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Directional illumination analysis using the local exponential frame
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ABSTRACT

We have developed an efficient method of directional illu-
mination analysis in the local angle domain using local expo-
nential frame beamlets. The space-domain wavefields with
different shot-receiver geometries are decomposed into the
local angle domain by using the local exponential beamlets,
which form a tight frame with the redundancy ratio two and
are implemented by a linear combination of local cosine and
local sine transforms. Because of the fast algorithms of the lo-
cal cosine/sine transforms, this method is much more effi-
cient than the previously used decomposition methods in di-
rectional illumination analysis, such as the local slant-stack-
ing method and the Gabor-Daubechies frame method. The re-
sults of directional illumination (DI) maps and the acqui-
sition dip responses (ADR) for the 2D SEG/EAGE salt model
and the 45-shot 3D SEG/EAGE model demonstrated the va-
lidity and feasibility of our method. Compared with the illu-
mination results using local slant-stacking decomposition,
the new method produces illumination maps of similar quali-
ty, but it does so a few times faster. Furthermore, because of
its high computational efficiency and saving in memory us-
age, the new method makes the 3D directional illumination
analysis readily applicable in the industry.

INTRODUCTION

Directional illumination analysis in a target area is a powerful tool
to study the influence of acquisition configuration and overlying
structure on the quality of a migration image (e.g., Chen et al., 2006;
Xie et al., 2006). Many techniques of predicting illumination inten-
sity distributions for certain acquisition geometries are based on ray-
tracing modeling (Berkhout, 1997; Schneider and Winbow, 1999;

Bear et al., 2000; Muerdter and Ratcliff, 2001a, 2001b; Muerdter et
al., 2001). Recently, the applicability of the ray-tracing method has
been improved (e.g., Gjgystdal et al., 2007). Although ray tracing is
convenient and efficient, it still has some limitations, e.g., the resul-
tant illumination maps might contain large errors in complex areas
because of the high-frequency approximation and the singularity
problems of ray theory (Hoffmann, 2001). Therefore, wave-theory-
based methods are much more desirable to obtain reliable and fre-
quency-dependent illuminations.

One-way wave-equation-based propagators are widely used in il-
lumination analysis (Xie et al., 2006; Etgen, 2008). They can handle
multiforward-scattering phenomena, including focusing/defocus-
ing, and diffraction. However, unlike the ray-based methods, the
wavefield obtained from traditional wave-equation-based methods,
such as finite-difference-based one-way propagators (Claerbout,
1985), the Fourier finite-difference method (Ristow and Riihl,
1994), and the generalized screen propagator (Xie and Wu, 1998; Le
Rousseau and de Hoop, 2001), do not explicitly give the directional
information in the propagation process. Techniques to obtain the
local angle-domain information of a space-domain wavefield based
on the beamlet decomposition or local slant stacking have been de-
veloped and applied to directional illumination analysis (Xie and
‘Wu, 2002; Wu et al., 2003; Luo et al., 2004; Wu and Chen, 2002,
2003, 2006; Xie et al., 2003, 2006).

Full-wave (two-way)-equation-based illumination analysis pro-
vides full-angle true-amplitude illuminations of all arrivals for the
survey design. The full-wave modeling and the local angle-domain
illumination analysis can be implemented in the time domain or in
the frequency domain. Xie and Yang (2008) propose an illumination
method that uses a time-domain full-wave finite-difference propaga-
tor and a time-domain local slowness analysis to determine the angle
information. The method is effective in the illumination analysis for
reverse-time migration. Cao and Wu (2009) propose a frequency-
domain full-wave directional illumination analysis method, which
can be used for frequency-dependent illumination analysis. The
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computational cost is still a problem for full-wave methods. In many
cases, one-way methods are still very useful with good accuracy,
better efficiency, and fewer artifacts.

[lumination analysis also provides useful information for the
compensation of the image amplitude. Rickett (2003) proposes an il-
lumination-based normalization for wave-equation depth migration.
However, the illumination calculated in that paper is the total illumi-
nation and lacks directional information. As a consequence, it can-
not give a good compensation to the image amplitude in the area
where the structures are angle dependent. For the amplitude com-
pensation, directional illumination is needed for a limited acquisi-
tion aperture and is critical in balancing the image amplitude, espe-
cially for weak interfaces in poorly illuminated regions. Illumina-
tion-based true-amplitude, true-reflection migration methods also
have been studied extensively (Wu et al., 2004; Audebert et al.,
2005; Cao and Wu, 2005, 2008; Lecomte 2008).

With new advancements in seismic acquisition for 3D surveys,
some illumination studies have been carried out for 3D cases (e.g.,
Fontecha et al., 2005; Alai and Thorbecke, 2008; Droujinine et al.,
2008) and for a 3D vertical seismic profiling (VSP) data set (e.g., Yu
etal., 2005). However, the present methods, such as the local plane-
wave decomposition, have poor efficiency for 3D data sets. The non-
orthogonal Gabor-Daubechies frame decomposition needs at least a
redundancy ratio of four in the wavefield representation (Chen et al.,
2006), which results in huge computational cost. The local slant
stacking for wavefield decomposition is even more computationally
demanding.

