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1 Introduction
We consider the semilinear elliptic equation
—Au = f(z,u) in Q,

1.1
u=0 on 01, 1)

where (2 is a bounded domain in RY (N > 1) with smooth boundary Q2 and f: Q x R — R is
a continuous function satisfying the following linear growth condition: there exists a constant
Co > 0 such that

If(z,u)| < Co(l+ul), VueR, zel. (1.2)

We look for the weak solutions of (1.1) which are the same as the critical points of the functional
I: H}(Q) — R defined by

I(u) = %/Q\Vu|2dx7/QF(x,u)dx,

f(x,t)dt, and H}(Q) is the Sobolev space with the norm

1/2
lul) = [ Vull = ( /Q |Vu|2dx> ,

A special case of condition (1.2) is that f is asymptotically linear at infinity: there exists a

u

where F(z,u) = [,

continuous function a(x) such that

f(x,u) = a(@)u+of|ul) as Ju| — oco. (f1)
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Equation (1.1) is called non-resonant if

—Au—a(z)u=0 in {,
u=0 on 0f)
has no non-zero solution. Let A(a) < Az(a) < --- < Ag(a) < --- be the eigenvalues of the

equation
—Au — a(z)u = lu

with the Dirichlet boundary value, and let A (0) = Ag. Then the non-resonance of (1.1) means
that Ag(a) # 0 for all k. In some literatures, (1.1) is called non-resonant if there exists a

constant € > 0 such that

A +e<

f(@,u) < App1—€ forzeQ, |ul>1. (1.3)
u

It is well known that if (1.1) is non-resonant, then (1.1) has a solution. This can be proved
either by minimax argument or by Morse theory (see [1, 2]).

Let the condition (f;) be satisfied. Equation (1.1) is called resonant if Ag(a) = 0 for some
k. In this case, it is more complicated for the solvability. There are a lot of literatures studying

this problem. For instance, if
[f(z,u) — Apul < C, YueR, ze€Q, (f1)
for a constant C' > 0 and the Landesman—Lazer condition

lim {F(x, u) — ﬁuﬂ dxr =400 (or —o0), where u € Ker(—A — \g)
lull—o0 Jo 2

holds, then (1.1) has a solution (see [2]). For other versions of this condition and some multi-
plicity theorems by using the topological degree technique and variational methods, we refer to
[3-9] and references therein.

Equation (1.1) is called double resonant at infinity if

A < w < Agg1, forz e Q |u| > 1, (1.4)
and for some z € €, either the equalities hold or
lim flow) Ak
luj—o0 U
e o)
— f(z,u
li T = Apgq.
\u|lgloo u ko

This means that oscillates between two consecutive eigenvalues. The existence of solutions

JEERD)
of (1.1) with this condition has also been studied by many authors (see [10-12]). In particular,
it is proved in [10] that if (1.4) and the Landesman-Lazer conditions
A
lim [F(x,v) - 7’61)2} dxr = 400, where v € Ker(—A — \g), (1.5)

vl —o0 Jo

A
lim [F(:v,v) - %vﬂ dx = —oo, where v € Ker(—A — A1) (1.6)

lv]|—cc Jo
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hold, then (1.1) has a solution. There are also many papers concerning the solvability of

resonant (1.1) with the following non-quadratic condition:

lim [f(z,u)u — 2F(z,u)] = £oo, uniformly for z €

lu|—o0

see for example [13-15].

In the case that f depends on x, comparing with (1.4), it is more natural to consider
equation (1.1) with the condition: 3 My > 0 such that

f(z,u)

u

a(z) < <b(x), for [u > Mo, = € Q, (1.7)

where a and b are continuous functions. It is proved in [15] that equation (1.1) possesses a

solution if

A Ra(z) <

f(“"z W - b(x) < M1, Ju| > 1 (1.8)

uniformly for x € Q, where A\ < a(x) means that A\; < a(x) and the inequality holds on a set

of positive measure. This result can be generalized as follows: Let (1.7) be satisfied and
Ae(a) <0, Ag41(b) >0 (1.9)

for some integer k; then equation (1.1) has a solution, see [16], and [17] for the ODE case.
Clearly, (1.9) is a generalization of (1.3) and (1.8). It is easy to construct a function f(z,u)
such that (1.7) and (1.9) hold, but @ can across many eigenvalues of —A for some z € Q.
As pointed out in [16] that (1.9) is indeed a type of non-resonant condition.

