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Abstract
The magic wavelength is a crucial parameter for the optical frequency standard field. In this
paper, we have calculated the dipole polarizabilities of the ground state ns2 1S0 and the
metastable state nsnp 3P0 for strontium and ytterbium by the method of the B-spline
configuration interaction with a semiempirical core-polarization model potential, and finally
obtained the values of the relevant magic wavelengths, which are 812 nm, 499 nm, and
752 nm, 550 nm, 458 nm for strontium and ytterbium atoms, respectively. The results of
812 nm and 752 nm are perfectly consistent with the corresponding experimental values.
Here, we also predicted the new values of the magic wavelengths 499 nm, 550 nm and 458 nm.
In addition, the relevant black-body radiation shifts, which are −1.96(37) Hz and −1.06(38)
Hz for Sr and Yb, respectively, were obtained. It proves that the method we have developed is
suitable to accurately calculate atomic structures of two-valence atoms, especially for their
dipole polarizabilities and magic wavelengths.

The cold atom optical lattice clock represents a new generation
of atomic clocks based on laser cooling technology. Its
realization will improve the accuracy of the atomic clock
to as low as 10−18 s, which is 1000 times more accurate
than the Cs atomic clock. In recent years it has been found
that if neutral atoms are trapped in the Lamb–Dicke regime,
where the optical lattice laser works at the so-called magic
wavelength [1, 2], high accuracy and stability of atomic clocks
can be obtained. In the magic wavelength the ac stark shifts
of both the upper and the lower levels relevant to the clock
transition are equivalent; therefore, the light shift resulting
from the trap laser can be eliminated.

Recently, there has been rapid development in optical
lattice atomic clock research using alkaline-earth-metal atoms
(also including Yb). For Sr and Yb, the transition ns2 1S0–
nsnp 3P0 is suitable as a clock transition. Although this
transition is completely forbidden in bosonic isotopes, various
schemes employing it have been proposed [3–8]. When
the uncertainty of the clock transition in these schemes
is estimated, the values of the dipole polarizabilities of
the ns2 1S0 and nsnp 3P0 states are necessary. In our
previous paper [9], we calculated them and obtained the

relevant magic wavelengths for group-IIB atoms (Zn, Cd and
Hg). However, due to the lack of experimental values of
relevant magic wavelengths, the theoretical values are just
for reference. Until now, the relevant experiments have
focused on 87Sr and 174Yb, whose experimental values of
magic wavelengths have been determined to be 813.420(7) nm
[10, 11] and 759.35(2) nm [12], respectively. Therefore, we
can calculate them to verify our method by comparing with
experimental values. In this paper, we demonstrate that our
results are perfectly consistent with the experimental values.
On the one hand, we can verify the previous calculations for
Zn, Cd and Hg in [9], and more importantly, we can provide a
widely usable approach for accurate calculation of the divalent
atomic system.

As in our previous paper [9], our current work is still
derived from the Dirac–Hatree–Fock calculations for the
ground states of the atomic cores (Sr2+, Yb2+). The following
calculations are all based on the HF potential of these frozen
cores. It is obligatory to consider the valence correlations and
the core–valence correlations in order to study the properties
of strontium and ytterbium atoms. However, while the valence
correlations can be accounted for completely in a configuration
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interaction (CI) calculation, they are hard to assess in core–
valence correlations in a similar way due to the sharply
increased number of configurations. Here a semiempirical
core-polarization model potential (CPMP) [13] is introduced
for core–valence correlations.