The local cosine bases (LCB) decomposition applied to the seis-
mic wavefield (Wang and Wu, 2002; Wu et al., 2000, 2008; Wang et
al., 2003; Wu and Mao, 2007) is efficient in wavefield decomposi-
tion, and the corresponding propagator was successfully developed
for wave propagation and imaging. Because the local cosine trans-
form is orthogonal and has a fast algorithm, the wavefield decompo-
sition and extrapolation using the LCB beamlet have good computa-
tional efficiency. Nevertheless, local cosine beamlets always propa-
gate along two symmetrical directions with respect to the vertical
axis. This lack of uniquely defined directional localization prevents
its use for directional illumination analysis. Therefore, we need a
more efficient way to do directional illumination analysis in the 3D
case.

In this work, we propose a decomposition method using local ex-
ponential frame beamlets. The local exponential frame is a tight
frame with the redundancy ratio two, which is formed by linear com-
binations of local cosine and local sine bases. The tests presented in
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Figure 1. An element of local cosine bases.

this paper are based on the one-way wave-equation, but this new
beamlet decomposition method can be extended to the full-wave il-
lumination in the frequency domain. This newly developed local ex-
ponential frame beamlet has uniquely defined directional localiza-
tion. By taking advantage of the fast algorithm of local cosine/sine
transforms, this method can provide local angle-domain information
efficiently. We apply the method to the illumination analysis of the
2D SEG/EAGE model and compare it with the local slant-stacking
method. We also extend this method to the 3D case, and calculate il-
lumination distribution on a 3D SEG/EAGE salt model.

LOCAL TRIGONOMETRIC BASES AND LOCAL
EXPONENTIAL FRAMES

The frequency-space-domain wavefield can be decomposed into
beamlets, which provides us the localized information in both space
and direction simultaneously. Beamlet transform uses a translated
window for the spatial localization and harmonic modulations for
the directional localization. Both orthogonal bases (e.g., local cosine
bases) (Wu et al., 2008) and tight frames (e.g., Gabor-Daubechies
frame) (Chen et al., 2006; Wu and Chen, 2006) were introduced into
the beamlet decomposition.

For the consideration of computational efficiency, we prefer or-
thogonal bases, which have no redundancy and have efficient de-
composition and reconstruction. However, the Balian-Low theorem
(Balian, 1981; Daubechies, 1992) states that orthogonal bases gener-
ated by Gaussian windowed exponential functions, with localization
in both space and wavenumber, do not exist. Redundancy is needed
to have a stable reconstruction. On the other hand, Coifman and
Meyer (1991) (see also Wickerhauser, 1994; Mallat, 1999) success-
fully constructed local trigonometric bases (LTB), including local
cosine/sine bases (LCB/LSB), which have an almost ideal localiza-
tion in the space and wavenumber domains. The only exception is
that the localization in the wavenumber domain is in the form of two
symmetrical (LCB) or antisymmetrical (LSB) lobes. This two-lobe
localization is the price paid for the orthogonality of the decomposi-
tion bases.

Local trigonometric bases

Local trigonometric bases consist of the cosine/sine multiplied by
smooth, compactly supported bell functions. In fact, these orthonor-
mal bases are formed by linear combinations from a tight frame of
local exponentials (Daubechies et al., 1991; Auscher, 1994). A local
cosine/sine basis element can be specified by its spatial position Xx,,,
interval (the nominal length of the window) L, = X, .| — X,, and the
wavenumber index m (m =0,---,M — 1, M denotes the sample
point number of each interval; n = 0,...,N — 1, N denotes the total
interval number) as follows:

Dol = \EB"(X)”S(”(’" ¥ %)xf» 0

n n

b (x) = \/LGBn(x)sin(Tr(m + %)x ; f"), (2)

n

and

where 5)(x) and b)(x) denote the local cosine and local sine bases,

respectively (Figure 1). The expression B,(x) denotes a bell func-
tion, which is smooth and supported in the compact interval [X,
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—&X,.1 +&']forx, + e=Xx,,, — &', with g, & as the left and right
overlapping radius, respectively. Appendix A gives the definition of
the bell function in detail.

As the local trigonometric bases are modulated harmonic func-
tions, they are suitable for wavefield decomposition. Combined with
its orthogonal character, the LTB ensures the sparseness of the de-
composition coefficients, which results in effective and efficient
wavefield representation. Wu et al. (2008) constructed a local cosine
basis beamlet propagator, which has proved to be an accurate and ef-
ficient one-way propagator. Although the LCB gives us high-quality
migration images, it lacks the capability to provide the complete di-
rectional information due to the “two-lobe” localization property.

If the LTB is used for the space-domain wavefield decomposition,
m(m+ % /L, can be related to the local horizontal wavenumber,
which is related to propagating angles (the relationship between the
local wavenumber and local angle will be discussed later). With E n
=m(m+ %2‘/ L, defined as the local horizontal wavenumber, the ex-
pression of the LCB can be rewritten as the following:

Mo = 3 \/LGBn<x>[exp<i£m(x =)

The two exponential terms indicate that an LCB beamlet always has
two symmetrical propagating directions. Figure 2 shows the propa-
gation of a single LCB beamlet in the 2D SEG/EAGE salt model. As
aresult, the LCB or LSB cannot be directly used in directional illu-
mination analysis due to this lack of uniquely defined directional lo-
calization. Therefore, we need to go back to the tight frame represen-
tation with local exponentials for complete directional information.

