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This article addresses the stabilisation problem by state-feedback for a class of feedforward input-delay nonlinear
systems with ratios of odd integer powers. The designed controller achieves the global asymptotic stability. Based
on the appropriate state transformation of time-delay systems and the Lyapunov method, the problem of
controller design can be converted into the problem of finding a parameter which can be obtained by appraising
the nonlinear terms of the systems. Finally, three simulation examples are given to illustrate the effectiveness of

the control algorithm proposed in this article.
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1. Introduction

It is well known that time delays often appear in many
industrial and actual systems such as communication
systems, long transmission line systems, electrical
systems and chemical engineering systems. The exis-
tence of time delay generally makes the control design
problems more difficult. For example, it may destroy
the closed-loop stability and even may deteriorate the
control performance. Hence, the problem of control
design of time-delay systems has been attracting more
and more researchers, especially engineering research-
ers. Until now, many interesting results have been
obtained, see, Mahmoud (2001), Boukas and Liu
(2002), Yue and Han (2005), Zhang and Cheng
(2005a, b), Choi and Lim (2006), Mazenc, Modié,
and Niculescu (2006), Michiels and Niculescu (2007),
Xia, Qiu, Zhang, Gao, and Wang (2008), Ye and Yang
(2008), Lian, Zhao, and Dimirovski (2009), Mao,
Jiang, and Ding (2009), Yi, Cao, Li, and Guo (2009),
Zhang, Li, and Liu (2009), Zhang, Li, Wu, and She
(2009), Benzaouia, Hmamed, and Tadeo (2010), Chen,
Jiao, Li, and Li (2010), Chen and Zhang (2010, 2011),
Feng and Xu (2010), Liu and Sun (2010), Pai (2010), Li
and Xi (2011), Rasool and Nguang (2011), Chen, Wu,
and Jiao (to appear) and the references therein.

In this article, authors will focus on solving the
stabilisation problem of nonlinear input-delay system

with the form
x1(1) = x5 (1) + 1 (¢, x(2), u(t — dy)),
%a(t) = X52(0) + pa(t, x(1), u(t — b)),
(1)

xn—l(l) = x,fH (t) + ¢n—1(l’ X(Z)a u(l - dﬂ—])))
Xn(1) = u(t — dp),

where  x(0)=[x1(7),...,x,(1)]" € R" are the states;
u(-) € R is the control input; &;>0, i=1,2,...,n are
known constant delays and d=max,-;-,{d;}. In this
article, the arguments of functions will be omitted or
simplified whenever no confusion can arise from the
context. For example, we may denote x{¢) and z,(¢) by x;
and z,, respectively. For i=1,2,....n—1, ¢{t, x,u):
R x R"x R— R are continuous functions in (¢, x, u),
piER*={teR (¢=h/f>1 for any positive odd
integers A, f'}.

When p;=1 for all i=1,2,...,n—1, system (1)
reduces to the well-known feedfoward form which has
been the focus of major research interests in the past few
years, see Zhang, Gao, and Cheng (2006) and the
references therein. The problem of globally uniformly
asymptotically and locally exponential stabilisation is
solved in Mazenc, Mondié, and Francisco (2004)
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when d;=0 for i=1,2,...,n—1. Recently the output
feedback stabilisation problem is also investigated
in Feng and Xu (2010) for the stochastic nonlinear
input-delay systems.

When p; > 1, for the case where p; is positive odd
integer (i.e. f=1), there are some interesting features of
system (1). For example, the Jacobian linearisation of
the x-subsystem is uncontrollable and the x-subsystem
cannot be linearised by state-feedback. Therefore,
the traditional design tools are not applicable to
system (1). In order to achieve the global robust
stabilisation for system (1) and more general systems,
Lin, Qian and others have done much work (see, e.g.
Frye, Trevino, and Qian (2007) and the references
therein). When &;=0 for i=1,2,...,n, the system
considered here is exactly studied in Frye et al. (2007).
Then, in Zhang, Boukas, Liu, and Baron (2010) the
state-feedback controller is designed for system (1) by
constructing an appropriate Lyapunov—Krasovskii
functional and choosing an appropriate state
transformation.

However, for more general feedforward input-delay
systems in which systems’ powers are ratios of odd
integers (i.e. p; € R*), to the best of authors’ knowledge,
there are no reports on the control problem for
system (1) with p; € R* at the present stage. This article
will focus on this problem. This work is to extend the
control method proposed in Zhang et al. (2010) from p;
being positive odd integers to p;€ R*. It should be
pointed out that this extension is not direct and easy
since the binomial expansion theorem, as one of key
technique used in Zhang et al. (2010), is invalid
when p;€ R*. The main contributions are listed as
follows.

(1) As far as generalisation is concerned, system (1)
studied in this article is the more general system
which includes some systems addressed in
Mazenc et al. (2004), Frye et al. (2007),
Zhang et al. (20006, 2010) as its special cases.

(2) From the technical viewpoint, the mismatched
nonlinear functions are dealt with by the new
skilful inequality technique instead of the
binomial expansion theorem used in Zhang
et al. (2010). Thus, the main obstacle is
successfully overcome.