During the CI calculations, B-spline states were chosen
as the basis set. As a powerful numerical fitting tool, B-
splines have been widely used in atomic physics, especially in
many-body perturbation theory (MBPT) calculations [17, 18].
Sums over infinite bound states and integrals over continuum
states can be transformed into sums over the finite B-spline
states. The validity of B-spline states has been proved by
various applications and successfully employed in our previous
work. The calculations of dipole polarizabilities also involve
sums over infinite intermediate states; thus, we use B-spline
states so that these infinite sums can be approximated by finite
sums without losing too many contributions from the highly
exited bound states and the continuum states. To generate
the relativistic B-spline states, we employed the approach of
Johnson et al [18] but with some modifications described in
our previous paper [9]. It is noteworthy that, while the large
component radial wavefunctions were expanded in n B-splines
of order k, the small component radial wavefunctions were
expanded in (n − 1) B-splines of order (k − 1), which could
eliminate the spurious state effectively [19]. Therefore in our
actual calculations, 40 B-splines of order 6 and 39 B-splines of
order 5 in a cavity of radius R = 80 au were used to expand the
large and the small component radial functions, respectively.

Typically, the one-particle semiempirical core-
polarization model potential can be written as

Vp1(r) = − αd

2r4

[
1 − exp

(
− r6

r6
c

)]
, (1)

where αd is the polarizability of the frozen core and rc

is the cutoff radius. The values of αd were constant throughout
the computation process, while the values of rc changed with
the angular quantum number l. The values of rc were chosen
to reproduce the experimental energies for the lowest levels of
each symmetry of the monovalent ions for the virtual orbitals
with l < 3, and set equal to the geometric average of those
for l < 3 for virtual orbitals with l � 3. In addition, in
the calculations of the transition matrix elements, the dipole-
length form in the long-wavelength approximation with the
dipole operator should be accordingly modified as

−→
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For divalent atoms such as Sr and Yb, the two-particle
model potential is written as
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2
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, (3)

and the values of αd and rc for the Sr and Yb atoms are
listed in table 1. This model potential can be introduced
in the CI calculations by directly modifying the Coulomb

Table 1. Dipole polarizabilities αd and the cutoff radii rc of the
CPMP for Sr2+, Yb2+ (in au).

αd rc(s1/2) rc(p1/2) rc(p3/2) rc(d3/2) rc(d5/2) rc(l � 3)

Sr2+ 5.813a,b 2.022 1.949 1.951 2.200 2.207 1.761
Yb2+ 7.363c 2.143 1.695 1.643 2.185 2.232 1.962

a Reference [14].
b Reference [15].
c Reference [16].

interaction of order 1. In our CI calculations, the basis set
consisted of the lowest 20 orbitals above the core shells of
each symmetry of l � 4. The configuration numbers of the
J = 0 and J = 1 states of both parities are above 1500
and 4000, respectively. Readjustment of the cutoff radii can
make some calculated energies approach to the experimental
values further. However, it is hard to optimize all the levels
simultaneously due to the limitations of the semiempirical
model itself and the effect of a reoptimization process on the
reduced transition matrix elements is unpredictable. Thus,
we would replace some energies with experimental values
directly if necessary rather than doing any reoptimization.
In fact, when CPMP is included, the results of the double-
electron energy levels and transition matrix elements have
greatly improved in most cases.

Tables 2 and 3 show some low-lying energy levels of the Sr
and Yb atoms, respectively. The results calculated by B-spline
CI and those modified by semiempirical core-polarization
model potential are both given in the tables. The effect of
the modification is obvious. From the Sr atom in table 2, it
is clear that the agreement between the theoretical values by
B-spline CI and the experimental values is at the level of about
10%. However with reasonable modification by CPMP, the
agreement improves to around 1–3%. For the Yb atom, more
energy levels are listed in table 3. Similarly, the modification
of CPMP makes the agreement between theoretical results
and experimental values improve from around 10% to 1%. In
general, we have successfully represented the energy levels of
the ground state and low-lying excited states using B-spline CI.
As to highly excited states, our calculation can fully represent
all of the excited states using finite B-spline states.