Local exponential frame

The local exponential frame (LEF) atoms can be defined as

/2 = -
gmn(-x) = L_Bn(x)exp(lgm(x - xn)), (4‘)
n
where m=—-M,...,—1,0,... M—1landn=0,....N— 1; M and
N have the same definition for the LTB. To take advantage of the fast
algorithm for the LCB/LSB transform, we separate the local expo-
nential functions into two sets as follows:

S () = Bl (0) + b3 (x) = \/Lan(x)exp(ié?m(x %)

n
bl

8o () = bl (0) = b3 (x) = \/LZB,,mexp( —i&,(x~ %))

n

(5)

Distance (km)

Depth (km)

Figure 2. Local cosine beamlet propagation in the 2D SEG/EAGE
salt model.

where m = 0,...,M — 1. We will call g'')(x) and g' )(x) the right-
and left-propagating local exponential beamlets, respectively. The
LEF expressions indicate that they are linear combinations of the
LCB and LSB.

For a real-value series, the number of LCB decomposition coeffi-
cients is the same as the total sample number of the original series be-
cause of the orthogonal characteristic. However, the number of the
LEF decomposition coefficients is twice as many as the total sample
number, which makes the LEF a frame of the redundancy ratio two.
The dual-frame function for reconstruction is completely the same
as the frame used for decomposition, which means the LEF is a tight
frame. Collectively, g\t )(x) and g',,)(x) form a tight frame of the re-
dundancy ratio two (Daubechies et al., 1991; Auscher, 1994). Com-
pared with the Gabor-Daubechies frame, the local exponential frame
does not need a dual-frame calculation and can be implemented effi-
ciently by using the fast algorithm of the LTB.

The other important characteristic of the LEF that concerns us is
the frequency leakage (see Appendix A for a discussion). Figure 3
shows how the LEF beamlet propagates in the 2D SEG/EAGE salt
model, which gives the localized information with the uniquely de-
fined direction. The leakage of the LEF beamlets to other directions
(wavenumbers) is barely seen. As a result of this directional charac-
ter, the LEF is more suitable than the LCB for wave representation
with sparse decomposition coefficients.

WAVEFIELD DECOMPOSITION IN THE LOCAL
WAVENUMBER DOMAIN USING THE
LOCAL EXPONENTIAL FRAME BEAMLET

Generally, in the frequency-space (f-x) domain, the scalar wave
equation can be written as

[02 + 8? + 0?/IV3(x,2) Ju(x,z,0) = 0, (6)

where w denotes frequency, V(x,z) is velocity, and u(x,z,w) stands
for the frequency-domain wavefield. For the 3D case, x = (x,y) and
=024

The frequency-space-domain wavefield u(x,z,) can be extrapo-
lated in depth by any propagators P as follows:

u(x,z + Az,0) = Plu(x,z,0)]. (7
Here the one-way LCB propagator is selected for its accuracy and ef-

ficiency (Wu et al., 2008). The wavefield is decomposed and propa-
gated in the beamlet domain.

a) Distance (km)
12 14 16 18 20 22 24

b) Distance (km)
12 14 16 18 20 22 24

Figure 3. The LEF beamlet propagation in the SEG/EAGE salt mod-
el: (a) left-propagating LEF beamlet; (b) right-propagating LEF
beamlet.
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Wavefield decomposition using the LEF in the 2D case

At each depth z, the wavefield u(x,z,w) can be decomposed into
local exponential beamlets with windows along the horizontal
X-axis:

U(%,2,0) = 23 2 (u(X,2,0), 8 (%)) € (X)
= 2 D[ (7)€ @) (x)

+ ﬁ(i)(fnsgm,zsw)giy;l)(x)]’ (8)

where 4*)(x,,£,,.z,w) and 47)(X,.£,,.z,w) are the coefficients for
the corresponding right- and left-propagating LEF beamlets, respec-
tively, located at the space window X, and local wavenumber win-
dow Em. The expression (,) stands for the inner product as
(u(2,2,0),8m(%)) = [1(x,2,0)(gun(x))“dx () denotes the complex
conjugation).

If we use the LCB propagator, the LCB coefficients already are
available during the wave propagation. After an extra LSB decom-
position, the coefficients corresponding to local exponential beam-
lets can be calculated as follows:

ﬁ(C)(fnagm’Z’w) - iﬁ(S)(fn’gm’Z’w)
4

MA( - )(fmgm’z’ (I)) =

>

1%, & 2, 0) + 11 (F,,E 02, 0)
4

'2( B )(fn’gm’z’w) =

)

where ﬁ(c)(fn,g,,,,z,w) and ﬁ(s)(fn,gm,z,w) are the complex coeffi-
cients of the LCB and LSB decomposition of the wavefield. The de-
tailed derivation of the coefficient calculation is given in Appen-
dix B.

The LEF decomposition translates the space-domain wavefield
into the local space-wavenumber domain. For example, the total 2M
coefficients 4" )(%,,&,.z,®) and 4%, &,nz.0) (m=0,...,M — 1)
represent the weights of the 2M directional beamlets in the localized
window at position X,. The cartoon in Figure 4 shows the basic con-
cept of the LEF beamlet decomposition. The LEF beamlet coeffi-
cients provide only the directional information for each window.
However, we need the directional information for each point for the
illumination analysis, which can be extracted from the beamlet
coefficients by partial reconstruction. Through the partial recon-
struction, the absolute directional information u(*)(x,z,&,.,®) and
u)(x,2,€,,w) (Appendix B) is obtained for each space point, which
is a weighted average of two windowed plane waves of the same lo-
cal wavenumber from the overlapped windows. It also can be
thought of as an interpolation from the LEF decomposition coeffi-
cients. Collectively, u*)(x,z,&,,0) and u~)(x,z,&,,0) are local
plane waves in the local wavenumber domain.

