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Abstract

The present study deals with the formulation of a new micromechanical model for anisotropic damage in brittle rocks and its

numerical implementation and application. The basic idea is to integrate Eshelby solution-based homogenization approaches into the

standard thermodynamics framework for the description of inelastic deformation contributed by microcracks; the anisotropic damage is

coupled with frictional sliding which occurs on closed cracks. The identification of the micromechanical model requires only six

parameters, each with a clear physical meaning. Comparisons of the model’s predictions with experimental data are performed on both

conventional and true triaxial compression paths, respectively, for two granites. The proposed model is implemented into the finite

element software Abaqus. Its application to an underground excavation problem shows that the proposed model is able to describe

general responses and damaged zone evolution due to excavation.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Damage by microcrack growth is commonly considered
as the main mechanism of inelastic deformation and failure
in brittle materials such as concrete and rocks. A number
of experimental investigations have shown different modes
of initiation and propagation of microcracks in rock
materials [1–8]. There are generally two dissipation
mechanisms, respectively related to the size evolution of
microcracks and frictional sliding in closed cracks, to be
taken into account in modelling of damage. Consequences
of damage by microcrack growth mainly include nonlinear
stress–strain relations, deterioration of elastic properties,
induced anisotropy, irreversible deformation after unload-
ing, dilatancy, hysteric response and unilateral effects.
Further, induced damage can also affect transport and
diffusion properties, in particular permeability. Indeed,
rock permeability can significantly increase due to propa-

gation of microcracks and associated volumetric dilatancy
[9–14]. However, in this paper, only mechanical modelling
of anisotropic damage will be addressed.
The modelling of induced anisotropic damage is

classically performed by means of macroscopic continuum
damage models (CDM). In these models, internal variables
(scalar, vector, second-order tensor and even higher rank
tensors) are used to describe the state of damage. A
damage evolution law is then formulated as a function of
stress or strain, using the framework of irreversible
thermodynamics or some principles of linear fracture
mechanics, for instance [15–22] just to mention a few.
The main advantage of CDM is the ability to provide
macroscopic constitutive equations which can be easily
implemented in computer codes and applied to engineering
analysis. However, some assumptions used in these models
are not clearly based on physical mechanisms involved in
microcrack growth, for instance, the so-called effective
stress concept. Further, despite the numerical efficiency of
this approach, there remain some critical issues which need
more physical and mathematical analysis, for example
unilateral effects related to crack closure and coupling
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between damage and friction sliding. The mathematical
description of these phenomena could be quite complex.

On the other hand, significant advances have been
realized in micromechanical modelling of damage in brittle
materials, providing a new way for a more physically based
description of anisotropic damage by taking into account
progressive evolution of microstructure at grain scale
[23,24]. Various micromechanical models have been
proposed for concrete and rocks [25–27] just to mention
a few. Most of these models do not use an Eshelby-type
rigorous homogenization procedure to define macroscopic
behaviour of heterogeneous material from microscopic
considerations. As a consequence, effects of special crack
distribution cannot be properly described [28]. Moreover,
these models are often limited to dilute distributions of
microcracks, without interaction. Another aspect, which is
important for damage modelling in brittle rocks, is the
coupling between damage and frictional sliding in closed
cracks leading to volumetric dilatancy. This one is
generally not properly considered in the previous models.

In this paper, we propose the formulation of a new
micromechanical model for anisotropic damage coupled
with frictional sliding for brittle rocks and its numerical
implementation for structural analysis. This model is based
on a rigorous micro–macro approach for heterogeneous
materials. The basic idea is to incorporate Eshelby-
solution-based homogenization techniques into the stan-
dard thermodynamics framework for the description of
damage by microcracks. The Eshelby-type homogenization
techniques provide a general micromechanics background
for damage modelling in which the crack spatial distribu-
tion can also be described [29,30]. The thermodynamics
framework gives a standard procedure for the formulation
of damage evolution law and the numerical implementa-
tion of the model. The emphasis will be put on the coupling
between damage and frictional phenomena which allows
explaining the salient features of brittle behaviours of rocks
under compressive loadings. For this purpose, it comes
from the micromechanical analysis that the crack density
parameter [31] in each space orientation and two kinetic
variables (sliding and opening along crack surface) allow
describing inelastic deformation contributed by micro-
cracks. Furthermore, a damage energy release rate-based
criterion is proposed to describe the evolution of crack size.
The transition condition of crack opening/closure will also
be discussed. Comparisons of the model’s predictions with
experimental data are performed on both conventional and
true triaxial compression paths, respectively, for two
granites. The proposed micromechanical model is then
implemented in the finite element software Abaqus with
UMAT facility. Its application to an underground excava-
tion problem shows a good agreement between numerical
results and in situ data concerning radial displacements
and evolution of damaged zone.

