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a b s t r a c t

In this paper, we study the existence and exponential convergence of positive almost peri-
odic solutions for a class of Nicholson’s blowflies model with patch structure and multiple
linear harvesting terms. Under appropriate conditions, we establish some criteria to ensure
that the solutions of this system converge locally exponentially to a positive almost peri-
odic solution. Moreover, we give some examples and numerical simulations to illustrate
our main results.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

To describe the dynamics of Nicholson’s blowflies model in [1], Gurney et al. [2] presented a mathematical model

N0ðtÞ ¼ �dNðtÞ þ pNðt � sÞe�aNðt�sÞ: ð1:1Þ

Here, NðtÞ is the size of the population at time t; p is the maximum per capita daily egg production, 1
a is the size at which the

population reproduces at its maximum rate, d is the per capita daily adult death rate, and s is the generation time. The model
and its modifications have been extensively and intensively studied and numerous results about its stability, persistence,
attractivity, periodic solution and so on (see [3–8]) have been obtained. However, the main focus of Nicholson’s blowflies
model is on the scalar equation and results about patch structure of this model are rarely gained. Due to the real world appli-
cation of patch structure in population dynamics, some population dynamic models with patch structure and delays have
been studied by several authors. We refer the reader to [9–12] and the references cited therein. In particular, Faria [13] con-
sidered the global dynamics for a Nicholson’s blowflies model with patch structure and multiple discrete delays:

x0iðtÞ ¼ �dixiðtÞ þ
Xn

j¼1

aijxjðtÞ þ
Xm

j¼1

fijxiðt � sijÞe�xiðt�sijÞ; ð1:2Þ

where di > 0; aij P 0 for j – i; sik > 0; f ik P 0 with fi ¼
Pm

k¼1fik > 0 for all i; j ¼ 1;2; . . . ;n; k ¼ 1;2; . . . ;m and always assume
aii ¼ 0 for all 1 6 i 6 n.

0307-904X/$ - see front matter � 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.apm.2012.05.009

q This work was supported by the Natural Scientific Research Fund of Zhejiang Provincial of PR China (Grant Nos. Y6110436 and LY12A01018), and the
Natural Scientific Research Fund of Zhejiang Provincial Education Department of PR China (Grant No. Z201122436).
⇑ Tel./fax: +86 057383643075.

E-mail address: wanglijuan1976@yahoo.com.cn

Applied Mathematical Modelling 37 (2013) 2153–2165

Contents lists available at SciVerse ScienceDirect

Applied Mathematical Modelling

journal homepage: www.elsevier .com/locate /apm



Author's personal copy

On the other hand, according to the exploitation of biological resources and the harvest of population species are
commonly practiced in fishery, forestry and wildlife management, the study of population dynamics with harvesting is
an important subject in mathematical bioeconomics, which is related to the optimal management of renewable resources
(see [14–16]). Recently, assuming that a harvesting function is a function of the delayed estimate of the true population,
Berezansky et al. [17] gave the Nicholson’s blowflies model with a linear harvesting term:

x0ðtÞ ¼ �dxðtÞ þ pxðt � sÞe�axðt�sÞ � Hxðt � rÞ; d;p; s; a;H;r 2 ð0;þ1Þ; ð1:3Þ

where Hxðt � rÞ is a linear harvesting term, xðtÞ is the size of the population at time t, p; a; d and s have the same meaning as
in the Eq. (1.1). Moreover, Berezansky et al. [17] put forward an open problem: Find the dynamic behaviors of the Nicholson’s
blowflies model with a linear harvesting term.

Furthermore, Liu and Meng [18] proposed a class of non-autonomous Nicholson-type delay systems with linear
harvesting terms

x01ðtÞ ¼ �a1ðtÞx1ðtÞ þ b1ðtÞx2ðtÞ þ
Xm

j¼1

c1jðtÞx1ðt � s1jðtÞÞe�c1jðtÞx1ðt�s1jðtÞÞ � H1ðtÞx1ðt � r1ðtÞÞ;

x02ðtÞ ¼ �a2ðtÞx2ðtÞ þ b2ðtÞx1ðtÞ þ
Xm

j¼1

c2jðtÞx2ðt � s2jðtÞÞe�c2jðtÞx2ðt�s2jðtÞÞ � H2ðtÞx2ðt � r2ðtÞÞ;

8>>>>><>>>>>:
ð1:4Þ

where ai; bi;Hi;ri; cij; cij; sij : R1 ! R1
þ ¼ ½0;þ1Þ are almost periodic functions, and i ¼ 1;2; j ¼ 1;2; . . . ;m. Some criteria are

established to ensure the existence and exponential convergence of positive almost periodic solutions of this systems, which
partly answer the above open problem proposed by Berezansky et al. [17].

Motivated by [13,17,18], a corresponding question arises: Discover the existence and convergence of positive almost peri-
odic solutions of Nicholson’s blowflies model with patch structure and multiple linear harvesting terms. The main purpose of
this paper is to give the conditions to ensure the existence and convergence of positive almost periodic solutions of the fol-
lowing non-autonomous Nicholson’s blowflies model with patch structure and multiple linear harvesting terms:

x0iðtÞ ¼ �aiðtÞxiðtÞ þ
Xn

j¼1

bijðtÞxjðtÞ þ
Xm

j¼1

cijðtÞxiðt � sijðtÞÞe�cijðtÞxiðt�sijðtÞÞ �
Xl

j¼1

HijðtÞxiðt � rijðtÞÞ; i ¼ 1;2; . . . ;n; ð1:5Þ

where ai; bij; cik1 ; cik1
; sik1 ;rik2 ;Hik2 : R1 ! R1

þ are almost periodic functions, and i; j ¼ 1;2; . . . ;n; k1 ¼ 1;2; . . . ;m; k2 ¼ 1;2; . . .