T
RN N AN |

Figure 4. The concept of LEF beamlet decomposition.

z

Through a summation of the local plane waves with all of the local
wavenumbers, the wavefield can be fully reconstructed:

M(X,Z,(,()) = E[M(+)(X,Z,gm,ﬁ)) + M(_)(.X,Z,é_:m,(l))].

(10)

As we discussed earlier, the local wavenumber is related to the local
propagating angle. For the local plane wave with the local wave-
number &, the corresponding propagating angle is

6, = arcsin( Vi) E,,,), (11)
w

where 6, is the local propagating angle with respect to the vertical
axis, and V(x,z) is the velocity at (x,z). With this relationship, we can
get the directional information in the local angle domain. First we
decompose the wavefield into the local wavenumber domain using
the LEF and then interpolate the local wavenumber-domain wave-
field to the local angle domain. As the transformation from the local
wavenumber to the local angle is nonlinear, the angle resolution will
be slightly different from the local slant-stacking method.

How can we choose the window length for the LEF decomposi-
tion? According to the Heisenberg uncertainty principle, the size of
spatial and directional localization cannot be arbitrarily small. A
larger window means higher angular resolution, but lower spatial
resolution. Therefore, the window length should be chosen to bal-
ance the spatial and directional resolutions. Generally, the window
length is related to the frequency, velocity, and grid size of the mod-
el. For example, the main frequency at 15 Hz is calculated with
3000 m/s as the maximum model velocity. Then the maximum
wavelength is 200 m. If the grid size is 25 m, a wavelength covers
eight grid points. Therefore, the window length for the LEF needs to
cover a whole wavelength at least. In this case, we usually use 16
points as the window length, which provides sufficient directional
information while maintaining appropriate spatial localization.

Wavefield decomposition using the LEF in the 3D case
In the 3D case, the 2D LEF atom is defined as follows:

[ 2 _
gmnpq(x) = Ln_Lanq(X)eXp(igmp - (X - i”q)), (12)

where x = (x,y), X,, = (X,,5,), and ._ﬁm,, = (5,,,,77,,), with X,,, y, as the
window position in the x- and y-axes, and 55 m» 7 as the local wave-
number along the x- and y-directions. Due to the 2D nature of the ele-
mentary decomposition functions (frame vectors), the directivity
can be divided into four quarters (see Appendix C for details). Ap-
pendix C gives the detailed definition of 2D LEF functions and the
derivation of wavefield decomposition for 3D implementation.

In the 3D case, we also need the definition of local angles. For the
local plane wave of the local horizontal wavenumberé,,,p =(&,, )
the corresponding propagating angle is

(_)mp = (gm,g_op) = (arcsin( V.§_m2 + ﬁpz/k),arctan(gm/ﬁp)).
(13)

The two components 6,, and @, are the inclination angle with respect
to the z-axis (zenith, downward in this case) and the azimuth angle
with respect to the x-axis of the local plane wave, respectively
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(shown in Figure 5). The expression k = w/ V(X,z) represents the lo-
cal wavenumber, and V(x,z) is the velocity at the subsurface point
(x,z). The component 6, is from 0° to 90°, and the component &, is
from —180° to 180°.

DIRECTIONAL ILLUMINATION ANALYSIS
IN THE LOCAL ANGLE DOMAIN

For a given acquisition geometry (shown in Figure 6), we put a
unit-strength source on the surface and propagate it to get the
Green’s function for each subsurface point. The frequency-space-
domain Green’s function from the source s to a subsurface point
(x,z) can be decomposed into local angle components at the image
region by the proposed LEF method, which is

G(x,2:8,0) = 2, G(x,2,058,0). (14)
0,

S

The expression G(X,z;s,w) is the frequency-space Green’s function,
and G(x,z,04s,0) is its local angle component at 0. Similarly, the
frequency-space Green’s function from the subsurface point (x,z) to
areceiver g can also be decomposed as follows:

G(x,z:g,0) = 2, G(x,2,0,8,0), (15)
0,

2

where G(x,z:8,w) and G(x.,z,0,8,0) are the frequency-space
Green'’s function and its local angle component at 0, respectively.
To evaluate the local angle-domain illumination for a given acqui-
sition system, let us first define the directional illumination (DI)
map. A DI map sums all contribution from the sources at the subsur-
face point. As the DI map is frequency dependent, a single-frequen-
cy DI'map is calculated to illustrate the illumination energy distribu-
tion, such as the DI map for the dominant frequency w, of the source.
For the local propagating angle 0y, the DI map for w is defined as

Da(XsZ’05'9wO) = E |G(X’Z’OS;S’0)O)|2' (16)
S

If we sum the illumination energy of all incident angles together, we
can get the total illumination as follows:

z

Figure 5. Definition of the incident angle ® = (6,¢) for the 3D case.

