codes

Torleiv Klagve, Fellow, IEEE, and Jinquan Luo

Abstract—Upper bounds on the weight distribution function for
codes of minimum distance at least 2 are given. Codes, where the
bound is met with equality, are characterized. An improved upper
bound on the weight distribution function for codes of minimum
distance at least 3 is given. As an application, a sharp upper bound
on the probability of undetected error for linear codes with full
support is characterized.

Index Terms—Full support, linear code, upper bound, weight
distribution.

I. INTRODUCTION

ET F,; denote the field of ¢ elements and F; the set of

non-zero elements of 7. Letn > &k > 1. An [n, k; ¢]
code is a linear code of length n and dimension & over Fy,. If the
minimum distance of the code is d, it is also called an [n, k., d; ¢
code.

For an [n.k;q] code C, let A;(C) be the number
of codewords of Hamming weight ¢. The sequence
Ao(C), A1(C), ..., A,(C) is known as the weight distribution
of C, and

Ac(z) =Y A(C) 7
=0

the weight distribution function of C'.

The weight distribution function has several applications in
coding theory. Important examples are bounding the error prob-
ability for maximum likelihood (ML) decoding when the code
is used for error correction and expressing the probability of un-
detected error when the code is used for error detection.

The g-ary symmetric channel with error probability param-
eter p is a discrete memoryless channel, that is, a symbol a € F
is modified into b € F|; independently of what happens to other
symbols in the transmission. The probability that ¢ is modified

intob # aisp/(qg—1).
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The word error decoding probability for ML decoding is
upper bounded by

Pg < Ac(y) -1 (1
where
ymg P p) | (g 2p
qg—1 qg—1

see, e.g., [1, Problem 7.10 and Th. 7.5]. The bound (1) is true
also for many other channels, where the definition of v depends
on the channel; see, e.g., [2, Sec. [V].

For an [n, k; ¢] code C, the probability of undetected error
P,.(C,p) is the probability that a codeword is changed to
another codeword when transmitted over the g-ary symmetric
channel.

It is known and easy to see (cf., [3, Th. 2.1]) that

Pue(Cop) = (1= p)" {Ac (m) - 1}. @)

The goal of this paper is to study upper bounds on A (=) (for
0 < z < 1) under some conditions on the code C'. If

Ac(z) < f(2) )

then

Pue(C.p) = (1 - p)" {f (m) - 1} @)

forp € [0, (g — 1)/q]. We can also reverse the implication. We
observe that

__r
(¢—1)(1 —p)

runs through [0, 1] when p runs through [0, (¢ — 1)/q]. Hence,
(2) implies that if P,.(C,p) < ¢(p) forall p € [0,(q — 1)/q],

then
)- (%)

An upper bound on A; for an [n, k, d; q] code was given by
Levy [4]. The bound is also given in [3, Th. 1.22] in a slightly
different formulation. For completeness, we quote Levy’s
bound, essentially using his formulations. Let N,,(d, j, ) be
the number of vectors of length » and weight 7 4 v within dis-
tance |(d — 1)/2] of a fixed vector of weight j. An expression

(¢ —1)z

&ﬂ@gl+(r+@-1pV¢(TIGtT;
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for N,,(d. j.v) was first given by MacWilliams [5]. Levy [4]
gave essentially the following formulation of the expression:

o= £ ()02 o o

where the summation is over all & > 0 and all ¢ such that
max(0, —v) < i < ([(d —1)/2] — v — @) /2. Levy’s upper
bound for the weights of an [n, k, d; ¢] code is as follows.

Theorem 1: If C' is a code over F;, of length » and minimum
distance d, then

(j I/)(q_ 1)

. <
A] (C) — 17V71,(d7j? V)

min
v
N (d,j,0)>0

We note that the bound does not depend on the dimension of the
code.

Other early results [6]-[8] are upper bounds on the average
probability of undetected error for all [, k; ¢] codes.

Two simple general bounds were given in [9] for the binary
case, and generalized to the g-ary case in [3, Ths. 2.49 and 2.51].
We include the bounds (in terms of the weight distribution) and
the proofs since a modified version will be used later to prove
an improved bound.

Theorem 2: If C is an [n, k, §; ¢] code and 6 > d, then
Ac(z) €1+ (¢F = 1)2*

for all z € [0,1].