; l. To simplify the notation and without loss of generality, we will always assume biiðtÞ ¼ 0 for all t 2 R1; i ¼ 1;2; . . . ;n.
For convenience, we introduce some notations. Throughout this paper, given a bounded continuous function g defined on

R1, let gþ and g� be defined as

g� ¼ inf
t2R1

gðtÞ; gþ ¼ sup
t2R1

gðtÞ:

It will be assumed that

a�i > 0; c�ik > 0; b�ij > 0 ði – jÞ; ri ¼ max max
16j6m

fsþij g;max
16j6l

rþij
� �

> 0 i; j ¼ 1;2; . . . ;n; k ¼ 1;2; . . . ;m: ð1:6Þ

Let Rn Rn
þ

� �
be the set of all (nonnegative) real vectors, we will use x ¼ ðx1; x2; . . . ; xnÞT 2 Rn to denote a column vector, in which

the symbol ðTÞ denotes the transpose of a vector. we let jxj denote the absolute-value vector given by jxj ¼ ðjx1j; jx2j; . . . ; jxnjÞT

and define jjxjj ¼max16i6njxij. For matrix A ¼ ðaijÞn�n; AT denotes the transpose of A, A�1 denotes the inverse of A; jAj denotes
the absolute-value matrix given by jAj ¼ ðjaijjÞn�n and qðAÞ denotes the spectral radius of A. A matrix or vector A P 0 means
that all entries of A are greater than or equal to zero. A > 0 can be defined similarly. For matrices or vectors A and B; A P B
(resp. A > B) means that A� B P 0 (resp. A� B > 0). For VðtÞ 2 Cðða;þ1Þ;R1Þ, let

D�VðtÞ ¼ lim
h!0�

sup
Vðt þ hÞ � VðtÞ

h
;

D�VðtÞ ¼ lim
h!0�

inf
Vðt þ hÞ � VðtÞ

h
; 8t 2 ða;þ1Þ: ð1:7Þ

’Denote C ¼
Qn

i¼1Cð½�ri; 0�;R1Þ and Cþ ¼
Qn

i¼1C ½�ri;0�;R1
þ

� �
as Banach space equipped with the supremum norm defined

by

jjujj ¼max
16i6n

sup
�ri6t60

juiðtÞj
( )

for all uðtÞ ¼ ðu1ðtÞ;u2ðtÞ; . . . ;unðtÞÞ
T 2 Cðor 2 CþÞ:

If xiðtÞ is defined on ½t0 � ri; mÞ with t0; m 2 R1 and i ¼ 1;2; . . . ;n, then we define xt 2 C as xt ¼ x1
t ; x

2
t ; . . . ; xn

t

� �T where
xi

tðhÞ ¼ xiðt þ hÞ for all h 2 ½�ri;0� and i ¼ 1;2; . . . ;n.
The initial conditions associated with system (1.5) are of the form:
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xt0 ¼ u; u ¼ ðu1;u2; . . . ;unÞ
T 2 Cþ and uið0Þ > 0; i ¼ 1;2; . . . ;n: ð1:8Þ

We write xtðt0;uÞðxðt; t0;uÞÞ for a solution of the initial value problem (1.5) and (1.8) . Also, let ½t0;gðuÞÞ be the maximal
right-interval of existence of xtðt0;uÞ.

The remaining part of this paper is organized as follows. In Section 2, we shall give some notations and preliminary re-
sults. In Section 3, we shall derive new sufficient conditions for checking the existence, uniqueness and local exponential
convergence of the positive almost periodic solution of (1.5). In Section 4, we shall give some examples and numerical sim-
ulations to illustrate our results obtained in the previous section.

2. Preliminary results

In this section, some lemmas and definitions will be presented, which are of importance in proving our main results in
Section 3.

Definition 2.1 (see [19,20]). Let uðtÞ : R1 ! Rn be continuous in t. uðtÞ is said to be almost periodic on R1, if for any e > 0, the
set Tðu; eÞ ¼ fd : juðt þ dÞ � uðtÞj < e for all t 2 R1g is relatively dense, i.e., for any e > 0, it is possible to find a real number
l ¼ lðeÞ > 0, such that for any interval with length lðeÞ, there exists a number d ¼ dðeÞ in this interval such that
juðt þ dÞ � uðtÞj < e; for all t 2 R1.

Definition 2.2 (see [19,20]). Let x 2 Rn and QðtÞ be a n� n continuous matrix defined on R1. The linear system

x0ðtÞ ¼ QðtÞxðtÞ ð2:1Þ

is said to admit an exponential dichotomy on R1 if there exist positive constants k;a, projection P and the fundamental solu-
tion matrix XðtÞ of (2.1) satisfying

kXðtÞPX�1ðsÞk 6 ke�aðt�sÞ for all t P s;

kXðtÞðI � PÞX�1ðsÞk 6 ke�aðs�tÞ for all t 6 s:

Definition 2.3. A real n� n matrix K ¼ ðkijÞ is said to be an M-matrix if kij 6 0; i; j ¼ 1; . . . ;n; i – j and K�1 P 0.

Set

B ¼ fuju ¼ ðu1ðtÞ; . . . ;unðtÞÞ
T is an almost periodic vector function on R1g:

For any u 2 B, we define induced module kukB ¼ supt2R1 max16i6njuiðtÞj, then B is a Banach space.

Lemma 2.1 (see [19,20]). If the linear system (2.1) admits an exponential dichotomy, then almost periodic system

x0ðtÞ ¼ QðtÞxþ gðtÞ ð2:2Þ

has a unique almost periodic solution xðtÞ, and

xðtÞ ¼
Z t

�1
XðtÞPX�1ðsÞgðsÞds�

Z þ1

t
XðtÞðI � PÞX�1ðsÞgðsÞds: ð2:3Þ

Lemma 2.2 (see [19,20]). Let ciðtÞ be an almost periodic function on R1 and

M½ci� ¼ lim
T!þ1

1
T

Z tþT

t
ciðsÞds > 0; i ¼ 1;2; . . . ; n:

Then the linear system

x0ðtÞ ¼ diagð�c1ðtÞ;�c2ðtÞ; . . . ;�cnðtÞÞxðtÞ;

admits an exponential dichotomy on R1.

Lemma 2.3 (see [21,22]). Let A P 0 be an n� n matrix and qðAÞ < 1, then ðIn � AÞ�1 P 0, where In denotes the identity matrix of
size n.