Dtotal(xvz’w) = 2 E |G(X,Z,OS;S,Q))|2. (17)
05 s

A DImap shows only the angle distribution of illumination energy
from the sources. To illustrate the aperture and propagation effects of
the given acquisition geometry on energy distribution for a specific
pair of incident/receiving angles, we use the unit impulse as the
source at both source and receiver points and propagated to each
space point. Similar to the procedure of DI mapping, we sum up the
contribution of the Green’s functions for each incident/receiving
pair to get the acquisition aperture efficacy (AAE) matrix at each im-
age point, which neglects the detailed wave-interference pattern and
considers only the energy distribution in the space and angle do-
mains for the acquisition configuration. Then the AAE matrix at
point (x,z) is defined as

2
b}

E(X,2,05,0,,0) = X |G(x,2:05,5,0)]* 2 |G(x,2;0,,8,0)
s g

(18)

which measures the acquisition efficacy of a given acquisition sys-
tem to any type of scattering objects.

However, when the objects are local reflectors (interfaces, faults,
and so on), we can further reduce the AAE matrix at each point to a
function of reflector dip by a summation of all of the reflected energy
for a given dip,

Ad(xazaen,w) = EE(X9Z79n’0raw)’ (19)
0

r

where A,(X,z,0,,w) is called the acquisition dip-response (ADR)
vector for point (x,z); 0, is the reflector normal angle to the vertical
(equal to the migration-dip angle); and 0, is the reflection angle with
respect to the normal, which can be obtained from 6 and 8, (Chen et
al., 2006). The value of the ADR map measures the dip-angle re-
sponse of the acquisition system, including the source and receiver
apertures, and propagation effects. Figure 7 shows the difference be-
tween the DI and ADR maps.

NUMERICAL TESTS ON 2D AND 3D
SEG/EAGE MODELS

Directional illumination analysis (DI and ADR maps)
for the 2D SEG/EAGE model

We use both local slant-stacking and local exponential-beamlet
methods for the directional illumination analysis of the 2D SEG/
EAGE salt model, which has 1200 samples with an interval of 25 m
in the horizontal direction and 150 samples with an interval of 25 m

Sources Receivers
Sk ok ok A AAAAAAA

Figure 6. An illustration of acquisition geometry.
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in depth. The minimum velocity is 1524 m/s, and the maximum ve-
locity is 4480 m/s. There are 325 shots with an interval of 50 m, and
each shot has 176 receivers in its left side with an interval of 25 m.
From a comparison of the directional illumination maps (Figures 8
and 9), we see that the quality of analysis using the LEF method is
similar to that of the more time-consuming local slant-stacking
method. Some slight differences exist due to the lower redundancy
and the procedure of interpolation from the local wavenumber do-
main to the local angle domain, which was discussed in the previous
section.

Figure 10 shows the ADR maps from the new LEF method. With
similar illumination results, the computational cost of the LEF meth-
od is only one-fourth that of the local slant-stacking method for this
2D example. These directional illumination results clearly explain
the reason for the drastic variations in image amplitude and its dip
dependency in the subsalt region. This efficient method can be de-
veloped further for fast acquisition aperture corrections, which will
be discussed in future publications.

Let us briefly discuss the computational efficiency of the method
in the 2D case. We compare this LEF method with the time-consum-
ing local slant-stacking method and the Gabor-Daubechies (G-D)
frame method. We assume the same window length L., for the
Gaussian window and the bell window, which correspond to the lo-
cal slant-stacking (or G-D frame) and LEF beamlet decompositions,
respectively. For the local slant-stacking method, a slant-stack com-
putation with O( Ly, X Ly,) is required for each sample point, which
results in a total computational complexity of O(N X L, X Lyiy)
(N is the total sample number). For the G-D frame method, a fast
Fourier transform (FFT) computation with O( Ly, 10g, Ly,) is done
for each Gaussian window. However, the G-D frame is not stable
when the redundancy is two, which means we have to use more win-
dows to evade this difficulty. If the redundancy is four, as we usu-
ally used, the G-D frame method needs a total computation of
O(4 X N X1log, Lyy).

On the other hand, for the LEF beamlet decomposition, we need
only alocal cosine transform (LCT) and a local sine transform (LST)
computation with O(L;, 10g, Lyin/4) (due to the use of the folding
technique in the fast LCT and LST). Therefore, the LEF method
needs a total computation of O(2 X N X 1og, Ly;./4). For example, if
L., = 16, these three methods need O(256 X N), O(16 X N), and
0(4 X N) computations, respectively. The other advantage of using
the local exponential beamlets is the availability of LCB coefficients
during the propagation, which saves some computational time for
the LEF decomposition. In summary, the analysis using the LEF is
much more efficient than using the local slant-stacking and G-D
frame methods.

a) lllumination b) Dip response
¥ Source Receiver . Source
Illumination
angle
’ Reflector
Dip angle normal
Target Target

Figure 7. A sketch of the concept of DI and ADR.

Directional illumination analysis for different
frequencies

We have mentioned that the directional illumination analysis is
frequency dependent. To study the frequency-dependent effect, we
first calculate and compare the directional illumination (DI) maps
for alow frequency (5 Hz), the main frequency (15 Hz), and a high
frequency (30 Hz). Figure 11 shows clearly that the angular resolu-
tion for the low frequency is much lower than that for the high fre-
quency.

Figure 12 shows in detail the frequency-dependent effect of illu-
mination variation. It plots the DI strength distribution for three fre-
quencies along a horizontal line at a given depth (z = 3.25 km) for
the incident angle of —30°. Within a narrow frequency band, the DI
strength distribution is similar, but it changes significantly when the
frequency difference is large. From this observation, we can develop
some frequency-dependent illumination compensation methods for
multifrequency bands to improve the image quality.

