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SUMMARY

A new optimal back-stepping robust adaptive control method for the military moving power station (MMPS)
excitation system is proposed in this paper. Through the extended Kalman filter estimates of the state vari-
ables, the tracking of the operating point, and the back-stepping technique, the proposed controller has been
shown to improve system robustness to disturbances and dynamic uncertainties and minimise the effect of
disturbances by solving the linear matrix inequality to obtain the optimal control law on all operating points.
The simulation and experimental results show that the proposed control strategy can enhance the transient
stability of the MMPS excitation system more effectively than other methods and can optimise the conver-
gence rates of the state variables by modifying the values of the weighting matrices. Moreover, the terminal
voltage of the MMPS can be sampled quickly by alternating current (AC) tracking comparison. Copyright
© 2013 John Wiley & Sons, Ltd.

Received 19 December 2012; Revised 10 October 2013; Accepted 12 October 2013

KEY WORDS: optimal back-stepping design; optimal robust adaptive excitation control; optimal L2 gain
disturbance attenuation; EKF estimates; AC tracking excitation; military moving power
station

1. INTRODUCTION

The electrical network capacity of a large ship or a military moving power station (MMPS) is lim-
ited compared with that of the civil infinite power system. The instantaneity and randomness of the
weapon equipment, such as artillery and radar, can easily affect this electrical network. Thus, exci-
tation controller design has attracted considerable attention as an effective and economical method
to improve the dynamic performance and stability of electrical networks [1–6].

Several kinds of excitation systems (such as the phase compound excitation system and the
harmonic excitation system) are used in the ship power station (SPS) and the MMPS. However,
the PID excitation control method is usually adopted. The excitation system possesses nonlinear-
ity. Thus, the traditional PID control method cannot provide satisfactory performance. Advanced
nonlinear control methods have recently been used in excitation control, such as exact feedback lin-
earisation [7–9], intelligent control method [10, 11], direct feedback linearisation method [12, 13],
Hamilton [14, 15], sliding mode control [16] and nonlinear robust control [17].

Robust adaptive excitation control (RAEC) has attracted considerable attention because of the
numerous disturbances and uncertain parameters in the excitation system, such as electromagnetic
interference, torque interference, and immeasurable damping coefficient [18–23]. The RAEC, using
dynamic estimates of unknown parameters, is more appropriate for solving unknown-parameter
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problems. However, the controller is usually designed on the given operating point, and optimal
control is not considered in RAEC. The excitation control of the MMPS on all operating points is
required because of the random variation of loads. The bus voltage in the civil infinite power system
is constant, but the electrical network voltage of the SPS or the MMPS is easily affected by load
variation. Thus, in the RAEC of the SPS or the MMPS, the generator terminal voltage should be
rapidly sampled, and the sampling speed will affect the control speed.

Motivated by the aforementioned observation, the AC tracking optimal back-stepping robust
adaptive control (OBRAC) is presented and applied to the excitation control of MMPS in this study.
In the OBRAC method, the controller can adapt to uncertain parameters, is robust to disturbances
and can be applied to minimise the effect of disturbances by solving the LMI to obtain the optimal
control law against the worst disturbances. Optimal back-stepping robust adaptive excitation control
(OBRAEC) is a type of state feedback control technique that requires the values of the state vari-
ables to be known. In this paper, the state variables of the excitation system on different operating
points are estimated by the extended Kalman filter (EKF) and then calculated synchronously. In the
calculation of the state variables, the terminal voltage of the MMPS is obtained through AC tracking
comparison.

The remainder of this paper is organised as follows. The excitation system model of the MMPS is
established in Section 2. Section 3 discusses the state EKF estimation and the AC tracking voltage
sampling method. Section 4 presents the OBRAEC design. Section 5 includes the simulation and
experiment results. The conclusions are summarised in Section 6.

2. MATHEMATICAL MODEL OF THE EXCITATION SYSTEM AND CONTROL ANALYSIS

The excitation system of the MMPS, with uncertain parameters and disturbances, can be expressed
by the following third-order model [12]:

Pı D ! �!0

P! D�
D

2H
.! �!0/�

!0

2H
.Pe �Pm/C "1

PE 0q D�
1

T 0q
E 0q C

xd � x
0
d

Td0xd
us cos ıC

1

Td0
Vf C "2

where ı is the power angle, ! is the rotor speed of the generator, Pm is the mechanical input power,

Pe is the active electrical power,H is the inertia constant,D is the damping constant, T 0d D Td0
x0d
xd

is
the direct axis transient time constant, "i is the disturbance, Vf is the electromotive force (EMF) in
the excitation coil of the generator, us is the terminal voltage of the MMPS and E 0q is the transient
EMF in the orthogonal axis of the generator.