Lemma 2.4. Suppose that there exist positive constants Ei1 and Ei2 such that

L. Wang / Applied Mathematical Modelling 37 (2013) 2153–2165 2155
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Ei1 > Ei2;
Xn

j¼1

bþij Ej1

a�i
þ
Xm

j¼1

cþij
a�i c�ij e

< Ei1; ð2:4Þ

Xn

j¼1

b�ij Ej2

aþi
þ
Xm

j¼1

c�ij
aþi

Ei1e�cþ
ij

Ei1 �
Xl

j¼1

Hþij Ei1

aþi
> Ei2 P

1
min16j6mc�ij

; ð2:5Þ

where i ¼ 1;2; . . . ;n. Let

C0 :¼ fuju 2 C; Ei2 < uiðtÞ < Ei1; for all t 2 ½�ri;0�; i ¼ 1;2; . . . ;ng:

Moreover, assume that xðt; t0;uÞ is the solution of (1.5) with u 2 C0. Then,

Ei2 < xiðt; t0;uÞ < Ei1; for all t 2 ½t0;gðuÞÞ; i ¼ 1;2; . . . ;n ð2:6Þ

and gðuÞ ¼ þ1.

Proof. Set xðtÞ ¼ xðt; t0;uÞ for all t 2 ½t0;gðuÞÞ. Let ½t0; TÞ# ½t0;gðuÞÞ be an interval such that

0 < xiðtÞ for all t 2 ½t0; TÞ; i ¼ 1;2; . . . ;n; ð2:7Þ

we claim that

0 < xiðtÞ < Ei1 for all t 2 ½t0; TÞ; i ¼ 1;2; . . . ;n: ð2:8Þ

Assume, by way of contradiction, that (2.8) does not hold. Then, it exist t� 2 ðt0; TÞ and k 2 f1;2; . . . ;ng such that

xkðt�Þ ¼ Ek1 and 0 < xiðtÞ < Ei1 for all t 2 ½t0 � ri; t�Þ; i ¼ 1;2; . . . ;n: ð2:9Þ

Calculating the derivative of xkðtÞ, together with (2.4) and the fact that supuP0ue�u ¼ 1
e, (1.5) and (2.9) imply that

0 6 x0kðt�Þ ¼ �akðt�Þxkðt�Þ þ
Xn

j¼1

bkj t�ð Þxjðt�Þ þ
Xm

j¼1

ckjðt�Þ
ckjðt�Þ

ckjðt�Þxk t� � skjðt�Þ
� �

e�ckjðt�Þxk t��skjðt�Þð Þ

�
Xl

j¼1

Hkjðt�Þxk t� � rkjðt�Þ
� �

6 �a�k xkðt�Þ þ
Xn

j¼1

bþkjEj1 þ
Xm

j¼1

cþkj

c�kje

¼ a�k �Ek1 þ
Xn

j¼1

bþkjEj1

a�k
þ
Xm

j¼1

cþkj

a�k c�kje

 !
< 0;

which is a contradiction and implies that (2.8) holds.
We next show that

xiðtÞ > Ei2; for all t 2 ðt0;gðuÞÞ; i ¼ 1;2; . . . ;n: ð2:10Þ

Suppose, for the sake of contradiction, that (2.10) does not hold. Then, there exist s� 2 ðt0;gðuÞÞ and k 2 f1;2; . . . ;ng such that

xkðs�Þ ¼ Ek2 and xiðtÞ > Ei2 for all t 2 ½t0 � ri; s�Þ; i ¼ 1;2; . . . ;n: ð2:11Þ

From (2.5), (2.8) and (2.11), we get

Ei2 < xiðtÞ < Ei1; cþij xiðtÞP cþij Ei2 P cþij
1

min16j6mc�ij
P 1; ð2:12Þ

for all t 2 ½t0 � ri; s�Þ; i ¼ 1;2; . . . ;n; j ¼ 1;2 . . . ;m. Calculating the derivative of xkðtÞ, together with (2.5) and the fact that
min16u6jue�u ¼ je�j, (1.5), (2.11) and (2.12) imply that

0 P x0kðs�Þ ¼ �akðs�Þxkðs�Þ þ
Xn

j¼1

bkjðs�Þxjðs�Þ þ
Xm

j¼1

ckjðs�Þxk s� � skjðs�Þ
� �

e�ckjðs�Þxk s��skjðs�Þð Þ �
Xl

j¼1

Hkjðs�Þxk s� � rkjðs�Þ
� �

¼ �akðs�Þxkðs�Þ þ
Xn

j¼1

bkjðs�Þxjðs�Þ þ
Xm

j¼1

ckjðs�Þ
cþkj

cþkjxk s� � skjðs�Þ
� �

e�ckjðs�Þxk s��skjðs�Þð Þ �
Xl

j¼1

Hkjðs�Þxk s� � rkjðs�Þ
� �

P �akðs�Þxkðs�Þ þ
Xn

j¼1

b�kjEj2 þ
Xm

j¼1

c�kj

cþkj

cþkjxk s� � skjðs�Þ
� �

e�cþ
kj

xk s��skjðs�Þð Þ �
Xl

j¼1

HþkjEk1

P �aþk xkðs�Þ þ
Xn

j¼1

b�kjEj2 þ
Xm

j¼1

c�kj

cþkj

cþkjEk1e�cþ
kj

Ek1 �
Xl

j¼1

HþkjEk1

¼ aþk �Ek2 þ
Xn

j¼1

b�kjEj2

aþk
þ
Xm

j¼1

c�kj

aþk
Ek1e�cþ

kj
Ek1 �

Xl

j¼1

HþkjEk1

aþk

 !
> 0;
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which is a contradiction and implies that (2.10) holds.
It follows from (2.8) and (2.10) that (2.6) is true. From Theorem 2.3.1 in [23], we easily obtain gðuÞ ¼ þ1. This ends the

proof of Lemma 2.4. h

3. Main results

Theorem 3.1. Let (2.4) and (2.5) hold. Moreover, suppose that

qðA�1ðBþ C þ HÞÞ < 1; ð3:1Þ

where

A ¼ diagða�1 ;a�2 ; . . . ;a�n Þ; C ¼ diag
Xm

j¼1

cþ1j

e2 ;
Xm

j¼1

cþ2j

e2 ; � � � ;
Xm

j¼1

cþnj

e2

 !
;

H ¼ diag
Xl

j¼1

Hþ1j;
Xl

j¼1

Hþ2j; � � � ;
Xl

j¼1

Hþnj

 !
; B ¼ bþij

� �
n�n

:

Then, there exists a unique positive almost periodic solution of system (1.5) in the region B� ¼ fuju 2 B; Ei2 6 uiðtÞ 6 Ei1;

for all t 2 R1; i ¼ 1;2; . . . ;ng.