The aim of our paper is to find solutions of equation (1.1) with (1.7) and the following
double resonant condition

Ae(a) <0,  Agy1(b) > 0. (1.10)

Our main result is the following;:

Theorem 1.1  Suppose that the conditions (1.7), (1.10) and the following generalized Landes-
man—Lazer conditions are satisfied :

(f2) limyjy) oo [o[F(z,v) — @vﬂdw = +00, where v € Ker(—A — a),

(f3) My oo JoF (2, 0) — @vﬂdw = —o0, where v € Ker(—A —b).
Then equation (1.1) has a solution.

Remark 1.2 The periodic boundary value problem of

—u" = f(z,u) (1.11)
with
a(z) < l‘1r|n inf @ < lim sup f(:i; w) < b(x) (1.12)

uniformly for x € S = R/27Z and the Landesman-Lazer conditions

/ liminf g1 (2, t)u(z)dz + / limsup ¢1 (z, t)u(x)dz > 0, (1.13)
u>0 u<0

t—o0 t——o00

/ liminf go(z, t)v(x)dx + / lim sup g2 (x, t)v(x)dz > 0, (1.14)
v>0 v

t—o0o <0 t——0o0
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where u € Ker(—A — a)\{0}, v € Ker(—A — b)\{0}, and gi(z,t) = f(z,t) — a(2)t, g2(x,t) =
b(x)t — f(x,t) has been considered in [18]. Under the condition Ag(a) <0 < Aky1(b), using the
topological degree methods it was proved that equation (1.11) possesses a 2m-periodic solution.
Obviously, (1.12) is weaker than (1.7). However, there are functions that do not satisfy (1.13)
and (1.14), but (f2) and (f3). An example of such function is

1
Fla ) =Mt + <, 1] >0

with a = Ag.

The proof of our theorem is based on the linking theorem. There are two main difficulties
for the double resonant problem. One is the Palais—Smale condition for I and the other is
to construct linking sets which rely on a decomposition of Hg (). For the case a = )\ and
b= Ait1, we have H} (Q) = E1 @ By, where Ey = @D, <, Ker(—A—A;) and E; is the orthogonal
complement of Ey. This can not be used if (1.8) is replaced by (1.10). We need to give a
decomposition of H}(Q) according to the eigenfunctions of different functions a and b. Such a
decomposition has been used in [18] for the ODE.

The paper is organized as follow: In Section 2, the Palais—Smale condition for I is proved.
In Section 3, a decomposition lemma for Hg (£2) is recalled, which is the basis of linking theorem,
and the proof of Theorem 1.1 is given. In Section 4, nontrivial solutions of (1.1) are studied.
In the sequel, the letter C' will be used to denote various positive constants whose exact value

is irrelevant.

2 The Palais—Smale Condition

In this section, we will prove that the Palais-Smale condition holds for I.

Definition 2.1 A functional I is said to satisfy Palais—Smale ((P.S.) for short) condition, if
every sequence {u,} C H} () with

I(uy) being bounded, (||un|| + 1)I'(un) — 0 as n — oo, (2.1)

POSSESSES a com}ergent subsequence.

This Palais—Smale type condition was introduced by Cerami, and it was shown that this
condition suffices to get a deformation theorem and the critical point theorem (see [19]).
Proposition 2.2  Under the assumptions of Theorem 1.1, the functional I satisfies the (P.S.)

condition.

We will prove the proposition by several lemmas following the argument in [10] with slight
modification. Let {u,} C H}(Q) be a (P.S.) sequence. In order to prove the proposition, it
suffices to show that u,, is bounded in H{(£2) by the condition (1.2).

By contradiction, we assume ||u,|| — oo as n — oo. Then |uy|l2 — oo since
[unll < C(1 + [Junll2)

by (1.2) and (2.1). Let z, = por,
zn — z weakly in H{(Q), and z, — z strongly in L*(Q), ||z2 = 1.

then there exist z € H}(2) and a subsequence such that
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By condition (1.7), let

en(z) = W if [un ()| > Mo, en(@) = a(z) if Jun(z)| < Mo.

