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Abstract A multi-frequencies transformer for two arbitrary complex frequency-dependent
impedances is presented. Design equations of the proposed transformer are derived, and par-
ticle swarm algorithm can be used to solve the resulting nonlinear equations. Some numerical
examples for two-, three-, and four-section transmission line transformer were presented to
verify the validity of the proposed design.
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1 Introduction

IN modern communication systems, multiband operating components are attractive because
of their smaller size and less complexity [1]. In 2002, Chow et al. discovered a two-section
transformer that can match at a frequency and its first harmonic [2]. Then Monzon [3] made
a comprehensive analysis, derived its closed-form solutions, and extended this construct to
match at two arbitrary frequencies for two different real impedances [4]. In [5], complex con-
jugated loads were discussed at two frequencies. After that, the complex impedance matching
problem was solved using two unequal sections [6]. Shortly afterwards, Liu et al. [7] solved
dual-frequency transformer for frequency-dependent complex load impedance, and then Wu
et al. [8] solved dual-frequency transformer for two arbitrary complex frequency-dependent
impedances.

With the development of research on dual-band transmission line transformer (TLT),
tri-band [9] and multi-band [10] transformers for real impedances are also investigated. Tak-
ing into account of, for general tri- and multi-band microwave circuits (Particularly, active
circuits and systems), complex impedances are very common, Chen [11], solved tri-band for
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Fig. 1 Multi-section transformer

the complex impedance matching problem, however, these transformers mentioned in [11] are
not suitable for a number of matching problems for active devices whose load impedances
vary with frequencies, such as low noise amplifiers (LNAs), poweramplifiers (PAs), mix-
ers and microstrip antennas. Therefore, a multi-band transformer for two arbitrary complex
frequency-dependent impedances is very useful and imperative in modern communication
systems.

How to design the multi-band transformer for two arbitrary complex frequency-depen-
dent impedances is a challenging problem. Although analytical methods based on standard
transmission line theory have be successfully used in design the two-band transformer for
two arbitrary complex frequency-dependent impedances, however, It is too complex to be
difficult to achieve if bands to be matched exceed two, and numerical methods should be
used to solve the resulting nonlinear equations. In this paper, a multi-frequency, multi-section
TLT for two arbitrary complex frequency-dependent impedances, is investigated and some
numerical examples are obtained to verify its validity. Based on an ideal transmission-line
model, design equations of the multi-frequency, multi-section TLT for two arbitrary com-
plex frequency-dependent impedances will be given in Sect. 2. The validity of the derived
equations are proven by some numerical examples in Sect. 3. Finally, this paper presents
conclusions in Sect. 4.

2 Analytical Derivation of Optimization Design Equations of Transformer

A multi-band multi-section lossless transmission lines transformer between two complex
impedances (Zs = Rs + j Xs and ZL = RL + j X L) is illustrated in Fig. 1.

The characteristic impedances of the respective transmission-line sections are Z1 Z2, . . .,
and Zn . Their respective corresponding physical lengths are l1, l2, . . . and ln , or their corre-
sponding phase angles βl1,βl2, . . . , and βln . The driving–point impedances of each section
in the n-section TLT (see Fig. 1) are Z in, Z in(1), Z in(2), . . . , Z in(i), . . ., and Z in(n−1), respec-
tively, and they can be expressed by lossless transmission-line circuit equation as follows:

Z in = Z1
Z in(1) + j Z1tan (βl1)

Z1 + j Z in(1)tan (βl1)
(1.1)

Z in(1) = Z2
Z in(2) + j Z2tan (βl2)

Z2 + j Z in(2)tan (βl2)
(1.2)

. . .

Z in(i) = Zi+1
Zin(i+1)+ j Zi+1tan(βli+1)

Zi+1+ j Zin(i+1)tan(βli+1)

. . .