Proof. For any / 2 B, we consider an auxiliary system

x0iðtÞ ¼ �aiðtÞxiðtÞ þ
Xn

j¼1

bijðtÞ/jðtÞ þ
Xm

j¼1

cijðtÞ/iðt � sijðtÞÞe�cijðtÞ/iðt�sijðtÞÞ �
Xl

j¼1

HijðtÞ/iðt � rijðtÞÞ; i ¼ 1;2; . . . ;n: ð3:2Þ

Notice that M½ai� > 0ði ¼ 1;2; . . . ;nÞ; it follows from Lemma 2.2 that the linear system

x0iðtÞ ¼ �aiðtÞxiðtÞ; i ¼ 1;2; . . . ;n; ð3:3Þ

admits an exponential dichotomy on R1. Thus, by Lemma 2.1, we obtain that the system (3.2) has exactly one almost periodic
solution x/ðtÞ ¼ ðx/

1ðtÞ; . . . ; x/
n ðtÞÞ

T :

x/
i ðtÞ ¼

Z t

�1
e�
R t

s
aiðuÞdu

Xn

j¼1

bijðsÞ/jðsÞ þ
Xm

j¼1

cijðsÞ/iðs� sijðsÞÞe�cijðsÞ/iðs�sijðsÞÞ �
Xl

j¼1

HijðsÞ/iðs� rijðsÞÞ
" #

ds;

i ¼ 1;2; . . . ;n: ð3:4Þ

Define a mapping T : B! B by setting

Tð/ðtÞÞ ¼ x/ðtÞ; 8/ 2 B:

Since B� ¼ fuju 2 B; Ei2 6 uiðtÞ 6 Ei1; for all t 2 R1; i ¼ 1;2; . . . ;ng, it is easy to see that B� is a closed subset of B. For
i ¼ 1;2; . . . ;n and any / 2 B�, from (2.4) and (3.4) and the fact that supuP0ue�u ¼ 1

e, we have

x/
i ðtÞ 6

Z t

�1
e�
R t

s
aiðuÞdu

Xn

j¼1

bþij Ej1 þ
Xm

j¼1

cijðsÞ
1

cijðsÞe

" #
ds 6

1
a�i

Xn

j¼1

bþij Ej1 þ
Xm

j¼1

cþij
c�ij e

" #

¼
Xn

j¼1

bþij Ej1

a�i
þ
Xm

j¼1

cþij
a�i c�ij e

< Ei1; for all t 2 R1: ð3:5Þ

In view of the fact that min16u6jue�u ¼ je�j, from (2.5), (2.6) and (3.4), we obtain

x/
i ðtÞP

Z t

�1
e�
R t

s
aiðuÞdu

Xn

j¼1

b�ij Ej2 þ
Xm

j¼1

cijðsÞ
1
cþij

cþij /iðs� sijðsÞÞe�cþ
ij

/iðs�sijðsÞÞ �
Xl

j¼1

HijðtÞ/iðt � rijðtÞÞ
" #

ds

P
1
aþi

Xn

j¼1

b�ij Ej2 þ
Xm

j¼1

c�ij Ei1e�cþ
ij

Ei1 �
Xl

j¼1

Hþij Ei1

" #
¼
Xn

j¼1

b�ij Ej2

aþi
þ
Xm

j¼1

c�ij
aþi

Ei1e�cþ
ij

Ei1 �
Xl

j¼1

Hþij Ei1

aþi
> Ei2; for all t 2 R1:

ð3:6Þ

This implies that the mapping T is a self-mapping from B� to B�.
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Let u;w 2 B�, for i ¼ 1;2; . . . ;n, we get

sup
t2R1
jðTðuðtÞÞ�TðwðtÞÞÞij ¼ sup

t2R1

Z t

�1
e�
R t

s
aiðuÞdu

Xn

j¼1

bijðsÞðujðsÞ�wjðsÞÞþ
Xm

j¼1

cijðsÞðuiðs�sijðsÞÞe�cijðsÞuiðs�sijðsÞÞ

"�����
�wiðs�sijðsÞÞe�cijðsÞwiðs�sijðsÞÞÞ�

Xl

j¼1

HijðsÞðuiðs�rijðsÞÞ�wiðs�rijðsÞÞÞ
#

ds

�����
¼ sup

t2R1

Z t

�1
e�
R t

s
aiðuÞdu

Xn

j¼1

bijðsÞðujðsÞ�wjðsÞÞþ
Xm

j¼1

cijðsÞ
cijðsÞ

ðcijðsÞuiðs�sijðsÞÞe�cijðsÞuiðs�sijðsÞÞ

"�����
�cijðsÞwiðs�sijðsÞÞe�cijðsÞwiðs�sijðsÞÞÞ�

Xl

j¼1

HijðsÞðuiðs�rijðsÞÞ�wiðs�rijðsÞÞÞ
#

ds

�����; i¼1;2; . . . ;n:

ð3:7Þ

Since

cijðsÞuiðs� sijðsÞÞP c�ij Ei2 P c�ij
1

min16j6mc�ij
P 1; for all s 2 R1; i ¼ 1;2; . . . ;n; j ¼ 1;2; . . . ;m;

and

cijðsÞwiðs� sijðsÞÞP c�ij Ei2 P c�ij
1

min16j6mc�ij
P 1; for all s 2 R1; i ¼ 1;2; . . . ;n; j ¼ 1;2; . . . ;m:

According to (1.6), (2.5), (3.5)–(3.7), from supuP1j 1�u
eu j ¼ 1

e2 and the inequality

jxe�x � ye�yj ¼ 1� ðxþ hðy� xÞÞ
exþhðy�xÞ

��������x� y
���� ���� 6 1

e2 jx� yj where x; y 2 ½1;þ1Þ; 0 < h < 1; ð3:8Þ

we have

sup
t2R1
ðTðuðtÞÞ � TðwðtÞÞÞi
�� �� 6Xn

j¼1

bþij
a�i

sup
t2R1
jujðtÞ � wjðtÞj þ sup

t2R1

Z t

�1
e�
R t

s
aiðuÞdu

Xm

j¼1

cþij
1
e2 juiðs� sijðsÞÞ � wiðs� sijðsÞÞjds

þ
Xl

j¼1

Hþij
a�i

sup
t2R1
juiðtÞ � wiðtÞj

6

Xn

j¼1

bþij
a�i

sup
t2R1
jujðtÞ � wjðtÞj þ

Xm

j¼1

cþij
a�i e2 þ

Xl

j¼1

Hþij
a�i

 !
sup
t2R1
juiðtÞ � wiðtÞj; ð3:9Þ

Hence

sup
t2R1
jðTðuðtÞÞ � TðwðtÞÞÞ1j; . . . ; sup

t2R1
jðTðuðtÞÞ � TðwðtÞÞÞnj

 !T

6

Xn

j¼1

bþ1j

a�1
sup
t2R1
jujðtÞ � wjðtÞj þ

Xm

j¼1

cþ1j

a�1 e2 þ
Xl

j¼1

Hþ1j

a�1

 !
sup
t2R1
ju1ðtÞ � w1ðtÞj; � � � ;

