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Abstract In the stable homotopy groups mg(mipmi1y—3(S) of the sphere
spectrum S localized at the prime p greater than three, J. Lin constructed
an essential family &, , for n > m + 2 > 5. In this paper, the authors show
that the composite &, n0s € Tq(pnpmspts)—5(S) for 2 < s < p is non-trivial,
where ¢ = 2(p — 1) and Bs € Tg(spts—1)—2(5) is the known S-family. We show
our result by explicit combinatorial analysis of the (modified) May spectral
sequence.
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1 Introduction and statement of results

Let A be the mod p Steenrod algebra and S the sphere spectrum localized at an odd prime
p. To determine the stable homotopy groups of spheres m,(S) is one of the central problems
in homotopy theory.

So far, several methods have been found to determine the stable homotopy groups of
spheres. For example we have the classical Adams spectral sequence (ASS) (cf. [1]) based
on the Eilenberg-MacLane spectrum KZ,, whose Eo-term is Extzt(Zp,Zp) and the Adams
differential is given by d,. : ESY — ESTHHT1 0 We also have the Adams-Novikov spectral
sequence based on the Brown-Peterson spectrum BP(cf. [2, 3, 4]).

Throughout this paper, we fix the prime p > 5 and set ¢ = 2(p — 1). From [5], we know
that Ext'(Z,, Z,) has Z,-basis consisting of ag € Ext}'(Z,,2,), h; € Ext}?'Y(Z,,Z,) for
all « > 0 and Exti’*(Zp,Zp) has Z,-basis consisting of ag, a, aoh; (i > 0), g; (i 2 0), ki
(¢ > 0), b; (i >0), and hih; (j > i+ 2,7 > 0) whose internal degrees are 2¢ + 1, 2, p'q + 1,
q(p" +2p"), q(2p"T! +p"), p"tlq and q(p’ + p7) respectively.

Let M denote the Moore spectrum modulo the prime p given by the cofibration

SRLAYSIANG VRS 37} (1.1)
Let a: ¥9M — M be the Adams map and V(1) be its cofibre given by the cofibration
sav & L vy Losetiag (1.2)

Let 8 : X®tDay (1) — V(1) be the vy-map.



Definition 1.1 We define, fort > 1, the -family B; = jj' 61"t € moupri—1)—2(S). Here
the maps i, j, i, j', and 3 are given as above.

We have the following known result.

Theorem 1.1[2, Theorem 2.12] 5; # 0 € m.(S) forp =5 and t > 1.

To determine the stable homotopy groups of spheres is very difficult. Thus not so many
families of homotopy elements in the stable homotopy groups of spheres have been detected.
See, for example, [4, 5, 6].

In [7], X. Liu obtained the following theorem, which is called the representative theorem.

Theorem 1.2[7, Theorem 1.3] Forp > 5 and 2 < s < p, there exists the second Greek
letter element

B’S c Extzq(8p+s—1)+s—2(zp, Z,),

which converges to the 3-family Bs € my(spys—1)—2(S) in the ASS. Moreover, BS s represented
by
a§’2h270h1,1 c Ef,q(8p+s—1)+s—2,*

in the May spectral sequence (MSS).

In [8], J. Lin detected a new family of stable homotopy groups of spheres and showed the
following theorem.
Theorem 1.3[8] Forp>5,n>m+2>4. Then

hohphm, € Ext51@ "0 7, 7. )

is a permanent cycle in the ASS and it converges to a family of homotopy elements of order
p, denoted by &, p, in the stable homotopy groups of spheres 7Tq(pn+pm+1)_3(s).

In this paper, we consider the non-triviality of the composite &, ,3s and obtain the
following theorem.

Theorem 1.4 Letp>=5,n>m+2>5,2<s<p. Then the product

hohnhmBs # 0 € BExt® 027, 7,

18 a permanent cycle in the ASS and converges to a nontrivial family of homotopy elements
EmnBs € Ty(s)+5—5(8S), where t(s) = q(p™ + p™ + sp + ).

In this paper we make use of the ASS and the MSS to prove our theorem, especially the
MSS. The method of the proof is very elementary. By this method, one can consider some
similar problems, for example, the non-triviality of the composite &, n7s, Where 7, is the
known v-family (cf. [9]).

The paper is arranged as follows: after giving some important lemmas on the MSS in
Section 2, we will prove Theorem 1.4 in Section 3.