Using the B-spline state basis set and associated CI
coefficients calculated above, we obtained the reduced
transition matrix elements with the dipole operator modified
by CPMP (equation (2)). A few reduced dipole matrix
elements between low-lying energy levels are listed in table
4. For both Sr and Yb, the corrections of CPMP improve
our results towards the experimental values in most cases.
The main error of reduced matrix elements by B-spline CI
is derived from the lack of core–valence correlations. Since
we have used semiempirical CPMP to modify the Coulomb
potential and the dipole operator, all the B-spline states and
associated CI coefficients can be corrected properly. As the
inclusion of CPMP has contributed to an improved agreement
between experimental and theoretical energies and reduced
matrix elements, similarly as in [30], we estimate about 20–
25% of the corrections as the final uncertainty and the final
results are also listed in table 4. From our calculation and
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Table 2. Low-lying energy levels of the Sr atom calculated by CI+CPMP. The values of different parities are listed separately. The
experimental values are from the NIST Database [20]. Here the energy of the ground states of atomic core is chosen as zero. The last
column of the table lists the differences between the results of CI+CPMP and the experimental values. All values are in au.

Configuration CI CI+CPMP Experimental Difference

Even (J = 0)
5s5s 1S0 −0.581 700 73 −0.616 470 38 −0.614 631 82 −1.8 × 10−3

5s6s 1S0 −0.450 663 14 −0.475 551 22 −0.475 245 32 −3.1 × 10−4

5p5p 3P0 −0.432 551 05 −0.460 077 84 −0.454 278 57 −5.8 × 10−3

Even (J = 1)
5s4d 3D1 −0.489 581 45 −0.537 221 12 −0.531 893 07 −5.3 × 10−3

5s6s 3S1 −0.458 278 01 −0.482 815 02 −0.482 321 33 −4.9 × 10−4

5s5d 3D1 −0.431 766 95 −0.459 253 68 −0.455 128 45 −4.1 × 10−3

5p5p 3P1 −0.430 170 54 −0.455 874 99 −0.453 336 92 −2.5 × 10−3

Even (J = 2)
5s4d 3D2 −0.489 509 24 −0.536 967 39 −0.531 620 88 −5.3 × 10−3

5s4d 1D2 −0.487 997 08 −0.529 854 85 −0.522 823 03 −7.0 × 10−3

5s5d 1D2 −0.430 531 00 −0.459 037 69 −0.456 401 76 −2.6 × 10−3

5s5d 3D2 −0.430 090 08 −0.457 888 66 −0.455 059 78 −2.8 × 10−3

5p5p 3P2 −0.429 847 19 −0.455 803 96 −0.452 086 07 −3.7 × 10−3

Even (J = 3)
5s4d 3D3 −0.489 350 18 −0.536 526 15 −0.531 163 10 −5.4 × 10−3

5s5d 3D3 −0.430 035 85 −0.455 705 83 −0.454 954 80 −7.5 × 10−4

Odd (J = 0)
5s5p 3P0 −0.526 301 57 −0.553 225 44 −0.549 396 40 −3.8 × 10−3

5s6p 3P0 −0.437 276 97 −0.461 923 18 −0.460 383 84 −1.5 × 10−3

Odd (J = 1)
5s5p 3P1 −0.525 538 19 −0.552 393 64 −0.548 545 13 −3.8 × 10−3

5s5p 1P1 −0.487 932 37 −0.516 957 84 −0.515 766 26 −1.2 × 10−3

Odd (J = 2)
5s5p 3P2 −0.523 952 86 −0.550 560 83 −0.546 748 97 −3.8 × 10−3

our results the uncertainties of reduced dipole matrix elements
could be estimated to be 3% and 5% for the Sr and Yb atoms
on average. In fact, on one hand, our results of low-lying
energy levels and reduced matrix elements between them have
been consistent with the experimental and theoretical values;
on the other hand, a few experimental values for the same
reduced matrix element are sometimes quite different; hence,
the experimental values of reduced matrix elements are just
for reference.