Proof- For z € [0,1], we have z* < 27 fori > j. Since
w(x) > d for all non-zero codewords, we get 24 < 24 and
S0

Ac(z) = Z 20 <14 (¢F — 1)z
xeC

For d < k, we have the following improvement. Let

Foralz _1+Z<> +Izd;rl()q—1
:(1+(q—1)z)k+zd:<k>(q_1) (4 = 2).

< 1
=1

Theorem 3: If C is an [n,k,é;q] code and é > d where
d < k,then Ac(z) < fyr4(2) forall z € [0,1].

Proof: Equivalent codes have the same weight distribu-
tion. There exists an equivalent code C’ generated by a matrix
G = [11|Q], where I}, is the k£ x k identify matrix and (} is some
k x (n — k) matrix, that is, ¢’ = {xG | x € FF}. We have
xG = (x|xQ) and so, for x # 0, we have

w(xG) = w(x) + w(xQ) > max(d, w(x)).
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Hence
k
AC(Z) — Z Zu;(xG) — Z Z Z'u/(xG)
xEFE =0 xeF}
w(x)=1
Ik
<1 —
#3232 (v
=1 i=d+1
|

Since any code has minimum distance at least 1, putting § = 1
in Theorem 3, we get the following trivial bound valid for all
[n, k; q] codes.

Corollary 1: If C'is an [n, k; g] code, then
Ac(z) < (1 + (g — 1)2)".

We note that the bounds in Theorems 2 and 3 depend on %, but
not on n. For an [n, k; ¢] code C, the dual code C'* is defined
by

J‘:{XEF(?|C~x:0 forall c € C}.

Here, - denotes the inner product, that is

(c1,02, 0y Cn) (21, T2y ooy Tp) = C1T1 + CaTg + -+ -+ Cpip.

The MacWilliams Theorem [5] states that if C' is an [n, k; ¢]

code, then
1—2
) . (6)

1
q* 1+ (g— 1)z

AcL (Z) = q

(1 + ((] - 1)Z)n AC (

This implies that if Ac(z) < f(z) forall z € [0, 1], then

forall z € [0, 1]. For example, Theorem 3 implies the following
corollary.

Corollary 2: 1f C is an [n, k; ¢] code with minimum distance
6 > d, then

(1+(q-1)=)"

+§d:<l“) (g— 1)1 -1+ (g—1D)z)"*

+ Z <k> ¢— 1121+ (g-1))""

i=d+1

qkAcL (Z) S

for all z € [0,1].

It is not simple to compare the bound on A¢(z) in Theorem
3 and the bound obtained from Levy’s bound in Theorem 1. As
noted previously, the bound in Theorem 3 depends on £, but not
on n.. On the other hand, Levy’s bounds depend on 72, but not on
k. Some numerical examples indicate that Theorem 3 is better
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for small values of d whereas Levy’s bound is better for larger
d. In particular, for d = 1 and d = 2 we get N,,(d, j. ¥) = 0 for
v # 0and N,(d, ,0) = 1. Hence, Theorem 1 gives the trivial
bounds A; < (7)(g — 1)

The main goal of this paper is to give improvements of
Theorem 3 under some conditions. In Section II, we give
such bounds when d > 2 and in Section III, when d > 3.
In Section V, we give bound for codes of full support and in
Section VI, for codes of full support and minimum distance at
least 2. Finally, we give some examples and a summary.

II. UPPER BOUND ON A¢(z) FOR LINEAR CODES C' OF
MINIMUM DISTANCE AT LEAST 2

We now give an improvement of Theorem 3 when § = 2, that
is, d > 2. We first give some lemmas that will be needed in the
proof of the improved bound.

The first lemma is essentially the same as [3, Corollary 2.1].
We give the lemma and its proof.

Lemma 1: Let C be an [n, k;¢] code. If v, i = 1,2,...,n
are integers such that

Moreover, we have equality for any z € (0,1) if and only if
Ai(C) = a; foralli, 1 < i < n.

Proof: Let gy = 0 and

J

;= Z((xi —A4;) for1 <i<n.