2 The ASS and some lemmas on the MSS

One of the main tools to determine the stable homotopy groups of spheres 7. (.S) is the ASS.
In 1957, Adams constructed such a machinery in the form of a spectral sequence that making
the doubly graded group Eth’*(Zp, Zp) to the p-primary components of the stable homotopy
groups of spheres by adapting the methods of homological algebra. From then on, the ASS
has been a powerful tool in studying stable homotopy theory.



Let X a spectrum of finite type and Y a finite dimensional spectrum. Then there is a
natural spectral sequence {Eﬁ”t, d,} which is called Adams spectral sequence and

E;’t = Exti{t(H*(X§Zp)aH*(Y3Zp)) = ([Ys X]t-s)p: (21)

where the differential is
d, : Ef,’t — E;f”’t”_l. (2.2)

If X and Y are sphere spectra S, then in the ASS
E;t = EXt,Sa{t(ZmZp) = (m—s(S))p; (2.3)

the p-primary components of the group m_s(.5).

There are three problems in using the ASS: the calculation of the Es-term, the computa-
tion of the differentials and the determination of the nontrivial extensions from E to m.(S).
So, in order to compute the stable homotopy groups of spheres with the ASS, we must
compute the Fs-term of the ASS, Eth’* (Zyp,Zyp). The most successful tool for computing
Ext’"(Zp, Zy) is the MSS.

From [3], there is a MSS {E"*,d,.} which converges to Ext’%'(Z,, Z,) with Ej-term

EY™" = E(hm,ilm > 0, > 0) ® P(bp,ilm > 0,i > 0) ® P(an|n > 0), (2:4)

where E is the exterior algebra, P is the polynomial algebra, and

1,2(p™—1)p*,2m—1 2,2(pm—1)pt! p(2m—1 1,2p"—1,2n+1
hm,i c El (p )p*,2m 7bm,i c El (p )P p(2m )7an c E1 P n+ )
The r-th May differential is
d, : B3t — psthtu-r (2.5)

/

and if € EP"™ and y € Ef ’t/’*, then d,(z - y) = dy(z) -y + (—=1)%z - d.(y). From [10,
Proposition 2.5], there exists a graded commutativity in the May E;-term as follows:

amhn,j = hn,jama hm,khn,j = _hn,jhm,ka
ambn,j = bn,jama hm,kbn,j = bn,jhm,ka (2'6>
Uman = AnGm, bm,nbi,j = bi,jbm,n-

The first May differential d; is given by

di(hij) = > hickrtjheg

0<k<i
di(a;)) = > hi—prak, (2.7)
0<h<i

For each element z € EJ"" we define filt 2 = s, deg # = t, M (z) = p. Then we have

ﬁlt h@j = ﬁlt a; — 1, ﬁlt bi,j = 2,

deg hij =2(p' = 1)p! = q(p" 1 4 -+ pl),

deg bij =2(p" — 1)p/™ = q(p™ + - + pI T,

dega; =2p' —1=q(p~ L+ +1)+1, (2.8)
deg ag =1,

M (hij) =M (ai—1) = 2i — 1,

M (bij) = (2i — 1)p,




where ¢ > 1, 5 > 0.

In Section 3, we will need the following lemmas on the MSS.

By the knowledge on p-adic expression in number theory, we have that for each integer
t > 0, it can be always expressed uniquely as

t = q(cap™ + P 4 ap+ co) + c—1,

where 0 < ¢; <p (0<i<n),0<c, <p, 0<c1 <gq.

Lemma 2.1[9, Proposition 1.1] Let t as above. Let s1 be a positive integer with 0 <
s1 < p. If there exists some 0 < j < n such that c; > s1, then in the MSS

t
E7VPT =0,

O
Lemma 2.2 Lett as above. Let sy be a positive integer with 0 < s1 < q. If c_1 > s1,
then in the MSS,
By = 0.

