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ABSTRACT. We are concerned with the singularly perturbed Boussinesqg-type
equation including the singularly perturbed sixth-order Boussinesq equation,
which describes the bi-directional propagation of small amplitude and long
capillary-gravity waves on the surface of shallow water for bond number (sur-
face tension parameter) less than but very close to 1/3. The existence and
uniqueness of the global generalized solution and the global classical solution
of the initial boundary value problem for the singularly perturbed Boussinesq-
type equation are proved.

1. Introduction. In the numerical study of the ill-posed Boussinesq equation
Ut = Uge + (U?) 2z + Uszas, (1)
Daripa and Hua [2] proposed the singularly perturbed Boussinesq equation
Ut = Uz + (U) 2z + Usars + OUrszran (2)

as a dispersive regularization of the ill-posed classical Boussinesq equation (1), where
6 > 0 is small parameter. The authors use both filtering and regularization tech-
niques to control growth of the errors and to provide better approximate solutions
of this equation. Dash and Daripa [4] presented a formal derivation of equation
(2) from two-dimensional potential flow equations for water waves through an as-
ymptotic series expansion for small amplitude and long wave length. The physical
relevance of equation (2) in the context of water waves was also addressed in [4],
it was shown that equation (2) actually describes the bi-directional propagation of
small amplitude and long capillary-gravity waves on the surface of shallow water for
bond number (surface tension parameter) less than but very close to 1/3. On the ba-
sis of far-field analysis and heuristic arguments, Daripa and Dash [3] proved that the
traveling wave solutions of equations (2) are weakly non-local solitary waves char-
acterized by small amplitude fast oscillations in the far-field and obtained weakly
non-local solitary wave solutions of equation (2). Feng [5] investigated the general-
ized Boussinesq equation including the singularly perturbed Boussinesq equation

U = [Q(u)] 2z + Z bit(2i42)a> (3)

i=1
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where Q(u) = u + bou”, Uit2)s = %, rand b; (i =1,2,---,n) are all real
constants. It is easily seen that the choices bg = 1, r = 2, n = 2, by = 1 and
by = § lead equation (3) to the singularly perturbed Boussinesq equation (2). By
the means of two proper ansatzs, the author obtained explicit traveling solitary wave
solutions of the generalized Boussinesq equation (3). To our best knowledge, how-
ever, there have not been any discussion on global solutions of the initial boundary
value problem for the equation (2) in the literature.

It is well known that when § = 0 equation (2) becomes the “bad” Boussinesq
equation which is ill-posed [7][8] due to the properties of the linear part that are
so “bad” that the traditional mathematical methods cease to be effective. So, one
can ask such a question, as a dispersive regularization of “bad” Boussinesq equation
(1), does the initial boundary value problem for the equation (2) admit any global
solutions? Furthermore, replacing nonlinear function u? by the more extensive
nonlinear function o(u) in equation (2), does the above-problem admit any global
solutions? In this paper, we consider the following generalized singularly perturbed
Boussinesq-type equation

Ut = Ugy + (W) ze + QUgs + Bugs, T € Q, t >0, (4)
with the initial boundary value conditions
Uz (0,8) = up(1,t) = ugn(0,8) = ugs(1,t) = ues(0,t) = uys(1,¢) =0, t > 0,
uw(z,0) = ug(z), wu(x,0)=ui(x), x €Q, (5)
or with
w(0,t) = u(1,t) = Uy (0,) = gz (1,8) = uza(0,8) = upa(1,8) =0, t >0,
u(z,0) = uo(z), ui(z,0) =ui(z), z€Q, (6)

where and in the sequel u,: = g;ﬁ, o(s) is a given nonlinear function, @ > 0 and

£ > 0 are real numbers, ug(z), ui(x) are given initial value functions, Q = (0, 1).
By virtue of the Galerkin method and prior estimates, under the assumption “o’(s)
is bounded below and o(s) satisfies some smooth condition”, we prove that the
problem (4),(5) and (4),(6) admit a unique global generalized solution and a unique
global classical solution, respectively.

The paper is organized as follows. In Section 2, the main results are stated. The
existence and uniqueness of global generalized solution and global classical solution
of the problem (4),(5) and (4),(6) are proved in section 3.