For the state ψ0, the dynamic dipole polarizability can be
written as

αd(ω) = 2
∑

i

(Ei − E0)

(Ei − E0)2 − ω2
|〈ψi |Dz|ψ0〉|2, (4)

where Ei is the energy of a excited state |ψi〉, and the sum
runs over all states of �J = ±1 in opposite parity. Naturally,
the dynamic dipole polarizability can be divided into parts αv

and αc, which are the contributions of valence electrons and
core electrons, respectively. The former could be calculated
using equation (4). As to the contributions of core electrons,
αc is treated to depend on transitions of core elections from a
ground state to a virtual state with energy � [14]. Thus αc is
written as

α(c)(ω) =
∑

i

Ni

(εi − �)2 − ω2
, (5)

where εi is the single-electron energy of the core shell i, Ni

is the corresponding electron number and � is determined by

fitting the static core polarizabilties listed in table 1. For the Sr
and Yb atoms, � is −0.476 43 au and 0.512 77 au, respectively.

With these parameters and results, we calculated the
dipole polarizabilities of the ground state ns2 1S0 and the
metastable state nsnp 3P0 for Sr and Yb. As the energy values
of low-lying levels could directly affect the final results, and
their experimental values can be very accurate, we replaced
the values of a few lowest energy levels with corresponding
experimental values. But as to reduced matrix elements,
we did not do any replacement due to the uncertainties of
their experimental values. Taking the Sr atom for example,
when we calculated the values of the dipole polarizabilities
of the ground state 5s2 1S0, the energy values of 5s2 1S0 and
5s5p 3P1, 5s5p 1P1 among more than 4000 B-spline states of
against parity were replaced by their experimental values,
respectively. Table 5 lists our static dipole polarizabilities for
the ground state 1S0 and the lowest excited state 3P0 of the Sr
and Yb atoms, experimental values and some other theoretical
values. Clearly, our results are in good agreement with the
experimental data and other literature values. In addition,
dynamic dipole polarizabilities on a few selected frequencies
for Sr are shown in table 6. Here we also present the dynamic
dipole polarizabilities of Yb atoms in table 7.

Here we discuss the uncertainties of static dipole
polarizabilities. Our calculation is based on B-spline CI.
The main source of error is the fact that the B-spline method
requires that the calculation be confined in a sphere at a cavity
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Table 3. Low-lying energy levels of the Yb atom calculated by CI+CPMP. The values of different parities are listed separately. The
experimental values are from the NIST Database [20]. Here the energy of the ground states of atomic core is chosen as zero. The last
column of the table lists the differences between the results of CI+CPMP and the experimental values. All values are in au.