The coordinate transformation is defined as follows:

x D
�
x1 x2 x3

�T
D
�
ı � ı0 ! �!0 E 0q �E

0
q0

�T
and uD Vf � Vf 0

where
�
ı0 !0 E 0q0 Vf 0

�
is the given operating point of the generator. The output of the system

is defined as yi D xi � xi0. The control object is to drive the output yi to a small neighbourhood of
the origin.

In the new coordinate, the nonlinear generator model is given by

Px1 D x2 (1.1)
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D
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x2 � ˇ1us sin.ı0C x1/x3 � ˇ1usx30 Œsin.ı0C x1/� sin.ı0/�C "1 (1.2)
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xd�x

0

d
Td0xd

.

D cannot be measured accurately and is the unknown parameter.
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In System (1), us is obtained by the rectifier and filter circuit and often fluctuates when loads
suddenly increase. The excitation control speed will be affected because of the large time constant
of the rectifier and filter circuit. In this paper, us is obtained using the AC tracking and comparing
method (introduced in Section 3). To stabilise System (1), the OBRAC is proposed (introduced in
Section 4). OBRAC is a state feedback control method that requires the state variable values to be
known. In this paper, the values of these state variables are calculated as follows:

Step 1: When the values of !, N� , 'ıd and 'ıq are obtained by EKF (introduced in Section 3), ı,
id, iq, Pe, Qe and ' can be calculated by

ı D ar tan
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�
,
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5 I ia, ib, ic, ua, ub and uc

are the instantaneous voltage and current values of the generator; ! is the rotor speed;
N� is the rotor position; 'ıd and 'ıq are the d-q axis stator flux linkages, respectively; id
and iq are the d-q axis stator currents, respectively; Qe is the reactive power and ' is the
power factor angle.

Step 2: When us is obtained by AC tracking comparison (introduced in Section 3), we obtain the

value of E 0q by substituting ı, id, Pe and us into Pe D
Equs

xd
sin ı C u2s .xd�xq/

2xdxq
sin 2ı and

E 0q DEq �
�
xd � x

0
d

	
id .

Step 3: When the terminal voltage root mean square (RMS) value of the generator is U , the
current RMS value I , the direct axis current RMS value Id , ı0 and Eq0 can be calcu-
lated by I D Pe

3U cos' , Id D I sin.' C ı0/, ı0 D arc cos U cos'p
.U cos'/2C.U sin'CIxq/2

and

Eq0 D U cos ı0C Idxd, respectively.
By substituting Eq0 into E 0q0 DEq0 �

�
xd � x

0
d

	
Id, E 0q0 can be obtained.

Step 4: Substituting !, ı, E 0q , !0 (represents the norm speed of the generator), ı0 and E 0q0 into�
x1 x2 x3

�T
D
�
ı � ı0 ! �!0 E 0q �E

0
q0

�T
, we can obtain the value of the state

vector x D
�
x1 x2 x3

�T
.

3. VOLTAGE SAMPLING BASED ON FLUX LINKAGE ESTIMATION AND AC
TRACKING COMPARISON

3.1. Flux linkage estimation by extended Kalman filter

The relationship between the rotor speed ! and the rotor position N� is given by

PN� D !. (2)

The rotor speed can be assumed to be constant in the sampling period because of the high
sampling frequency in the excitation control system, that is

P! D 0. (3)
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In the d, q reference coordinate system, the flux linkage equation of the synchronous generator
can be described as

P'ıd D udCRidC!'ıq (4)

P'ıq D uqCRiq �!'ıd (5)

'•q D 'aq D Lqiq (6)

'•d D 'adC 'f D LdidC 'f (7)

P'• D P'•dC P'•q (8)

where ud, uq, id and iq are the d-q axis stator voltages and currents, respectively;Ld andLq are the d-
q axis stator inductances, respectively; 'ıd and 'ıq are the d-q axis stator flux linkages, respectively;
R is the stator resistance; 'f is the rotor flux linkage.

From (2) to (7), the synchronous generator can be described by state space equations as follows:²
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For the fully digital implementation, the system model (9) can be re-written in the following
discrete form: ²

xkC1 D F d .xk/CD.xk/uk C V k

yk D h.xk/CW k

(10)

where V k and W k are the zero-mean Gaussian random vectors describing the model disturbances
and the measurement disturbances with respective variance matrices of Q and R; F d .xk/ D
xk C Tcf .x.kTc//;D.xk/D TcB.x.kTc// and Tc is the sampling period.
xkC1 can be estimated by EKF as follows:

Step 1: Prediction step

QxkC1 D F d .xk/CD.xk/uk

QykC1 D h . QxkC1/

QPkC1 D F kPkF
T
k CQ.