Throughout the paper, the following notations tensor
products of any second-order tensors A and B will be used:
A� Bð Þijkl ¼ AijBkl ; A�B

� �
ijkl
¼ AikBjl þ AilBjk. The tensor

product of two vectors a and b is denoted a� bð Þij ¼ aibj

and its symmetric part ða�
s

b Þij ¼
1
2
ðaibj þ ajbiÞ. With

second rank identity tensor d, the usually used fourth
order isotropic tensors I and J are expressed as Iijkl ¼
1
2
ðdikdjl þ dildjkÞ and Jijkl ¼

1
3
dijdkl , respectively.

2. Macroscopic free energy of cracked material

The micromechanical approach aims to study effective
material properties at macroscopic scale based on informa-
tion at micro scale. For this purpose, the cracked material
is considered as a heterogeneous composite with a matrix
phase weakened by microcracks. A representative elemen-
tary volume (REV), denoted by O and having a boundary
surface qO, is adopted, as shown in Fig. 1.
In the present study, the REV is composed of an

isotropic linear elastic matrix with stiffness Cs and of a
distribution of microcracks with the elasticity tensor
Cc(Cc

¼ 0 in its opening state in order to account for the
cancellation of the local stress sc on open crack faces).
Thus, the REV may be considered as a matrix-inclusion
system and the micromechanical analysis based on the
fundamental solution of Eshelby [32,33].
In this paper, microcracks are assumed to be penny-

shaped. A family of cracks is characterized by its normal n,
radius a and the half opening c (Fig. 2). The aspect ratio
e ¼ c/a of such penny-shaped cracks is such that �� 1
(Fig. 2). The volume fraction of cracks jc is expressed as:

jc ¼ 4
3
pa2cN ¼ 4

3
p�d, (1)

where N denotes the crack density (number of cracks per
unit volume) of the considered family of cracks and d ¼

Na3 is the crack density parameter as initially introduced
by Budiansky and O’Connell [31] and widely used as an
internal damage variable in micromechanical analysis [34].
The related displacement jump between the two cracks

faces is noted by u½ �. The unilateral contact conditions of
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Fig. 2. Schematic representation of a penny-shaped crack.
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the cracks are described as

un½ �X0; scnp0; un½ �scn ¼ 0 (2)

with scn as the normal component of the local stress
field and un½ � the normal component of the displacement
jump u½ �.

We consider now a macroscopic uniform stress, S,
applied to the boundary of REV. The problem to be solved
is the determination of local fields of stress, strain and
displacement inside the REV. This problem (P) may be
decomposed into two sub-problems in terms of displace-
ment field, as shown in Fig. 3. Accordingly, the macro-
scopic strain E of the cracked medium is written as the sum
of two terms

E ¼ Es þ Ec. (3)

The first term corresponds to the solid matrix strain Es

and the second term Ec is related to the contribution of
microcracks, more precisely, of the displacement disconti-
nuities, which reads:

Ec ¼N

Z
oþ

n�
s

u½ �dS ¼ bðn� nÞ þ g�
s

n (4)

with b and g as two kinetic variables characterizing the
crack opening–closure state and the sliding in the crack
plane, respectively, which are defined as

b ¼N

Z
oþ

un½ �dS; g ¼
Z
oþ

ut

� �
dS (5)

with ut

� �
¼ u½ � � un½ � n. o

+ denotes the crack surface with
the unit normal ~n.

