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Abstract

In this Letter, the Exp-function method is used to obtain generalized solitonary solutions and periodic solutions of a KdV equation with
variable coefficients. It is shown that the Exp-function method, with the help of symbolic computation, provides a straightforward and powerful
mathematical tool for solving nonlinear evolution equations with variable coefficients in mathematical physics.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The investigation of exact solutions of nonlinear evolution equations (NLEEs) plays an important role in the study of non-
linear physical phenomena. In the past several decades, many effective methods for obtaining exact solutions of NLEEs have
been presented, such as inverse scattering method [1], Hirota’s bilinear method [2], Bédcklund transformation [3], Painlevé
expansion [4], sine—cosine method [5], homogenous balance method [6], homotopy perturbation method [7-9], variational
method [10-13], asymptotic methods [14], non-perturbative methods [15], Adomian Pade approximation [16], tanh-function
method [17-21], algebraic method [22-25], Jacobi elliptic function expansion method [26-28], F-expansion method [29-32] and
SO on.

Recently, He and Wu [33] proposed a straightforward and concise method, called Exp-function method, to obtain generalized
solitonary solutions and periodic solutions of NLEEs. The solution procedure of this method, by the help of Matlab or Mathematica,
is of utter simplicity and this method can be easily extended to all kinds of NLEEs.

The present Letter is motivated by the desire to extend the Exp-function method to a KdV equation with variable coefficients,
which reads

ur +o(uuy + By =0, (D

where «(¢) and B(¢) are arbitrary functions of ¢. Eq. (1) is well known as a model equation describing the propagation of weakly
nonlinear and weakly dispersive waves in inhomogenous media. Jacobi elliptic function solutions, soliton-like solutions and trigono-
metric function solutions of Eq. (1) can be found in [34-36].
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2. Application to the KdV equation with variable coefficients

Using the transformation

u=U(n), '7=kX+/f(t)dt, 2
where k is a constant, t(¢) is an integrable function of ¢ to be determined later, Eq. (1) becomes

(U +ka(UU' + k21U =0, (3)

where prime denotes the differential with respect to 7.
According to the Exp-function method [33], we assume that the solution of Eq. (3) can be expressed in the following form

Y anexp(nn)
Ul = S=—" :
m=—p bm eXP(mU)

“)
where ¢, d, p and g are positive integers which are unknown to be further determined, a, and b,, are unknown constants. Eq. (4)
can be re-written in an alternative form [39] as follows

UG =% exp(cn) +- - +a—gexp(—dn)
bpexp(pn) + -+ +b_gexp(—qn)’

®)

In order to determine values of ¢ and p, we balance the linear term of highest order in Eq. (3) with the highest order nonlinear
term [33,39]. By simple calculation, we have

yr— €1 expl(7p+cnl+---

B (6)
crexpl8pn]+---
and
vy = & expl(p+20)n]+--- _ c3exp2Bp+o)ul+ - o
caexp[3pn]+--- caexpl8pnl+ -+
where ¢; are determined coefficients only for simplicity. Balancing highest order of Exp-function in Egs. (6) and (7), we have
Tp+c=2Cp+o), "

which leads to the result

p=c. ©)
Similarly to determine values of d and g, we balance the linear term of lowest order in Eq. (3)

U = - +dyexp[—(7q + d)n] (10)
-+ + dyexp[(—=8g)n]

and

Uy = +dsexpl—(g +2d)n] _ -~ +d3exp[=2(3g +d)n]
-+ +dgexpl[(=3q)n] - +dgexp[(—8q)n]

where d; are determined coefficients only for simplicity. Balancing lowest order of Exp-function in Egs. (10) and (11), we have

; (11)

—(7q +d)=-23q +4d), (12)

which leads to the result

g=d. (13)
2.1. Casel: p=c=1,d=q=1

We can freely choose the values of ¢ and d, but we will illustrate that the final solution does not strongly depend upon the choice
of values of ¢ and d [33,39]. For simplicity, we set p =c =1 and d = g = 1, the trial function, Eq. (§) becomes
__arexp(n) +aop + a—j exp(—n)

b1 exp(n) + bo + by exp(—n)