Then {¢,} is bounded in L*>(€2). Hence, after a subsequence there is a ¢(x) € L(Q2) such that
cn(z) = c(x) weakly in L9(Q2) as n — oo, where 2 < ¢ < =5 is fixed. Since the set

{u e LUQ) |a(z) <u(z) <b(z), z €N}
is weakly closed, we get that
a(z) < c(x) <b(z), forze.

Let I'(uy,) = ,. Using (2.1), for ¢ € C}(2), we have
/ VznVodz — / Tn) gy — (&1, 0),

lunllz ?

where ¢/, = &,,/||unll2 — 0 as n — oo in (H}(Q))*. Standard computations (cf. [16]) show that

/Q VeVds = /Q o(z)zddz,

which implies that z # 0 is a solution of

—Au =c(z)u in Q,
u=0 on 0N).

(2.2)

Case 1 If a(x) < c(z) and c(x) < b(z) on a subset of positive measure, then by strict

monotonicity we have
)\k(c) < )\k(a) <0, )\k+1(C) > >\k+1(b) >0,

which contradicts that equation (2.2) has a nonzero solution.

Case 2 a(z) = c(x).

We write
1 1
I(u) = f/ \Vu|2dxff/a(:r)u2d:c—/ G(z,u)dz,
2 Ja 2 Ja Q

where G(z,u) = [ g(z,t)dt, g(z,t) = f(z,t)—a(z)t. Let ¢} (x) = cu(x) —a(x), then ¢} (z) >0
and ¢} — 0 weakly in (L% (€))* = L72 (). Let
H = @ Ker(—A —a — \i(a)),
Ai(a)<0
H° = Ker(—A — a),

H = @ Ker(—-A-a-)(a)),
Aj(a)>0

then we have

Hi(Q)=H oH'@H".
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Lemma 2.3 There exists a constant 6 > 0 such that

/[\Vw|2 — a(x)w?dz > §||w||?, forwe HT,
Q
/HVU|2 —a(x)v?dx < =d|jv||*, forve H™.
Q
Proof Since a € C(Q), from the definition of H+ we have

/Q|Vw|2dx:/Q[\Vw|2—a(x)w2]dx+/a(x)wzdx

Q
S/[\Vw|2—a(x)w2]dx+6'/w2dw
Q Q

2—axw2 X E w2—a1'U)2 X
< [190f ~ at@yutits + = [ [Vul? a(a)u?la
< C/Q[|Vw|2 — a(z)w?dz,

where Ay = min{)\;(a) | A\;(a) > 0}. This proves (2.3), and the proof of (2.4) is trivial.
Let u, = v, + u2 + w,,, where v, € H~,u% € H® and w,, € H™.
Lemma 2.4 If a(x) = c(z), then ||v,||? + ||wn||? is bounded.
Proof Using the assumption (2.1), we have
(llenll + DA (), w =y = vg) = o(1) wy — iy = va.

Lemma 2.3 gives
(I 1t w5 — 02— ) = / (Ve ? — af)jun e — / (V]2 — alz)[val?)dz
Q Q
— / g(z, upn) (wy, — ug — vy )dx
Q

> 6(llvall? + llwall®) — /Qg(ffvun)(wn = Uy — vp)da.

This together with (2.5) implies that

|w, — u?z — vy |

3ol + unl?) < A==l f ), = 08 = )

Since w,, — ug — vy = 2w, — Uy, simple computations show that

— 0 —
lton =y = vl < Cllwn||+ C, for n large enough.

l[unl +1
Similarly, (1.2) and the Poincaré inequality imply that
/ gz, up) (wy, — ud —v,)de = / g(z,u,) (2w, — uy)dx
|un|< Mo [un |< Mo

< / 9| - | (2w — up)de
|un|§M0

< o(/ 12, — up|2da) 1/
|“77|SM0

< Cllwn|| + C.
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By the embedding theorem, after a subsequence, we may assume TolE — Wo strongly in
L3 (Q). Then using ¢} — 0 weakly in (L% (€2))*, we get