2. Main theorems. Throughout this paper, we use the abbreviations || - | =
| - [z2(0). In the following we state the main results of this paper.

Theorem 2.1. Assume that ug € H(2), u; € H3(Q), fol uo(z)de = fol uy(x)dr =
O, UQg2k+1 (O,t) = u0x2k+1(1,t) = Uqpg2k+1 (O,t) = u112k+1(1,t) =0 (k‘ = 0,1,2),
o € C5(R) and o'(s) is bounded below, namely there exists a constant Cy such that
c’'(s) > Cy, for any s € R. Then, for any T > 0 the initial boundary value problem
(4),(5) admits a unique global generalized solution u(x,t) with

u € C([0,T); H(2)) n C* ([0, T]; H*(Q)) N C*([0,T1; L*(2)).
Theorem 2.2. Assume that the assumptions of Theorem 2.1 hold, ug € H°(Q),

up € H'(Q), 0 € C°(R). Then, the initial boundary value problem (4),(5) admits
a unique global classical solution u(x,t).
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Theorem 2.3. Assume that ug € H%(Q), u; € H3(2), ugzer (0,t) = ugyer(1,1) =
Upz2x (0,) = upgee(1,8) = 0 (k = 0,1,2), 0 € C°(R), 0)(0) =0 (i = 1,2) and
o'(s) is bounded below. Then, for any T > 0 the initial boundary value problem
(4),(6) admits a unique global generalized solution u(x,t) with

u € C([0,7]; HO(2)) N C* ([0, T); H* () N C*([0, T); L*(€2)).
Theorem 2.4. Assume that the assumptions of Theorem 2.3 hold, ug € H'°(Q),

up € H'(Q), 0 € C°(R) and c®)(0) = 0 (i = 3,4). Then, the initial boundary
value problem (4),(6) admits a unique global classical solution u(x,t).

3. Global solution of the problem (4),(5) and (4),(6). We first discuss the
initial boundary value problem (4),(5).

Integrating both sides of Eq.(4) over (0,1) and using ( ) and the assumption of
Theorem 2.1, we obtain fol u(z,t)de = 0, t > 0. Let v(z,t) = [ u(&,t)dE, then
u = v, and v satisfies

Vit = U + (Vs )z + QUza + Bugs, x € Q, ¢ > 0, (7)
0(0,1) = v(1,t) = v35(0,t) = V22 (1, ) = v24(0,2) = v,4(1,2) =0, t >0, (8)
v(z,0) = Uo( ), vt(az O) = (x), z € Q, (9)

where vg(x fo uo(€)dg, vi(x fo up (€

In the followmg, we first prove the initial boundary value problem (7)-(9) admits
a unique global generalized and classical solution. For this goal, we introduce an
orthogonal basis in L?(£2). Let {w;(z)} be the orthogonal basis in L?(£2) composed
of the eigenfunctions of the eigenvalue problem
w”’(x) + dw(z) =0, z € Q, w(0)=w(l)=0,

corresponding to eigenvalue A\; (j =1,2,---). And let v"(z,t) = Z;;l Tin(t)w;(z)
be Galerkin approximate solution of the problem (7)-(9), where T}, (t) (j =1,---)
are functions to be determined, n is a nature number. Assume that the initial data
vo(z) and vy (x) can be expressed by

z) =Y ojw;(x), vi(z) =Y Bjw;(x)
=1 j=1

where a;, 8; (j =1,2,---) are constants. Substituting the approximate solution
v™(x,t) into (7)-(9), we have
vty = Uy + 0(07)a + ovgs + Bugs, (10)
V(0,8) = 0 (1,8) = v (0,8) = 0l (1,8) = v (0.8) = v (1,6) =0, (11)
v"(z,0) = vg (), vi'(z,0) =f (2). (12)
Multiplying both sides of (10) and (12) by wj;(z),respectively, and integrating on
Q, we obtain

(vit — vy — avga — Bus — o (vy))e, wj) =0, (13)
nn(o):aj; T]n(o):ﬁja j:1727 , N, (14)
where (-, ) denotes the inner product of L*(2), and “-” denotes 4.

