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1. Introduction

Numerical methods for solving nonlinear equations is a popular and important research topic in numerical analysis. In
this paper, we consider iterative methods to find a simple root of a nonlinear equation f (x) = 0, wheref : D C R — R for
an open interval D is a scalar function.

Newton’s method is an important and basic approach for solving nonlinear equations [1,2], and its formulation is given by

)

f'(xn)
This method converges quadratically.

To improve the local order of convergence, a number of modified methods have been studied and reported in the
literature (for example, [3-21]). By employing a second-derivative evaluation, we can obtain some well-known third-order
methods, such as Chebyshev’s method, Halley’s method and the super-Halley method [3,4]. In order to replace the second
derivative, an evaluation of the function or first derivative is added, and then many third-order and higher-order methods
are obtained (for example, [5-19]).

However, in many other cases, it is expensive to compute the first derivative, and the above methods are still restricted
in practical applications. The well-known secant method is given by

(1)

Xn+1 = Xn

_ _ Xn — Xn—1
Xn+1 = Xn f(Xn) —f(Xn,1)f(xn)' (2)

This method can be derived by finding the root of the linear polynomial function
fxn) — f(xn—1)
Li(0) = f () + == (X = Xa). (3)

n — An—1

This method does not require any derivative, but its order is only 1.618.
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In order to improve this method, Zhang et al. [22] consider

fn) —f(xn)
7()(_
— X

n n

LZ(X) :f(xn) + xn)v (4)

and then find x,,; such that L,(x,,) = 0. From this, they obtain

Xn — Yn
n =X T T s~ n)s 5
K = ey — fom! ®)
where y,, 1 is defined by
Yn+1 = Xn41 — ]ﬁﬂxnﬁ)' (6)

This method is also a secant-like method, and the order is improved to 2.618.
In this paper, we attempt to improve the order of the method proposed in [22] by using previous information, and then
we present a new iterative method for solving nonlinear equations. Analysis of the convergence shows that the asymptotic

convergence order of this method is 1 + v/3.The practical utility is demonstrated by numerical results.

2. Notation and basic results

Let f (x) be a real function with a simple root x* and let {x,},cn be a sequence of real numbers that converges to x*. We
say that the order of convergence is q if there exists a ¢ € R such that

. Xni1 — X*
lim 2" —C#£0, cc.
n—+400 (Xn — x*)q
Let e, = x, — x* be the nth iterate error. We call
ene1 = Cel + - - (7)

the error equation, in which the higher-order terms are neglected. If we can obtain the error equation for the method, then
the value of q is its order of convergence.

3. The method and its convergence

Here, in order to construct our method, we use the following the second-order polynomial function:
(vl = vi ) & = xa) (x — )
o1Xn—1 + aYno1 + 2 — oy — @2)Zo1 — B1xXn — Boyn — 2 — 1 — B)zn
where a1, a3, B1, B2 € R, and yy, z, and v, are defined by y, = x; — vp_1f (), vn = Yo — X%0)/(Fn) — f(xy)) and
z, = Xp — vpf (%), respectively.
It is easy to obtain that
(U;_]1 - Un_l) Wn —X%)(Zn —yn) = Un_l(yn - Zn)z-

In order to eliminate the nonlinearity, we replace x,,1 in the terms (x,+1 — X;) and (x,+1 — ¥n) of P(x,+1) with y, and z,,
respectively, and then finding its solution, we use the following new method:

P(X) = f(x0) + v, ' (x — X,) +

Yn = Xn — Vn—lf(xn)’
V= Y — %)/ (Fn) — f (X)),
Zn = Xnp — an(xn)7 (8)
Yn — Zn)z
A1Xn—1 + QaYn—1 + (2 — oy — @2)Zn—1 — BiXn — Boyn — 2 — 1 — Bz
where o1, 0y, ,31, /32 € R.
The method defined by (8) can be viewed as an iterative method with three substeps. The first two substeps are a variant
of the method proposed in [22]. The third substep is an acceleration by using the values computed previously.
At the beginning of the process, the value of v_; needs to be given by some approaches. One choice of v_; is given by

Xny1 = Zn —

V_1 =&,
while another choice is

_ &f (Xo)

" f(xo+ef (o) = f(x0)

V1
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Here, ¢ is a nonzero real number. The latter requires one more evaluation of the function than the former. However, the
choice of v_; cannot affect the asymptotic convergence order of the method defined by (8).