=1
n n—1

= g o;2' — E g2ttt
=1 =0

n—1

T
= 0OpZ —I—E oz

lfz >0

since o; > 0 by assumption, and zi(‘l — z) > 0. Moreover, if
o; > 0foranyi,thenl + " | a;2* — Ac(z) > 0. [ ]

Let D, 1. v be the code generated by

1 O 1

v
0 , Iia O(k—l)x(n—k):|
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where 01 is the all zero vector of length & — 1, 0,{71 is its
transpose, v € F, ;L’k is a vector of full support (that is, without
zero in any position), and O _1)x (n—g) isthe (k—1) X (n— k)
matrix of all zeros.

Lemma 2: The weight distribution of D, j + is

(14 (g — 1)z 54y,

Ap,, (2)=(1+(g-1z)""

Proof: The codewords in D, j,  are all vectors of the form
(a|x]av), where @ € F, and x € Ff~*. We have

w(x),
w(x)+n—k+1,

ifa=0

wlalxjev) = { if o # 0.

Y pulelxew)

o€l xEF’” ¢

SRS M W

XEFqk 1 ”EF xEF’ -1

1+ (-1 N

xEFqk_1

D" F ) (14 (g — 12)

w(x)+n—k+1

Zu;(x)

=(1+(q

LetE,xv =D, - This code is generated by the matrix

[Ik|V ‘ka n—k— 1)]
Using (6), we see that

Ap,, @) = {1+ 0-09) - 00-24 L 0

Lemma 3: Let v be a vector of full support. Then

a)

M) = (T =0+ - D0
b)
> it =3 (a1
=2 i=1
L(k J (g —
. j) {(a=1Y + (=1 (a=D}. ®

Proof: We see that a) follows immediately from (7). From

a), we get
J J
1 E+1 ;
i=2 1= ¢
L
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Let
J
E+1\
=5 (1)
i=2
Then
TN =k,
F — 2 41,
9= ()% (1)
=2 1=2
J j—1
()0
1 ¢ 1
1=2 =1
-1
AN k
=(z+1) (,)z"—i—(,)zJ—kz
i=1 \' J
Hence

—qZ( ) ¢—1) (j)(q—l)"—(q—l)k
s (5 v -

Hence, b) follows. |
Let
1., 3 )
garae) = {0+ @D+ (g - D]
Theorem 4: If C is an [n, k, d; ¢] code and d > 2, then
Ac(z) < ggn2(2) ©)

for all z € [0,1], with equality if and only if d = 2 and C' is
equivalent to F,, ., for some vector v € F, j of full support.

Proof: Without loss of generality, we may assume that
C is generated by G = [[;|Q] where the rows of () are
V1,Va,..., V) (and where v; # 0 for 1 < i < k since the
minimum distance is at least 2). As noted in the proof of

Theorem 3, for any x € Fr, the codeword XG = (x|xQ)) has
weight w(xG) = w(x) + w(xQ). Hence
J
> A(C) =81+ S (10

where

S1= x| x # 0, w(x) <j — LuwxQ) + w(x) < j}|
< x| x # 0, w(x) < j - 1}]

_Z()q1
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and

Sz = [{x [ w(x) = j,xQ = 0}].

To evaluate S», we first choose j positions out of &, the number
of choices is (]) Without loss of generality we can assume that
x = (%1,72,.... %), where x1,22,...,x; are non-zero and
Zji1 = ... = 73 = 0. Then, we have

{ T1,La, ... a5 #0 an

1V +Tave + -+ vy = 0.
Let 7 be the rank of the matrix with rows vy, va, -+, v;.
Ifr = 1,thenforl < ¢ < j,v; = #;v; for some ¢; €
F; . Denote by n; the number of solutions of (11). For arbitrary
nonzero elements 1,22, ..., T _1:
1) if .’Eltl + .”L‘gtg + - 4+ .’IZ:,‘_lt:,‘_l = 0,
(z1,m2,...,2,_1) contributes 1 to n; _1.
2) iff[)ltl + .”L‘Qtz + -+ -Tj—ltj—l ;é 0, then

then

Ty = —xltl — IEQtQ — = [L‘jfltjfl

and (%1,22,...,2;_1,2;) contributes 1 to n;.
Therefore, we have n; 1 + n; = (¢ — 1)7~!. This recurrence
relation and the first term 7y = 0 imply that

nj =

(=17 +(-1)/(g-1)). (12)