The microscopic stress field ss is uniform which implies
the relation: ss ¼ /ssSO ¼ S and the local stress sc on
cracks is the self-equilibrating. Finally, the free energy W is
expressed as the sum of an elastic energy corresponding to
the solid matrix and of the stored energy due to the local
stress field:

W ¼
1

2
ðE� EcÞ : Cs : ðE� EcÞ

�
1

2
N

Z
oþ
ðsc � SÞ : ðn� nÞ un½ � þ nðsc � SÞ ut

� �� �
dS. ð6Þ

In order to establish the relation between the deforma-
tion Ec and the local stress field sc in the cracks, inspired by

the work of Barthelemy [35], the initial problem is
decomposed into two sub-problems, as shown in Fig. 4.
The solution of the sub-problem PI is obtained according

to the homogenization procedure:

EI ¼ jcAc : ðE� Ss : scÞ; Ss
¼ ðCs

Þ
�1, (7)

where Ac is the concentration tensor associated with the
considered family of microcracks, Ss the elastic
compliance tensor of solid matrix. In the case of opening
cracks (sc ¼ 0 and b40), the above expression (7)
returns to that obtained in the classical homogenization
procedure:

EI ¼ jcAc : E. (8)

The corresponding macroscopic stress is determined with
the help of the macroscopic stiffness tensor Chom:

SI ¼ Chom : ðE� Ss : scÞ (9)

for which we recall the general effective stiffness tensor
Chom

¼ Cs
þ jcðCc

� Cs
Þ : Ac in the case of open cracks

ðCc
¼ 0Þ and frictionless closed cracks ðCc

¼ 3ksJÞ.
Further, the uniformity of the sub-problem PII gives:

S ¼ SI þ sc. (10)

The coherence between the expressions (7) and (4) leads
to the equality EI

¼ Ec, i.e.:

bðn� nÞ þ g�
s

n ¼ jcAc : ðE� Ss : scÞ, (11)

which allows us to simplify the notation through replacing
Ec and EI by Epl. The combination of Eqs. (7), (9) and (10)
allows expressing the local stress field sc as a function of
the macroscopic stress S and of the crack induced inelastic
deformation Epl:

sc ¼ S� Cpl : Epl (12)

with

Cpl
¼ jcAc : ðI� jcAcÞ

�1 : Ss
� ��1

. (13)

Eq. (12) can also be rewritten in the form

sc � S ¼ �Cpl : Epl. (14)
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Insertion of Eq. (14) into Eq. (6) and using Eq. (4) gives
the free energy function of the cracked material:

W ¼ 1
2
ðE� EplÞ : Cs : ðE� EplÞ þ 1

2
Epl : Cpl : Epl. (15)

3. Formulation of anisotropic damage model

3.1. Constitutive equations

Based on the background previously defined, the
formulation of a micromechanical model for anisotropic
damage is given in this section. Due to the simplicity of the
stress-based formulation in the case of Mori–Tanaka
estimate [28], we are interested in the associated free
enthalpy (Gibbs free energy) function, W*, which can be
obtained by Legendre–Fenchel transform of W. Using the
following strain concentration tensor corresponding to the
Mori–Tanaka estimate [28,36,37]:

Ac ¼ Iþ S�ð Þ
�1 : jsIþ jc Iþ S�ð Þ½ �

�1, (16)

where S� is the Eshelby tensor with components given in
[23,24], the free enthalpy W* is then expressed in the
following form:

W � ¼
1

2
S : Ss : Sþ bS : n� nð Þ þ g :S: n

�
1

2d
H0b

2
þH1 g : g

h i
ð17Þ

with H0 ¼ 3Es=16 1� ðnsÞ2
� �

and H1 ¼ H0ð1� ns=2Þ.
The above relations are developed for a single family of

microcracks. They can be extended to any distribution of
microcracks. For this, however, some assumptions should
be precised. In the present model, for the sake of simplicity,
we neglect the interaction between cracks and consider a
continuous space distribution of cracks. Accordingly, the
macroscopic Gibbs free energy, denoted, C*, is obtained
by integration of W* on the unit sphere S2 ¼ n; n

�� �� ¼ 1
� �

:

C� ¼
1

2
S : Ss : S

þ S :
1

4p

Z
S2

b nð Þ n� nð Þ þ g nð Þ�
s

n
h i

dS

�
1

2

1

4p

Z
S2

1

d nð Þ
H0b

2 nð Þ þH1g2 nð Þ
h i

dS. ð18Þ

Since the distributions b nð Þ, g nð Þ and d nð Þ are generally
unknown, the analytical form of C* is not available.
Hence, the Gauss type numerical integration formula with
N points is adopted in this study, similarly to [38].
Therefore, the integral form (18) is approximated by the
following addition procedure:

C� ¼
1

2
S : Ss : Sþ S :

XN

r¼1

wr br nr � nrð Þ þ gr�
s

nr
h i

�
1

2

XN

r¼1

wr

dr H0ðb
r
Þ
2
þH1grgr

h i
, ð19Þ

where wr is the weighting coefficient associated with the rth
crack family characterized by the unit vector nr.
The standard thermodynamics framework is now

invoked. The microscopic thermodynamic force associated
with the internal variable Epl corresponding to any family
of cracks, noted by Fpl, is derived from the differentiation
of Eq. (15):

Fpl ¼ �
qW

qEpl
¼ S� Cpl : Epl ¼ sc (20)

In a similar way, Fb and F g associated forces respectively
with b and g are given by

Fb ¼ �
qW

qb
¼ sc : n� nð Þ, (21)

F g ¼ �
qW

q g
¼ sc n d� n� nð Þ. (22)

As previously mentioned in Eq. (2), the crack opening/
closure transition condition is defined by

sc : n� nð Þ ¼ 0 or Fb ¼ 0, (23)

which leads to the following relation for the Mori–Tanaka
scheme:

b ¼
d

H0
S : n� nð Þ. (24)

Moreover, using the condition F g ¼ 0 provides the follow-
ing expression:

g ¼
d

H1
S n d� n� nð Þ. (25)

Taking into account the unilateral condition, a clear
distinction between the opened cracks families, numbered
No, and the closed cracks families, Nc, is needed.
Substitution of Eqs. (24) and (25) into Eq. (19) yields the
expression:

C� ¼ 1

2
S : Ss : Sþ

1

2
S :
XNo

r¼1

wrdr 1

H0
E2;r þ

1

2H1
E4;r

	 

: S

þ S :
XNc

r¼1

wr br nr � nrð Þ þ gr�
s

nr
h i

�
1

2

XNc

r¼1

wr

dr H0 br
ð Þ

2
þH1grgr

h i

ð26Þ

with the notation Dr
¼ nr � nr, E2;r ¼ Dr

� Dr and E4;r ¼
1
2
Dr
�̄ d� Dr
ð Þ þ d� Dr

ð Þ �̄Dr
� �

.
The first state law can be now derived from the

macroscopic Gibbs energy (26), which defines the macro-
scopic stress–strain relations:

E ¼ Ss : Sþ
XNo

r¼1

wrdr 1

H0
E2;r þ

1

2H1
E4;r

	 

: S

þ
XNc

r¼1

wr br nr � nrð Þ þ gr�
s

nr
h i

. ð27Þ
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The thermodynamic force associated with any dr is defined
as Fdr

¼ qC�=qdr. We obtain for the family of open cracks:

Fdr
¼

1

2
S :

1

H0
E2;r þ

1

2H1
E4;r

	 

: S (28)

and, equivalently:

Fdr
¼

1

2 dr
ð Þ

2
H0 br
ð Þ

2
þH1gr:gr

h i
(29)

for the family of closed cracks. We can see that it is needed
to determine the variables associated with each family of
microcracks, namely br; gr; dr.

3.2. Friction–damage coupling and evolution laws

To complete the formulation of damage model, we need
to determine the evolution laws of damage and frictional
sliding. We assume that the closed frictional cracks obey
the classical Coulomb criterion at local scale and that the
saturation of the criterion is uniform on the crack faces. At
the microscopic scale, the Coulomb criterion g(sc) ¼ 0 is
determined by means of normal and tangential component
of the local stress sc applied on the crack:

g ¼ sc n d� n� nð Þ
�� ��þ mcs

c : n� nð Þ ¼ 0, (30)

where mc is the friction coefficient on the cracks faces. In
terms of the thermodynamic forces Fb and F g, this criterion
also reads:

g scð Þ ¼ F g
�� ��þ mcF

b ¼ 0 (31)

From this criterion, the pressure sensitivity of rock
behavior is taken into account through the effect of
normal stress on the crack sc : n� nð Þ or equivalently Fb.
Note that a Coulomb-type criterion without cohesion term
is here used at the (microscopic) local scale for closed
microcracks under compressive stress. In this case, the
frictional term is dominant regarding the cohesion term.
Further, the use of a criterion without cohesion at the
microscopic scale does not mean that the macroscopic
tensile strength of material is zero. Indeed, the macroscopic
tensile strength is determined by material resistance to
damage related to propagation of open cracks.