Since the values of x_;, y_; are not available, the first iteration cannot carry out the third substep, and hence we let
X1 = Zp.

The following theorem indicates the best choice of parameters in the new method.

Theorem 1. Assume that the function f : D C R — R for an open interval D has a simple root x* € D. Let f (x) have first,
second and third derivatives in the interval D; then the asymptotic convergence order of the method defined by (8) is 1 + +/3
wheno; = oy = 1.

Proof. Letd, = y, — x* and w, = z, — x*. Using Taylor expansion and taking into account that f (x*) = 0, we get

f@n) =f'(x") [en + 26 + c36; + -+ -], (9)
where ¢, = (1/kDf® (x*) /f'(x*), k = 2, 3, . ... Furthermore, we have

fn) =f/ (&) [dn + d% + c3dy + - -] (10)
From (9) and (10), we have

vn = Vn — Xn)/(F(Yn) — f(%n)),

1 (Yn — X*) — (Xp — ")

O fIx*) (dy —ep) + Co(d2 — €2) 4 c3(dd —e3) + -+

_ 1 d, — e,

T fIx*) (dy —ep) + Co(d2 — €2) 4 c3(d3 —e3) + - -

1 1

T () 1+ cpen +dn) + c3(e2 + endy +d2) + - -

= f,(l*) [1—calen + dn) — c3(€5 + endy + d2) + ¢35 (en + dn)® + - -]. (11)

Thus it follows from (9), (10), (11) and y, — X, = —v,—1f (x;) that
d, = e, — [1 —cy(en—1 +dp—1) — c3(eﬁ,l + ep_1dp_1 + dﬁ,l) + c22(en_1 +dp)?+ - .](en + czeﬁ + c3eﬁ 4. )
= Cep(en—1 +dn1) + (c3 — sz)en(en—l +dn_1)* — csenep_1dn_1 — Czeﬁ + szeﬁ(en—l +dp1)+- e, (12)
and hence, we obtain

wn = Xp — X" — vpf (Xp)
= ey — [1—co(en + dn) — c3(6% + endy + &) + 5 (en + dn)> + -] [en + 265 + 365 + - -]

= cyepdy + (c3 — c3)(€2dy + end?) + - - - (13)

From (8), we obtain

(dy — wn)2
en+] = Wwn — . (]4)
arep_1 +azdn + 2 — oy — ax)wn—1 — Brey — Badn — 2 — B1 — Ba)wy
We first consider the case a; = 0, a; # 0, and in this case we have
1 Caén (Z:j + 1) 4+
pt1 = Czendn - — G (dn - wn) +--
oy 1+ P - + ..
e,d
= cpepdy — ——— 4 -
0€n—2
2
cesen—
= 2l (15)
o2€n—2

From (13) and (15), we can see that, from z, to x,,11, the order is not improved when oy = 0, o # 0. Similarly, it is obtained
that the case oy = @, = 0 also cannot improve the order. We now turn to consider the case oy # 0, and using (12)-(14),
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we obtain

1czen<1+z:7::>+"
Czendn_;] 14 @b 4

o1 en—1

1
= (1 — —) cend, —
oq

1 =

1 o dn_
— (1 — —2) Crendy L
o aq €n—1

(dn = @n) + -

1 1 [0%) 2
=|1——)ced,——|1——|cse,dnenp+---
(03] [0 4] [0 4]

1
=(1-—)c2ee,_1 +
( a1>2”n1

1 o
[] - — (2 - i)] celen 1en g+ ---.
o1 o1
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(16)

From (16), we can see that the order will be improved by taking &y = o; = 1. In the following, by letting vy = o, = 1, then

from (12), (13) and (14), we obtain

dp — wy

€ny1 = W

" e+ diy — Bren— Bodn — 2 — Bi — Bon
CZen(en—l + dn—l) + (C3 - sz)en(en—l + dn—l)2 - CBenen—ldn—l + -

(dn — wn)

= qepd, — (dy — wy)
e en_1 + dn1 — fren — Padn — 2 — B1 — By
Coen + (C3 — C3)en(en—1 + dy_1) — Ernctdit
= yepd, — S