/ o) (1 — 1 — vy)dr = /
‘“n‘zMO

9 tn) 2 (40 1, 2de
lun|>Mo — Un

/ )de:zr
|un|>Mo
/|u,L|>M0

2
-) T da -
|un|>M0 n

0
§||wn|\2 for n large enough
Then this lemma follows from (2.7)-(2.10)

Lemma 2.5 If ||[v,|? + ||wn||? is bounded, then I(u,) — —oo0 as n — oo
Proof  Since ||vy||? + ||w,||? is bounded, we get

/ |V dm——/ x, Uy )dx
Q
ud u?
§C+/ {G(m,—”) —G(x,un)]dx—/ G(m,—")dw.
Q 2 Q 2

a(z)uide — | G(

By the mean value theorem, we have

0 1 0 0
/ {G (z, u”> - G(x, un)} dr = / / g<:c,tu” +(1- t)un> (un - un>dtd:17.
Q 2 aJo 2 2
Assume that h,, = £l

5+ + (1 = t)up, then by (1.2) it follows that

/h,L<MO {G(x’ u?%) G(z, un)} dx
U u
on -
|

o 00| (% - )

w0
_n_un

[hn | < Mo

< c/ /
|hn|<Mg

[h | < Mo

dtdx

1
PR n+—2(un_u2)

1/2
< C</ |hn+(vn+wn)|2dw>
|hn |<Mo

<C.

(2.11)
On the other hand, by (1.7) and the elementary inequality

2
<§q> +<§q>q§(pQ)2, Vp,q €R,
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we deduce that

Jrom 9=
[ \>Mo ' 2

h |>M,

ol
I
fon %

/ |wy, + v, |2dr < C.
[hn|>Mo

Therefore, (2.11) and (2.12) imply that

/sz {G <x uz(%) - G(fﬁvuw]dz <c.

This together with the condition (f3) and Lemma 2.4 gives

IN

(wy, + vy)?dtdx

I(up) — —oc0, asmn — oo.
We complete the proof.
This lemma contradicts the assumption (2.1). Hence Case 2 is not possible.

Case 3 c¢(z) = b(x).

This case is similar to Case 2. Now, we set

I(u) = %/Q|Vu|2dx — % /Q b(x)udr — /QFl(:C,u)da?,
where Fy(z,u) = [i' fi(z,t)dt, fi(z,t) = f(x,t) —b(x)t, and

P Ker(—A—b— (b)),
HO = Ker(fA — b),

Hy = P Ker(-A—b—X;(b)).
)\J(b)>0

Then
H&(Q) =H @& Hy® H,.

Similarly to Case 2, we have

Lemma 2.6 There exists a constant 6 > 0 such that

/ [[VV |2 = b(z)V3]de < —6||V||?, forV € H_,
Q

/ (VW2 = b(x)W?3dx > §|W|?, for W € Hy.
Q

Let u, =V, + UY + W,,, where V,, € H_, UY € Hy and W,, € H,.

(2.12)

Lemma 2.7 If c(z) = b(z), then |Vu||? + |Wal|? is bounded and I(u,) — oo as n — oo.

This lemma implies that Case 3 is also impossible. Hence Proposition 2.2 is proved.
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3 Proof of Theorem 1.1

In this section, we first recall a decomposition of H}(Q) from [16]. Such a decomposition has
been used in [18] for the ODE case. The following proof is different from that in [18]. Let {¢,},
{%;} be the eigenfunctions of

—Au—a(z)u= Aj(a)u in Q,
u=0 on 012,

and
—Au—b(z)u=Xj(b)u in Q,

u=20 on 012,
and we also assume that

/\¢j|2dx:/ W Pde =1, V3.
Q Q

Lemma 3.1 Let a,b € C(Q) satisfying a(x) < b(z) for x € Q, and let k > 1. If A\p(a) <
Ak+1(b), then
Hj(Q) = X1 & Xy,

where

X1 =span{¢y, ¢2, ..., ¢}, Xz =span{¥pi1, Vrt2,. ..}

Proof Without loss of generality, we assume that Qg = {z € Q|a(z) # b(z)} is not empty.
For u € H}, we have the following decompositions according to the eigenfunction expansions
of (3.1) and (3.2), respectively,

k [e's)
u= Zai¢i + Z a;¢i, (3.3)
i=1

i=k+1

k 0o
=1

i=kt1
Let aj; = [ ¢i(x)h;(x)dx, 1 < i,j < k.
Claim  det(a;;) # 0.