Xn

j¼1

bþnj

a�n
sup
t2R1
jujðtÞ � wjðtÞj

 

þ
Xm

j¼1

cþnj

a�n e2 þ
Xl

j¼1

Hþnj

a�n

 !
sup
t2R1
junðtÞ � wnðtÞj

!T

¼ F sup
t2R1
ju1ðtÞ � w1ðtÞj; . . . ; sup

t2R1
junðtÞ � wnðtÞj

 !T

¼ F sup
t2R1
jðuðtÞ � wðtÞÞ1j; � � � ; sup

t2R1
jðuðtÞ � wðtÞÞnj

 !T

; ð3:10Þ
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where F ¼ A�1ðBþ C þ HÞ. Let l be a positive integer. Then, from (3.10) we get

sup
t2R1
jðTlðuðtÞÞ � TlðwðtÞÞÞ1j; � � � ; sup

t2R1
jðTlðuðtÞÞ � TlðwðtÞÞÞnj

 !T

¼ sup
t2R1
jðTðTl�1ðuðtÞÞÞ � TðTl�1ðwðtÞÞÞÞ1j; � � � ; sup

t2R1
jðTðTl�1ðuðtÞÞÞ � TðTl�1ðwðtÞÞÞÞnj

 !T

6 F sup
t2R1
jðTl�1ðuðtÞÞ � Tl�1ðwðtÞÞÞ1j; � � � ; sup

t2R1
jðTl�1ðuðtÞÞ � Tl�1ðwðtÞÞÞnj

 !T

..

.

6 Fl sup
t2R1
jðuðtÞ � wðtÞÞ1j; � � � ; sup

t2R1
jðuðtÞ � wðtÞÞnj

 !T

¼ Fl sup
t2R1
ju1ðtÞ � w1ðtÞj; � � � ; sup

t2R1
junðtÞ � wnðtÞj

 !T

: ð3:11Þ

Since qðFÞ < 1, we obtain

lim
l!þ1

Fl ¼ 0;

which implies that there exist a positive integer and N and a positive constant r < 1 such that

FN ¼ ðA�1ðBþ C þ HÞÞN ¼ ðgijÞn�n and
Xn

j¼1

gij 6 r; i ¼ 1; . . . ;n: ð3:12Þ

In view of (3.11) and (3.12), we have

ðTNðuðtÞÞ � TNðwðtÞÞÞi
��� ��� 6 sup

t2R1
jðTNðuðtÞÞ � TNðwðtÞÞÞij 6

Xn

j¼1

gijsup
t2R1
jujðtÞ � wjðtÞj 6 sup

t2R1
max
16j6n
jujðtÞ � wjðtÞj

Xn

j¼1

gij

6 rkuðtÞ � wðtÞkB

for all t 2 R; i ¼ 1;2; . . . ; n. It follows that

kTNðuðtÞÞ � TNðwðtÞÞkB ¼ sup
t2R1

max
16i6n

ðTNðuðtÞÞ � TNðwðtÞÞÞi
��� ��� 6 rkuðtÞ � wðtÞkB: ð3:13Þ

This implies that the mapping TN : B� ! B� is a contraction mapping.
By the fixed point theorem of Banach space, T possesses a unique fixed point u� 2 B� such that Tu� ¼ u�. By (3.2),

u� satisfies (1.5). So u� is an almost periodic solution of (1.5) in B�. The proof of Theorem 3.1 is now complete. h

Theorem 3.2. Let x�ðtÞ be the positive almost periodic solution of Eq. (1.5) in the region B�. Suppose that (2.4), (2.5) and (3.1) hold.
Then, the solution xðt; t0;uÞ of (1.5) with u 2 C0 converges exponentially to x�ðtÞ as t ! þ1.

Proof. Since qðA�1ðBþ C þ HÞÞ < 1, it follows Theorem 3.1 that system (1.5) has a unique almost periodic solution x�ðtÞ ¼
x�1ðtÞ; . . . ; x�nðtÞ
� �T in the region B�. Set xðtÞ ¼ xðt; t0;uÞ and yiðtÞ ¼ xiðtÞ � x�i ðtÞ, where u 2 C0; t 2 ½t0 � ri;þ1Þ;
i ¼ 1;2; . . . ;n. Then

y0iðtÞ ¼ �aiðtÞyiðtÞ þ
Xn

j¼1

bijðtÞyjðtÞ þ
Xm

j¼1

cijðtÞðxiðt � sijðtÞÞe�cijðtÞxiðt�sijðtÞÞ � x�i ðt � sijðtÞÞe�cijðtÞx�i ðt�sijðtÞÞÞ

�
Xl

j¼1

HijðtÞyiðt � rijðtÞÞ; i ¼ 1;2; . . . ;n: ð3:14Þ

In view of (2.5) and (2.6), for i 2 f1;2; . . . ;ng and j 2 f1;2; . . . ;mg, we obtain

cijðtÞxiðt � sijðtÞÞÞP c�ij Ei2 P c�ij
1

min16j6mc�ij
P 1; for all t 2 ½t0 � ri;þ1Þ

and

cijðtÞx�i ðt � sijðtÞÞÞP c�ij Ei2 P c�ij
1

min16j6mc�ij
P 1; for all t 2 R1;
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which, together with (3.8) and (3.14), imply that

D�jyiðtÞj 6 �aiðtÞjyiðtÞj þ
Xn

j¼1

bijðtÞjyjðtÞj þ
Xm

j¼1

cijðtÞjxiðt � sijðtÞÞe�cijðtÞxiðt�sijðtÞÞ � x�i ðt � sijðtÞÞe�cijðtÞx�i ðt�sijðtÞÞj