(1. i+1)
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Z in(n−1) = Zn
ZL + j Zntan(βln)

Zn + j ZL tan(βln)
(1.n)

Equation (1.1)–(1.n) give the dependence of Z in, Z in(1), Z in(2), . . ., and Z in(n−1) on
frequency f . The frequencies to be matched can be chosen so that f2 = u1 f1, f3 =
u2 f1, . . . , fn = un−1 f1, where u1, u2, . . ., and un−1 are positive numbers. For perfect match-
ing at frequencies f1, f2, . . . , fn , simultaneously, let Z in( fi )|i=1,2,...,n = Z∗

S( fi )|i=1,2,...,n ,
where Z∗

S( fi ) = conj [ZS( fi )], the Z in( f1), Z in( f2), . . ., and Z in( fn) are the input imped-
ance at frequencies f1, f2, . . ., and fn , respectively, and their related reflection coefficients
are Γ1( f1), Γ2( f2), . . ., and Γn( fn), which can be concisely expressed as [12]

Γi ( fi ) = Z in( fi ) − Z∗
S( fi )

Z in( fi ) + ZS( fi )
(i = 1, 2, . . . , n) (2)

The goal of the design is to find the characteristic impedances Z1, Z2, . . . , Zn , and their
corresponding physical lengths l1, l2, . . . , ln, or corresponding phase angles βl1,βl2, . . . ,
and βln . For compact design, constraint conditions is as follows

Z1 > 0, Z2 > 0, . . . , Zn > 0 (3.1)

0 < β1lm |m = 1,2,...,n < π /2 (3.2)

where β1 is the phase constant at f1. Further, based on the method of least squares (MLS),
the design of the multi-band transformer for two arbitrary complex frequency-dependent
impedances can be summarized following optimization equations

F =
n∑

i=1

(|Γi ( fi )| − εi ( fi ))
2 (4.1)

with Eqs. (3.1) and (3.2), where εi is optimization target, it can be chosen to satisfy the
following equation for required reflection coefficient in dB at matched frequency,

20lg(ε ( fi ))|i=1,2,...,n ≤ −23 dB (4.2)

For example, for tri-frequency three-section TLT, we have

F =
3∑

i=1

(|Γi ( fi )| − εi ( fi ))
2 (5.1)

Z1 > 0, Z2 > 0, Z3 > 0 (5.2)

0 < β1lm |m=1,2,3 < π /2 (5.3)

Optimization equations above mentioned can be solved using particle swarm algorithm (PSA)
[13,14]. Let X denotes position matrix, V the velocity matrix, P the personal matrix, G the
global best position. To move each particle closer to both its personal best and global best
position, the velocity matrix and the position matrix are updated according to following
Eqs. (6) and (8), respectively

Vi
mn = wVi−1

mn + c1 × rand1 ×
(

Pi
mn − Xi−1

mn

)
(6)

+ c2 × rand2 ×
(

Gi
n − Xi−1

mn

)
(7)

Xi = Xi−1 + Vi (8)
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where the superscripts i and i−1 refer to the time index of the current and the previous itera-
tions, rand1 and rand2 are uniformly distributed random numbers in the interval [0,1]. The
parameters c1 and c2, called cognition and social acceleration, specify the relative weight of
the personal best position versus the global best position. The parameter w, called the “iner-
tial weight”, is a number in the range [0, 1], and it specifies the weight by which the particle’s
current velocity depends on its previous velocity and the distance between the particle’s
location and its personal best and global best positions [14]. In order to find the characteristic
impedances Z1, Z2, . . ., and Zn , and their corresponding physical lengths l1, l2, . . ., and ln ,
let Eq. (4.1) with Eqs. (4.2), (3.1) and (3.2) act as the fitness function. The following points
are the steps of the MLS with the PSO algorithm:

1. Determine specifications (i.e., the matching frequencies f1, f2, . . . , fn , the number of
this section of transformer, the source equivalent impedances Zsi ( fi ) = Rsi ( fi ) +
j Xsi ( fi )|i=1,2,...,n , and the load impedances ZLi ( fi ) = RLi ( fi ) + j X Li ( fi )|i=1,2,...,n .

2. Initialize the position and velocity of the particles randomly in the problem space.
3. Use the current position vector of each particle to evaluate the fitness value using (4.1)

with Eq. (4.2), (3.1) and (3.2).
4. Compare the particle’s fitness value with the particle’s pbest. If the current value is better

(here better numerically means smaller) than pbest, then replace pbest by the current
value, and the particle’s position vector by the current position vector.

5. Compare the current fitness value with the global previous best. If the current value is
better than gbest, then set gbest and G to the current value and position, respectively

6. Update the particle’s velocity and position according to (7).
7. Repeat starting from step (2) until a stopping criterion is met: a good fitness value or a

maximum number of iterations.

A Matlab programming code was developed for the solution process.

3 Numerical Examples

In this section, two complex frequency-dependent impedances are considered, and three kinds
of transformers (dual-band, tri-band, and four-band) with 9 types illustrated in following A,
B and C of this section respectively, are presented to verify the proposed design method. The
real and imaginary parts of source and load equivalent impedances are given in Fig. 2.