Lemma 3.1. (Adams[l]) There exist constants € > 0 and C(g) > 0 such that for
any integers j and m, 0 < j < m, the following inequality holds

IDLu()l* < Cle)u(®)]|* + el D u(t)|,
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Lemma 3.2. Assume that o € C*(R), o’'(s) is bounded below, vg € H3(Q), vy €
L23(Q) and vgu2r(0) = vguer(1) = v1526(0) = vy26(1) = 0, (k = 0,1,2). Then
for any n, the Cauchy problem (13),(14) admits a global classical solution Tj, €
C?0, 7] (j =1,2,--- ,n). Moreover, we have the following estimate

" (Ol zrs (@) + o7 I* < Co(T), ¢ € 0,7, (15)

here and in the sequel C;(T) (i =1,2,---) are constants depending on T but inde-
pendent of n.

Proof. Let
o1(s) = o(s) — kos — 0(0), ko = min{Cy,0} < 0. (16)

(16) implies that o1 (s) is a monotonically increasing function, and thus [; o1 (7)dr >
0. By (16), we know that equation (13) is equivalent to the following system

(viy — (L 4+ ko)vy, —avps — Pute —o1(vy )z, wj) =0, j=1,2,--- ,n. (17)
Multiplying both sides of equation (17) by 2Tjn, summing up for j = 1,2,--- | n,
and integrating by parts, we obtain
d n n n n v:

G (@1 + (4 k)OI =l (01 + Bl O +2 [ [ o1(s)asis)
=0. (18)

When kg < —1, by virtue of Lemma 3.1, there is constants C; > 0 and Cy > 0
such that

n 2 n 2 _ ﬂ n 2
[oz (D117 < Crllo™ (@) W+ k) 072 (D%, £ >0, (19)
n n ﬂ n
05 (17 < Callo" (O + @Ilvm(t)ll2, t>0. (20)

Adding 2[1 — C1(1 + ko) + Caa](v™,v}) to the both sides of (18), integrating the
product over [0, ¢], making use of (19),(20) and the Cauchy inequality, we get

n n /B n ’U;

[ OIF + Iof OF + Sl O +2 | [ o1(s)asda
v

< (- il o)+ Coalunl + or P+ e P42 [ [ on(o)dsds
QJOo

+1 = Ci(1+ ko) + Cza]/o (™ ()P + [l (N)I*)dr, ¢ € [0,T]. (21)

Applying the Gronwall inequality to (21), we can obtain the estimate (15).

When —1 < kg < 0, adding 2(1 + Caa)(v™,v}") to the both sides of (18), inte-
grating the product over [0, ], making use of (20) and the Cauchy inequality and
Gronwall inequality, we get (15) immediately.

Using (15) and the Leray-Schauder fixed point theorem [6], we can employ the
standard process to prove that the problem (10),(11) admits a solution Tj, €
C?0,T] ( =1,2,--- ,n). Lemma 3.2 is proved. O

Lemma 3.3. (Zhou and Fu [9]). Assume that G(z) is a k-times continuously
differentiable function with respect to variables z and z € Loo ([0, T]; H*(S2)). Then

ak 2 2
HWG('Z)H < C(M, k)||2(8) )13 gy
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where M = Max, ;e (0,7]x0 |z(x,t)|, C(M,k) is a positive constant depending only
on M and k.

Lemma 3.4. Assume that the assumptions of Lemma (5.2) hold, 0 € C5(R),
vo € H'(Q), vi € HYQ). Then, the approzimate solution v™(x,t) satisfies the
following inequality

i @7 ) + 107 Ol + 10" Ol @) < Co(T), 0<t<T.  (22)

Proof. Multiplying both sides of equation (13) by 2/\§Tjn(t), summing up for j =
1,2,--- ,n, integrating by parts, we obtain

L (I 7 + g0 = alloge 0 + Bl OI?)
= 20 (U )as, Vi), (23)

1
where the fact “U(U;)zmwrl‘ =0 (k=0,1)” has been used. By Lemma 3.1, there is
0

a constant C3 > 0 such that
o3 ()1 < Callo™ DI + - e ()P, ¢ > 0. (24)