Proof The proof is similar to that of [9, Proposition 1.1] and is omitted here. O

Let ¢t as above and s a given positive integer. Suppose that in the MSS a generator
w € Ef’t’* is of the form w = x1x2--- 2y, where x; is one of ay, hy; or b, ., 1 < i < m,
0<k<n+1,0<u+z<n 0<l+j<n+1,1>0,j>0,u>0,2z2>0. By (2.8), we
can assume that for any 1 <@ < m deg z; = q(cinp™ + ci,n_lj)"*1 +--+cap+cio) +ci—1,
where ¢;; =0or 1 for 0<j<n,c_1=1if z; =ay,, or ¢; _1 = 0. It follows that

m m m m m
deg w = Z deg z; = (J[(Z cin)p” + -+ (Z cin)p' + Z cio] + Z Ci,—1-
i=1 i=1 i=1 i=1 i=1
m
For convenience, we denote ) ¢; ; by ¢; for j > —1.
i=1

Lemma 2.3 With notation as above. If there exist three integers —1 < i1 < ia < i3 <n
such that ¢;, + ¢;; —m > ¢;,, then w is impossible to exist.
Proof By (2.8) and (2.4), one easily gets the lemma. O

Lemma 2.4 With notation as above. Suppose that m = s, and there exist three integers
i1, 1o and i3 satisfying the following conditions that

(i) -1 <1 <ig <iz <N

(ii) €y + Cis — m < Ciy;

oy 0 -1<j<iy

@”q:{o i3 < j <n.
Then we have the following consequences:

(1) When iy > —1, there are (¢, + G, —m) h +1,, 8 among w. Furthermore, if

Ciy—Ci
Ci, +Ciz —m > 1, then w = 0.

(2) When iy = —1, there are (Ci, + Ciy — M) Giz+1'S among w.

Proof By (2.8) and (2.4), the desired results easily follow. O
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3 Proof of Theorem 1.4

In this section, we will determine two Ext groups which will be used in the proof of Theorem
1.4. In order to do it, we first consider some May FEj-terms E}"”" with two given integers u
and v, and show the following lemma.

Lemma 3.1 Letp>25,n>2m+2>52<s<pandl <r <s+3. Then in the
MSS, we have

5+3—"“,t(5)+3—7"—17* _ Zp{g17 e ag7} r=1and s= p— ]-a
By - { 0 other. (3.1)
Here, t(s) = q(p" +p™ + sp + s), and g1, -, 87 equal elements ab” h3 oh1mhn—22hn0,

aZT)L_3hl,th+1,Ohn—m,mhn,O; am+1an h3 Ohn mmhn 22hn ,0, an h3,0hm—1,2hn—m,mhn,07
ag_3h3,0hm+1,0hn—m,mhn—2,2; asan 4hm+1,0hn—m,mhn—2,2hn,o and a?n_3h3,0hm,0hm—2,2h1,ny re-
spectively.

Proof We divide the proof into the following two cases.

Case 1 s —r —1 < 0. By the knowledge on p-adic expression in number theory and
1<r<s+3, we would have s +3 —r < s —r — 14 ¢ < q. In this case
Ef+3 rt(s)+s—r—1,% 0
by Lemma 2.2.

Case 2 s—1r—120. Thus1 <r<s—1. Ifr >4, then s+3—r < s, which implies that
in this case E8+3 rit(s HS_T_I’*
always assume r < 3.

Consider w = 129+ Ty € E8+3 ) +smr=Lx i the MSS, where z; is one of ay, hy;,
by 1<i<m/, 0<k< n+1,0<l+j<n—|—1,0<u—l—z<n,l>0,j>0,u>0,z>0.
By (2.8), we can assume that deg z; = q(¢; np"™ + Cin—1P" '+ +ci1p+cio) +ci—1, where
cij=0or1lfor0<j<n,c_1=1ifz; =ay, or ¢;_1 = 0. It follows that

=0 by Lemma 2.1. Consequently, in the rest of the proof, we

m/

filt w= > filt x; =s+3—r,
= 1
deg w = Z deg x; = Q[(Z (& n)p + (Z znfl)pn_l + -+ (Z Ci,m)pm (3 2)
=1 " =1 7,,:1 i[:l :
+ (Zl Cim—1)P" T+ (Z ci1)p + (Z cio)] + (Zl Ci,—1)
=t(s)+s—r—1.

ml
Note that filt z; =1 or 2 and 2 < s < p. From _ filt z; = s + 3 — r, it follows that
i=1

m <s+2<p+2.