U(n) (14)
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Substituting Eq. (14) into Eq. (3), and using Mathematica, equating to zero the coefficients of all powers of exp(nn) yields a set
of algebraic equations for ay, ag, a_1, by, by, b_1 and 7(¢) as follows:

bi(arbo — agby){arke(t) + bi[K*B(t) + 1(1)]} =0,

[—adbi —2a1a_1b} + af (b + 2b1b_1) Jkau(t) + 2b1{2(—a1b] + aoboby — 2a_1b3 + 2a1b1b_1)k> (1)
+ [~b1(aobo + a—1b1) + a1 (b% +b1b_1) ]t ()} =0,

[—agboby + a1bo(—2a_1by + 3arb_y) + ao(a1b§ — 3a—1b + 2arbib_y) Jka(t) + [b1(—aob§ — Sa—1bob1 + 23aob1b_)
+aybo (b — 18b16-1) [k B(t) + [—b1 (aob§ + Sa—1bobi + agbib_1) + arbo(b§ + 6b1b_1) ]z () =0,

2(arb—1 — a—1b1){2(aobo + arb—1 + a_1byka () +2[ (b5 — 8b1b-1)K> B(1) + (b§ + b1b-1)T (1]} =0,

[a5bob—1 +a_1bo(Raib—1 — 3a_1by) +ao(3arb? | — a—1b§ — 2a_1b1b_y) ke (t) + [b—1 (aohf + Sarbob—y — 23agbib_,)
— a_1bo(b§ — 18b1b_1) |k B(t) + [b—1(aob] + Sa1bob_1 + agb1b_1) — a_1bo(bf + 6b1b_1)]r(t) =0,

[a3b? | +2ara_1b* | — a2 | (b3 + 2b1b_1) ke (t) — 2b_1{2(—a_1b} + agbob_1 — 2a1b* | +2a_1b1b_1)k>B(r)
+ [=b-1(aobo + a1b_1) +a_1 (b + b1b_1)]c (1)} =0,

b_1(aoh—1 —a_1bo){a_ika(t) + b1 [k’ B(t) + t(1)]} =0.

Solving the system of algebraic equations with the aid of Mathematica, we obtain

bo(a) + 6b181k3) a1b}
a=a;, ap=-—2>TNRI o, =200 pi—by, by =bhy, 15
1 1 0 b 1 4b]2 1 1 0 = bo (15)
b2 k b181k%
b_1=ﬁ, B(t) = 81a(t), r(t):—%a(t), 81 = const. (16)
1 1

Inserting Eqgs. (15) and (16) into (14) yields the following generalized solitonary solution (see Figs. 1-3) of Eq. (1)

2
b} e[—kx+%falk) Ja()dn
4p?

kag+b18k3)
[kx—="=10— [a@)dr] | by(a;+6b151k2)
ae ! += 0 T

u =
k(ay+b131k2) 2 k(ay+b181k2)

hx————1-1— t)dr b, —kx+—=1— ) dt

ble[x B Ja® ]+b0+41?1€[ x+ B Ja()dr]

_ 4 + 6b051k2 .
b ble[kxiw Ja@)dr] Y bo+ ie[ka+w [e(r)dr] ’
4b

To compare our result, Eq. (17), with that in open literature, we write down Taogetusang and Sirendaoerji’s solution [34], which
reads

12p°B(1)
u = go+ g1 sech’ [px - / (opa(t) +4p*B(1) dr] (a(r) = ”g—l) (18)
We re-write Eq. (18) in the form
481
u=go+ . 19
80 o[2px— PO 141y dr) 1o ol 2+ L. 1o 1) dr) (19)
If we choose a1 = go, b1 =1,bp=2,k=2p and 61 = 15#’ our solution, Eq. (17), turns out to be Taogetusang and Sirendaoerji’s

solution as expressed in Eq. (19). In addition, the solution (32) in [35] can be easily recovered from Eq. (17).
When k is an imaginary number, the obtained solitonary solution can be converted into periodic solution [33,39]. We write
k =1K . Using the transformation

_ kay+b;81k%) K(a; — b8 K> K(a; —b18K?
ok 5 f“‘(’)d’]ZCOS[Kx—%/‘a@)dt]—i—isin[Kx—%/a(l)dt]
1 1

and

| klag b 8k3) K — b8 K2 K —b18;K?
(et D faryar) =cos|:Kx N %fa(r)dt} —isin|:Kx - %/u(r)dr}
1 1
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Fig. 3. Solution (17) is shown ata; =by =bg=k =61 =1, a(t) = 1

1+2°
then Eq. (17) becomes
6bo81 K>
= 7 2 - - : (20)
U (b + ﬁ)cos[Kx — —K(“l_lf’ll‘sll( ) [ () dt] + by +in sin[Kx — —K(al_ﬁla]K ) JSa@®) dt]

b2
where u =b| — ﬁ.