The rest of this article is organised as follows. In
Section 2, we present problem statement and prelimi-
naries. Section 3 gives the control design procedure and
the main results. In Section 4, three examples are
provided to verify the control scheme proposed in
this article. In Section 5, we conclude the work of this
article.

2. Problem statement and preliminaries

The goal of this article can be formulated as follows.
Assume the nonlinear functions ¢(t, x, u;) satisfy

n+1

it x, 1i;)| < M|;Z |xj|piﬁr‘+l"'[7/71 + |ﬁ[_|[?i,'7;+1---,'7n1:|7 )
j=it+2

where u;=u(t—d,), i=1,2,...,n—1, M is a known

positive constant, x,; =0 and po=p,=1. Then, find a

state-feedback control law of the form

U= K(x(t), ftd u(s)ds> 3)

such that the origin x=0 of system (1) is globally
asymptotically stable.

Remark 1: Condition (2) is similar to Assumption 1
in Zhang et al. (2010), but the powers are extended
from positive integers to the rational numbers. This
assumption plays an important role in the following
procedure of controller design.

In the remainder of this section, we introduce
several key lemmas which will serve as the basis for the
development of a state-feedback controller for
system (1).

Lemma 1 (Zhang et al. 2010): For any continuous
function a(t): [—d, +00)— R, and p > 1, the following
inequality holds:

! )4 !
( f oe(r)dr) <! / o(r)dt Vee RY.  (4)

—d —d

Lemma 2 (Qian and Lin 2001b): Let a>0, h>0 be
real numbers and p>1, g>1. Then

A7 < @ + b Q)

Remark 2: Lemmas 1 and 2 are the consequence of
Young’s inequality. Their proofs can be found in Qian
and Lin (2001b) and Zhang et al. (2010). Here it should
be pointed out that Young’s inequality holds where
p>1, hence Lemmas 1 and 2 also hold where p € R*.

Lemma 3 (Beckenbach and Bellman 1961):  For any
yi=0 (i=1,2,....k) and r;>0 (i=1,2,...,k) satisfy-
ing Zf;l r; = 1, the following inequality holds:

VYR yE <y A ke (6)

Lemma 4 (Polendo and Qian 2005): For ae R, beR
and g > 1 is a constant, the following inequalities hold.

la+ b7 < 207 Nat + b4, (7

(lal + 1) < |ali + |b]7. (8)
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If ¢ =1 is odd, then,

la — b7 < 2971 a? — b7, )

|/ — pl/a) < 2W@=D/a)q — p|1/4, (10)

Lemma 5 (Ji and Xi 2006):  Suppose n and m are two
positive real numbers, and a>0, b>0 and 7>0 are
continuous functions. Then, for any constant ¢ >0,

n

d'b < ca)1+n1 + m L bn+m ”*'”' (1 1)
n+m|cn+ m)

Lemma 6 (Zhang et al. 2006): Let re R* and r> 1, x,
y be real-valued functions. For a constant ¢ >0, one has

X =y < rlx =yl

<clx—yllx =y~ 4+

. (12

where c=r for 1 <r<2 and c=r2""" for r>2.

Lemma 7: For the nonlinear system described by the
equations of the form
S D2 : — Pn— -
Zl_Zza 22_237 Tt anl_Zﬁlla In =",

(13)

where p;e R* (i=1,2,...,n—1), there is a positive
definite and proper Lyapunov function W,(z), and a
continuous state-feedback controller v(t), such that

W)l < @+ 8+ +8),

where Wn(z) and v(t) are given by the form:

Wa(z) = E Wiz, () = —BuE> ",
i1

Wi(z:) = ’ §POP1Pis
=]

i

i=1,2,...,n,

-1
— Z;«kpop] p”')2 rori-ricids,

ZT:O &l =21 — 2,
*]’1 = _ﬂz l%‘l 1, (14)

P HPLPic .
éi_[ ' —z; , i=23,....n,

with z=|z1,z5,... ,z,,]T, Bi>0, i=1,2,...,
proper real constants.

Proof: Based on Qian and Lin (2001a) and Frye et al.
(2007), the results of Lemma 7 can be easily obtained
by employing Lemma 2. The proof is omitted here.

n, being

3. Global stabilisation by state-feedback

In this section, we will develop a constructive control
design method for system (1), which makes the closed-
loop system globally asymptotically stable. We first
make an equivalent transformation:

!
Xp =X, + / u(s)ds
t_dn

and then system (1) can be transformed into

) = O+, i=1,2,...,n—2,
S () = ot + (5= [y us)ds) L (19)
£(0) = (o),

where ¢; = ¢i(t, X1, ..., X1, X — fr[—d1 u(s)ds, ), i=1,
2,...,n—1.

Remark 3: The term (%, — [ i u(s)ds)”" is dealt
with by employing the binomial expansion theorem
when p,_; is an odd integer in Zhang et al. (2010).
However, the binomial expansion theorem is invalid
when p,_; € R*. In this section, this main obstacle is
overcome by introducing the new skilful inequality
technique.