Step 2: Innovation step

KkC1 D QPkC1H
T
kC1

�
H kC1

QPkC1H
T
kC1CR

��1
xkC1 D QxkC1CKkC1

�
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where F k D
@f .x/
@x

ˇ̌̌
xDxk

andH k D
@h.x/
@x

ˇ̌̌
xDxk

are the Jacobian matrices.

The values of '•d and '•q are obtained by EKF estimation
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Figure 1. Voltage sampling by the AC tracking comparison.

Figure 2. Local relation between the speed sensor and the flywheel.

3.2. Voltage sampling by AC tracking comparison

As shown in Figure 1, the voltage reference where the amplitude of which is invariable, has the
same frequency and phase as the secondary voltage of the step-down transformer.

The RMS value of the generator terminal voltage ute can be calculated by

Ute DK
ut2

ure
Ure (11)

where Ure represents the RMS value of ure and is constant, K D N1
N2

is the voltage ratio of the
transformer and Ute is the RMS value of ute.
Ute is usually obtained by the rectifier and filter circuit. The time constant of the filter circuit is

large, thus affecting the excitation control speed. In this paper, from (11), Ute is obtained by the
instantaneous values of the terminal voltage and the voltage reference. The sampling time constant
is small, thus enabling voltage sampling by AC tracking comparison (VS-ACTC) to improve the
excitation control speed.

In VS-ACTC, ure must have the same frequency and phase as ut2, which is realised as follows.
As shown in Figure 2, the electronic speed sensor is installed on MMPS. A wider tooth of the

flywheel ring gear can be taken as the marker tooth. The flywheel was fixed and connected to the
generator rotor, such that the positions of the marker tooth and 'f are fixed. We suppose that 'f lags
the marker tooth by � degree.

When the generator rotor rotates, we can obtain the voltage signal uspeed using the speed sensor, as
shown in Figure 3. The phase diagram of the flux linkage and the voltage can be shown in Figure 4
based on (2) to (8).
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Figure 3. Phase relation between ute and uspeed.

Figure 4. Phase diagram of voltage and flux linkage.

Figure 4 shows that ute lags '• by 90 degrees and '• lags 'f by ı degrees. ute and ut2 have the
same frequency and phase. Thus, ut2 lags the marker teeth by 90C ıC � degrees.

Supposing that the numbers of the flywheel gear ring teeth and the generator pole-pairs areZ and
P , we can obtain Z

P
D n. The sinusoidal tabular data 0X0FFFH � sin 360

k
.k D 1: : :n/ can then be

obtained and stored into the read only memory (ROM) of the CPU.
Figure 3 shows that if the CPU extracts the sinusoidal tabular data from the ROM lagging

90C � C ı degrees at every rising edge of uspeed beginning with the voltage signal of the marker
tooth and then controls the D/A output, the voltage reference ure can be obtained. ure will have the
same phase and frequency as ute. When the loads of the MMPS change, the value of the power angle

ı also differs. In this paper, ı is calculated using ı D ar tan


'ıd
'ıq

�
. 'ıd, and 'ıq are estimated by

EKF, which is introduced in Section 3.1.
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4. AC TRACKING OPTIMAL BACK-STEPPING ROBUST ADAPTIVE
EXCITATION CONTROL

4.1. Optimal back-stepping robust adaptive control

We consider the following parametric strict-feedback system form:

Px1 D f1.x1/C g1.x1/x2C'
T
1.x1/� C "1 (12.1)

Px2 D f2.x1, x2/C g2.x1, x2/x3C'
T
2.x1, x2/� C "2 (12.2)

- - - - -

Pxi D fi .x1, : : : , xi /C gi .x1, : : : , xi /xiC1C'
T
i .x1, : : : , xi /� C "i (12.3)

- - - - -

Pxn D fn.x1, : : : , xn/C gn.x1, : : : , xn/uC'
T
n.x1, : : : , xn/� C "n (12.4)

where x 2 Rn is the state vector; u 2 R is the control input; fi , gi and i D 1, 2, � � �n are smooth
functions; fi .0/ D 0, gi .x1, : : :xi / ¤ 0 and 'i .x1, : : :xi / are smooth vector fields; � 2 Rp .1 <
p 6 n/ is the unknown constant vector; "i .i D 1, 2, � � �n/ is the unknown additive disturbance in
L2 space.