In our calculation, the same window length was used to do the
beamlet decomposition for all frequencies. In this way, the window
length (beamwidth) contains fewer wavelengths and therefore has a
weaker focusing effect for low-frequency than for high-frequency
waves. This means that for the same spatial resolution (space local-
ization), the angular resolution is frequency dependent. The other
option is to have a multiscale windowing scheme so that the angular
resolution stays the same, but spatial resolution becomes frequency
dependent.

Distance (km)
16 18 20 22

a)o

Depth (km)

Depth (km) =

Depth (km).&

Depth (km) &

0 Max

Figure 8. Directional illumination (DI) maps using the local slant-
stacking method: (a) DI map for the incident angle 8, = —30°; (b)
DI map for the incident angle 6, = 0°; (c) DI map for the incident an-
gle 6, = 30°; (d) total illumination.
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Directional illumination analysis (DI maps and ADR
maps) for the 3D SEG/EAGE model

In the 3D case, as we know, the computational growth is geomet-
ric. As a result, the local slant-stacking method and the G-D frame

Distance (km)
16 18

a)o

Depth (km

Figure 9. Directional illumination (DI) maps using the local expo-
nential frame decomposition: (a) DI map for the incident angle 6, =
—30°; (b) DI map for the incident angle 6, = 0°; (c) DI map for the
incident angle 6, = 30°; (d) total illumination.

Distance (km)
12 14 16 18

a) o

Depth (km

Depth (km) &

Figure 10. Acquisition dip response (ADR) using the local exponen-
tial frame decomposition: (a) ADR map for the dip angle 6, =
—20°; (b) ADR map for the dip angle 0, = 0°; (c) ADR map for the
dip angle 6, = 20°.

method are quite time-consuming to use in 3D directional illumina-
tion. However, the LEF method is still affordable in the 3D case.

To demonstrate the application of the illumination analysis, we
calculate numerical examples using the 3D SEG/EAGE salt velocity
model. This example simulates the illumination condition of the 45-
shot data set. The data set represents a land acquisition geometry.
The grid size for the model consists of 676, 676, and 210 grids in the
x-, y- and z-axes, respectively, with 20 m for the horizontal and
depth intervals. The locations of those 45 shots are shown in Figure
13a. Each shot has 201 X201 receivers with an interval of 20 m
along both x- and y-directions. Figure 14 shows the vertical and hori-
zontal slices (marked in Figure 13b) of the velocity model and mi-
gration image.
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kmZ
o
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Depth (km) &

Figure 11. Directional illumination (DI) maps for the incident angle
0, = —30°: (a) DI map for 5 Hz; (b) DI map for 15 Hz; (c) DI map
for 30 Hz.
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Figure 12. Directional illumination strength from low frequency to
high frequency for the angle 6, = —30°, atdepthn. = 130: (a) 5 Hz;
(b) 15 Hz; (c) 30 Hz.
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Figure 15 is the result of DI maps of different incident angles 0y,
including the y-left incidence (6, = 30°, ¢, = — 90°), vertical inci-
dence (0, = 0°,V ¢,) and y-right incidence (0, = 30°, ¢, = 90°), re-
spectively. From the DI maps, we can clearly see the energy flux of
different local angles, especially for the subsalt area. For the ADR
calculation, a large amount of computation is needed to get each re-
ceiver’s Green’s function, and then we use some sampled receiver’s
Green'’s function to get the ADR maps. In this example, the sampling
interval is eight for both x- and y-axes, which means we calculate
one Green’s function in every 8 X 8 grid.

Figure 16 shows the ADR maps calculated by the local exponen-
tial frame method. The dip-angle ranges are (0° < 6, < 90°, ¢, =
-90°),(0,=0°Vg,),and (0° < 6, < 90°, ¢, = 90°), which rep-
resent negative, zero, and positive dip responses, respectively. These
figures show the different responses for different dip angles, which
are due to the salt structure and the acquisition system. From Figure

a) b) @ y distance (km)
$,,0 2 4 6 8
00112
12 <& 8
= & 6,/ Vertical slice at 8.4 k
€10 + 4
< 2
[0) © 0000 0000 0
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2 6 ©coo0oo0o0o0o0 o0 _g
2 ©co0o000 0000 =1.6 Depth slice at 2.1 km
ES]
24
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2 O32
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Figure 13. (a) Location of the 45 shots; (b) location of the slices for
plotting.
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Figure 14. Velocity and image slices by LCB beamlet migration: (a)
vertical slice of the velocity model; (b) vertical slice of the image; (c)
horizontal slice of the velocity model; (d) horizontal slice of the im-
age.

15, we see that the illumination with negative azimuthal angles is
much poorer than that with positive azimuthal angles. Correspond-
ingly, in Figure 16, the dip responses for reflectors with negative dips
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Figure 15. Directional illumination (DI) maps using the LEF: (a, b)
DI for the angle (6, = 30°, ¢, = —90°); (c, d) DI for the angle (0,
=0°,V ¢,); (e, f) DI for the angle (8, = 30°, ¢, = 90°).
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Figure 16. Acquisition dip-response (ADR) maps using the LEF: (a,
b) ADR for the dip angle (0° < 0, < 90°, ¢, = —90°); (¢, d) ADR
for the dip angle (0, = 0°, V ¢,); (e, f) ADR for the dip angle (0°
< 6, <90°, ¢, = 90°).
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are weaker than those with positive dips. From these directional illu-
mination results, we can also explain the poor image quality of the
subsalt area for reflectors with certain dip angles.