Noting that if (xy,...,x,_1,X,) and u converge to
zero asymptotically as 1 — +o0, (xq,...,X,_;,X,) con-
verges to zero asymptotically as well. Letting

§ PoP1Pm—1
m=1P0P1"Pi—1 .
xi:L zi, i=1,2,...,n—1,
"Z” POPLPi—1
% = L m=1P0P1""Pn—1
'Xﬂ - Zﬂa (16)
,} :” POPLPm—1
m=1P0P1""Pn—1
u=1>L v,
7} :" PoPLPm—1
~ m=1P0P1"Pn—1 ~
u =1L Vi,

where v; = v(t — d;), and L>1 is an unknown con-
stant, which will be determined later; we can derive
from (15) that

{ Ll‘,”+1+go,», i=1,2,...,n—1, a7
Zy = L7 + ¢,
with
T I )
¢i:L +me PoP1Pi—1 ¢l, i:1’2,--.,n—2,
vy = L
(¢nfl + (Xn ft u(s)ds)p” 1 )’Eﬁn—l)’
©On = 0.

(18)
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Next, we will choose an appropriate constant L > 1
such that the system (17) with

1
W0 = —Bur
is globally asymptotically stable at z=0, where 8, and
&, are defined as the ones in (14). Taking the derivative
of W,(z) with respect to ¢, we have

Wau(2)las).a7)

e avf/nz,
32,’
oW aw, .
a 21 ,;a et o,
oWw;
:Z i _1212)1+(P1)+"'
= 021
oW,
(L an 1"“;017 1)+ (L V(l)+g0,1)
i1 0201 9z
oW
:L_l lzpl + + l pn ]+ t
(; zZn:I Zn—1 ()
8W &
+ Qon 1 (19)
i=n— laZ" 1

where W,,(z) and W; are defined as that in Lemma 7.
Employing Lemma 7, we can obtain

n—1 7
AW,
CHE) DS
i=1
(20)

Some terms on the right-hand side of (20), namely
BW o go,‘, can be estimated by the following proposition.

I/f/n(2)|(15),(17) <-L7'&+8+

Proposition 1:  For system (17), under condition (2), for
any i=1,2,...,n—1, there exist positive constants A, ,
)‘-i,Za )‘-i,3 and Mi,j(j: 1, 2, P n), such that

W,
3z Qi

<
— L

! n
+)»i,3/ ) £2(s)ds + ZM;;?;) 1)
t—dy j=1

Proof: See the appendix.
Hence, from (20) and (21), one has

Wa(2)las).a7)

1 n—1

+L1( A2~ d)) LZ<ZM>/ £(9)ds

1 n n—1
J= =

1
- (Ki,lgﬁ + dink(t — dy)

Consider the following functional

= W)+ 75 (Zm / s(s)ds>
2
(Zm) [ 3 Htén(s)dsde. (23)

We can conclude that the functional V' is a Lypaunov—
Krasovskii functional which can be used to study the
stability property of the nonlinear input delays
system (1), see Zhang et al. (2010).

It follows from (23) that

. 1 n—1
V(z)s—L—‘(§%+s%+---+s,%)+p(;m)si

n—1
+ 2(2 125,10 )

i=1

BB o 5(E )

i=1

1
4L (Z lzsn) Lz(Z?\zz‘il(l d))
4L Z 2)-‘32 (ZA 3> / £,(0+1do
12 n/Mi, L2 i » n

=—L'E+E++E)
1 n—1 | " el
+§ (2;()»1‘,1 +Xi2 +dn)u',3)) 5,% +ﬁ21: (ZM”) gj?
= J= i=
(24)

Letting 8y = >i-| (i1 + A2 +dyriz)  and 8=
S i from (24), one has

VO = -L'E +&+ +8)
1 1 <
+ 5 808, + Ez(sjgf. (25)
Jj=
It is concluded that the right hand side of this

inequality can be rendered negative definite by choos-
ing a large L. Now choosing

L > max{dy + §;} + ¢, (26)

1<j<n

where € is a positive constant, one can get

M) < —%(§f+é§+~-+éﬁ),

which indicates that the trivial solution of the closed-
loop systems of (15) and (17) are globally asymptot-
ically stable. So the trivial solution of the closed-loop
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system with
1 n—1 N
L{(l) =L 1 Zm:][’”i'"f’n—l y
n—1 N
= L e B

1
n—1 L Pu—1
0°**Pn—1 Pn—
bizf n +Zﬁ0 Pn—1

n—1
S S D=y} [(Z

i=1
ﬂ n—1 Zn*‘p P bxpo P

:__n L~ =i P07 Pm—1 Xt i
L\ ,

/ P1Pn—i m
+ (xn + / u(s)ds) 27)
t—dy

is globally asymptotically stable, where L satisfies
inequality (26), b;=p;---B,_1 are constants, f; are
defined as in (14).

Now, we give the main result of this article.

Theorem 1: Under the condition (2), there exists a
control law (27) with design parameters B;, i=1,...,n,
and L given in (14) and (26), respectively, such that the
closed-loop system with the input delays consisting of
system (1), the control input (27), is globally asymptot-
ically stable.