Step 1: Let e1 D x1, (12.1) can be used to obtain

Pe1 D f1.x1/C g1.x1/x2C'
T
1.x1/� C "1. (13)

Designing the stabilising function

x�2 D
1
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h
�f1.x1/�'

T
1.x1/

O� �m1e1

i
(14)

where m1 > 0, O� is the estimated parameter vector of � and x�2 is the virtual control.
When Q� D � � O� and e2 D x2 � x

�
2 , substituting (14) into (13), we can use (12.2)

to obtain

Pe1 D�m1e1C'
T
1.x1/

Q� C g1.x1/e2C "1 (15)

Pe2 D Px2 � Px
�
2 D f2C g2x3C'

T
2� �

@x�2
@x1
Px1 �

@x�2

@ O�

PO� C "2
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T
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@x�2
@x1

�
f1C g1x2C'

T
1� C "1

	
�
@x�2

@ O�

PO� C "2. (16)

We then define

V1 D
e21
2

(17)

V2 D
e21
2
C
e22
2

. (18)

Taking the derivative of (17) and (18) along with (15) and (16) yields

PV1 D�m1e
2
1 C e1'

T
1.x1/

Q� C e1g1e2C e1"1 (19)
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PV2 D�m1e
2
1 C e1'

T
1.x1/

Q�

C e2

�
g1e1C f2C g2x3C'

T
2� �

@x�2
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�
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We design the virtual control x�3 as

x�3 D
1

g2

�
�g1e1 � f2 �'

T
2
O� C

@x�2
@x1



f1C g1x2C'

T
1
O�
�
C
@x�2

@ O�

PO� �m2e2

�
(21)

where m2 > 0.
When e3 D x3 � x�3 , substituting (21) into (16) and (20), we obtain

Pe2 D�m2e2C'
T
2
Q� C g2e3 � g1e1 �

@x�2
@x1

'T
1
Q� C "2 �

@x�2
@x1

"1 (22)

PV2 D�

2X
jD1

mj e
2
j C

2X
jD1

ej'
T
j
Q� C

2X
jD1

ej "j � e2
@x�2
@x1

'T1
Q� C g2e2e3 � e2

@x�2
@x1

"1. (23)

Step i:

Vi D

iX
jD1

e2j

2
(24)

PVi D�

iX
jD1

mj e
2
j C

iX
jD1
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T
j
Q� C

iX
jD1

ej "j �

iX
kD2

k�1X
jD1
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Pei D�miei C'
T
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Step n: We define

Vn D Vn�1C
1

2
e2nC

1

2
Q�

T
��1 Q� . (27)

Taking the derivative of (27) yields

PVn D PVn�1C en PenC Q�
T
��1
PQ� . (28)

Using (25) and (26), we can obtain

PVn D�

n�1X
jD1

mj e
2
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jD1

ej'
T
j
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kD2
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j
Q� � Q�
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k�1X
jD1

ek
@x�k
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"j C en

2
4gn�1en�1C fnC gnuC'T
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�

n�1X
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@xj

�
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T
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�
@x�n
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PO�

3
5 .
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The control input u and the adaptive law of O� can be respectively designed as

uD
1

gn

2
4�gn�1en�1 � fn �'Tn O�

C

n�1X
jD1

@x�n
@xj



fj C gjxjC1C'

T
j
O�
�
C
@x�n

@ O�

PO� �mnen � uf1

3
5

(30)

PO� D

2
4
0
@n�1X
jD1

ej'
T
j �

nX
kD2

k�1X
jD1

ek
@x�k
@xj

'T
j

1
A�

3
5

T

(31)

where mn > 0 and uf1 is the additive control.
When substituting (30) and (31) into (29), we obtain

PVn D�

nX
jD1

mj e
2
j C

nX
jD1

ej "j �

n�1X
kD2

k�1X
jD1

ek
@x�k
@xj

"j � enuf1. (32)

Remark 1
The following closed-loop error system can be obtained using the back-stepping method:

Pe1 D�m1e1C'
T
1
Q� C g1e2C "1 (33.1)

- - - - -

Pei D�miei C'
T
i
Q� C gieiC1 � gi -1ei -1 �

i�1X
jD1

@x�i
@xj

'T
j
Q� C "i �

i�1X
jD1

@x�i
@xj

"j (33.2)

Pen D�mnenC uf1C'
T
n
Q� � gn-1en-1 �

n�1X
jD1

@x�n
@xj

'T
j
Q� C "n �

n�1X
jD1

@x�n
@xj

"j (33.3)

- - - - -

PO� D

2
4
0
@n�1X
jD1

ej'
T
j �

nX
kD2

k�1X
jD1

ek
@x�k
@xj

'T
j

1
A�

3
5

T

. (33.4)

The design of the OBRAC can be discussed in following two kinds of circumstances:

(a) "i D 0, i D 1, 2, � � �n

When "i D 0, we can obtain PVn D�
nP
jD1

mj e
2
j � uf1en using (32).