Configuration CI CI+CPMP Experimental Difference

Even (J = 0)
6s6s 1S0 −0.626 763 53 −0.680 532 40 −0.677 300 15 −3.2 × 10−3

6s7s 1S0 −0.484 077 31 −0.521 444 64 −0.520 787 05 −6.6 × 10−4

6s8s 1S0 −0.451 298 41 −0.490 452 23 −0.486 207 90 −4.2 × 10−3

6p6p 3P0 −0.450 591 85 −0.486 143 46 −0.483 943 35 −2.2 × 10−3

Even (J = 1)
5d6s 3D1 −0.510 835 64 −0.573 730 17 −0.565 719 59 −8.0 × 10−3

6s7s 3S1 −0.492 151 77 −0.529 280 42 −0.528 332 17 −9.5 × 10−4

6s6d 3D1 −0.459 177 69 −0.497 337 22 −0.495 918 30 −1.4 × 10−3

6s8s 3S1 −0.453 043 63 −0.488 352 26 −0.487 688 10 −6.6 × 10−4

6p6p 3P1 −0.446 619 42 −0.484 386 20 −0.477 707 95 −6.7 × 10−3

6s7d 3D1 −0.440 451 46 −0.476 249 41 −0.475 402 65 −8.5 × 10−4

6s9s 3S1 −0.437 506 35 −0.472 288 48 −0.471 712 05 −5.8 × 10−4

6s8d 3D1 −0.431 324 35 −0.466 385 82 −0.465 681 35 −7.0 × 10−4

6s10s 3S1 −0.429 595 95 −0.464 179 12 −0.463 712 35 −4.7 × 10−4

6s11s 3S1 −0.425 486 09 −0.460 396 76 −0.459 116 35 −1.3 × 10−3

Even (J = 2)
5d6s 3D2 −0.510 765 55 −0.572 637 40 −0.564 521 98 −8.1 × 10−3

5d6s 1D2 −0.508 894 32 −0.562 224 95 −0.551 191 43 −1.1 × 10−2

6s6d 3D2 −0.459 116 06 −0.497 252 90 −0.495 784 70 −1.5 × 10−3

6s6d 1D2 −0.458 500 68 −0.496 527 89 −0.494 766 50 −1.8 × 10−3

6s7d 3D2 −0.441 594 65 −0.479 994 14 −0.475 395 05 −4.6 × 10−3

6s7d 1D2 −0.440 304 90 −0.476 464 03 −0.475 192 05 −1.3 × 10−3

6p6p 3P2 −0.440 094 21 −0.476 031 01 −0.473 356 90 −2.7 × 10−3

Even (J = 3)
5d6s 3D3 −0.510 440 28 −0.570 144 76 −0.562 157 45 −8.0 × 10−3

6s6d 3D3 −0.458 836 70 −0.496 650 22 −0.495 201 25 −1.4 × 10−3

6s7d 3D3 −0.440 283 75 −0.475 954 05 −0.475 086 25 −8.7 × 10−4

6s8d 3D3 −0.433 838 63 −0.468 125 55 −0.465 518 75 −2.6 × 10−3

Odd (J = 0)
6s6p 3P0 −0.563 011 77 −0.606 536 78 −0.598 528 23 −8.0 × 10−3

6s7p 3P0 −0.469 278 31 −0.505 435 12 −0.503 746 10 −1.7 × 10−3

6s8p 3P0 −0.444 464 68 −0.479 729 16 −0.478 578 90 −1.2 × 10−3

6s9p 3P0 −0.433 370 37 −0.469 095 72 −0.467 334 35 −1.8 × 10−3

Odd (J = 1)
6s6p 3P1 −0.560 090 05 −0.603 403 62 −0.595 322 54 −8.1 × 10−3

6s6p 1P1 −0.518 368 11 −0.561 836 58 −0.563 080 93 1.2 × 10−3

6s7p 3P1 −0.468 886 29 −0.505 167 88 −0.503 365 85 −1.8 × 10−3

6s7p 1P1 −0.464 558 63 −0.501 784 63 −0.492 477 10 −9.3 × 10−3

6s8p 3P1 −0.444 373 38 −0.479 903 00 −0.478 373 40 −1.5 × 10−3

6s8p 1P1 −0.443 211 67 −0.478 814 50 −0.476 741 20 −2.1 × 10−3

Odd (J = 2)
6s6p 3P2 −0.553 431 70 −0.595 744 78 −0.587 493 02 −8.3 × 10−3

6s7p 3P2 −0.467 474 46 −0.503 526 28 −0.501 644 65 −1.9 × 10−3

of finite radius, while the spatial wavefunction can extend
to infinity if the principal quantum number is large enough
[42]. Quantitatively speaking, according to equation (4), the
static dipole polarizabilities are inversely proportional to the
energy gap and proportional to the square of the corresponding
reduced matrix elements. From tables 2 and 3, we can find
that our results of modified low-lying energy levels have an
around 1% theory–experiment disagreement on average. The
energy gaps between the ground state and low-lying excited
states are too small; hence the relative error could be large
(10% or above). As low-lying energy levels are substituted

for experimental values the uncertainties of energy gaps can
be lowered to 3% or below. In addition, the uncertainties
of reduced matrix elements between low-lying energy levels
have been estimated to be around 3% for Sr and 5% for Yb
in our previous discussion. Therefore, we can calculate that
the uncertainty of static dipole polarizabilities is 6.7% for the
Sr atom, while 10.9% for the Yb atom. The uncertainties
have been placed in parentheses in table 5. In particular, the
static dipole polarizability for 5s5p 3P0 of Sr atoms is 409.9 au,
which has 10% disagreement from other results. The reason
for this is the different corrected methods. We compensate
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Table 4. Reduced dipole matrix elements between part of low-lying energy levels for the Sr and Yb atoms (in au).