Concerning the damage evolution law, the following
general form is here adopted for the damage criterion of
each family of microcracks:

f Fd; d
� �

¼ Fd �R dð Þ ¼ 0. (32)

The function RðdÞ represents the material resistance to the
damage evolution by growth of microcracks, which can be
a priori determined from experimental investigations. For
the sake of simplicity, we consider here a linear function in
d, as initially proposed in [39] in the context of macroscopic
modeling of isotropic damage:

R dð Þ ¼ c0 þ c1d, (33)

where c0 and c1 are two model’s parameters, respectively,
defining the initial damage threshold and kinetics of
damage evolution. These parameters may be identified
from experimental data showing progressive degradation
of elastic properties during unloading cycles in triaxial
compression tests. Note that the damage criterion used in
this paper is formulated in the framework of irreversible
thermodynamics applied to the microscopic scale. The
damage conjugate force is equivalent to strain energy
release rate used in fracture mechanics. The determination
of a fully micromechanics- based damage evolution law is
still an open issue to be performed in future development.
The evolution rates of damage variable d and of sliding

vector g can be determined using the standard normality
rule:

_d ¼ _l
d qf Fd; d

� �
qFd

¼ _l
d
, (34)

_g ¼ _l
g qg

qF g ¼
_l
g
u , (35)

where _l
d
and _l

g
are the multipliers associated with damage

and frictional sliding, respectively, which are determined by
the consistency conditions _f ¼ 0 and _g ¼ 0. The unit vector
u represents the direction of frictional sliding, defined by
F g= F g

�� ��. For the evolution of the variable b, which
represents the normal opening due to frictional sliding of
microcracks, two different situations can be considered:

(a) In the case of frictional sliding without dilatation in
smooth cracks, we have _b ¼ 0, which implies a non-
associated flow rule for inelastic deformation Epl.

(b) For the case of frictional sliding with normal dilation in
cracks with rough faces, we have _ba0. For simplicity,
we adopt here a normality flow rule for the evolution of
Epl which leads to the relation:

_b ¼ mc _l
g

(36)

Note that an associated flow rule is here adopted for
frictional sliding. The advantage of this choice consists in
the symmetric property of the homogenized compliance
tensor Shom

t . However, there is no difficulty to take a non-
associated flow rule in the formulation, for instance by
introducing a dilatancy coefficient different with the
frictional coefficient.

4. Computational aspects and numerical implementation

We are interested now in implementing the proposed
damage–friction coupled model into the finite element
software Abaqus by means of the provided user subroutine
UMAT which authorizes to define the mechanical con-
stitutive behaviour of a material. In UMAT, the material
Jacobian matrix, qS=qE, must be provided for the
mechanical constitutive model and the values of stresses
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and solution-dependent state variables (namely the vari-
ables dr;br and gr in this study) at the end of the increment
must be updated. For this purpose, it is necessary to
determine the rate form of the macroscopic stress–strain
relation which provides the consistent tangent operator
and to develop the local integration of the proposed model.

4.1. Determination of the tangent matrix

For the sake of simplicity, the strategy that we adopt is,
according to the macroscopic stress–strain relation defined
in Eq. (27), to express the macroscopic strain increment _E
as a function of the stress one:

_E ¼ Shom
t : _S (37)

The Jacobian matrix can be obtained by an inverse
calculation of Shom

t [28]. For a given family of closed
microcracks, if the damage growth and friction sliding
criteria are simultaneously verified, the corresponding
consistence conditions are written as follows:

qg

qS
: _Sþ

qg

q g
_gþ

qg

qb
_bþ

qg

qd
_d ¼ 0;

qf

q g
_gþ

qf

qb
_bþ

qf

qd
_d ¼ 0:

8>>><
>>>:

(38)

And for a given family of opened microcracks, the
consistence condition for damage evolution reads:

qf

qS
: _Sþ

qf

qd
_d ¼ 0. (39)

Considering the relations (38) and (39), respectively, for the
families of closed and opened cracks, as well as the rate
form of Eq. (27), the tangent operator Shom

t is written in the
following form:

Shom
t ¼ Ss

þ
1

c1

XNo

r¼1

f r
� �

or qf r

qS
�

qf r

qS

þ
XNc

r¼1

gr
� �

or dr

~H
r

g

qgr

qS
�

qgr

qS
ð40Þ

with f r the damage function of rth family of microcracks.

qf r

qS
¼

1

H0
E2;r þ

1

2H1
E4;r

	 

: S;

qgr

qS

¼ ur�
s

nr þ mcnr � nr,

and

~H
r

g ¼ H1 þ m2cH0 �
f r
� �
ðmcH0b

r
þH1grurÞ

2

H0ðb
r
Þ
2
þH1grgr þ c1ðd

r
Þ
3
,

where /xS ¼ 1 when x40, and zero otherwise.