If we search for a periodic solution or compact-like solution, the imaginary part in Eq. (20) must be zero [33,39], that requires
that

=b b(z) =0 21)
T
From Eq. (21) we obtain
bo = £2b;. (22)
Substituting Eq. (22) into (20) yields two periodic solutions
al 651K2
= K(a1—b18,K? (23)
by cos[Kx — % JSa()di]+1
and
681 K?
u= a + !

= ) (24)
b cos[Kx — K@=p0KD) 14y dr] —1
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22. Case2: p=c=2,d=q=2

As mentioned above the values of ¢ and d can be freely chosen, we set p = ¢ =2 and d = g = 2, then the trial function, Eq. (5)
becomes

_a2exp(2n) + aj exp(n) +ao + a—j exp(—n) + a_z exp(—2n)
by exp(2n) + by exp(n) + bo 4 b1 exp(—n) + b2 exp(—2n)’

There are some free parameters in Eq. (25), we set b, = 1, b1 = 0 and b_; = 0 for simplicity, the trial function, Eq. (25) is simplified
as follows

U(m) (25)

_ ayexp(2) + ar exp(y) +ao + a1 exp(—n) +a-s exp(=21)

U 26
o exp(2n) + bo + bz exp(—21) (20
By the same manipulation as illustrated above, we obtain
82(83 + k) a?(83 — 11k%) a af (83 +k3) o
= a=ai, ay=——— a1 = , a2=—"T"——3 >
k r=a A TS ' 1aasie 2T 2073683K0
at af
by=——7—, by=—"——, 1) =6r(t), (1) = 8283(1), §; =const (i=2,3). 28
0 72021 2 20736538 B(t) = dra(1) (1) = 8283 (1) i ( ) (28)
Substituting Eqs. (27) and (28) into (26) yields the following solution
82(83 + k3
P 3k+ n 4 . (29)
a
e[kx+5253 fOl(l) dr] + 65a21k2 + 144(Sl%k4 e[—kx—5253fot(t) dr]
It should be noted that if we set a; = —%ﬁ'k}), b1=1,by= # and §; = &, in Eq. (17), we can recover the solution (29).
23. Case3: p=c=2,d=q=1
We consider the case p =c=2and d =g = 1, Eq. (5) can be expressed as
az exp(2n) + ai exp(n) +ap + a—1 exp(—n)
Ul = (30)

~ baexp(2n) + by exp(n) + bo + b1 exp(—n)’

There are some free parameters in Eq. (30), we set by = 1 for simplicity. By the same manipulation as illustrated above, we obtain

84(85 + k) . (85 + k3)(ark + b18485 + b164k>)? (ark + b16485 — 5b184k>)
= 1= ’

, _ 31
k 86452k10 GD
(atk + b18485 + b184k>) (a1 85k + b18482 — Tark* — 14b18485k> + 33b184k%)
ay=ai, ap = , (32)
4854k7
(ark + b18485 + b184k3) (ark + b18485 — Tb184k3)
by = — 776 , B(t) = b4 (1), T(t) = 8485a(2), (33)
4857k
k + b18485 + b184k>)2(ark + b1 8485 — 5b184k>
b,1=—(a1 + b108485 + b184 )(?1 + b16465 184 )’ by =bi. 5 =const (i =4.5). (34)
86453 k9
Substituting Egs. (31)—-(34) along with b, = 1 into (30) yields the following solution
84(85 + k3 144582k>
L LC R o , (35)
k 14452k6e[kx+8485fa(t) dr] + 2454](30' + O.Ze[—kx—8485fot(t) dr]

where o = aik + b18485 + b184k>. It should be noted that if we set aj = —14483k (85 + k%), by = 14482k°, by = 2484k and
81 = 84 in Eq. (17), we can recover the solution (35).

3. Conclusion

The Exp-function method has been used to obtain generalized solitonary solutions and periodic solutions of a KdV equation
with variable coefficients. This method can also be extended to other NLEEs with variable coefficients, such as the mKdV equation
[37], the (3 + 1)-dimensional Burgers equation [38] and so on. The Exp-function method is a promising and powerful new method
for NLEEs arising in mathematical physics. Its applications are worth further studying.
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