Using 0 < s, s —r — 1 < p and the knowledge on the p-adic expression in number theory, we
have the following equations from (3.2).



ml

Yo ci—1=s5—1r—1+X1q, A1 20,
=1

Zm/

Yocio+ A1 =5+ X\op, Ao =0,
=1

Zm/

Yocii+Ao=5+\p, A1 =0,
=1

Zm/

Yo ci2+ A =0+ Aop, A2 =0,
=1

Zm/

Yo ciz+ A2 =0+ A3p, Az >0,
i=1

m/

Z Cim—1 + )\m72 =0+ )\mflp> )‘mfl =0, (33>
=1

Zm/

Z Cim + Am—1 =1+ Aup, Am =0,

i=1
/

m
Z Cim+1 + Am =0+ )\m—l—lp’ )\m—l—l =0,
=1

’

m
z Cin—2 + An—3 =0+ An—Zpa )\n—2 = 07
=1
m/

Y Cin-1+A—2=0+ X —1p, Ap_1 =0,
i=1

ml

Z Cin + )\nfl =1.

\ =1

By the knowledge on the p-adic expression and m’ < p+2, we have A\_1 = \g = A; = 0. For
m!

convenience, in the rest of the proof we will use ¢; to denote > ¢; ; for —1 < j < n. From
i=1

the fourth equation of (3.3) ¢2 = Agp, A2 may equal 0 or 1.

Subcase 2.1 Xy = 0.

Assertion 3.1 If Ay =0, then \3=---=\,,_1 =0.

Suppose A3 = 1. Then from the fifth equation of (3.3) we would have ¢3 = p, which
implies that m’ can only equal p or p + 1. Note that 2 < s < p. From ¢3 = p, ¢ = 0 and
¢1 = s, one would have ¢3 +¢; —m' =p+s—m' > 1> 0 = ¢. Thus by Lemma 2.3, w
is impossible to exist. Thus, A3 = 0. Similarly, one can show that A\y = --- = A1 = 0.
Assertion 3.1 is proved.

From the (m + 2)-th equation of (3.3) ¢, = 1 + A\up, Ay, may equal 0 or 1.

Subcase 2.1.1 \,, = 0. An argument similar to that used in Assertion 3.1 shows that
Am41 =+ = Ap—1 = 0. Thus we have

Cn | Cpn—1 | " | Cm+l | Cm | Cm—1 | "+ | C3 | Ca | C1 | Co C_1
1 0 0 1 0 v | 0] 0| s|s|s=—r—1]F

If w has hy phi m as factors, one can let w = hy ,hy mwi by (2.6). Then filt w; =s+1—r
and deg wy; = spqg+ sq+ (s —r —1). When r > 1, w; is impossible to exist by Lemma 2.1.



So w is impossible to exist either. When r = 1, w; has (s — 2) ag’s among w if w exists by
Lemma 2.4. Then up to sign wi = a3~ 2wy with wy € E7?4T29* — 0 which means w = 0.

Similarly, w cannot have h1 pb1 m—1, b1 n—1R1,m, b1 n—1b1,m—1 as factors either.

Subcase 2.1.2 ), = 1. In this case A\p41 = -+ = Ay—1 = 1. An argument similar to
that used in Assertion 3.1 can show that in this case w is impossible to exist.

Subcase 2.2 Ay = 1. In this case, (A3, -+, A\p—1) must equal (1,---,1). From the
(m + 2)-th equation of (3.3) ¢, = App, Ay, may equal 0 or 1.

Subcase 2.2.1 )\, = 1. In this case, (41, -+, An—1) must equal (1,---,1). Thus we
have

Cn | Cn—1 | *** | Cm+1 | Cm | Cm—1 | * - C3 Co | C1 | C C_1
O|p—1|---|p=1|p|p—1|---|p=1|p|s|s|s—r—1]
If r=2or 3, then by p>5,2<s<pandm <s+3—r one can have

Co+Cn—m =p+p—m' Zp+p—(s+1)2p>p—1=cs,

which implies that w is impossible to exist by Lemma 2.3.

If » = 1, then one has filt w = s + 2. From ¢, = p, one has m' > p by ¢;,n = 0 or
1. Thus m' may equal p or p+ 1. If m’ = p, then ¢ + ¢, —m' = p > p— 1 = ¢3, which
implies that w is impossible to exist by Lemma 2.3. Thus, in the rest of Subcase 2.2.1 we
always assume that r = 1 and m’ = p+ 1. Thus we have s = p— 1, filt w = p+ 1 and
w=x1 -+ Tpy1 € E(hyjli > 0,5 > 0) ® P(an|n = 0). The table above becomes

Cn | Cn—1 | "** | Cm+1 | Cm | Cm—1 | """ c3 | C2| € Co C_1
Ojp—-1|---|p-1]p|p-1]---|p-1|p|p—-1jp—-1|p-3

Assertion 3.2 w has p—1 factors whose degrees are g(higher terms on p+p™+- - - +p?+
lower terms on p) + €, where € = 0 or 1, and two factors whose degree are ¢( higher terms on
p+p™) and ¢(p?+ lower terms on p) + €, respectively.