þ
Xl

j¼1

HijðtÞjyiðt � rijðtÞÞj

¼ �aiðtÞjyiðtÞj þ
Xn

j¼1

bijðtÞjyjðtÞj þ
Xm

j¼1

cijðtÞ
cijðtÞ

jcijðtÞxiðt � sijðtÞÞe�cijðtÞxiðt�sijðtÞÞ

� cijðtÞx�i ðt � sijðtÞÞe�cijðtÞx�i ðt�sijðtÞÞj þ
Xl

j¼1

HijðtÞjyiðt � rijðtÞÞj 6 �a�i jyiðtÞj þ
Xn

j¼1

bþij jyjðtÞj

þ
Xm

j¼1

cijðtÞ
e2 jyiðt � sijðtÞÞj þ

Xl

j¼1

Hþij jyiðt � rijðtÞÞj

6 �a�i jyiðtÞj þ
Xn

j¼1

bþij jyjðtÞj þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
jeyiðtÞj; ð3:15Þ

where eyiðtÞ ¼ supt�ri6s6t jyiðsÞj; i ¼ 1;2; . . . ; n.

Again from qðA�1ðBþ C þ HÞÞ < 1, it follows from Lemma 2.3 that In � A�1ðBþ C þ HÞ is an M-matrix, we obtain that

there exist a constant �l > 0 and a vector n ¼ ðn1; n2; . . . nnÞT > ð0; . . . ;0ÞT such that

In � A�1ðBþ C þ HÞ
� �

n > ð�l; . . . ; �lÞT :

Therefore,

ni �
1
a�i

Xn

j¼1

bþij nj �
1
a�i

Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
ni > �l; i ¼ 1;2; . . . ;n;

which implies that

�a�i ni þ
Xn

j¼1

bþij nj þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
ni < �a�i �l; i ¼ 1;2; . . . ;n: ð3:16Þ

We can choose a positive constant g < 1 such that

gni þ �a�i ni þ
Xn

j¼1

bþij nj þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
nie

gri

" #
< 0; i ¼ 1; . . . ;n: ð3:17Þ

Let 1 > 1 be a positive constant such that

1nie
�gðt�t0Þ > 1; for all t 2 ½t0 � ri; t0�; i ¼ 1;2; . . . ;n: ð3:18Þ

For all e > 0, let

ZiðtÞ ¼ 1ni

Xn

j¼1

eyjðt0Þ þ e

" #
e�gðt�t0Þ; for all t 2 R1; i ¼ 1;2; . . . ;n: ð3:19Þ

From (3.17) and (3.19), we obtain

D�ZiðtÞ ¼ ð�gniÞ1
Xn

j¼1

eyjðt0Þ þ e

" #
e�gðt�t0Þ > �a�i ni þ

Xn

j¼1

bþij nj þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
nie

gri

" #
1
Xn

j¼1

eyjðt0Þ þ e

" #
e�gðt�t0Þ

¼ �a�i 1ni

Xn

j¼1

eyjðt0Þ þ e

" #
e�gðt�t0Þ þ

Xn

j¼1

bþij nj

 !
1
Xn

j¼1

eyj ðt0Þ þ e

" #
e�gðt�t0Þ

þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
1ni

Xn

j¼1

eyjðt0Þ þ e

" #
egri e�gðt�t0Þ

¼ �a�i ZiðtÞ þ
Xn

j¼1

bþij ZjðtÞ þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !eZiðtÞ; ð3:20Þ
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where eZiðtÞ ¼ supt�ri6s6tZiðsÞ; t 2 R1; i ¼ 1;2; . . . ;n.
In view of (3.18) and (3.19), for i ¼ 1;2; . . . ;n, we have

ZiðtÞ ¼ 1ni

Xn

j¼1

eyjðt0Þ þ e

" #
e�gðt�t0Þ >

Xn

j¼1

eyjðt0Þ þ e > jyiðtÞj; ð3:21Þ

where t 2 ½t0 � ri; t0�; i ¼ 1;2; . . . ;n.
We claim that

jyiðtÞj < ZiðtÞ for all t > t0; i ¼ 1;2; . . . ;n: ð3:22Þ

Contrarily, there must exist i 2 f1;2; . . . ;ng and r� > t0 such that

yiðr�Þj j ¼ Ziðr�Þ and jyjðtÞj < ZjðtÞ; for all t 2 ½t0 � rj; r�Þ; j ¼ 1;2; . . . ;n: ð3:23Þ

which implies that

jyiðr�Þj � Ziðr�Þ ¼ 0 and jyjðtÞj � ZjðtÞ < 0; for all t 2 ½t0 � rj; r�Þ; j ¼ 1;2; . . . ;n: ð3:24Þ

It follows that

0 6 D�ðjyiðr�Þj � Ziðr�ÞÞ ¼ lim
h!0�

sup
jyiðr� þ hÞj � Ziðr� þ hÞ½ � � ½jyiðr�Þj � Ziðr�Þ�

h

6 lim
h!0�

sup
jyiðr� þ hÞj � jyiðr�Þj

h
� lim

h!0�
inf

Ziðr� þ hÞ � Ziðr�Þ
h

¼ D�jyiðr�Þj � D�Ziðr�Þ: ð3:25Þ

From (3.15), (3.20) and (3.23), we obtain

D�jyiðr�Þj 6 �a�i jyiðr�Þj þ
Xn

j¼1

bþij jyjðr�Þj þ
Xm

j¼1

cijðr�Þ
e2 þ

Xl

j¼1

Hþij

 !
jeyiðr�Þj

¼ �a�i Ziðr�Þ þ
Xn

j¼1

bþij jyjðr�Þj þ
Xm

j¼1

cijðr�Þ
e2 þ

Xl

j¼1

Hþij

 !
jeyiðr�Þj

6 �a�i Ziðr�Þ þ
Xn

j¼1

bþij Zjðr�Þ þ
Xm

j¼1

cijðr�Þ
e2 þ

Xl

j¼1

Hþij

 !
j eZiðr�Þj < D�Ziðr�Þ; ð3:26Þ

which contradicts (3.25). Hence, (3.22) holds. Letting e! 0þ and M ¼ nmax16i6nf1ni þ 1g, we obtain from (3.19) and (3.22)
that

jxiðtÞ�x�i ðtÞj¼ jyiðtÞj61ni

Xn

j¼1

eyjðt0Þe�gðt�t0Þ61ninjju�x�jje�gðt�t0Þ6Mjju�x�jje�gðt�t0Þ; for all t> t0; i¼1;2; . . . ;n: ð3:27Þ

This completes the proof of Theorem 3.2. h

Remark 3.1. When n ¼ 2 and l ¼ 1 in system (1.5), the existing results on almost periodic solutions for (1.5) have been
obtained under the assumption that the row norm of matrix A�1ðBþ C þ HÞ is less than 1. Therefore, the related results in
[18] are direct corollaries of Theorems 3.1 and 3.2 of this paper.