1— Bien+Brdn+Q2—B1—B2)on

(y — ) +

en—1+dp_1
2
= epd, — |:C29n + (c3 — 65)ep(en—1 + dp1) —

y |:1 n Bien + Badn + (2 — B1 — B2)wy s
€n—1 +dn—1

= Cendn — | Caen + (3 — €3)en(en—i + dn1) —
= endn — | Caen + (c3 — €3)en(en—i + dn1) —
= Cendn — | C2€n + (c3 — C3)en(en—1 + dn_1) — C3€ndn_1 (1 -

dn—1
€n—1

e
x [1+51 L (1—
€n—1

B 2

e
2
= CZEndn — | C2ln + (C3 - Cz)enen—l + 62/31 2
L n—1
2
2 €n
= (Cz - C3)enen—1dn - CZﬂl dn + -
€n—1
2 2.2 2 3
= c(c; —c3)eqe,_ —Cc e, + - -

=(cd —c3)elel  + .
LetC =, (c22 — ¢3); then (17) becomes

2,2
enp1 = Cepen_ 1 +---.

c3enep_1dy_1

)+] X(dn_wn)+...

+]X(dn_wn)+

Suppose that the order of (8) is ¢ when oy = a; = 1; then from (7) we have

en==Cel  +--,

and

2
1
eny1 = Cel + ... =CMlel 4 ....

en—1+ dn—l
i| X (dn_wn)+
C3encfin—l + L. |:1 + ,Blen + et
1 ﬁ en—1 + dn—]
n— -
c3endn_1 P en_1
T o ] o

+ ..

4+ .-
':|X(dn_wn)+"'
X (dn —wn) -+

(18)

(19)

(20)
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Table 1

Test functions and their roots.
Example Test functions Root
1 xe® — sin? (x) + 3cos(x) + 5 —1.2076478271309
2 sin?(x) —x% + 1 1.4044916482153
3 X H7x=30 _ q 3

Table 2
Comparison of various iterative methods for Example 1.
Secant ZLLM New
= 1 n 8 6 5
b= If (xa)] 1.72e—16 8.93e—32 1.18e—24
Iy n 9 6 6
b==l If (xa)] 3.19e—21 1.83e—24 1.15e—43
Table 3
Comparison of various iterative methods for Example 2.
Secant ZLLM New
=15 n 6 4 4
D= L I (x| 1.61e—20 8.55e—25 8.52e—36
Yo =25 n 9 6 5
D= & If ()| 5.35e—25 2.17e—37 7.48¢—23
Substituting (19) and (20) into (18) gives
2
q+1,9° __ ~3,2q+2
Ce,_,=Ce "+, (21)
which implies that
7 =2q9+2. (22)

It is obtained from (22) that the asymptotic convergence order g = 1+ /3. O

By Theorem 1, we take @y = a3 = 11in(8), and obtain the present method given by

Yo = Xp — vp_1f (Xn),

Vi = Wn — X))/ Fn) — f(xa)),

Zn = Xn — an(xn)s (23)
Yn — Zn)z

Xn—1 + Y1 = BiXn — Boyn — 2 — B1 — Bz

Xnt1 = Zn —

where 81, B, € R.
Theorem 1 shows that the asymptotic convergence order of the present method (23)is 1+ /3. We note that this method
does not require any derivatives, which is efficient especially when the computational cost of the derivative is expensive.

4. Numerical examples

Now, we employ the new method given by (23) with 8; = 8, = 0 and v_; = 1 to solve some nonlinear equations. The
performance of the present method with the secant method given by (2) and the method given by (5) and (6) [22] (ZLLM)
is compared. For the ZLLM, we take yo = X9 — f(Xo). For the secant method, we take x_; = xo — f (xo).

Table 1 shows the expression of the test functions and the root with 14 significant digits. All computational results are
displayed in Tables 2-4.

In these methods it is necessary to begin with one initial approximation, xo. In the first column of Tables 2-4 we present
the initial approximation, which is the same for all methods.

The iterative method is stopped when [f (x,;)| < 1e—15. In Tables 2-4, we show the number of iterations costed by each
method and the evaluations of f at the final approximate roots computed by each method.

The results in Tables 2-4 show that the present method is efficient.
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Table 4
Comparison of various iterative methods for Example 3.
Secant ZLLM New
n 9 6 5
Xo =2.95 If (xa)] 5.48e—25 9.41e—31 6.99e—27
n 29 11 6
Xo =3.05 If ()| 5.89¢—16 6.13e—18 1.17e—24

5. Conclusions

We present a new iterative method for solving nonlinear equations. Theorem 1 shows that the asymptotic convergence
order of this method is 1 + +/3. This method requires no derivatives, so it is especially efficient when the computational
cost of the derivative is expensive.
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