Remark 4: From (25)—(27), it can be seen that the
proposed controller for the system (1) is dependent on
the delay d, and independent of the delays d;,
i=1,2,...,n—1. Based on (26), it is easily known
that the design parameter L will be larger when the
delay d,, becomes larger, consequently, the gain of the
controller will become very small and the convergence
rate of the state of closed-loop system will become very
slow as stated in Zhang et al. (2010).

Remark 5: The method proposed in this section can
be further extended to solve the control problem for
the following input-delay nonlinear system with
bounded disturbances

X1(t) = X5 (1) + o1 (¢, x(0), u(t — d))
+AL (2, x(1), u(t — dy)),
Xo(t) = X5 (1) + o (2, x(0), u(t — db))

+A2(ta X(t), M(t - dZ))a
(28)

xnfl([) = Xl;;”il([) + d)n,](l, X(l), l/l(l - dnfl))
+An—1 (8, x(0), u(t — dy—1)),
Xu(t) = u(t — dy),

where p;, d;, ¢,(-) and u(-) are defined as in system (1); ¢;
satisfies condition (2) and, A(.) is the bounded
disturbance, i.e. |A;(-)] < AP with the known pos-
itive constant A;. Based on the similar proof of
Theorem 5.1 in Ho, Li, and Niu (2005), extending

the method in this section, we only obtain a controller
of the form (27) such that V(x) < —W(x)+§ with
W(x) and & being a positive-definite function and a
positive constant, respectively, which implies all signals
of the closed-loop system are uniformly ultimately
bounded. The control performance can be guaranteed
by choosing appropriate design parameters.

4. Simulation study

In this section, we provide three numerical examples to
illustrates the effectiveness of the proposed stabiliser by
state-feedback. It should be pointed that the existing
results in Zhang et al. (2010) are not applicable to the
following examples because the systems are considered
here with ratios of odd integers. The binomial expan-
sion theorem, as one of key technique used in Zhang
et al. (2010), is invalid when p; € R*.

Example 1: Consider the following nonlinear time-
delay system

: X1 = x4 w5 —0.5), 29)

X = u(t —0.2),

Step 1: We design a controller for the following
system:

. 7
a=2a (30)
22 = U.

Choosing V' =121, we get

5/3

; 5/3
Vilao)y =21+ 23 5

5/3 %5/3
=z1- (57" =)+ 212y,

where z3 is the virtual controller. Letting

1 1
P =2z, H=5" -2 ="+
2 2
we obtain
. 1 )
Vilaoy = —54 +216. (31)

Next, choosing

Z2
Va=Vi+5 / P = Pds, u=-78",
3
we have

. 1
Vala9) = —EZ% +z16 — 355%

) 1
+7[* (573 —235/3)2/5ds(§z§/3>
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1 7
< —Ezi + 2186 — 358 +3l2 - 25162
< tzyae3sgal e -t
= 271! 22 2
< —0.3z7 — 14.75. (32)
Step 2: Let
X =,
Xy = L7z,
t
Xo=Xxo+ / u(s)ds,
1—0.2
U= L_1_3/5V,
v=-78".

System (29) can be transformed into

. 1
Z1 = _23/3 + d)()a

L (33)
22 = %V,
where
/ 5/3
() = (562 - / u(S)dS) 5P 1B (- 0.5).
0.2

Using Lemmas 1, 4-6, we can get
5/3

!
(;zz - / u(s)ds) -%"
—0.2
51 ¢ 2/3
/ u(s)ds ( / u(s)ds) 4 )}3/3
—0.2 —0.2
+ [°3(1 = 0.5)|

<
-3
¢ 5/3 ¢
> / u(s)ds > / u(s)ds
—0.2 31Jic02

= 3 +3
+ [°/3(1 = 0.5)|
!
JRCACE
—0.2

[ &
t—0.2
+27.5L783 )& (1 — 0.5)|. (34)

lp()| < + 13t — 0.5)|

~2/3
Xy

5/3
=45.85L7%/°

2/3
2z

+11.7L72

Since
5/3
<0.2%3

/ £2(s)ds
1—0.2
< 0.35/ " |&2(s)|ds, (35

!
/ 3 (s)ds
t—0.2

5/3
2/3

/ " 85ds
1—0.2

1
< 57 +035 / &(s)/ds, (36)
—0.2

and
V | £ (s)ds
—0.2

substituting (35) and (36) into (34) results in

lp()| < 11.7L72 |z + (1570783 4 4.1L7?)
x ftm |E2(s)|ds + 27.5L7831&(t — 0.5)].  (37)
1—0.
Step 3: From (32) and (37), we can obtain
Valiy = %(—0.35 — 1478) + (121 + 56 )
x (11.7L72|2 )3 + (15.7L7%° + 4.1L72)

x /1 & (s)|ds + 27.5L7%3|&y(¢ — 0.5)])
t—0.2

1
=5 |:(—0.3L +9.05 4 35.5L7%)z;
4+ (—14.7L +189.15 + 108.05L/%)&3

+ (55L7%3 4+ 14.25) / toz £5(s)ds
1—0.
+96.25L72R3}(1 — 0.5)}. (38)
Choosing
V="V,+96.25L7%3 / to 5 £3(s)ds
0.