Corollary 3.1. Let (2.4) and (2.5) hold. Suppose that In � A�1ðBþ C þ HÞ is an M-matrix. Then system (1.5) has exactly one almost
periodic solution x�ðtÞ. Moreover,the solution xðt; t0;uÞ of (1.5) with u 2 C0 converges exponentially to x�ðtÞ as t ! þ1.

Proof. Notice that In � A�1ðBþ C þ HÞ is an M-matrix, it follows that there exists a vector d ¼ ðd1; . . . ; dnÞT > ð0; . . . ;0ÞT such
that

ðIn � A�1ðBþ C þ HÞÞd > 0; ð3:28Þ

this is,

�a�i di þ
Xn

j¼1

bþij dj þ
Xm

j¼1

cþij
e2 þ

Xl

j¼1

Hþij

 !
di < 0; i ¼ 1;2; . . . ;n: ð3:29Þ

For any matrix norm jj � jj and nonsingular matrix D. jjAjjD ¼ jjD
�1ADjj also defines a matrix norm. Let D ¼ diagðd1; . . . ; dnÞ.

Then (3.29) implies that the row norm of matrix D�1A�1ðBþ C þ HÞD is less than 1. Hence qðA�1ðBþ C þ HÞÞ < 1. Corollary
3.1 follows immediately from Theorems 3.1 and 3.2. h
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4. Examples and numerical simulation

In this section, we give two examples and numerical simulation to demonstrate the results obtained in the previous
section.

Example 4.1. Consider the following Nicholson’s blowflies model with patch structure and multiple linear harvesting terms:

x01ðtÞ ¼ �ð18þ cos2 tÞx1ðtÞ þ ð1þ 0:7 sin2 tÞee�2x2ðtÞ

þee�1ð9:5þ 0:005j sin
ffiffiffi
2
p

tjÞx1ðt � e2j sin tjÞe�x1ðt�e2j sin tj Þ;

þee�1ð9:5þ 0:005j sin
ffiffiffi
5
p

tjÞx1ðt � e2j cos
ffiffi
3
p

tjÞe�x1ðt�e2j cos
ffiffi
3
p

tjÞ

�0:1ee�2 cos2 tx1ðt � e2j cos
ffiffi
3
p

tjÞ

x02ðtÞ ¼ �ð18þ sin2 tÞx2ðtÞ þ ð1þ 0:7 cos2 tÞee�2x1ðtÞ

þee�1ð9:5þ 0:005j cos
ffiffiffi
2
p

tjÞx2ðt � e2j cos tjÞe�x2ðt�e2j cos tj Þ;

þee�1ð9:5þ 0:005j sin
ffiffiffi
6
p

tjÞx2ðt � e2j cos
ffiffi
7
p

tjÞe�x2ðt�e2j cos
ffiffi
7
p

tjÞ

�0:05ee�2 sin2 tx2ðt � e2j cos
ffiffi
3
p

tjÞ;

8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

ð4:1Þ

Obviously, a�i ¼ 18; aþi ¼ 19; cþij ¼ c�ij ¼ 1; c�ij ¼ 9:5ee�1; cþij ¼ 9:505ee�1ði; j ¼ 1;2Þ; b�12 ¼ b�21 ¼ ee�2; bþ12 ¼ bþ21 ¼ 1:7ee�2;

Hþ11 ¼ 0:1ee�2; Hþ21 ¼ 0:05ee�2; r1 ¼ r2 ¼ e2,

A ¼
18 0
0 18


 �
; B ¼ 0 1:7ee�2

1:7ee�2 0

 !
;

C ¼ 19:01ee�3 0
0 19:01ee�3

 !
; H ¼ 0:1ee�2 0

0 0:05ee�2

 !
:

Let Ei1 ¼ e and Ei2 ¼ 1 for i ¼ 1;2, we obtainX2

j¼1

bþij Ej1

a�i
þ
X2

j¼1

cþij
a�i c�ij e

¼ 1:7ee�1 þ 19:01ee�2

18
< e; i ¼ 1;2 ð4:2Þ

X2

j¼1

b�1jEj2

aþ1
þ
X2

j¼1

c�1j

aþ1
E11e�cþ

1j
E11 � Hþ11E11

aþ1
¼ 19þ ee�2 � 0:1ee�1

19
> 1; ð4:3Þ

X2

j¼1

b�2jEj2

aþ2
þ
X2

j¼1

c�2j

aþ2
E21e�cþ

2j
E21 � Hþ21E21

aþ2
¼ 19þ ee�2 � 0:05ee�1

19
> 1; ð4:4Þ

qðA�1ðBþ C þ HÞÞ � 0:9991 < 1; ð4:5Þ

Then (4.2)–(4.5) imply that the Nicholson’s Blowflies model with patch structure and multiple linear harvesting terms sys-
tem (4.1) satisfies (2.4), (2.5) and (3.1). Hence, from Theorem 3.1 and Theorem 3.2, system (4.1) has a positive almost peri-
odic solution

x�ðtÞ 2 B� ¼ fuju 2 B;1 6 uiðtÞ 6 e; for all t 2 R; i ¼ 1;2g:

Moreover, if u 2 C0 ¼ fuju 2 C;1 < uiðtÞ < e; for all t 2 ½�e2;0�; i ¼ 1;2g, then xðt; t0;uÞ converges exponentially to x�ðtÞ as
t ! þ1.

Remark 4.1. System (4.1) is a very simple form of Nicholson’s Blowflies model with patch structure and multiple linear har-

vesting terms. One can observe that jjA�1ðBþ C þ HÞjj1 ¼ 1:8ee�2þ19:01ee�3

18 � 1:0019 > 1, where jj � jj1 is the row norm of matrix.
Therefore, all the results in [18] and the references therein can not be applicable to system (4.1). This implies that the results
of this paper are essentially new.