QlH

If r > 2, then we may assume that the vectors

Vi, Va2, ..., Vy
are linearly independent. For j > r + 1, for any fixed non-zero
elements «,11,...,Z;, the equation

T1V1 + XaVe -+ Ep Ve = —Xp 1Vl — 0 — L5V
has at most one solutio_n. Therefore, the number of solutions of
(11) is at most (¢ — 1)?~" which is less than the expression for
n; given in (12), except when r = 2, ¢ = 2, and j is odd, and
Vitva+-o-+v; =0
In this exceptional case, n; = 0 < 1 = (¢ — 1)/ 2 and at
least one of v; has Hamming weight at least 2 (since an odd
number of binary vectors of weight 1 can not have sum (). We
may assume w(v,) > 2. Choose x = (1,1,...,1,0). Then,
w(x) = j—1and
XQ:V1 +V2+~--+Vj,1 =Vj.

Hence

wxG)=wx)+wlv;)>j—-1+2=j+1.

Therefore, in the exceptional case

Sl<z<>q1
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In total, by (10), we obtain

B L:11 k 7 7
'5(].) (g = 1Y +(=1(g - 1)
=Y Ai(Eniy) (13)

for 5 > 2 by (8).
By Lemma 1, we get that A-(z) takes the maximal value for
any z € (0,1) if and only if C is (equivalent to) E,, 1. v . ]

I1I. UPPER BOUND ON A¢(z) FOR LINEAR CODES C' OF
MINIMUM DISTANCE AT LEAST 3

For d > 3, we get an improvement of Theorem 4. Let

d—1
k i
Joka(z) =1+ Zdz_; (i)(q -1
k

+ (k> (2= 1)z + (g — 1)1 = 2))2.

i=d
(14)
Theorem 5: 1If C'is an [n, k, d; ¢] code with k > d > 3, then
Ac(z) < ggralz) forall z € [0,1].

Proof: We use the notations and results in the proof of The-
orem 4. Note that any collection of d — 1 rows of () are linearly
independent. Indeed, if there exists d — 1 linearly dependent
rows, say, w.l.o.g, vq,Va, ..., Vq_1, then there exists a non-zero
vectory = (y1,.-+4a—1,0,...,0) such that

yivi+ -+ yi-1va-1 =10

and then w(y@) = w(y) < d — 1 which is a contradiction.

Now, consider some vector x = (21, ..., ).

1) If0 < w(x) < d— 1, then w(xG) > d.
2) If w(x) = j > d, then we may assume that z1,...,x;
are non-zero and z,.1 = --- = x3 = 0. Then, the

rank of vy,...,v; is at least d — 1. Therefore, (11) has
at most (¢ — 1)? ~4+1 solutions. For the remaining nonzero
Z1,...,2; which is not a solution of (11), we get x@) = 0
and w(x@G) > j+ 1.
Hence, we obtain
d—1

dez) <1+2'3 (f) (q - 1)

i=1
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For d > 3, it appears to be quite complicated to get sharp
upper bounds on A¢(z).
For d = 3, Theorem 5 gives the upper bound

+ 2: (l:) (¢ - 1)z
+(1- z)g (f) (g —1)24". (15)

If [7}|Q] generates an [n, k,3; g] code C, then the rows of
() must have weight at least 2 and be non-proportional, that is,
x and ax can not both be rows of (. Hence, the size o of the
support of () must satisfy

(-1 +(@-17+-+(q-1)""" >k

In particular, & = 2 is possible only if £ < ¢ — 1. Consider this
case. The dual code C* is equivalent to the code generated by
G' = [I, #|QT], where QT has only two non-zero rows, an
all-one row and (a1, as, ..., ax) where the u; are distinct and
non-zero. The weight distribution of C'* is easily seen to be

(1+ (g 1)z)" "2
A1 - D+ 4 (g - (g -1 - k)L

Using the MacWilliams theorem, we can get the weight distri-
bution of C'

¢" *Ac(z) = (14 (¢ - 1)2)" Ac, (Hl(q%”)

= (1 + (g — l)z))" (1 +(q— 1)1_|—1(q—7_21)2>nk2
— k41
{1+ (- 1)(k+2)(1+1(qi_zl)z> "

1—2

+(g—1g—1- k)(m)kﬂ}
- q"*’H’{ (1+ (¢ —1)2)""?