When uf1 D Ken .K > 0/, then PVn D �
nP
jD1

mj e
2
j �Ke

2
n 6 0. Substituting uf1 D Ken

into (30), we obtain the control input u.

Remark 2
When mj > 0.j D 1, 2, � � �n/ and K > 0, Vn D Vn�1 C

1
2
e2n C

1
2
Q�

T
��1 Q� > 0 and PVn 6 0. The

controller is adaptive to uncertain parameter � and can stabilise the system, but cannot realise the
optimal control.mj andK, standing for any positive constants, are the lack of the optimal restraint.
The adaptive law is expressed by (33.4).
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When "i D 0 and direct feedback linearization (DFL) is used in (33), we obtain

Ṕ1 D ´2 D Pe1 D�m1e1C'
T
1
Q� C g1e2 (34.1)

Ṕ2 D ´3 D�m1 Pe1C P'
T
1
Q� C'T

1
PQ� C Pg1e2C g1 Pe2 (34.2)

- - - - - -

Ṕn D f .´1, : : :, ´n/C bv (34.3)

or

PZ DAZ CBv (35)

where f .´1, : : :´n/ is the linear function, A is a constant matrix, B D Œ0 0� � �0 1�T and v D f .uf1/.
For the linear system (35), the quadratic performance index can be expressed as

J D
1

2

Z 1
0

�
ZTQZ C vTRv

	
dt (36)

whereQ is the semi-positive weighting matrix and R is the positive weighting matrix.
Based on the linear quadratic regulation principle, the optimal control input is v D R�1BTPZ ,

where P is the solution of the Riccati equation ATP CPA �PBR�1BTP CQD 0.
Substituting v DR�1BTPZ into uf1 D f

�1.v/ and (30), we obtain the value of u (the OBRAC
input).

Remark 3
If an optimal solution of the linear system (35) exists, the system should be stable, and PVn 6 0 and
ei ! 0, i D 1, 2, � � �n. The control input u can stabilise the system and realise the optimal control of
the uncertain system. The adaptive law is expressed by (33.4).

(b) "i ¤ 0, i D 1, 2, � � �n
When "i ¤ 0 and DFL is used in (33), we obtain

Pe1 D Ṕ1 D ´2C "1 D�m1e1C'
T
1
Q� C g1e2C "1 (37.1)

Ṕ2 D�m1 Pe1C P'
T
1
Q� C'T

1
PQ� C Pg1e2C g1 Pe2 D�m1´1C P'

T
1
Q� C'T

1
PQ� C Pg1e2

C g1

�
�m2e2C'

T
2
Q� � g1e1 �

@x�2
@x1

'T
1
Q� C g2e3C "2 �

@x�2
@x1

"1

�

D ´3C "2 �
@x�2
@x1

"1 (37.2)

- - - - -

Ṕn D f .´1, : : :, ´n/C f ."1, : : :, "n/C bv. (37.3)

Or

PZ DAZ CB1wCB2v (38)

where A is the constant matrix, B1 D I , w D Œw1 w2 � � �wn�
T, w1 D "1, w2 D

"2 �
@x�
2

@x1
"1, : : :,wn D "n �

n�1P
jD1

@x�n
@xj

"j , B2 D Œ0 0 � � � 0 1�T and v D f .uf1/.

When y D CZ , considering that � > 0 and if the system satisfies
R T
0 .kyk

2C kvk2/dt 6
�2
R T
0
.k"k2/dt , we can confirm that system (38) has an L2 gain less than or equal to � , and

the optimal control law and the worst disturbance are as follows:

v DW P�1 (39)
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wD�
1

�2
BT
1PZ (40)

whereW and P are the solutions of the following LMI (41):2
4AP CB2W C .AP CB2W /T B1 PC T

BT
1 �I 0

CP 0 ��2I

3
5< 0. (41)

Substituting (39) into uf1 D f
�1.v/ and (30), we can obtain u (the optimal back-stepping

robust adaptive L2 gain attenuation control input). The adaptive law is expressed by (33.4).

Remark 4
For the parametric strict-feedback nonlinear system with uncertain parameters and disturbances, the
OBRAC controller is adaptive to uncertain parameters and robust to wi (unknown additive distur-
bance). Moreover, the OBRAC controller can be applied to minimise the effect of disturbance by
solving the LMI to obtain the optimal control law against the worst disturbance.