Example 4.2. Consider the following Nicholson’s blowflies model with patch structure and multiple linear harvesting terms:

2162 L. Wang / Applied Mathematical Modelling 37 (2013) 2153–2165



Author's personal copy

x01ðtÞ ¼ �ð19þ cos2 tÞx1ðtÞ þ ð0:5þ 0:05 sin2 tÞee�2x2ðtÞ
þð0:5þ 0:05 cos2

ffiffiffi
2
p

tÞee�2x3ðtÞ
þee�1ð10þ 0:005j sin

ffiffiffi
3
p

tjÞx1ðt � e2j sin
ffiffi
2
p

tjÞe�x1ðt�e2j sin
ffiffi
2
p

tjÞ

þee�1ð10þ 0:005j sin
ffiffiffi
3
p

tjÞx1ðt � e2j cos
ffiffi
5
p

tjÞe�x1ðt�e2j cos
ffiffi
5
p

tjÞ

�ð0:1ee�2 cos2
ffiffiffi
2
p

tÞx1ðt � e2j cos tjÞ � ð0:1ee�2 sin2 ffiffiffi
2
p

tÞx1ðt � e2j sin tjÞ
x02ðtÞ ¼ �ð19þ sin2 tÞx2ðtÞ þ ð0:5þ 0:05 cos2 tÞee�2x1ðtÞ

þð0:5þ 0:05 cos2
ffiffiffi
3
p

tÞee�2x3ðtÞ
þee�1ð10þ 0:005j cos 2tjÞx2ðt � e2j sin tjÞe�x2ðt�e2j sin tj Þ

þee�1ð10þ 0:005j cos 5tjÞx2ðt � e2j sin 7tjÞe�x2ðt�e2j sin 7tjÞ

�ð0:1ee�2 sin2 ffiffiffi
2
p

tÞx2ðt � e2j cos
ffiffi
3
p

tjÞ � ð0:1ee�2 cos2
ffiffiffi
2
p

tÞx2ðt � e2j sin
ffiffi
3
p

tjÞ
x03ðtÞ ¼ �ð19þ sin2 ffiffiffi

2
p

tÞx3ðtÞ þ ð0:5þ 0:05 sin2 ffiffiffi
5
p

tÞee�2x1ðtÞ
þð0:5þ 0:05 cos2

ffiffiffi
5
p

tÞee�2x2ðtÞ
þee�1ð10þ 0:005j cos 3tjÞx3ðt � e2j sin 3tjÞe�x3ðt�e2j sin 3tjÞ

þee�1ð10þ 0:005j sin 5tjÞx3ðt � e2j cos 3tjÞe�x3ðt�e2j cos 3tjÞ

�ð0:1ee�2 sin2 ffiffiffi
5
p

tÞx3ðt � e2j sin
ffiffi
5
p

tjÞ � ð0:1ee�2 cos2
ffiffiffi
5
p

tÞx3ðt � e2j cos
ffiffi
5
p

tjÞ;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð4:6Þ

Obviously, a�i ¼19; aþi ¼20; ri¼maxfmax16j62fsþij g; max16j62rþij g¼ e2 ði¼1;2;3Þ; cþij ¼ c�ij ¼1; c�ij ¼10ee�1; cþij ¼10:005ee�1;

Hþij ¼ 0:1ee�2 ði ¼ 1;2;3; j ¼ 1;2Þ; b�ij ¼ 0:5ee�2; bþij ¼ 0:55ee�2 ði; j ¼ 1;2;3; i – jÞ.

A ¼
19 0 0
0 19 0
0 0 19

0B@
1CA; B ¼

0 0:55ee�2 0:55ee�2

0:55ee�2 0 0:55ee�2

0:55ee�2 0:55ee�2 0

0B@
1CA;

C ¼
20:01ee�3 0 0

0 20:01ee�3 0
0 0 20:01ee�3

0B@
1CA; H ¼

0:2ee�2 0 0
0 0:2ee�2 0
0 0 0:2ee�2

0B@
1CA:

Let Ei1 ¼ e and Ei2 ¼ 1 for i ¼ 1;2;3, we obtain

X3

j¼1

bþij Ej1

a�i
þ
X2

j¼1

cþij
a�i c�ij e

¼ 1:1ee�1 þ 20:01ee�2

19
< e; i ¼ 1;2;3; ð4:7Þ

X3

j¼1

b�ij Ej2

aþi
þ
X2

j¼1

c�ij
aþi

Ei1e�cþ
ij

Ei1 �
X2

j¼1

Hþij Ei1

aþi
¼ 20þ ee�2 � 0:2ee�1

20
> 1; i ¼ 1;2;3 ð4:8Þ

and

qðA�1ðBþ C þ HÞÞ � 0:9349 < 1: ð4:9Þ

Then, (4.7)–(4.9) imply that the Nicholson’s blowflies model with patch structure and multiple linear harvesting terms sys-
tem (4.6) satisfies (2.4), (2.5) and (3.1). Hence, from Theorem 3.1 and Theorem 3.2, system (4.6) has a positive almost peri-
odic solution

x�ðtÞ 2 B� ¼ fuju 2 B;1 6 uiðtÞ 6 e; for all t 2 R1; i ¼ 1;2;3g:

Moreover, if u 2 C0 ¼ fuju 2 C;1 < uiðtÞ < e; for all t 2 ½�e2;0�; i ¼ 1;2;3g, then xðt; t0;uÞ converges exponentially to x�ðtÞ
as t ! þ1. The fact is verified by the numerical simulation in Fig. 1 with numerical solution xðtÞ ¼ ðx1ðtÞ; x2ðtÞ; x3ðtÞÞT of sys-
tem (4.7) for initial value uðtÞ � ð1:5;1:5;1:5ÞT .

Remark 4.2. To the best of our knowledge, few authors have considered the problems of positive almost periodic solution of
Nicholson’s blowflies model with patch structure and multiple linear harvesting terms. Therefore, the main results in
[13,18,24–32] and the references therein can not be applicable to prove that all the solutions of (4.6) with initial value
u 2 C0 converge exponentially to the positive almost periodic solution. This implies that the results of this paper are new
and they complement previously known results.
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