+(g— D(k+2)(1+ (g —1)z)(1 — z)"

+(g— g —1-k)(1 - 2)"2}

and so

CAc(z) =1+ (q—1)z)
+(g-Dk+2)(1-2)"(1+ (¢-1)2)

+g—D(g—1-k)(1 -2

k+2

Example 1: For k = 3, the upper bound is

1+ (Sq2 —2q — 1)z3+(q3 —3¢* + 2q)z4
and
Ac(z) =1+10(q—1)2° +5(q — 1)(q - 3)2*
+(g — 1)(¢" — 4g +6)2°.

B Hence, the upper bound is never sharp for k = 3.
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IV. COMPARING THE VARIOUS BOUNDS

If ¥ > d > 3 we now have three bounds on A (z) for
an [n, k, d; q] code, fyx.4(2) (see Theorem 3), g, 1 2(z) (see
Theorem 4), and g, «(z) (see Theorem 5).

We will now give a comparison of the various bounds.

Theorem 6: Forq > 2 and k > d > 2, we have
d—1

k .
Jard—1(2) = fora(z) =211 - 2) Z (1> (q—1)".
i=1
In particular, f, g a-1(2) > fyx,a(z) forall z € (0,1).
Proof:
fq,k,dfl(z) - fq,k,d(z)

o (e (e
Qe g

SO :

d
z:l
Theorem 7: Forq > 2 and k > d > 4, we have
9yte,d-1(2) = Gqk,a(2)
d-2

R S

+ (dﬁ 1)((1 — 124711 - 2)

k

k i—d+1 i
+<q—2>§(i)<q—1> i1 - )
>0
forall z € (0,1).
Proof:
.’]q,k,d—l(Z) - gq,k,d(z)

=1 +zd—1!§ (?)(q— 1)+ (di 1>(q— 1?14
3 (o
+z:(lz>(q

k
1 L+1 _ d—1 _
+ (d B 1) (¢—1)z""(1—-2)

1)i7d+2zi(1 _ Z)

' - (di 1) (g — 1) 12"

-1 —zd§ (f)(q—
T

- :Zd (IZ) (g
= (=1 Z (-
.

+ (dk 1)( D411 - 2)

k

-3 (D v s,

i=d

_ Z(I)
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Theorem 8: For ¢ > 2 and k > 2, we have

fak2(2) = ggr2(2) =
0—1 <~ (k i_
(D)=

4 2
In particular, fo22(2) = g222(z) for all z € [0,1], and
Jok2(2) > ggr2(z) forall z € (0,1) otherwise.

—1)~7}2~7(1 —z).

J=

Proof:
Ja2(2) = g r2(2)
=(1+ (¢~ D)2)" + k(g — (2% ~ )

_ 3(1 + (q _ 1)2)k7+1 _ %(1 )k,+l
=$(1+(q—1 Ag—1-(g-1)z}

— k(g —1)z(1 —z) — %(1 )k
:q;_l(l_z){(l"'(q_l) ) (l—d)k—qu}
_a-1g K NI
- (1-2) jZo(){(q 1)7 — (—1)7} kqz

k

a8y (Mt

J

,1)1'}21'

In particular, if ¢ > 2, then (g — 1)/ — (1) > 0 for all
j>2.101fqg=2,(¢qg—1) — (=1) > 0ifj is odd. Hence,
Joro(z )>qu2(7) except when k = ¢ = 2. [ ]
Theorem 9: Forq > 2 and k > d > 3, we have
k

fa,d(2)=Gq k.a(z) :Z (i){(q 1) (g 1)7:7(1“}27-’(1*2)-

In particular, fo 1 4(z) = gara(z) for all z € [0,1] and
Fora(#) > gqralz) forall z € (0,1) when g > 3.