Adding 2(1 + Csa)(v™, vf") to the both sides of (23), integrating the product over
[0,t] and using the Cauchy inequality, Lemma 3.3, (15) and (24), we have

B
2

t
4 5 ﬁ 7 n n
< ool + log 12 + 1™ 17 + S 10”1 + (14 Csa0) / (@) + o7 ()P dr

o™ O + [, I + [lvgs (D1 + 5 oz ()]

t
+ / (o () I? + [foa (7))
4 B
< ool + log 12 + 1106”17 + S 106”1 + (1 + Cae) TCa (T)

+(1+Cga+C(M))/O (™ (O + logs, (DI + Jogz (7)]*)dr. (25)

where M = max, ;ci0.7)xa [z (2, 1)] ( from (15) and Sobolev embedding theorem
we know that v} (z,t) is bounded ), It follows from (15),(25) and the Gronwall
inequality that

o Ol Zrs () + " Ol @) < C5(T), t€[0,T). (26)

Multiplying both sides of (13) by Tjn, summing up for j = 1,2, -+ n, using the
Cauchy inequality, we get

IO < (loge 0] + allvga @ + Bllvgs O + llo (v Do @l (27)
Combining (26) with (27) leads to
lvi (B)]* < C4(T), t€[0,T]. (28)

Similarly, multiplying both sides of (13) by —/\jTjn, summing up for j = 1,2,--- | n,
integrating by parts, using (26) and the Cauchy inequality we have

i (N7 < C5(T), t€[0,T). (29)
By (26), (28) and (29) yields (22). Lemma 3.4 is proved. O
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Theorem 3.5. Assume that the assumptions of Lemma 3./ hold, then the initial
boundary value problem (7)-(9) admits a unique global generalized solution v(zx,t),
namely, v(x,t) satisfies the identity

T
/ / [Utt — Ugg — Qs — Vg6 — a(vﬁ)w}g(x,t)dxdt =0, g(z,t) € L*(Qx (0,T))
0o Ja

and the initial boundary value conditions (8) and (9) in the classical sense. The
solution v(x,t) has the continuous derivatives vyi(x,t) (i =1,2,3) and ve(z,t) and
the generalized derivatives vyi(x,t) (i = 4,5,6,7), vmi:(i = 1,2,3,4) and vy (i =
0,1).

Proof of Theorem 3.5. 1t follows from Lemma 3.4 and Sobolev embedding theorem
that

[v" @Ol cor@) < Co(T), v )llcaa @y < Cr(T),
H’Ug(t)”COJ‘(ﬁ) S OS(T)a te [O7T}7 (30)

where 0 < A < 1/2. Combining (30) with Ascoli- Arzeld theorem, we conclude
that there exists a function v(x,t) and a subsequence of {v"(x,t)}, still denoted
by {v"(z,t)} such that when n — oo, {vli(z,t)} (i = 0,1,2,3) and {v{'(z,1)}
uniformly converge to v(x,t) (i = 0,1,2,3) and v (z,t) on Q x [0,T] respec-
tively. By virtue of the estimate (22), we obtain that subsequences {v}; (z,t)} (i =
0,1,---,7), {vl(z,)} (i = 0,1,2,3,4) and {v};,,(z,t)} (i = 0,1) weakly con-
verge to vyi(x,t) (i = 0,1,--+,7), vpir(ax,t) (0,1,2,3,4) and vy (z,t) (¢ = 0,1)
in L2(Q x (0,T)) respectively. Making use of the weakly compact theorem of the
space L2(2x (0,T)), we can deduce that the initial boundary value problem (7)-(9)
admits a global generalized solution.

In the following, we prove the uniqueness of the solution of the initial boundary
value problem (7)-(9).