Let us also discuss the computational cost between the LEF meth-
od and the local slant-stacking method in the 3D case. According to
the efficiency discussion in the 2D case, the basic computational cost
is squared for these methods. If an N X N wavefield is decomposed,
the local slant-stacking method needs an order of O(N X N X Ly,
X Lyin X Lyin X Lyi,) computation, whereas the LEF method needs
only O(4X N X N X1og, Ly,/4 X 10g, Lyi,/4) computation. In the
case of L;, = 16, the computational costs for the LEF method and
the local slant-stacking method are O(16 X N?) and O(65536 X N?),
which means more than 4000 times the saving in CPU time for the
wavefield decomposition.

In addition, the LEF method also reduces the memory and storage
usage for the 3D case. In the illumination calculation, one Green’s
function can be used at different acquisition apertures of different
shots. Therefore, the Green’s functions are saved to avoid repetitive
calculation. However, the local slant-stacking method will create
NXN X Ly, X Ly, coefficients in the local angle domain, whereas
the LEF method has only 4 X NX N coefficients. For a window
length of L,,;, = 16, the memory saving will be 64 times greater. In a
word, the local exponential frame provides a very efficient direction-
al illumination method with a dramatic saving in internal memory
usage.

CONCLUSIONS

We have developed an efficient method of directional illumina-
tion analysis in the local angle domain using local exponential-
frame (LEF) beamlets, which form a tight frame of the redundancy
ratio two. Due to the availability of the local cosine basis (LCB, an
orthogonal decomposition) coefficients during wave propagation by
using the LCB propagator, we need only an extra orthogonal decom-
position (local sine transform) to get into the local angle domain. As
the local cosine/sine transforms have fast algorithms, this method
has a much higher efficiency than the Gabor-Daubechies frame
method and the local slant-stacking method, especially in the 3D
case. In the case of L,,;, = 16, where L., is the window length of the
LEF decomposition, the CPU saving over the local slant-stack meth-
od is more than 4000 times greater, and the memory saving is 64
times greater. Numerical examples of directional illumination maps
and the acquisition dip responses for the 2D and 3D SEG/EAGE salt
models illustrate the validity and efficiency of the new method. This
method can be used to develop efficient algorithms for image ampli-
tude compensation in the local angle domain for true-reflection im-

aging.
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APPENDIX A

THE BELL FUNCTION FOR LOCAL
TRIGONOMETRIC BASES

The bell function can be defined as

p
09 X<xn—8
X=X, _ _
B . ) X, —e=x<Xx,te
Bn(x)=< 1, X, *+e=x=Xx,,,— ¢

!

fn+l_x — ’ — '
B(S— s Xpy1— € <x$xn+l+8

07 x>fn+1+8’

(A-1)

The expression B(x) denotes a shape function (rising or decaying
profile), which is defined as

Biii1lx) = Bk<sin ?) forxe[—1,1], (A-2)

with k=0, and

Bolx) = sin(i(l + x)) forxe[—1,1]. (A-3)
T

The smoothness of B, (x) is associated with the parameter k. For
example, fork = 0,

,31(x)=sin<i(1 + sin ﬂ)) (A-4)
™ 2

Figure A-1 shows three bell functions withk = 0,k = 2,and k = 4.
The properties of the bell function,

B/(x)>+ B,2a—x)?*=1, xe[a—e,a+¢]

B(x)>+B,2B —x)*=1, xe[B—¢&'.B+¢']

B/x) =1, xela+eB—¢'],
(A-5)

ensure the orthonormality of the bases.

Bell functions can have all but an arbitrarily small amount of en-
ergy localized in just the positive part of the frequency. This is
caused by the construction scheme of the localized bases and is relat-
ed to the shape of the bell functions. The energy leakage is defined as
the energy leaked to the negative frequency compared to the total en-
ergy. The energy leakage can be very small when & in equation A-2 is
very large. However, a bell function with larger k has less frequency
leakage, but has worse time-frequency localization because of the
steep wall of the bell function. This is a compromise. In our calcula-
tion, we usually use a bell function with k = 2.
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a)

b)

©)

Figure A-1. Bell functions associated (from top to bottom) with (a)
k=1,b)k=3,and(c) k= 5.

APPENDIX B

DERIVATION OF WAVEFIELD DECOMPOSITION
USING LOCAL EXPONENTIAL FRAMES

The frequency-space-domain wavefield u(x,z,w) at depth z can
be decomposed into beamlets along the x-axis with the local cosine
basis (LCB) beamlet

u(x,z,0) = 2 24

fn,g,,,,z,w)b,(;'i(x) (B'l)
and the local sine basis (LSB) beamlet

u(x,z,0) = 2 2 i7,E,20)b5(x),  (B-2)

where  1(X,.,.z,0) = (u(x,2,0),09(x)) and A(F,,E,m2,0)
= (u(x,z,0),b")(x)) are decomposition coefficients of the LCB and
the LSB, respectively. Both #¥(%,,&,,,z,®) and 49 (X,,&,,z,) are
complex coefficients.