4.2. Optimal back-stepping robust adaptive excitation control

For the excitation system (1), the deduction of OBRAEC can be described as follows:

Step 1: Let e1 D x1, x�2 D�m1e1 and e2 D x2 � x�2 , we use (1.1) and (1.2) to obtain

Pe1 D Px1 D x2 D�m1e1C e2 (42)

Pe2 D Px2� Px
�
2 D���ˇ1 sin.ı0Cx1/x3�ˇ1x30Œsin.ı0Cx1/�sin.ı0/�C"2Cm1x2 (43)

where m1 > 0, � is the unknown parameter and O� is the estimate of � .

Step 2: We define V1 D
e2
1

2
and V2 D

e2
1

2
C

e2
2

2
. We take the derivative of V1, V2 along (42), (43)

to obtain

PV2 D e1 Pe1C e2 Pe2 D�m1e
2
1 C e2

®
e1 � ˇ1 sin.ı0C x1/x3Cm1x2 � ˇ1x30

� Œsin.ı0C x1/� sin.ı0/�� �
¯
C e2"1. (44)

We design the stabilising function x�3 as follows:

x�3 D
1

ˇ1 sin.ı0C x1/

°
e1 � O� Cm1x2 �m2e2 � ˇ1x30Œsin.ı0C x1/� sin.ı0/�

±
(45)

where m2 > 0.
When e3 D x3 � x�3 , substituting (45) into (43), we obtain

Pe2 D Px2 � Px
�
2 D�m2e2 � e1 �

Q� � ˇ1 sin.ı0C x1/e3C "1. (46)

Step 3: Let V3 D V2 C
e2
3

2
C 1

2�
Q�2, e3 D x3 � x

�
3 , the derivative of V3 is taken along (42) and

(46). Using (1.3), we obtain

PV3D�

2X
jD1

mj e
2
j C
Q�e2 �

1

�
Q�
PO� C

.m1Cm2/x2

ˇ1 sin.ı0C x1/
e3 Q� C e2"1

C e3

²
�ˇ1 sin.ı0Cx1/e2 � ˇ2x3 � ˇ3 Œcos.ı0/� cos.ı0Cx1/�C

u

Td0
C "2 � Px

�
3

³
.

(47)
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The control input and the adaptive law are designed as (48) and (49), respectively.

uDTd0

8̂̂
ˆ̂̂̂̂<
ˆ̂̂̂̂̂
:̂

ˇ1 sin.ı0C x1/e2C ˇ2x3C ˇ3Œcos.ı0/� cos.ı0C x1/��m3e3C uf1�

1

ˇ1 sin.ı0C x1/

8<
:
x2 � ˇ1x30 cos.ı0C x1/x2Cm1m2x2�
PO� C .m1Cm2/

²
� O� � ˇ1 sin.ı0C x1/x3�
ˇ1x30Œsin.ı0C x1/� sin.ı0/�

³9=;C
x2 cos.ı0C x1/

°
� O� C e1 � ˇ1x30Œsin.ı0C x1/� sin.ı0/�Cm1x2Cm2e2

±
ˇ1 sin2.ı0C x1/

9>>>>>>>=
>>>>>>>;

(48)

PO� D �

�
�e2C

.m1Cm2/

ˇ1us sin.ı0C x1/

�
. (49)

Substituting (48) and (49) into (47) yields

PV3 D�

3X
jD1

mj e
2
j C uf1e3C e2"1C e3"2C

e3.m1Cm2/

ˇ1 sin.ı0C x1/
"1. (50)

By the back-stepping method, we obtain the following closed-loop error system:

Pe1 D Px1 D x2 D�m1e1C e2 (50.1)

Pe2 D�m2e2 � e1 � Q� � ˇ1 sin.ı0C x1/e3C "1 (50.2)

Pe3 D ˇ1 sin.ı0Cx1/e2�m3e3Cuf1C
.m1Cm2/

ˇ1 sin.ı0C x1/
Q�C"2C

.m1Cm2/

ˇ1 sin.ı0C x1/
"1. (50.3)

When DFL is used in (50), we obtain

Ṕ1 D ´2 D Pe1 D�m1e1C e2 (51.1)

Ṕ2 D�m1 Pe1C Pe2 D
�
m21 � 1

	
e1�.m1Cm2/ e2�ˇ1 sin.ı0Cx1/e3� Q�C"1 D ´3C"1

(51.2)

Ṕ3 D�
PQ� C

�
m21 � 1

	
Pe1 � .m1Cm2/ Pe2 � ˇ1 cos.ı0C x1/x2 � ˇ1 sin.ı0C x1/ Pe3

D
�
m21 � 1

	
´2C v1 �

2m1C 2m2

ˇ1 sin.ı0C x1/
"1 � "2

D�m1
�
m21 � 1

	
´1C v2 �

2m1C 2m2

ˇ1 sin.ı0C x1/
"1 � "2.