Assume that vq(x,t) and va(z,t) are two generalized solutions of the problem
(7)-(9). Let w(z,t) = vi(x,t) — va(x,t). Thus w(x,t) satisfies the initial boundary
value problem

Wt = Wag + 0(V12)z — 0(Vog) e + Qwga + Pwys, x € Q, ¢ > 0, (31)
w(0,t) = w(1,t) = Wz (0,t) = Wy (1,t) = wea (0, ) = wya(1,8) = 0,6 >0, (32)
w(z,0) =0, wi(r,0)=0, x€Q (33)

Multiplying both sides of equation (31) by 2w; and integrating over {2, we obtain
d
= (@12 + s (2 = ollwas ()2 + Bllwsaa (1))
=2 / [0 (V12) V122 — 0" (V22 )V2ge|wid
Q

= 2/ 0’ (V12 )Wapwidz + 2/ " (v1z + 0(vay — V1) )VorrWpwide
Q Q

< Co(T) (eI + llwe (DI + l[waa()]?), (34)
where 0 < 8 < 1 and the fact “o’(v1;) and 0" (vig + 0(var — V14))V2ze are bounded
on [0,7] x © 7 has been used.

By Lemma 3.1, there is a constant Cy > 0 such that
B
|waza (t)||2 (35)

2 2, P
s (O < Callw@ +
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Adding 2(1 4 Cya) [, wwdz to the both sides of (34), integrating over [0,¢], using
the Cauchy inequality and observing the estimate (35), we have

B

Il + llwe (1 + w01 + 3 llweaa (8)]]*
< C1o(T) /Ot(llw(f)H2 + w7 + llwe (O + wees (1)) dt. (36)
Applying the Gronwall inequality to (36) leads to
lw(@I* + llwe (1] + llwa (£)]]* + g”wxmf(t)HQ =0. (37)
(37) implies the uniqueness. O

In order to show that the initial boundary value problem (7)-(9) admits a global
classical solution, we make further estimates for the approximate solution v™(x,t).

Lemma 3.6. Assume that the assumptions of Lemma 3.4 and the following con-
ditions hold: o € C*(R), vg € HY(Q), v1 € H3(Q). Then the following estimate
holds

™ O 0y + 10 OllFrs () + 105 @20 + 105 OlF20) < Cua(T). (38)

Proof. Multiplying both sides of equation(13) by 2)\§Tjn(t), summing up the prod-

ucts for j = 1,2, --- ,n, integrating by parts, making use of Lemma 3.1, Lemma 3.3
and the Gronwall inequality, we deduce that
[0™ ()1 Fr11 () + 107 () Fs () < Cra(T), t € [0,T). (39)

Multiplying both sides of equation (13) by )\?Tjn(t), summing up the products for
j=1,2,---  n, integrating by parts, by virtue of the Cauchy inequality, we obtain

103 (0)][3r2(0) < C13(T), t € [0,7T]. (40)
Differentiating (13) with respect to t, we have
(v?tt - v:mt - Oé’U;LA;t - 61)2% - U(U;L)Etij) =0,j=12,---,n. (41)

Multiplying both sides of (41) by Tjns(t), summing up for j = 1,2,--- ,n, using
the Cauchy inequality and the estimate (39), we get

ot (B)]* < Cra(T), t € [0, T]. (42)

Multiplying both sides of (41) by )\?Tjnm (t), summing up for j = 1,2,--- ,n, inte-
grating the products by parts, using the Cauchy inequality and the estimate (39),
we conclude that

1075 (Dlr2() < C15(T), t € [0,T]. (43)
Combining the estimates (22), (39) with (43), we obtain (38). Lemma 3.6 is proved.
O

Theorem 3.7. Under the conditions of Lemma 3.6, the initial boundary value
problem (7)-(9) admits a unique global classical solution v(x,t) with

v e O([0,T1;C7 () N ([0, T); CH()) N C*([0, T]; C*(42)). (44)
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Proof. Tt follows from (38) and Sobolev embedding theorem that
[ ()o@, < Cro(T), 107 Ollr @ < Caa(T),
[t ()1 @)y < Cis(T), [lvgge (D)l cr @y < Cro(T), ¢ €[0,T]. (45)

By using the (45) and Ascoli-Arzeld, we can prove that the initial boundary value
problem (7)-(9) admits a global classical solution. Uniqueness of the generalized
solution ensures that of classical solution. Theorem 3.7 is proved. O