4.2. Local integration of model

Considering the requirements of the user subroutine
UMAT in Abaqus, an incremental procedure associated

with the rate form of stress–strain relation is used based on
the strain discretization of the considered loading path.
Furthermore, a widely used prediction–correction splitting
scheme is adopted considering the strongly non linear
character of constitutive law. The scheme from the step j to
j+1 is briefly summarized below:

(1) Elastic prediction:
For each family of microcracks, put djþ1 ¼ dj ;

bjþ1 ¼ bj ; g
jþ1
¼ g

j
;

calculate Ee
j ¼ Ej �

PN
r¼1

or brnr � nr þ gr�
s

nr
 �

,

then Ee
jþ1 ¼ Ee

j þ DEjþ1 and Sjþ1 ¼ Cs : Ee
jþ1.

Examine the opening-closure condition for each

family:Fbr
¼ Sjþ1 : nr � nrð Þ �

H0
dr

j
br

j

Determination of increments Ddr
jþ1; Dgr

jþ1
and

Dbr
jþ1:F

br
40: calculate Ddr

jþ1 using Eqs. (32) and (28)

for open cracks; Fbr
p0: examine the frictional sliding

criterion (30) for closed cracks:

if go0; then Ddr
jþ1 ¼ 0; Dgr

jþ1
¼ 0; Dbr

jþ1 ¼ 0;

if gX0; calculate Dgr
jþ1
; Dbr

jþ1 using Eq: ð31Þ;

calculate f r :
if f ro0; then Ddr

jþ1 ¼ 0;

or calculate Ddr
jþ1 using Eq: ð39Þ:

(
8>>>>><
>>>>>:

(2) Update the variables:

dr
jþ1 ¼ dr

j þ Ddr
jþ1,

gr

jþ1
¼ gr

j
þ Dgr

jþ1
,

br
jþ1 ¼ br

j þ Dbr
jþ1.

(3) Update the stress tensor:
Calculate Sj+1.

Note that the inverse tensors involved in the Eshelby
solutions (see Eq. (16)) can be easily calculated using the
Walpole’s tensorial decomposition algebra [40]. Yang et al.
[41] have proposed an analytical solution for penny-shaped
inhomogeneities in terms of global Eshelby’s tensor. This
could also be helpful to simplify the calculation.

5. Validation and numerical simulations

In this section, the proposed model will be used to
simulate conventional and true triaxial compression tests
on two granites, respectively, from Lac du Bonnet in
Canada and Westerly in USA. The proposed micromecha-
nical model contains only six parameters and each has a
clear physical meaning. The initial elastic constants E0 and
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v0 can be determined from linear part of idealized stress-
strain curve in a triaxial compression test. The parameters
c0 and c1 are involved in the damage criterion. These
parameters may be determined by evaluating progressive
degradation of elastic modulus on unloading stress strain
curves. The friction coefficient mc may be evaluating by
comparing mechanical responses with different confining
pressures. The initial overall density of microcracks
distribution is assumed to be isotropic and characterized
by d0. Its value could be determined from hydrostatic
compression test of rock.