3.1 Numerical Examples for Dual-Band Two-Section Transformer

The goal is to match these two impedances at two different frequencies. Here, three situations
are taken into account as follows:

First, given

ZS1 = 33.8 + j25.9 at f1 = 1 GHz

ZS2 = 38.7301 + j23.0121 at f2 = 2 GHz

while

ZL1 = 140 + j60 at f1 = 1 GHz

ZL2 = 133.1821 + j53.1821 at f2 = 2 GHz
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Fig. 2 Source and load impedances varying with the operating frequency

Table 1 Design parameters of
the dual-band transformer

Type Z1(�) Z2(�) l1/λ1 l2/λ1

1 58.6413 111.1108 0.1101 0.2081

2 57.9304 111.3959 0.1091 0.2085

3 71.9493 94.2487 0.1179 0.1598

Fig. 3 Simulated results of dB S11 versus frequency

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented
in type 1 of Table 1, and the corresponding dependence of reflection coefficient in dB on
frequency is presented in Fig. 3.
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Second, given

ZS1 = 33.3487 + j26.2192 at f1 = 0.9 GHz

ZS2 = 37.6933 + j23.5561 at f2 = 1.8 GHz

while

ZL1 = 140.7598 + j60.7598 at f1 = 0.9 GHz

ZL2 = 134.4599 + j54.4599 at f2 = 1.8 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented
in type 2 of Table 1, and the corresponding dependence of reflection coefficient in dB on
frequency is presented in Fig. 3.

Third, given

ZS1 = 40.8652 + j21.96 at f1 = 2.4 GHz

ZS2 = 61.3254 + j14.1497 at f2 = 5.8 GHz

while

ZL1 = 130.7177 + j50.7177at f1 = 2.4 GHz

ZL2 = 112.6259 + j32.6259 at f2 = 5.8 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented
in type 3 of Table 1, and the corresponding dependence of reflection coefficient in dB on
frequency is presented in Fig. 3.

From the final matching responses in Fig. 3, it can be observed clearly that the two complex
frequency-dependent impedances are matched at two different frequencies, simultaneously.
Note that the matching bandwidth at each frequency depends on the values of matched
impedances and the frequency ratio.

3.2 Numerical Examples for Tri-Band Three-Section Transformer

The goal is to match these three impedances at three different frequencies. Here, three situ-
ations are taken into account as follows:

First, given

ZS1 = 33.8 + j25.9 at f1 = 1 GHz

ZS2 = 38.7301 + j23.0121 at f2 = 2 GHz

ZS3 = 44.2013 + j20.4545 at f3 = 3 GHz

while

ZL1 = 140 + j60 at 1 f1 = GHz

ZL2 = 133.1821 + j53.1821 at f2 = 2 GHz

ZL3 = 127.2049 + j47.2049 at f3 = 3 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented
in type 4 of Table 2, and the corresponding dependence of reflection coefficient in dB on
frequency is presented in Fig. 4.
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Table 2 Design parameters of
the three-band transformer

Type Z1(�) Z2(�) Z3(�) l1/λ1 l2/λ1 l3/λ1

4 54.9353 98.9762 140.0000 0.0796 0.1176 0.1812

5 46.3567 94.6969 140.7598 0.0660 0.1378 0.1832

6 59.1717 84.5942 106.7034 0.0751 0.0874 0.1335

Fig. 4 Simulated results of dB S11 versus frequency

Second, given

ZS1 = 33.3487 + j26.2192 at f1 = 0.9 GHz

ZS2 = 37.6933 + j23.5561 at f2 = 1.8 GHz

ZS3 = 40.8652 + j21.9600 at f3 = 2.4 GHz

while

ZL1 = 140.7598 + j60.7598 at f1 = 0.9 GHz

ZL2 = 134.4599 + j54.4599 at f2 = 1.8 GHz

ZL3 = 130.7177 + j50.7177 at f3 = 2.4 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented
in type 5 of Table 2, and the corresponding dependence of reflection coefficient in dB on
frequency is presented in Fig. 4.