CI CI+CPMP Final Others Experimental

Sr atom
|〈5s5p 3P1||d||5s2 1S0〉| 0.12 0.13 0.13(1) 0.161(16)a 0.1555(16)b

0.1510(18)c

0.1486(17)d

|〈5s5p 1P1||d||5s2 1S0〉| 5.68 5.15 5.15(15) 5.28(9)a 5.57(6)e

5.31f 5.40(8)g

|〈5s5p 3P0||d||5s4d 3D1〉| 3.30 2.53 2.53(14)
|〈5s5p 3P0||d||5s6s 3S1〉| 1.91 1.90 1.90(1)

Yb atom
|〈6s6p 3P1||d||6s2 1S0〉| 0.40 0.41 0.41(1) 0.587h

|〈6s6p 1P1||d||6s2 1S0〉| 5.33 4.65 4.65(17) 4.825h 4.148(2)i

|〈6s6p 3P0||d||5d6s 3D1〉| 3.51 2.58 2.58(23) 2.911h

|〈6s6p 3P0||d||6s7s 3S1〉| 1.89 1.83 1.83(2) 1.952h

a Reference [21].
b Reference [22].
c Reference [23].
d Reference [24].
e Reference [25].
f Reference [26].
g Reference [27].
h Reference [28].
i Reference [29].

Table 5. Static dipole polarizabilities for the ground state 1S0 and
the lowest energy excited state 3P0 of the Sr and Yb atoms. Some
other theoretical results and experimental values are also listed (in
au).

Sr Yb

5s2 1S0 5s5p 3P0 6s2 1S0 6s6p 3P0

Present 193(13) 410(28) 139(15) 257(28)
Experimental 186(15)a 142(36)b

192c 457.0d 142e,f 266(15)g

Other 194h 458.3(3.6)g 111.3(5)g 252(25)j

197.2d,g 144.59i 302(14)l

118(45)j

140.7k

141(6)l

a Reference [31].
b Reference [32].
c Reference [33].
d Reference [34].
e Reference [35].
f Reference [36].
g Reference [37].
h Reference [38].
i Reference [39].
j Reference [40].
k Reference [41].
l Reference [28].

for the contribution of the actual highly excited bound states
and continuum states using finite B-spline states, while they
choose an adjustable energy shift δ empirically as a correction.

Figure 1 shows the dynamic dipole polarizabilities of Sr
atoms as a function of frequency, while figure 2 shows those
of Yb atoms. In the two figures, the vertical axis represents
the dynamic dipole polarizabilities of the states ns2 2S0 and
nsnp 3P0, while the horizontal axis stands for the frequency

Table 6. Dynamic dipole polarizabilities and other results on a few
selected frequencies for the 5s21S0 and 5s5p 3P0 states of Sr. All the
values are in au.

This work Other resultsa

ω α(5s21S0) α(5s5p 3P0) α(5s2 1S0) α(5s5p 3P0)

0.0000 192.5 409.9 197.2 457.0
0.0499 254.4 215.7 261.2
0.0505 256.4 220.4 263.5
0.0560 278.1 276.5 286.0 280.5
0.0562 279.0 279.3
0.0566 280.5 285.0 288.9 289.3
0.0652 337.2 853.0 351.8 909.2

a Reference [34].

Table 7. Dynamic dipole polarizabilities on a few selected
frequencies for the 6s2 1S0 and 6s6p 3P0 states of Yb. Wavelengths
are in nm while other values are in au.

λ ω α(6s2 1S0) α(6s6p 3P0)

0.0000 138.7 256.8
913.1 0.0499 169.4 69.2
902.2 0.0505 170.3 75.5
759.4 0.0600 188.5 178.6
749.4 0.0608 190.4 191.0
699.9 0.0651 201.9 306.5

of the laser. The intersections in the figures give the values
of the relevant magic wavelengths, which are listed in table 8.
Compared with the results of the method of the Fues’ model
potential, the corresponding Green function (FMP+GF), the
multichannel approach (FMP+MA) [43] and the results in [34],
our results are closer to the experimental values.