(51.3)

(a) "i D 0, i D 1, 2, � � �n
From (51), we can obtain the state equation

PZ

2
4 Ṕ1Ṕ2
Ṕ3

3
5D

2
40 1 0

0 0 1

0 m21 � 1 0

3
5
2
4´1´2
´3

3
5C

2
400
1

3
5 v1 DAZ CBv1 (52)

where

uf1 D
�v1C .m1Cm2/.m2e2C e1/

ˇ1 sin.ı0C x1/
C
PO�

C .m1Cm2/e3 � ˇ1 sin.ı0C x1/e2Cm3e3 � ctan.ı0C x1/x2e3. (53)

Using optimisation control, the quadratic performance index is JD 1
2

R1
0

�
ZTQZ

CvT
1Rv1

	
dt , and the optimal control input is v1 D R

�1BTPZ . Substituting v1
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into (53), we can obtain uf1. Substituting uf1 into (48), we obtain the control input
u. The adaptive law is expressed by (49).
From (51), we can obtain ´1 D e1 D x1 D ı�ı0, ´2 D�m1e1Ce2 D x2 D !�!0
and ´3 D�m1 Pe1C Pe2 D Px2 D P!.

Remark 5
The OBRAEC controller is adaptive to uncertain parameters and can improve the convergence
speed of ı � ı0, ! � !0 and P! by modifying the values of Q and R. In OBRAEC, J D
1
2

R1
0

�
q1.ı � ı0/

2C q2.! �!0/
2C q3 P!

2C v2
	
dt D Jmin will be realised.

(b) "i ¤ 0, i D 1, 2, � � �n
From (51), we obtain the following state equation:2
4 Ṕ1Ṕ2
Ṕ3

3
5D

2
4 0 1 0

0 0 1

�m1
�
m21 � 1

	
0 0

3
5
2
4´1´2
´3

3
5

C

2
40 0

1 0

0 �1

3
5�w1

w2

�
C

2
400
1

3
5 v2 or PZ DAZ CB1wCB2v2 (54)

where w1 D "1, w2 D O�"1C ˇ1 sin.ı0C x1/"2 and

uf1 D
�v2C

�
m21 � 1

	
e2C .m1Cm2/m2e2

ˇ1 sin.ı0C x1/

C .m1Cm2/e3 � ˇ1 sin.ı0C x1/e2Cm3e3C
PO� � ˇ1 cos.ı0C x1/x1e3.

(55)

When y D CZ and system (54) has an L2 gain less than or equal to � , the optimal
control law and the worst disturbance can be calculated by (39), (40) and (41).

Remark 6
When disturbances and uncertain parameters are present in the nonlinear excitation system, the
OBRAEC controller is adaptive to the uncertain parameters and can realise L2 gain disturbance
attenuation and the optimal control.

Figure 5. Block diagram of the AC tracking optimal back-stepping robust adaptive excitation control based
on the state variable extended Kalman filter estimation.
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4.3. AC tracking OBRAEC based on the state tracing estimation by EKF

The block diagram of the AC tracking OBRAEC is shown in Figure 5.
Using the flux linkage observer, the values of '•d, '•q and N� can be EKF estimated (introduced

in Section 3.1). uD, uQ, iD and iQ are the inputs of the flux linkage observer and can be calculated
by the transformation of stator voltage and stator current (introduced in Section 2). ud, uq, id and
iq can be calculated by the DQ/dq transformation of uD, uQ, iD and iQ, respectively (introduced in
Section 2). The terminal voltage us can be obtained using VS-ACTC (introduced in Section 3.2).

The state vector Œx1 x2 x3�T D
h
ı � ı0 ! �!0 E

0
q �E

0
q0

iT
on all operating points can be obtained

with the estimates and calculations of '•d, '•q, ud, uq, id and iq (introduced in Section 2). The
OBRAEC can be realised using the value of the state vector (introduced in Section 4.2).

5. SIMULATION AND EXPERIMENT

Simulations and experiments were performed using the following parameters: xd D 1.25 p.u.,
x0d D 0.221 p.u., M D 2.05 s, T 0d D 1.05 s, ı0 D 25.2ı, !0 D 1 p.u., E 0q0 D 1.0 p.u. and
D D 1 p.u.� 5 p.u. In the PID control, D D 3 p.u.

5.1. Flux linkage observation by extended Kalman filter

When the load of the MMPS is suddenly increased at 0.53 s, the actual and EKF estimated values
of '•d and '•q are shown in Figure 6(a) and (b), respectively.

The errors between the actual and estimated values of '• are shown in Figure 7.
Figures 6 and 7 show that the error between the actual and estimated values is small. Thus, the

location and the value of the flux linkage '• can be correctly estimated by EKF.