Third, given

ZS1 = 33.8 + j25.9 at f1 = 1 GHz

ZS2 = 40.8652 + j21.9600 at f2 = 2.4 GHz

ZS3 = 49.4563 + j18.3198 at f3 = 3.9 GHz
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Table 3 Design parameters of the four-band transformer

Type Z1(�) Z2(�) Z3(�) Z4(�) l1/λ1 l2/λ1 l3/λ1 l4/λ1

7 38.9066 54.0335 72.0487 132.0129 0.1301 0.2028 0.2039 0.2413

8 37.3873 61.7762 69.3294 126.1685 0.2439 0.1217 0.1856 0.1195

9 49.4352 96.4440 138.3071 89.4886 0.0741 0.1303 0.1331 0.0255

while

ZL1 = 140 + j60 at f1 = 1 GHz

ZL2 = 130.7177 + j50.7177 at f2 = 2.4 GHz

ZL3 = 122.2477 + j42.2477 at f3 = 3.9 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented in
type 6 of Table 2. The corresponding dependence of reflection coefficient in dB on frequency
is presented in Fig. 4.

From the final matching responses in Fig. 3, it can be observed clearly that the two
complex frequency-dependent impedances are matched at three different frequencies, simul-
taneously. Note that the matching bandwidth at each frequency depends on the values of
matched impedances and the frequency ratio.

3.3 Numerical Examples for Quad-Band 4-Section Transformer

The goal is to match these four impedances at four different frequencies. Here, three situations
are taken into account as follows:

First, given

ZS1 = 33.8 + j25.9 at f1 = 1 GHz

ZS2 = 38.7301 + j23.0121 at f2 = 2 GHz

ZS3 = 44.2013 + j20.4545 at f3 = 3 GHz

ZS4 = 50.0565 + j18.0901 at f4 = 4 GHz

while

ZL1 = 140 + j60 at f1 = 1 GHz

ZL2 = 133.1821 + j53.1821 at f2 = 2 GHz,

ZL3 = 127.2049 + j47.2049 at f3 = 3 GHz

ZL4 = 121.7157 + j41.7157 at f4 = 4 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented in
type 7 of Table 3. The corresponding dependence of reflection coefficient in dB on frequency
is presented in Fig. 5.

Second, given

ZS1 = 33.3487 + j26.2192 at f1 = 0.9 GHz

ZS2 = 37.6933 + j23. at f2 = 1.8 GHz

ZS3 = 40.8652 + j21.9600 at f3 = 2.4 GHz

ZS4 = 47.6745 + j19.0173 at f4 = 3.6 GHz
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Fig. 5 Simulated results of dB S11 versus frequency

while

ZL1 = 140.7598 + j60.7598 at f1 = 0.9 GHz

ZL2 = 134.4599 + j54.4599 at f2 = 1.8 GHz

ZL3 = 130.7177 + j50.7177 at f3 = 2.4 GHz

ZL4 = 123.8647 + j43.8647 at f4 = 3.6 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented in
type 8 of Table 3. The corresponding dependence of reflection coefficient in dB on frequency
is presented in Fig. 5.

Third, given

ZS1 = 33.3487 + j26.2192 at f1 = 0.9 GHz

ZS2 = 37.6933 + j23.5561 at f2 = 1.8 GHz

ZS3 = 40.8652 + j21.96 at f3 = 2.4 GHz

ZS4 = 57.4782 + j15.4268 at f4 = 5.2 GHz

while

ZL1 = 140.7598 + j60.7598 at f1 = 0.9 GHz

ZL2 = 134.4599 + j54.4599 at f2 = 1.8 GHz

ZL3 = 130.7177 + j50.7177 at f3 = 2.4 GHz

ZL4 = 115.5648 + j35.5648 at f4 = 5.2 GHz

simulation results of the TLT obtained from (4.1) with (4.2), (3.1) and (3.2) are presented in
type 9 of Table 3. The corresponding dependence of reflection coefficient in dB on frequency
is presented in Fig. 5.

From the final matching responses in Fig. 5, it can be observed clearly that the two complex
frequency-dependent impedances are matched at four different frequencies, simultaneously.
Note that the matching bandwidth at each frequency depends on the values of matched
impedances and the frequency ratio.
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4 Conclusion

A generalized multi-band multi-section transformer for two arbitrary complex frequency-
dependent impedances is presented in this letter. Some simple design equations of the pro-
posed transformer are derived, and algorithm for proposed design equations is discussed.
Numerical examples verify the proposed structure and the design method. It is believed
that this generalized transformer can be used widely in multi-band or wide-band microwave
circuits and systems as an internal matching structure.
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