Proof:
fa,a(2) = 9q.k.a(2)

_kd (T) (g —1)'z*

1=

Z() o3 (Mg

i=d

(]Z)Z’{(q — 1) = (g— 12— (g - 1) (1 -2)}

'MF

i=d

ES|

k 7 % i—a
(H)sa-ata-1 - -y,
i=d
—1)i=4*1 = 0 for all
— 174l > 0foralli >d. A

In particular, if ¢ = 2, then (¢ — 1) — (g
Llfq>2then(q71) (¢

For small values of z, which are the most important for ap-
plications, Theorems 6—9 show that for d > 3, we have

fara—1(2) 2 ggr.a—1(2) > fqralz) > ggr,a(z).
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For larger values of z, we may have g, x.a—1(%) < fq.5.4(2).
As noted previously, if A¢(z) < (7) orall z € [0, 1], then

Aor(z) S h(z) = ~ (14 (g 1>>"f(

1—=z

q 1+(g—1)z )
for all z € [0,1]. However, we note that if f(z) is an upper
bound on A¢(z) for z close to 1, then h(z) is an upper bound
on Aq 1 (z) for small z. It is, therefore, of interest to compare
the bounds for = close to 1. We see that if f(1) = ¢(1) and
F/(1) > ¢'(1), then f(z) < g(z) for z close to 1. We will use
this observation to prove a couple of theorems.

Theorem 10: If ¢ > 3 and
(d—2)ln(g — 1)+ 1n2

;>
E>1+ n(q/2) (16)
org =2and k > ¢(d — 1), where ¢ is determined by
-2)2 In(d-1
(=2 _In(d-1) -
4(c+1) d—1

then g4 1,2(2) < fqk,4(2) for z close to 1.

Proof: We have f, .4, (1) = ggr.a,(1) = ¢* forall ¢, k,
d1, d2. We will show that g; , ,(1) > f; , ;(1) under condition
(16), respectively (17). We have

q{(k +1)(g -1 (1 +(a-1)z)"

—(k+1)(g-1)(1 - z)k}
(k+1)(g ~
Fonal2) = k(g =1)(1 + (g = D2)*"
n i ()

We note that (g — 1)(d —
when ¢ > 3. Hence

qu‘?( z) =

and 50 g; 4 ,(1) = 1)¢® 1. Further

qg—1) d =1 _ iziil).

)<(g-D% forl <i<d-1

d

fora(l) =h(g—1)g" 1 +> (i) (q—1)"(d — )

i=1

Lk
< k(g —1)¢" T ; (1)
<k(g—Dg" 1+ (g - 1) 2k,
Therefore, for ¢ > 3, we have
Gy i) = fo ra(1) > (g — Dg" ' —(qg— 1)d—12k
=@ 02 {(D) 7 2 - 12}
>0

when (16) is satisfied. For ¢ = 2, we have

Jor.a(1) _A9A1+Z() (d—1i)
d

<k lp@d-1)Y (’f)

i=1
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It is well known that if £ > 2m (see, e.g., [10, pp. 82-83]), then

4k mo1 . ((m—d—1)2
Z(i><22 1CXP<2mfdfl>'

(18)

For k > 2m > ¢(d — 1), the right-hand side of (18) is less than
or equal to 2¥ =1 /(d— 1) by the choice of ¢ given in (17). Hence,
95 g 2(1) = f34.4(1) > 0. n

The bound g, x 2(#) is not a special case of g, 4(2) given
by (14). It turns out that g, 4 2(») sometimes is better than
9q.x.3(2). For 2z close to 1, we have the following situation.

Theorem 11: We have then g2 4 2(#) < g2, 3(#) for z close
to 1 when k& > 6. Forq > 3and k > 1, g, x.2(2) > gq.r.3(2)
for z close to 1.

Proof: As shows in the proof of the previous theorem,
gy ro(l)=(k+1)(qg - 1)¢*~1. Some calculations show that

Gy ra(l)=q"" 1(/f(q

1) + L)+ !
_ q—
(q—1)?/  (¢—1)?
k k
—1+k(qg—1 —_— .
+ k(q )+q_1+(2)
q ) 1
UES:ZANUENE
k
2
For ¢ > 3, all the terms are positive. For ¢ = 2, we have
1-— —(q_ql)g = —1. Hence, we see that g5, 5(1) — g5, »(1) <

() for k& sufficiently large. Computation shows that q'2 . 5(1)
9§,k:,2(1) < 0fork > 6.