0 t
+ (55L783 4 14.25L7?) / £3(s)ds do
—0.2 J1+6

and applying (38), we have
Vigay < L72[(—0.3L +9.05 + 35.5L )z}

+ (—14.7L +192.15 + 215.75L*)&3].  (39)
Now we can find L > 1 such that

—0.3L+9.05+35.5L723 <0

and
—14.7L +192.15+215.75L7%3 < 0.

Let L=45. From (39), we can obtain V|(32)§
—0.0006989z2 — 0.2242£3. Hence, we get the state-
feedback controller for the system (29)

‘ 5/3 3/
u(t) = —0.1556<<xz +/ u(s)ds) +O.0112x1> .
=02

In simulation, the initial values are set to be
x1(0)=3 and x,(0)=2. The delays are specified as
d;=0.5 and d>=0.2. Simulation results are shown in
Figure 1, from which we can see that the system state
indeed converges to zero, which accords with
Theorem 1.
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Figure 1. Simulation curves for system (29).

Example 2: Now consider another nonlinear time-
delay system of the form:

{ X1 = x4+ w3 —0.5), @0

% = u(t — 50).

Obviously, the system (40) is similar to the system (29).
By using the three steps in Example 1, we can obtain
L =150. The state-feedback controller can be given as
follows:

u(t) = —0.046<<xz + /Y u(s)ds)
=50

In simulation, the initial values are set to be x;(0)=3
and x,(0)=2. The delays are specified as ¢, =0.5 and
d>» =50. Simulation results are shown in Figure 2.

5/3 3/5
+0.0033x1) .

Remark 6: By comparing Example 1 with Example 2,
we can see that only the second delay is different. We
can obtain controllers with similar construction by the
similar design procedure for the two examples.
According to the conclusion in Remark 5, the pro-
posed controllers are dependent on the second delays
in the systems. The design parameter L will become
larger when the last delay becomes larger, conse-
quently, the gain of the controller will become very
small and the convergence rate of the state of closed-
loop system will become very slow, see Figures 1 and 2.

Example 3: Consider the following nonlinear time-
delay system with different fractional powers
X1 =5 +dP (- 0.7),
b= x;/S, @1)
X3 =u(t—0.1).

1500| T T T T T T
_1000 f
<500 |

0 -I 1 1 1 1 1 1
0O 200 400 600 800 1000 1200 1400

0 200 400 600 800 1000 1200 1400

0-05 T T T T T T T

ot
j—OOS'f
-01¢}

0 200 400 600 800 1000 1200 1400
t(s)

Figure 2. Simulation curves for system (40).

Step 1: We design a controller for the following system:

5/3
Zl = ,
2y =z, (42)
Z3 = U.
Choosmg Vi=i2, P — =27 P =
5/3 +1 3Z1, we get

; 5/3 5/3 5/3 5/3
Vl|(42)221'22/ ZZl~(22/ */)+zz*/

1
= —52%4-21%'2. (43)
Next, choosing
1 [
Va=Vits (s =2 hds, 2377 = —10.1&,

“2

g =27 +10.1&,

we have

: 1
Vlay = —gz%+zlsz+ R

7 53 1 553
10/, (s5/3 3 )Z/Sds(zzz/

1 7
< ‘zzl + 2162 + 55122 — 231672
7/5(27/5 *7/5)+ 7/5 *7/5
< —0.2z1 —0.458 + 0.6455253. (44)

Finally, by choosing

Vs = V2+110/ (57 = 23 s, u = 75087,
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then
: 1
Vilia < —0.227 — 0.4583 + 064565 + %%”M

L (7 95 apar
+o= | 7P =)V ds
7).,

x (16.6725°21 4 5.0523), (45)

since 237 = (& —1&)*°, and z}”° = (& — 1001&,)*°
and by applying Lemmas 4-6, we obtain

V3laz < —0.142521 — 0.106383 — 0.3417£3.  (46)
Step 2: Let
X1 =21,
Xy = L3z,

56’3 = L78/7Z3,

!
X3 =Xx3+ / u(s)ds,
t

—0.1
u= L-1=3/1-5/7,

vy =—7508"".