It is worth emphasizing that for both Sr and Yb we
have gained several magic wavelengths relevant to the clock

5
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Figure 1. Dynamic dipole polarizabilities of the states ns2 2S0 and
nsnp 3P0 of Sr atoms as a function of frequency. The circle-marked
point of intersection indicates the magic wavelength.

Figure 2. Dynamic dipole polarizabilities of the states ns2 2S0 and
nsnp 3P0 of Yb atoms as a function of frequency. The circle-marked
point of intersection indicates the magic wavelength.

Table 8. Magic wavelengths of the transition ns2 1S0–nsnp 3P0 for
the Sr and Yb atoms (in nm).

Present Experimental FMP+GF FMP+MA Other

812 813.420(7)a,b 800c 805d

Sr 499
752 759.35(2)e 724c 750c 759.37f

Yb 550 551.5f

458 465.4f

413.25f

402.55f ,g

a Reference [10].
b Reference [11].
c Reference [43].
d Reference [34].
e Reference [12].
f Reference [28].
g unreliable.

transition ns2 1S0–nsnp 3P0, while the experimental value has
only one. One of them is quite consistent with the experimental
values (see table 8). Moreover, during the whole calculation
process, we only use a few experimental values of the lowest
energy levels, which can be accurately obtained by experiment.

Since our data were in good agreement with corresponding
experimental values or other theoretical results, we could
predict that for the Sr and Yb atoms trapped in optical lattices
operated at the wavelengths around 499 nm and 550 nm,
458 nm, respectively, the null ac Stark shift could be obtained.
In particular for Yb atoms, near the three points marked in
figure 2 (752 nm, 550 nm, 458 nm), the shifts of the dipole
polarizabilities for 6s6s 1S0 are 0.2 au, 241 au and 3.2 au as the
shift of the frequency is 0.0001 au, while those for 6s6p 3P0

are 1.5 au, 1.4 au and 14 au, respectively. When the magic
wavelength is chosen to be 550 nm, the large instabilities of
dipole polarizabilities can enlarge the instabilities of the light
shift and then the Allan variance can be increased; hence the
stability of the atomic clock frequency can be influenced to a
certain degree.

In the atomic frequency standard field, black-body
radiation (BBR) shift is often the crucial factor on the ultimate
uncertainty of frequency standard. It can be expressed in terms
of the static polarizabilities [37, 44],

δνBBR ≈ − 2
15 (απ)3T 4 × [

α3P0(0) − α1S0(0)
]
, (6)

where T is the temperature and α is the fine-structure constant.
With our results of polarizabilities, we can find at T = 300 K,
the BBR shift δνBBR = −1.96(37) Hz for the Sr atom and
δνBBR = −1.06(38) Hz for the Yb atom, which have been
calculated in [37] with the values of −2.354(32) Hz and
−1.34(13) Hz, respectively. The differences between their
results and ours are due to the differences of polarizabilities.
The uncertainties of the BBR shift rest with those of relevant
static dipole polarizabilities for Sr and Yb.

In summary, Sr and Yb atoms trapped in an optical lattice
operated at the magic wavelengths are the best candidates
for high-accuracy optical clocks. We have calculated the
dipole polarizabilities of the ground state ns2 1S0 and the
metastable state nsnp 3P0 for the Sr and Yb atoms using the
B-spline CI with a semiempirical CPMP. With these results,
we obtained relevant magic wavelengths. One of these results
is in good agreement with the experimental values. During our
calculation procedure, we need no experimental data other than
experimental energy levels and the experimental polarizability
of the frozen core (αd in table 1), which can be easily obtained.
This approach would be helpful for accurate calculation of the
divalent atomic system. Finally, we also estimate the values
of the black-body radiation frequency shift.
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