Hence

G s (1) = dha(1) = a1 (1 -

k
+—+

Hka=1 =)+ 25

V. UPPER BOUNDS ON Ag(z) FOR LINEAR CODES ('
OF FULL SUPPORT

For a code C of length n, the support (C) is the set of po-
sitions ¢ such that ¢; # 0 for some codeword (¢1, ¢2,...,¢,) €
C'. The code has full support if |x(C)| = n, that is, for any po-
sition there is a codeword that is nonzero in this position. For
example, the code generated by [71 |0y (n—#)] has support of
size k.

In practical applications, one usually uses codes with full sup-
port. We expect to find a sharper upper bound on P,.(C, p) for
codes of full support. In this section we find the best possible
upper bound on A (z) for linear codes C of full support. This
is given in Theorem 12. First, we need a lemma.

Lemma 4: An [n, k; q] code C has full support if and only if
C* has minimum distance at least 2.

Proof: The result follows from the observation that if ¢ is
not in the support, then the unit vector e; is contained in C+ and
vice versa. |

The weight distribution of D,, 1 . was given by Lemma 2.
Let

hq$k’71(z) = (1 + (q — 1)Z)k71(1 + ((] 1)Zn—k+1).
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From Lemma 4 and Theorem 9, we immediately get the fol-
lowing theorem.

Theorem 12: If C is an [n, k; g] code of full support, then
Ac(z) < hyra(z) forall z € [0,1], with equality if and only
if C' is equivalent to D, ;. » for some vector v of full support.

This bound is tighter than the bound f, 1 1(#) in Corollary
1. The improvement of Theorem 12 over Corollary 1, for z €
[0,1], is

fara(2)=her1(2)=(q = Dz(1 = 2" F)(1+ (g - 1)2)" .

VI. ON CODES OF FULL SUPPORT AND
MINIMUM DISTANCE TWO

As shown previously in Theorem 12, a worst case [n, k; g]
code of full support is equivalent to a code with generator matrix
Dy, 1. v, where v has full support. Also, a worst case [n, k., 2; ]
code is equivalent to a code with generator matrix L), j ., where
v has full support.

A natural question is then: what is a worst case [n, k, 2; g]
code of full support. The answer seems to be the code generated
by the matrix

0 v

G =
! G O(szl)x(nfk:)

where v is a vector of length » — £ and full support, and G5 is
the generator matrix for a worst case [k, k& — 1. 2; q] code. If C
is the code generated by G1 and D is the code generated by G,
we get, by Theorem 4,

Ac(2)=hgp2(2) = (1 + (qg— 1)z" ") Ap(z)
= 1+ (- D"

{0+ G@-102" + @ -2}

We conjecture that Ac(z) < hgro(z) for all [n, k,2;q]
codes C' of full support, but we do not have a general proof.
A proof for & = 2 goes as follows. Consider a generator ma-
trix G for an [n, 2, 2; ¢] code C of full support. Since equivalent
codes have the same weight distribution, we may assume that
the first non-zero element in each column is 1. Then the pos-
sible columns are (0,1) and (1,a), a € F,. If (0,1) appears y
times and (1, @) appears x, times, then

v+ Z Tq =M. (19)
ackF,
Moreover
y>landzg > 1. (20)

The weight distribution of C' is

Ac(2) =14 (= D" Y+ (q-1) 3 2" .
a€F,

Because of the symmetry of this expression, we may assume
that
Ty 2 T

for all @ € F, and z¢ > y. 21
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Finally, since the minimum distance of the code is 2, we have

g <mn—2. 22)

Proposition 1: Forn > 4, aworst case [n, 2, 2; q] code of full
support is obtained for ¥ = 2 and zg = n — 2, for which we get

Ac(z) =1+ (g—1D22 +(g— 12" 2+ (g - 12"
=(1+(qg— 1))+ (g—1)2""2) = hya2(2).