5.1. Simulations of conventional triaxial compression tests

The predictive capacity of constitutive models is first
checked through the simulation of conventional triaxial
compression tests under different confining pressures. In
these tests, the cylinder samples are first subjected to a
hydrostatic stress called confining pressure. Then the axial
stress (S11) is increased while the lateral stress (confining
pressure, S22 ¼ S33) is kept constant. The considered
material is the so-called Lac du Bonnet granite largely
studied in the underground research laboratory for nuclear
waste storage in Canada [42–44]. The following values of
parameters are used for simulation: Es

¼ 68000MPa,
vs ¼ 0.21, c0 ¼ 3� 10�3 Jm�2, c1 ¼ 6� 10�2 Jm�2, d0 ¼

1� 10�3, c1 ¼ 6� 10�2 Jm�2, d0 ¼ 1� 10�3, mc ¼ 0.7. The
procedure for the parameter identification from conven-
tional rock mechanics tests is detailed in [28]. The
comparisons of the stress–strain relations between the
experimental data and model predictions are shown in
Figs. 5–7 (axial strain E11 [%] in the direction of axis of
cylinder sample, lateral strain E22 ¼ E33 [%] and volu-
metric strain Ev ¼ E11+2E33 [%]). We can see that the
main features of brittle rock behaviour, previously men-
tioned, are correctly described by the model. Moreover,
comparisons of numerical predictions between the models
with and without friction-related dilation are also pre-
sented. It is clearly shown that the model with dilatation
gives a much better prediction then the model without
dilation. The macroscopic volumetric dilatancy of brittle

rocks is physically related to the microscopic normal
dilation during frictional sliding along microcracks. In
Fig. 6, some unloading paths are shown. As the micro-
cracks are closed due to compressive stress and due to that
fact that the crack sliding is locked by frictional effect, we
obtain linear elastic response during unloading of devia-
toric stress.
Fig. 8 shows the simulation of a lateral extension test. In

this kind of tests, the rock sample is first submitted to a
hydrostatic stress, for instance S11 ¼ S22 ¼ S33 ¼ 60MPa
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for the test shown in Fig. 8. The axial stress S11 is increased
in a second stage to a prescribed value, for instance
S11 ¼ 160MPa for the test shown in Fig. 8. In the last
stage, the confining pressure (S22 ¼ S33) is progressively
reduced from 60MPa to zero while the axial stress is kept
constant at 160MPa. Conventionally, only the stress–
strain curves during the last stage are presented for the
lateral extension test as shown in Fig. 8. Note that this test
is largely performed in rock mechanics because it
approximately reproduces the stress path near the surface
of cavity during excavation in axi-symmetrical conditions.
From Fig. 8, one can see that a good agreement is obtained
between test data and model’s predictions. Further, it is
noted that the difference in this case is small between the
models with and without dilation.

5.2. Simulations of true triaxial compression tests

The simulations of conventional triaxial compression
tests provide a first validation of the model in the particular
case of axi-symmetrical loading. In order to check the
performance of the model in general loading conditions,
further validation is needed. In this study, we propose to
compare numerical predictions and experimental data for
true triaxial compression tests performed on Westerly
granite (USA) by Haimson and Chang [45]. The tests were
performed on cubic specimens by independently control-
ling three principal stresses in three axes. The identification
of parameters is made on a conventional triaxial compres-
sion test with a confining pressure of 60MPa. The

following values are obtained: Es
¼ 68 000MPa, vs ¼

0.21, c0 ¼ 3� 10�3 Jm�2, c1 ¼ 0.18 Jm�2, d0 ¼ 1� 10�3,
mc ¼ 0.7.
The loading path applied to true triaxial test is composed

of three phases: (i) a hydrostatic compression phase until
60MPa; (ii) S33 being kept constant (60MPa) and
increasing S11 ¼ S22 to the prescribed values of 60, 113,
180 and 249MPa; and (iii) the value of S22 and S33 being
hold constant and the value of S11 increased from
S11 ¼ S22 to prescribed values of 747, 822, 860, and
861MPa. The proposed micromechanical model is now
applied to simulate these tests. Comparisons between the
model’s predictions and test data are shown in Fig. 9 and
one can see a good agreement for different loading paths.
Compared with phenomenological models, the micro-

mechanical model is able to provide not only overall stress–
strain responses but also the distribution of crack density
parameter. Fig. 10 shows three-dimensional damage
density distributions with the different intermediate princi-
pal stress value S22. Noting o as the original point in the
considered space and a as a point on the surfaces of
distribution functions, the orientation of the vector oa

*

corresponds to the family of microcracks with unit normal
oa
*
=jj oa

*
jj and the damage density is evaluated by jj oa

*
jj.