System (41) can be transformed into

. 1

= ZZS/S + @1,

. 1

Hh=—2"+¢, (47)
L

. 1

3 = Zva

where

g1 =u*(1-0.7),

{ 7/5
0 = L3/5(<)€3 — / u(s)ds) —)?;/5>.
—0.1

By similar derivation of (34)—(36), we get
lo1] < 5110538.89L7°|&3(t — 0.7)], (48)
and
lga| < (5784.667L7"%/% 4 409.5L72) / I ENRELE
+105L72|z3| 7. o (49)
Step 3: From (46), (48) and (49), we can obtain

: 1
Valan < Z(—0.1452% —0.106353 — 0.3417&3)

1
+ <|le +0.6916[ +0.10711& — §€1|>

x (5110538.89L73|&3(t — 0.7)])

1 1
+ (5 6" +0.35356 — 551|2/5|53|)

X ((5784.667L12/5 +409.5L7%)

!
x/ |g3|3/5ds+105L-2|23|7/5)
t—0.1

1
<5 [(—0.145L + 157.83 + 150.6L7%/°

+ 5657365.56L7)z} + (—0.1063L + 107.73
+244.83L72° + 9157447L7°);
4+ (—0.3417L + 313 4 608.4L~>/°)&3

18
+ (5347.85L7%° +205) / £3(s)ds
1—0.1
+ 4940612.65L&35(t — 0.7)}. (50)

Choosing

!
V= V3 +4940612.65L73 f £3(s)ds
t—0.7

!
£3(s)ds do

0
+(5347.85L7"12/5 4 205L72) /
—0.1 J 140

and applying (50), we have

Vlan < L72[(—0.145L + 157.83 + 150.6L7*/°
+ 5657365.56L73)z2 + (—0.1063L + 107.73
+244.83L7° 4 9157447L7%)&3
+(—0.3417L + 333.5 + 1143.185L7%/3
+4940612.65L)E7]. (51)

Now we can find a large enough L > 1 such that
—0.145L + 157.83 + 150.6L™*° + 5657365.56L7 < 0,

—0.1063L + 107.73 + 244.83L72/5 1+ 9157447173 < 0

and

—0.3417L+333.5+1143.185L7%° +4940612.65L73 < 0.
Let L=1200. From (51), we can obtain

V|47 < —0.000005118z7 — 0.0000042062&3
—0.0000065715&3.
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Figure 3. Simulation curves for system (41).

Hence, we get the following state-feedback controller
for the system (41)

u(t) = —0.625 (0 0000037xx; 4 0.0007378x5"

+ (x3 + / u(s)ds) ) .
1=0.1

In simulation, the initial values are set to be
x1(0)=3, x»(0)=2 and x3(0)=1. The delays are
specified, d; =0.7 and d>=0.1. Simulation results are
shown in Figure 3, from which we can see that the
system state indeed converges to zero.

5. Conclusions

This article has dealt with the state-feedback controller
design for a class of feedforward input-delay nonlinear
systems with a ratio of odd integers. The designed
state-feedback controller ensures that the origin of
closed-loop system is globally asymptotically stable.
One of future works is to generalise the results in this
article to the class of stochastic feedforward nonlinear
systems with delays in the input.

Acknowledgements

The authors thank the anonymous reviewers for their
comments which improved the quality of this article. This
work is supported by National Natural Science Foundation
of China (61072109, 61174213), the Program for New

1000 2000 3000

4

X2

0 1000 2000 3000
t(s)

0 1000 2000 3000
t(s)

Century Excellent Talents in University (NCET-10-0665)
and the China Postdoctoral Science Foundation funded
project (20090461282, 201003666).

Notes on contributors

Jian Wu received his BSc degree from
Fuyang Teachers College, Fuyang,
China, in 2009 and MSc degree
from Xidian University, Xi’an,
China, in 2012, respectively. He is
currently working towards the PhD
degree with the Department of
Applied Mathematics, Xidian
University. His current research
interests include nonlinear time-delay systems control and
sampled-data control.

Weisheng Chen received his BSc
degree from Qufu Normal
University, Qufu, China, in 2000 and
the MSc and PhD degrees from
Xidian University, Xi’an, China, in
2004 and 2007, respectively. From
2008 to 2009, he was a Visiting
Scholar with the Automation School,
L Southeast University, Nanjing, China.
From 2009 he has been a Postdoctoral Fellow with the
School of Electronic Engineering, Xidian University, and is
currently a Professor with the Department of Applied
Mathematics. He has authored or coauthored more than 50
journal and conference publications. His current research
interests include neural networks, fuzzy systems, backstep-
ping control, adaptive control, learning control for uncertain
nonlinear systems such as time-delay or stochastic nonlinear
systems.




Downloaded by [Xian Jiaotong University] at 23:32 04 April 2014

1992 J. Wu et al.

Qiguang Miao received his MEng and
Doctor degrees in Computer Science
from Xidian University, China, in
2004 and 2005, respectively. He is
currently working as a Professor at
the School of Computer, Xidian
University. His research interests
include the intelligent information
processing, intelligent image
processing and multiscale geometric representations for
image.

References

Beckenbach, E., and Bellman, R. (1961), An Introduction to
Inequalities, New Haven: Yale University.

Benzaouia, A., Hmamed, A., and Tadeo, F. (2010),
‘Stabilisation of Controlled Positive Delayed Continuous-
time Systems’, International Journal of Systems Science, 41,
1473-1479.

Boukas, E.K., and Liu, Z.K. (2002), Deterministic and
Stochastic Time Delay Systems, Boston: Birkhauser.

Chen, W., Jiao, L., Li, J., and Li, R. (2010), ‘Adaptive NN
Backstepping Output-feedback Control for Strict-feedback
Stochastic Systems with Time-varying Delays’, [EEE
Transactions on Systems, Man and Cybernetics-Part B:
Cybernetics, 40, 939-950.