Figure 6. Comparison between the actual value and the estimated value.
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Figure 7. Error between the actual and estimated values of '•.
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Figure 8. Speed sensor signal and the terminal voltage.

Figure 9. Voltage reference and the terminal voltage.

5.2. Measurement of the AC tracking voltage reference

To determine whether the voltage reference and the terminal voltage have the same frequency and
phase, we test the waveforms of the generator terminal voltage and the voltage reference shown in
Figures 8 and 9. The voltage reference is outputted from the D/A pin of the STM32F103ZET.

Figure 8 shows that the frequency of the speed sensor signal is 180 times that of the terminal
voltage. Figure 9 shows that, under load conditions, by extracting the sinusoidal tabular data in
the ROM, the CPU controls the DA converter to output the voltage reference, which has the same
frequency and phase as the generator terminal voltage.

5.3. Optimal back-stepping robust adaptive excitation control simulation of the military moving
power station

Case 1 (when "i D 0)
The 50% rated load is increased at 0.53 s. When the PID control is adopted, the curves of the state
variables of the MMPS are shown in Figure 10(a).

When m1 Dm2 Dm3 D 3, �D 1, QD I, RD 1 and the OBRAEC is adopted, the curves of the
state variables of the generator are shown in Figure 10(b).

As shown in Figure 10(a) and (b), when the load is increased suddenly, OBRAEC can improve
the convergence rate of the state variables compared with PID control. Because the damp constant
D is uncertain, the OBRAEC can increase the robust performance of the uncertain excitation system
effectively, as shown in Figure 10(b).

When m1 D 4, m2 D 5, m3 D 3, � D 1, Q D diagŒ9, 2, 1�, R D 1 and the OBRAEC is adopted,
the curves of the state variables are shown in Figure 11.
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Figure 10. Comparison between the proportional integral derivative control and the optimal back-stepping
robust adaptive excitation control.
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Figure 11. Curves of the generator state variables by optimal back-stepping robust adaptive excitation
control.

As shown in Figures 10(b) and 11, when the values of Q and R change, the convergence rate of
the state variables can be improved. The J D 1

2

R1
0

�
q1.ı � ı0/

2C q2.! �!0/
2C q3 P!

2C v2
	
dt D

Jmin can be realised in the OBRAEC.

Case 2 (when "i ¤ 0)
When torque and electromagnetic interferences are present in system (1), y D CZ , C D
diagŒ1, 0.5, 0.2�, m1 D 2, � D 1 and the LMI (54) can be resolved by the function feasp in

the MATLAB LMI toolbox. We can obtain P D

2
4 1.7707 �0.9579 0.2963
�0.9579 2.1581 0.1932
0.2963 0.1932 2.7826

3
5 and W D

Œ17.5164 � 2.4073 � 1.9690�.
From (39) and (40), the optimal robust control law v2 and the worst disturbances w are

respectively presented as follows:

v2 D 12.9103´1C 4.8313´2 � 2.4179´3 D 12.9103.ı � ı0/C 4.8313.! �!0/� 2.4179 P! (56)

wD

�
0.2395 �0.5395 �0.0483
0.0741 0.0483 0.6956

�24 ı � ı0! �!0
P!

3
5 . (57)
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Figure 12. The curves of the state variables by optimal back-stepping robust adaptive excitation control.

Substituting (56) into (55) and (48), we can obtain the control input u. The adaptive law is expressed
by (49). The curves of the state variables are shown in Figure 12.

As shown in Figure 12, the OBRAEC can suppress the disturbance, stabilise the excitation sys-
tem and is adaptive to uncertain parameters. In Figure 12, the curve of Vf is unstable because the
excitation input is composed of the noise.

6. CONCLUSION

A new recursive method for nonlinear robust adaptive control design is proposed in this paper for a
class of nonlinear systems that can be transformed into parametric feedback form. Compared with
the conventional back-stepping robust adaptive control, the new method is robust to external distur-
bance and adaptive to uncertain parameters. Moreover, the method can realise optimal control and
optimal L2 gain disturbance attenuation. Based on this new method, the AC tracking OBRAEC of
the MMPS is investigated. To realise the OBRAEC on all operating points, the values of the state
variables on different operating points are obtained using EKF tracking estimation and synchronous
calculation. The electrical network of the MMPS has limited capacity and is easily affected by the
weapon equipment, such that the generator terminal voltage (GTV) fluctuates strongly. The sam-
pling speed of the GTV affects the control speed. In this paper, the GTV is sampled by the AC
tracking comparison with voltage reference. The simulation results show that the controller can
effectively stabilise the system, be adaptive to uncertain parameters and realise optimal disturbance
attenuation.
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