Proof of Theorem 2.1. Differentiating (10) with respect to x, let u"(x,t) = v?(x, t),
using the equation (10) and boundary condition (11), we obtain that u™(x,t) satis-
fies the following problem

Uy, = Uy + 0 (W) ge + Qs + Bults, (46)
ug (0,t) = Uﬁ(l’f) =uys(0,1) = uya(1,t) = ugs(0,t) = ups(1,¢) =0, (47)

where uf) (z) = Z] 1 a]wj( ) and uff = Z?:l bjw;(x) are the approximation of the

T) = Zajwj(x), uy () = Z bjw;(x)

here a; and b; are constants.
It follows from (22) that

gy B + [luf (01177 (@) + 1™ (O)l[Fr0() < C2o(T), ¢ €10, T]. (49)

Therefore, by (49) we can employ the same method as in Theorem 3.5 to prove that
u(z,t) satisfies the identity

T
/ / [utt — Upp — QUps — BUys — a(u)m}g(x, t)dazdt =0, g(x,t) € L*(Qx (0,T))
o Ja

and the initial boundary value conditions (5) in the classical sense. Hence u(x,t)
is a global generalized solution. Using the same method as in Theorem 3.5 we can
obtain the uniqueness.Theorem 2.1 is proved. O

Proof of Theorem 2.2. From (38) and Sobolev embedding theorem, we have
™ ()l gy ()| oy 8 gyl (D Ly < Con(T), £ € [0, (50)

Differentiating equation (7) with respect to x, substituting v, (z,¢) = u(x,t) into
the product equation, since v(z,t) is the classical global solution of the problem (7)-
(9), by (50), we know that u(x,t) is the classical global solution of initial boundary
value problem (4),(5). The uniqueness is obvious. Theorem 2.2 is proved. O

In the following we study the initial boundary value problem (4),(6).
Proof of Theorem 2.3. Let v(z,t) fo u(&,t)d€, then u = v, and v satisfies

Vit = Ugg + U(Uw)w + avgs + 6”9:67 S Qy t>0, (51)
vx(O,t) = UI(lat) = 013(0at) = UmS(lat) = Uﬂc5(0at) = Ur5(1at) =0,t>0,
(SE 0) = UO(‘T)v ’Ut(SC,O) = Ul(‘r)7 S ﬁa (52)

where vo(z) = [3 uo(£)d€, vi(z) = [y ui(€)dg
We first prove the initial boundary value problem (51),(52) admits a unique global
generalized and classical solution. For this goal, we also introduce an orthonormal
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base in L?(Q2). Let {w;(z)} be the orthonormal base in L*(Q) composed of the
eigenfunctions of the eigenvalue problem

w”’(z) + Aw(z) =0, z€Q, w'(0)=w'(1)=0,
corresponding to eigenvalue A\; (j =1,2,---). And let v"(z,t) = Z?Zl Tin(t)w;(z)
be Galerkin approximate solution of the problem (51),(52), where T, (t) (j =1,---)

are functions to be determined, n is a nature number. Assume that the initial data
vo(x) and vy (z) can be expressed by

vo(x) =Y oyw;(x), vi(z) =Y Bjw;(x),
j=1 j=1

where a;, 3; (j = 1,2,---) are constants. Substituting the approximate solution
v"(z,t) into (51),(52), we have

Vi = Vi + 0 (072 + avya + Bugls, (53)

vy (0,t) = v (1,t) = vps(0,t) = vls(1,t) =005 (0,8) = vl (1,8) =0, (54)

v"(2,0) = vg(z), v{'(2,0) =07 (). (55)

Multiplying both sides of (53) and (55) by w;(x), respectively, and integrating on
Q, we obtain

(Vi — vty — s = Bugls — 0(07)a, w5) = 0, (56)

rfj (O):Oéj, Tjn(O)Zﬁj, j:1,2,'~' ,n. (57)

In the following, we can employ a similar method as deriving Theorem 2.1 to com-

plete the proof of Theorem 2.3. Theorem 2.3 is proved. O

Proof of Theorem 2.4. We can employ the same method as deriving Theorem 2.2

to complete the proof of Theorem 2.4. O
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