Chen, W., Wu, J., and Jiao, L.C. (to appear), ‘State-feedback
Stabilisation for a Class of Stochastic Time-delay
Nonlinear Systems’, International Journal of Robust and
Nonlinear Control, DOI: 10.1002/rnc.1798.

Chen, W., and Zhang, L. (2010), ‘Adaptive Iterative
Learning Control for Nonlinearly Parameterised Systems
with  Unknown Time-varying Delays’, International
Journal of Control, Automation, and Systems, 8, 177-186.

Chen, W., and Zhang, Z. (2011), ‘Nonlinear Adaptive
Learning Control for Unknown Time-varying Parameters
and Unknown Time-varying Delays’, Asian Journal of
Control, 13, 903-913.

Choi, H., and Lim, J. (20006), ‘Stabilization of a Chain of
Integrators with an Unknown Delay in the Input by
Adaptive Output Feedback’, [EEE Transaction on
Automatic Control, 51, 1359-1363.

Feng, J., and Xu, S. (2010), ‘Output Feedback Stabilisation
for a Class of Stochastic Nonlinear Systems with Delays in
the Input’, Asian Journal of Control, 12, 110-115.

Frye, M., Trevino, R., and Qian, C. (2007), ‘Output
Feedback Stabilisation of Nonlinear Feedfoward Systems
using Low Gain Homogeneous Domination’, in 2007
IEEE  International — Conference on  Control  and
Automation  Guangzhou, 30 May—-1 June, China,
pp. 422-427.

Ho, D., Li, J., and Niu, Y. (2005), ‘Adaptive Neural Control
for a Class of Nonlinearly Parametric Time-delay Systems’,
IEEE Transactions on Neural Networks, 16, 625-635.

Ji, H., and Xi, H. (2006), ‘Adaptive Output-feedback
Tracking of Stochastic Nonlinear Systems’, I[EEE
Transactions on Automatic Control, 51, 355-360.

Li, D., and Xi, Y. (2011), ‘Constrained Feedback Robust
Model Predictive Control for Polytopic Uncertain Systems
with Time Delays’, International Journal of Systems
Science, 42, 1651-1660.

Lian, J., Zhao, J., and Dimirovski, G. (2009), ‘Robust H,
Sliding Mode Control for a Class of Uncertain Switched
Delay Systems’, International Journal of Systems Science,
40, 855-866.

Liu, Y., and Sun, D. (2010), ‘Delay-dependent H,
Stabilisation Criterion for Continuous-time Networked
Control Systems with Random Delays’, International
Journal of Systems Science, 41, 1399-1410.

Mahmoud, M.S. (2001), Robust Control and Filtering for
Time-delay Systems, New York: Marcel Dekker.

Mao, Z., Jiang, B., and Ding, S. (2009), ‘A Fault-tolerant
Control Framework for a Class of Non-linear Networked
Control Systems’, International Journal of Systems Science,
40, 449-460.

Mazenc, F., Modi¢, S., and Niculescu, S. (2006), ‘Global
Asymptotic Stabilisation of a Chain of Integrators with a
Delay in the Input’, IEEE Transaction on Automatic
Control, 48, 57-63.

Mazenc, F., Mondi¢, S., and Francisco, R. (2004), ‘Global
Asymptotic Stabilisation of Feedforward Systems with a
Delay in the Input’, IEEE Transactions on Automatic
Control, 49, 844-850.

Michiels, W., and Niculescu, S.L. (2007), Stability and
Stabilization of Time-delay Systems.: an Eigenvalued-based
Approach, Philadelphia: STAM.

Pai, M. (2010), ‘Discrete-time Sliding Mode Control for
Uncertain Systems with State and Input Delays’,
International Journal of Systems Science, 41, 1501-1510.

Polendo, J., and Qian, C. (2005), ‘A Generalised Framework
for Global Out-put Feedback Stabilisation of Nonlinear
Systems’, in Proceedings of the 44th IEEEE Conference on
Decision and Control, Sevilla, Spain: IEEE, pp. 2646-2651.

Qian, C., and Lin, W. (2001a), ‘A Continuous Feedback
Approach to Global Strong Stabilisation of Nonlinear
Systems’, IEEE Transactions on Automatic Control, 46,
1061-1079.

Qian, C., and Lin, W. (2001b), ‘Non-Lipschitz Continuous
Stabilisers for Nonlinear Systems with Uncontrollable
Unstable Linearisation’, Systems and Control Letters, 42,
185-200.

Rasool, F., and Nguang, S. (2011), ‘Quantized Robust H,,
Control of Discrete-time Systems with Random
Communication Delays’, International Journal of Systems
Science, 42, 129-138.

Xia, Y., Qiu, J., Zhang, J., Gao, Z., and Wang, J. (2008),
‘Delay-dependent Robust H,, Control for Uncertain
Stochastic Time-delay System’, International Journal of
Systems Science, 39, 1139-1152.