Proof: Let C be a worst case code with column count i and
24, a € F, satistying (19)-(22). If y > 2, we get a new code
C’ by decreasing the number of (0,1) columns by y — 2 and
increasing the number of (1,0) columns by the same amount
(thatisy — 2 and ©y — 29 + y — 2). Then

LY + an.'r,ofy—&-Q _ P

— 2 (1 =2 %) >0

Aci(z) — A(z) =272 —
_ Zn7r07y+2(1

for all z € (0,1) since 29 > y > 2. Hence, C is not a worst
case code, a contradiction. Hence, ¥ = 2. Similarly, we show
that z, = 0 for all @ # 0 and zy = n — 2. Hence, a generator
matrix is

0 0
G—ll

1 1
0 0

VII. EXAMPLES

Example 2: As a very simple example, we consider the case
k = 2. For each code we give the weight distribution and a pair

V' = (v1,Va) such that
1 0 Vi
0 1 Vo

is a generator matrix for the code.
1) For all [n,2; ¢] codes

Ac(z) < Ac, (2) = fy2.1(2)
14+2(g— Dz + (g —1)222

IN

where
V = Vi1 = ((0000...0), (0000...0)).
2) For all [n,2,2; q] codes

Ac(z) < Ac, ,(2) = gq.2,2(2)
=1+3(¢ - 1)z + (¢ - 1)(g - 2)7°

where

V =V, 5 = ((1000...0), (1000...0)).

We note that f, 22(2) = 1 + (¢> — 1)2°.
3) For all [n, 2;¢] codes of full support

Ac(z) < Ac, 5(2) = hy21(2)

=1+ (g—Dz+(qg— 12"+ (g — 1)*2"
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where
V = V,5 = ((0000...0),(1111...1)).
4) For all [n,2,2; q] codes of full support

Ac(z) £ Ac, ,(2) = hq2,2(%)
1+ (g— 1)2’2 + (g — 1)2"72 + (g — 1)22"

where
V =V,4=((1000...0),(0111...1)).

Clearly

hg22(2) < gg2,2(2) < f2.1(2)

and

hg22(%) < hg21(2) € fe21(2)

for all z € [0,1]. It is easy to see that g, 2 2(2) < hg2.1(%) for
values of z close to 0 and ¢422(2) > hy2,1(2) for values of
z close to 1. A little calculus actually shows that there exists a
zZn € {0,1) such that g, 2 2(2) < hg21(z) for z € (0,2,) and
Gy22(%) > hya1(z) forz € (2,,1).

Proposition 2: We have z,, ~ w + fw” 2, when n — oo,
where

(g — Dw

and § = — 4 I
34+2(q- 2w

2
YT T Agrt
Proof: We sketch that proof. By definition

1+3(g—1)z2 + (g —1)(g — 2)2]
=1+(g—Dzn+(¢— Dz "+ (g— 1)

and so

Bznt(a— 2 =142+ (- Lz ' (@3

Let w = lim,, 0 2. Since 0 < z, < 1, we get

lim 2"t =0.
n—oc

lim 2" 2
n—00

Hence, (23) implies that
3w+ (g—2w?=1. (24)
For ¢ = 2, we getw = 1/3. For ¢ > 2, the equation
3+ (g— 2% =1

has two roots:

—3+Ig+1 2

x = =
! 2(q - 2) 34+VAg+1
-3 —-Vidg+1
£o = ———————.

2(q - 2)
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IS o o _ 2
Since w > 0 ar?d,L.Q < 0, we must have w = 1 = STV
We note that this gives the correct value, 1/3, also for g = 2.

We can conclude that z,, =~ w. Let z,, = w+ y,,. Substituting
this in (23) and simplifying, we get

Yn (3+2(q_2)w+(q_2)yn) = (w‘i—yn)'L—Z-l-(q—l)(w-i-yn)"—l

and so
Yn _ (W‘Fyn)”*z l+(q_ 1)(w+yn)
wn—2 w 3+2(qg —2)w+ (¢ — 2)yn
Hence

Yn 1 + (q B 1)w

— - = 6 when n — oo.
w2 34 2(q— 2w

VIII. SUMMARY

We have first given an upper bound on the weight distribution
function for codes of minimum distance at least 2. We have
shown that the bound is best possible for codes of minimum
distance equal to 2, and we characterized the codes meeting the
bound.

Next, we have given an improved bound for codes of min-
imum distance at least 3.

Next, we noted that a code has full support if and only if the
dual code has minimum distance 2, and we used this fact to
determine a best possible upper bound on the weight distribution
function for linear codes of full support. We also characterized
the codes meeting this bound.

We discussed the weight distribution function for linear codes
that both have full support and minimum distance 2. We have
shown a best possible upper bound for such codes of dimension
k = 2 and we conjecture a bound for general k.
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