We notice that as S22 increases from 60 to 249MPa, the
growth of damage in the planes 1–2 is progressively
blocked. In addition, the greatest value always occurs in
the planes 1–3 and the dip angles for all the four tests are
always about 621. This value is slightly different from the
experimental data (ranging from 671 to 721) reported in
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[45]. This difference may be explained by the fact that the
frictional sliding criterion (30) is an interfacial one and thus
the intermediate stress S22 cannot be taken into account
for the microcracks with the normal vectors within the
planes 1–3.

6. Application to the ACEL’s mine-by experiment

After the simulation of laboratory tests, in this section,
we will discuss the feasibility of applying the micromecha-
nical model to engineering problems. We propose to study
mechanical responses induced by the excavation of a 3.5m
diameter circular tunnel in the context of the Underground
Research Laboratory for nuclear waste storage (URL-
ACEL Canada). The mine-by experiment was conducted at
the 420m level in order to investigate rock damage process
during excavation by the use of a non-explosive technique
[42,44,46]. The tunnel is subjected to a strongly deviatoric
initial stress state as shown in Fig. 10. Radial displacement
evolution and acoustic emission have been monitored.
Further, in situ observations have shown two cracked
zones in the direction of minor principal stress (see Fig. 11).
It has been also observed that the size of cracked zones as
well as radial displacement evolve in time due to time
dependent behaviour. However, in this work, only short-
term behaviour is investigated.

The initial in situ stress state is defined by three principal
stresses as follows: s1 ¼ 55MPa, s2 ¼ 14MPa, s3 ¼
48MPa. The tunnel axis is quasi parallel to the inter-

mediate principal stress direction. Therefore, 2D modelling
has been performed using plane strain conditions. Due to
the symmetry of the problem with respect to two principal
stresses, only a quarter of domain is considered. The
studied region with the outer boundary of 30� 30m wide
was meshed with 900 rectangle elements. The excavation
process is simulated by reducing the normal stress on the
tunnel wall from its initial value to the atmospheric
pressure. The parameters used for the FEM modelling
are determined from a uniaxial compression test on the Lac
du Bonnet granite. In Fig. 12, the distribution of damage

ARTICLE IN PRESS

Fig. 10. Damage density distributions in true triaxial compression tests on Westerly granite: (a)
P

22 ¼ 60MPa,
P
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11 ¼ 822MPa; (c)
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P
22 ¼ 249MPa,

P
11 ¼ 861MPa.

Fig. 11. Observation of cracked zones around the tunnel [44].
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density around the tunnel is shown. We can see that the
induced damage zone is localized on the top point of the
tunnel along the minor principal stress. This is qualitatively
in agreement with in situ observations. The predicted size
of damaged zone is also close to that observed in place,
varying between 0.43 and 0.52m [46]. Further, tensile
stresses have been obtained in numerical predictions in
some zones near the tunnel wall (see Fig. 13). However, the
magnitude of the maximum tensile stress (5.3MPa) is quite
small and less than the tensile strength of material, which is
about 10MPa. Therefore, the damage is essentially induced
by closed cracks due to compressive stresses; and the
principal mechanism is frictional sliding along cracks
coupled with crack propagation and dilation.

In Fig. 14, we show the radial displacements (conver-
gence) on the tunnel wall in different orientations (01

corresponds to the direction of major stress). The in situ
data are obtained by extensometers placed around the
tunnel. We can see good qualitative agreement between the
predicted results and in situ data.

7. Conclusions

A new micromechanical model is proposed for descrip-
tion of induced anisotropic damage in brittle rocks.
Compared with direct approaches based on the theory of
linear fracture mechanics, the present model is formulated
within a rigorous micro-macro framework using a general
procedure of homogenization of heterogeneous media,
together with a clear thermodynamics consideration for
irreversible dissipation mechanisms. Main features of
mechanical behaviours in brittle rocks have taken into
account, such as non-linear stress strain relations, volu-
metric dilatancy, coupling between crack propagation and
frictional sliding. The proposed model contains a small
number of parameters and each one is related to a physical
meaning. The model is then applied to two granites and a
good agreement between model’s predictions and experi-
mental data for various loading paths is obtained. The
proposed model is implemented into a standard FEM
code. An example of application has been presented to
show the applicability of the micromechanical model to
engineering problems. The extension of the model will
include, for instance, the determination of a strain
localization criterion for modelling of failure process zone,
description of correlation between induced damage and
variation of permeability, time dependent behaviour due to
sub-critical propagation of microcracks.
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