Then the wavefield can be described as a linear combination of
the two above decompositions,

1 _
u(x,z,0) = 52 2[5, €7, 0) bl () + 2

X (%€ o2, @) Dl ()], (B-3)

Substituting the local cosine and sine bases with their exponential
expressions, we get

u(x Z) = _EE{ (C)(xn’ m’Z w) [gmn)(x) + gmn (X)]

+ 0%, € 20 ©)- [gm,J( ) — g;,ﬁ(x)]}

I B e

1T € o2, @) + 109X, &2, 00)

&)
2 a (%)

(B-4)

As aresult, the local exponential-decomposition coefficients can be
calculated as

ﬁ(C)(fn’gnﬁZ’w) B lﬁ(x)(fna gm7zaw)

(%, oz, 0) =

4
A(_) — z ﬁ(C)(fruEm’Z’w) + iﬁ(l“)(fnigm,zaw)
u (xm§m5sz) = 4

(B-5)

Then the wavefield decomposition using the LEF can be expressed
as

u(x,z,0) = 2 20 (%, €z, 0) gl () + i)

X (B E 25 0) 8 (). (B-6)

If we rewrite equation B-6 with the full expression of the LEF, we get

ux2) = S expliE, 03 (5, £z, 2B,

n

Xexp( - lgmfn) + 2 exp( - lémx)zﬁ(i)

X (5Bt B, 00D, ). (BT)

Therefore, the directional information for the space point (x,z) and
local direction with &, as the local wavenumber can be extracted by
the partial reconstruction
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- - e 7 2 =
U (0,28 0) = exXpliE) D 10 (F,,E ,0) \/:B,,(x)exp( = &%)
. L

n

U2, pe) = exp(— i) D i (F ) \/an(x)expaémfn)
L,

n n

(B-8)

Collectively, u(x,z,&,,0) and u)(x,z,€,,w) are local plane
waves in the local wavenumber domain.

APPENDIX C

LOCAL EXPONENTIAL FRAME EXTENSION
FOR THE 3D CASE

2D local exponential frame

To use the LEF in the 3D case, we need expressions of the LEF for
the 2D decomposition. The 2D LEF atoms can be defined as

[ 2 —
gmnpq(x) = EBnq(x)eXp(igmp' (X - inq))s

n'=q
(C-1)

where x = (x,y), X,, = (%,.,7,), and En,,, = (& 77,). The expression *
stands for the dot product. The expressions B,,(x) = B,(x)B,(y) and
2,.1p4(X) represent 2D functions.

The 2D LEF also can be written as follows:

(
4 _
i ey) = A\ | —B, (B, ()expli&,(x = X,)explid,(y — 7,))
L, q

o (0) = B, (0)B()exp(i&,,(x — T,)exp(— i7],(y = 7))

ﬁ
i
i

n=q

ﬁ

By () = B,(0)B,(y)exp(— i&,,(x — %,))exp(i7],(y — 7))
wLyq
() ) = 4 : iz = - -
Enpg 5Y) = \ [ ——B,()B,(v)exp(— i§,,(x — X,))exp(— i7,(y — ¥,))
LL,
(C-2)
where the superscripts (), (+7) (=+) ‘and (- ~) denote the differ-

ent azimuthal directions in the 3D case. The 2D LEF is also a tight
frame with the redundancy of 4, which can also be implemented by
linear combinations of the 2D local trigonometric basis (LTB).

The relationship between the 2D LEF and 2D LTB is

CFH)x) = (b9 (x) + b (x)) +i(b) (x) + b (x))

gmnpq mnpq mnpq mnpq mnpq
Zunpg (%) = (0500, () — ibji2) (x)) + iy (x) = b (%))
Zunpg (0) = (B () + i3 (x)) — i) (%) + b (%))
8 (0 = (bi5) (x) — bl (x)) = i(bie) (x) — i) (x))
(C-3)
where b{s) (x), b (x), bl (x), and by (x) are 2D LTB func-
tions. Take b{») (x) as an example:
Bl (%) = Bl (Db} (). (C-4)

Wavefield decomposition using the LEF in the 3D case

The 2D wavefield in the x-y plane can be decomposed by the 2D
local exponential frames

u(x,2,0) = 2, 2, 2 D ((X,2,0).8mpg (X)) mnpg(X)

nom q p
= 2 2 D A T R B2 @) (X)
n m q P

0 Ry 2o 0) 8l (%) + )

x(inq’gmpz,w)g;(n;p;)(x) + 12(_ -)

X Rgoonp25©0) 8y (¥)]. (C-5)
Let dljy,;(2), dn,,(2), i, (2), and df,,.)(2) represent at**)

X(inqygmpvz,w)a MAH— _)(inqvgmp’z»w)’ ﬁ(_ +)(inq’§mp’zyw)9 and 12(_ -

X (X,14,&p,2,w); then the LEF decomposition coefficients can be cal-
culated as follows:

p
i (2) = E(ﬁﬁ;';;q(z) — i) (2) — i) () — ) (2)

_ 1 > . X
i (@) = 1—6(u5;;;q(z) + i) (2) — i) (2) + dls) (2)
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__ L e L (sc .
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(C-6)

where @5 (2), @) (2), @b (z), and @y (z) are the complex coef-

ficients of the LTB decomposition of the wavefield. The derivation is
similar to that in the 2D case.
The partial reconstruction expression of the wavefield is

noq

[ 4 —
X EBnq(X)exp( - igmp.inq)’

ntq
(C-7)

which represents a directional local plane wave in the 3D case.
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