This assertion can be easily verified by (2.8) and (3.2).

Assertion 3.3  w cannot have ho or hjm, (2 < j <n—m) as a factor.

Otherwise, we can let w = wihg1 by (2.6). Then filt w; = p, deg w1 = ¢q[(p — 1)p" 1 +
e (=) 4 pp™ + (=) -+ (= D2+ (p— Dp* 4+ (p—2)p+ (p— 1) +p—3.
In this case wy is impossible to exist by Lemma 2.3. Thus w cannot have hg; as a factor.
Similarly, w cannot have hj,, (2 < j <n —m) as a factor.

From Assertions 3.2 and 3.3, there must be one of hi 2l m, h3,001m, a3him, b1 2hn—mm,
h3 0hn—mm Or azhy—m m among w if w exists. By (2.6), we let w = wywy, where wy is one of
the six factors above. Then filt w; =p — 1.

(i) Ifws = hi2him, thendegw; =q[(p—1)p" 1+ +(p-—1)p"+ +(p—1p+(p-—
1)] + p — 3. So there must be two hy’s in w by Lemma 2.4 (1), which implies that w; = 0.
Then w = 0.

Similarly, one can show that w = 0 if wy = aghi .

(if) If wy = h3ohim, then deg w1 =q[(p— V)p" P+ -+ (p—1)p™+---+ (p—1)p* +
(p—2)p+ (p—2)] +p—3. By Lemma 2.4, w; must equal aﬁ_3hn7ohn_2’2 up to sign . Thus
up to sign w = ap_shg,ohlmhn_g,ghn,o, denoted by g;.

(iii) If wo = Ry 2hn—mm, then deg w1 = q[(p —2)p" 1+ -+ (p—2)p™H + (p—1)p™ +
p—Dp™t+ +(p-1)p*+(p—1)p+(p—1)] +p— 3, 50 w; has at least p — 4 a,,’s by



Lemma 2.4. We let w1 = wsa * by (2.6). Thus filt wy = 3, deg wsy = q(2p™ 14+ -+ 2p™+1 4

3pm 4 3pml 4. 4 3p 4 3p% +3p+3) + 1. Then wy € EXWB " — 2 10 by ohmiro)-
Thus up to sign w = ah~ h1 2hm+1,0Mn—m,mhn,0, denoted by go.

(iv) If wy = h3php—mm, an argument similar to that used in (iii) shows w; = 0274(4)3
with w3 € Eg’t’* = Zp{lam+1hn—22hn 0, anhm—120n.0, anhmi1 0hn—22}, where t = q(2p™ ! +

. +2 m+1—|—3pm—i— +3p? +2p+2)+1 Thus up to sign w = am+1an74h3 0hn—m,mhn—22hn0,
“hy 0hm—12hn—mmhno or ah ®hs 0hmi1,0hn—mmhn—22, denoted by g3, g4, g5 respec-
tlvely.

(v) If wy = ashp—mm, by an argument similar to that used in (iii) we have w; = aﬁ_ng
with ws € EM = Zp{anhms1.0hnohn—22}, where t = q(3p"~1 -+ + 3pm+1 4 dpm 4 ... 4
4p? 4+ 3p + 3) + 1. Thus up to sign w = a3aﬁ_4hm+170hn_m7mhn_272hn70, denoted by gg.

Subcase 2.2.2 )\, = 0. By an argument similar to that used in Assertion 3.1, we have
Am41 = - = Ap—1 = 0. Thus we have

Cn | Cn—1 | " | Cm+1 | Cm | Cm—1 | " C3 C2 | C1 | Co Cc-1
1 o |- 0 O [p—1|---|p—1|p|s|s|s—r—1]

Obviously w must have a factor hy,. One can let w = wihy y, by (2.6).

If r = 2 or 3, it is easy to show that w; is impossible to exist by Lemma 2.1, which implies
that w is impossible to exist either.

If r = 1, by Lemma 2.1 it is easy to get that in this case s must equal p — 1 and m’ must
equal p 4+ 1. By an argument similar to that used in Subcase 2.2.1, we get that up to sign
w = afnighgvohm’ohmfzghlyn € E‘p+1,t(p—1)+p_37(2m+1)p—2m—3’ denoted by g7.