If not, there exists a non-zero vector (cy, ..., cx) such that
/ O(2)Y;(z)de =0, j=1,2,,...,k,
Q
where ®(z) = Zlf ¢;i$; # 0 by the property of eigenfunctions (see [20]) and we also assume that

/Q |®(x)|?dx = 1.

Then from the minimax characterization of the eigenvalues, this implies

/Q(|V<I>(x)|2 = b()|®(2)[*)dz > N1 (D).

On the other hand, because ® € X, we have

/Q(|V<I>(95)|2 — a(x)|®(x)]*)dz < A(a).



1242 Jiang M . Y. and Sun M. Z.
Since ® # 0 and a(x) < b(x) on Qg, we get

[(ve@P - ba)p@P)ds < [ (V8P - o) fo()P)d.
Q Q
which implies that

>\k+1(b) < )\k(a)

This is a contradiction.

By the claim, we know that (a;;) is invertible; let (b;;) be the inverse of (a;j). Then we

have
k )
u = Zbiwi + Z biv;
i=1 i=k+1
k k k k k o
i=1 Nj=1 i=1 i=1 N j=1 i=k+1
= u; + ug,

where uy; = 3¢ (32F b;jbj;)¢; € X1. Next we show that

i=1\2uj=1
k k

k
up =y bithi — Y (
=1

i=1 Nj=

[ee]
bjbﬁ>¢i + > bithi € Xa,
1

i=k+1
that is equivalent to

/Q s (2)(z) = 0

for 1 <[ < k. This follows from

k k
/Quz(f)%(f)dx =b — Z bjbji/ﬂéi’i(x)?/fl(x)dx =b - ij5jl =0.

1,j=1 j=1
If w = 0, then b; = 0 for each j, hence u; = 0 and up = 0. Thus we have shown that for each
u € HY(Q), there is a unique decomposition u = u; + up with u; € X7 and uy € Xo. It is easy

to see from the definition of u; and us that

lual] < Cllull,  fluzll < Cllull
for some constant C' > 0. Hence HJ () is the direct sum of X; and Xo. O
Proof of Theorem 1.1 (1) I(v) — —o0 as ||v]| — o0, v € Xj.

If not, then there exist a constant A and a sequence u,, = v, + u € H~ @& HY such that

|tn || — 00 as n — oo and I(u,) > A. On the other hand, using (1.7) and (2.4), we have

I(un) :%/ﬂ(lvun\? —a(az)ui)das—k/ﬂ

1
(aa(m)ui — F(x, un))da: < —Slva|* + C.
Therefore, |v,||? is bounded and by Lemma 2.5 we obtain
I(up) — —00, asmn — oo.

This is a contradiction.

(2) I(w) — oo as |Jw|| — o0, w € Xo.
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By contradiction, suppose that there exist a constant B and a sequence u, = u + w, €

Hy @ H, with ||u,|| — oo as n — oo such that
I(u,) < B.

Then (1.7) and Lemma 2.6 imply that |Jw,|? is bounded. This is impossible by Lemma 2.7.
(3) We fix an R such that

sup  I(u) <5 -1, (3.5)
u€dB(R)NX,

where 3 = inf,ex, I(u), and B(R) = {u € H}(Q) ]| |lu|| < R}. Set
I'={y:BR)NX1 — Hy(Q) |v(u) =uif u € Xy, |lul| = R},

c¢c=inf max I(u).
YeET' ueB(R)

Since OB(R) N X7 and X are linking and the (P.S.) condition holds for I, ¢ > 3 is a critical
value of I. So there is a critical point u € H}(Q) such that I(u) = c. The proof is finished. [

4 Multiplicity of Solutions

In this section, we discuss multiplicity of nontrivial solutions of equation (1.1). First, let us
recall some results of Morse theory that will be used below, for details, we refer to [2].