Ye, D., and Yang, G. (2008), ‘Adaptive Fault-tolerant
Control for a Class of Nonlinear Systems with Time
Delay’, International Journal of Systems Science, 39, 43—56.

Yi, Y., Cao, S., Li, T., and Guo, L. (2009), ‘Constrained
Discrete-time PI Controller Design for Output PDFs of
Stochastic Systems with Time Delays’, International
Journal of Systems Science, 40, 439-448.



Downloaded by [Xian Jiaotong University] at 23:32 04 April 2014

International Journal of Systems Science 1993

Yue, D., and Han, Q. (2005), ‘Delayed Feedback Control of
Uncertain Systems with Time-varying Input Delay’,
Automatica, 41, 233-240.

Zhang, X., Boukas, E.K., and Baron, L. (August, 2009),
‘Design of Stabilising Controllers for High-order
Feedforward Nonlinear Systems with Delayed Input’,
in Proceedings of the 7th Asian Control Conference,
Hong Kong, China, pp. 27-29.

Zhang, X., Boukas, E., Liu, Y., and Baron, L. (2010),
‘Asymptotic Stabilisation of High-order Feedforward
Systems with Delays in the Input’, International Journal
of Robust and Nonlinear Control, 20, 1395-1406.

Zhang, X., and Cheng, Z. (2005a), ‘Output Feedback
Stabilisation of Nonlinear Systems with Delays in the
Input’, Applied Mathematics and Computation, 167,
1026-1040.

Zhang, X., and Cheng, Z. (2005b), ‘State Feedback
Stabilisation for a Class of Time-delay Nonlinear
System’, Acta Automatica Sinica, 31, 287-290.

Zhang, X., Gao, H., and Cheng, Z. (2006), ‘Global
Asymptotic Stabilisation of Feedforward Systems with a
Delay in the Input’, International Journal of Systems
Science, 37, 141-148.

Zhang, T., Li, Y., and Liu, G. (2009), ‘Robust Stabilisation
of Uncertain Systems with Interval Time-varying State and
Input Delays’, International Journal of Systems Science, 40,
11-20.

Zhang, X., Li, M., Wu, M., and She, J. (2009), ‘Further
Results on Stability and Stabilisation of Linear Systems
with State and Input Delays’, International Journal of
Systems Science, 40, 1-10.

Appendix

Proof of Proposition 1:

’aVV,,
following three steps.

dz; Pi

can be estimated by the

Step 1: We give estimates of |¢;] (i=1,2,...,n—1). Using
condition (2), L > 1, Lemmas 3 and 4, one easily has

1 n e t PivPn—1
loil < 73| &in D 1517 + g2 Iv(s)|ds
t—d,

J=it2
+ g3 ﬁil"““p”1i| (52)
where g; ;, i=1,...,n—2, j=1, 2, 3 are constants. Next we

consider the case where i=n—1. By Lemmas 5 and 6 and
condition (16), we get

[@n—11

n=1 popy Py

< L’”Zmzll’ol’l'ﬂm <|¢n71‘ I

! Pn—1
<5¢n — / u(s)ds) —Xp D,
t—dy

(53)

~1 popL P 1
| [ IO
< EMMH [Pt 4 L ! " u(s)ds
t—dy
=1 popy Py 1 Pn—1
| Y R
< FMlv,,,l [Pr=t +2¢L = " u(s)ds
t—dy
n=1 popy =Py
+ CL71+2171:11’0F1“I’7}—2 |% Ier
“n
1 ! Pn—1
=7 [gm,llz,llp’“‘ +8&n-12 (/ IV(S)IdS> +8n-131Vn-1 Ip”"}
t—dy

(53)

where g,_1.1, g,—12 and g,_; 3 are constants. This, together
with (52), results in

1 n 1 PivPn—1
Iz |:gi,1 DIzl g (/ |V(S)|d5>
i—dy

J=i+2

+gi3 |yl :| s

i=1,2---,n-2,

[2 8n— | | &n— <f | (S)| S) I
1,1 Z 1,2 V d
n n n

+gu130 V1 [P :| ,

lpil <

i=n-—1.

(54

Step 2: We give the estimates of | 52|, i=1,2,...n—1. By
using similar derivation of Step 2 in Zhang, Boukas, and
Baron (2009), we obtain

oW,

AW,
32,'

n
< ng(zﬁwpm)%,—)ﬂ o (55)
k=1

where g >0, k=1,2,...,n, are constants independent of
parameter L.

Step 3: Based on (54), (55) and Lemma 1, for i=1,
2,...,n—1, we get

W,
82;

Pi =12

¢ n
+ )‘f,3 / éﬁ(s)ds + ZaiﬂjZ?[’o--ﬁ/])
t—d, =1 '
1 2 2
< 2 (Fiag + Lipk,(t — dy)

! n
+ his / E(s)ds + ) ,Uvi.,jg/g) . (56)
t—dy j=1

where A;1, A;2, A3, @;; and u; ; are some positive constants,
A;3 are constants depending on d, Thus, the proof of
Proposition 1 is complete.

<L (M,lé‘i + Aipkn(t — dy)