Combining Cases 1 and 2, we complete the proof of the lemma. O

By use of Lemma 3.1, we now show the non-triviality of hohnhmgs.
Theorem 3.2 Letp>25 n>2m+2>5,2<s<p. Then the product

hohnhmBs # 0 € Ext® &2z, 7.5,

where t(s) = q(p" +p™ + sp+s).
Proof Since hy,(n > 0) and a5 2hy ,0h1,1 are permanent cycles in the MSS and converge

nontrivially to h,, ﬁs € ExtA (Zy, Z) respectively, a5~ 2he oh11h1 0kt nhim € ES+3t( §)Fs—2x

is a permanent cycle in the MSS and converges to hoh,, hmﬁs € Ex ts+3 Hs) o= 2(Z Lp).

Case 1 s =p— 1. By (2.7), one can have that up to sign

di(g1) = ap73h170h3,0h1,mhn72,2hnfl,l +--- # 0;
di(g2) = ah 3h1,0h1,2hm+1,1hn—m,mhn—1,1 + - #0;
di(gs) = ab *ami1h0hs ohn—mmhn-22hn-11+ - #0;
di(g4) = ab b1 ohs ohm—1.2hn—mmhn-11 + - # 0; (3.4)
di(gs) = ah°h1 0hg 0hm 1 —mmhn-22 + - #0;
dl(gG) = a'zr;_4a3hl Ohm+1 Ohn m, mhn 2 2hn 1,1 + - 7& O;

\ di(g7) = aby *haohs ohun—3 3h1 nhno + - #0.

Obviously the first May differential of each of the seven generators contains at least a
term which is not in the first May differentials of the other generators, which implies that



di(g1), ---, di(gr) are linearly independent. Thus, Egﬂ’t(p*l”p*g’* = 0. It follows that

EPHLH=DFp=3x — ) for p > 2,

Meanwhile, by (2.8) we have that M(g;) = 2n+ 1)p —2n —3( 1 < ¢ < 6), M(gy) =
(2m + 1)p — 2m — 3 and M(ag_?’hg,ohuhLOhl,nhl,m) = 5p — 8. Then from (2.5) one has
a373h270h1,1h1,0h17nh17m §é dl(E{;—i—1,t(p—1)+p—3,p(2n+1)—2n—3) and a§’73h270h1’1h1,0h17nh17m §é
d1(E’fﬂ’t(p_1)+p_3’p(2m+1)_2m_3). Thus we have the permanent cycle ag_‘?hg’ohl,lhl,ohl’nhl,m €

Ef+2’t(p_l)+p_3’* cannot be hit by any May differential. It follows that hohnhmgp_l #0.
Case 2 2 < s <p—1. From Lemma 3.1 one has that in this case the May F;-term

Ef+2,t(s)+s—2,* —0.
Thus one has
Est2te)s=2% — 0 for r > 1.

Consequently, the permanent cycle hljohlynhlﬁmag_thjohl?l € Ef+3’t(s)+s_2’* cannot be hit

by any differential in the MSS. Then AohyhymBs # 0 € Ext’y "2z, 7).
From Cases 1 and 2, we complete the proof of the theorem. O

Theorem 3.3 Letp>25,n>m+2>52<s<pand2<r<s+3. Then
Extf4+3—7",t(s)+s—r—1,*(Zp’ Zp) -0,

where t(s) = q(p" +p™ + sp+ s).
Proof From the case 2 < r < s+ 3 in Lemma 3.1, we have that in the MSS

Ef+3fr,t(s)+sfr71,* —0.

The theorem follows easily by the MSS. a

Now we give the proof of Theorem 1.4 . B

Proof of Theorem 1.4 From Theorem 1.2, we have that (s converges to G-family
Bs € Topgt(s—1)g+s—2(S) in ASS. From Theorem 1.3, hohnhy € Exti’p Gt (7, 7,,) s
a permanent cycle in the ASS and converges to a nontrivial family of homotopy elements
Emn € Tpng+pmg—3(S). Hence, we have that the composite

Em,nﬂs

is represented up to a nonzero scalar by
holnhmBs # 0 € Ext 31Tz, 7.

in the ASS (cf. Theorem 3.2). N

Moreover, from Theorem 3.3, hgoh,hm,Gs cannot be hit by any differential in the ASS.
Consequently, the corresponding homotopy element &, ,3s is nontrivial. This proves Theorem
1.4. O
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