Let X be a real Banach space and ® € C''(X,R) and satisfies the Palais-Smale condition.
Let K = {u € X |®'(u) = 0} be the critical set of ®. Let u € K be an isolated critical point
with ®(u) = ¢ € R, and U be an isolated neighborhood of w, i.e., K NU = {u}. The group

Ci(®,u) = H(2°NU,2°NU\{u}), *=0,1,2,...,

is called the #-th critical group of ® at u, where ®° = {u € X |®(u) < ¢}, H.(-,-) are the
singular relative homology groups with a coefficient group G.

Our main result in this section is the following:

Theorem 4.1 Let the condition (1.7) be satisfied and let k > 2. In addition, we assume that
(f1) | € CH@ x R,R), f(2,0) =0,
(f5) there exists a continuous function m(x) with A (m) > 0 such that
|’L£.1‘IEO % <m(z), foraxeq. (4.1)
Then equation (1.1) has at least 3 nontrivial solutions if one of the following conditions is
satisfied:
(i) Ae(a) <0 < Agsa(b),
(i) Ax(a) <0 < Aes1(b) and (f2), (fs) hold.
Remark 4.2 There are many papers dealing with the multiplicity of nontrivial solutions of
equation (1.1) with (f4) and
f(2,0) < Ap. (4.2)

For example, the paper [10] uses the conditions (1.5) and (1.6); in [21], the authors assume
that lim o @ = A\, and the Landesman-Lazer condition holds; and in [22], the case of

jumping nonlinearities is considered and the existence of a sign changing solution is proved.
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Let

f(x’ u)7 :l:u Z 07

0, +u <0

and

1
Ii(u):§/Q|Vu\2d:z:f/QFi(x,u)d:r,

where Fy (x,u) = fou fx(x,t)dt. By (f1), we get I € C?70, and similarly to the Proposition 2.2,
I satisfy the (P.S.) condition.

Lemma 4.3 Under the conditions (1.2) and (fs), 0 is a local minimum of I, 1.

Proof Since Aj(m) > 0, there exists a constant € > 0 such that A\;(m +¢) > 0. From (4.1),
there exists 0 = d(e) such that

F(xz,t) < %(m(w) +e)|t)?, for |t| <5, z € Q.
On the other hand, using (1.2) for 2 < p < 2% we can find C > 0 such that
F(z,t) <C|t]P, for|t| >4, € Q.
Then we get
Fla,t) < 3(m(z) + i + CltP, forte R, z €0 (4.3)

Combining (4.3), Lemma 2.3 and the embedding theorem, we have
1
I(u) = —/ |Vul|*dx — / F(z,u)dz
2 Ja Q
1

— | |Vul*dz — 1/(m(x) + e)udx f/ ClulPdx
2 Ja 2 Ja Q

> Cllull* = Clully

> Cllull? = C|lul”

>0, as0< |lu| <1,

Y

which implies that 0 is a local minimum of I.

The case for I (I_) is similar. O
Lemma 4.4 There exist vy,ve # 0 such that Iy (v1) <0 and I_(vz) <0.
Proof Let u™ = max{u,0} and
1 1
Ii(u)= —/ |Vul|?dz — —/ a(x)(u)?dr —/ Gy(x,u)dx,
2 Ja 2 Ja Q

where Gy (z,u) = Fy(z,u) — $a(z)(u™)?. Let ¢ > 0 be the eigenfunction of A;(a) < 0.
From (1.7), we know that

A
I (te) < 12(a) [tell5 + C — —oo, ast — oo.
Then we prove the case of 1. The case for I_ is similar. d

Proof of Theorem 4.1 ~ From Lemmas 4.3 and 4.4, the mountain pass lemma in [23] guarantees

that I} has a critical point u; > 0. Using the results in [24], we obtain that
C*(I, ul) = C*(I+,’LL1) = (5*1G
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Similarly, 7_ has a critical point us < 0 with

C*(I, UQ) = C*(I_,UQ) = 5*1G

The solution ug obtained by Theorem 1.1 satisfies

OM(I, UO) 7’5 O,
where p = dim(H~ @ H®) > 2, since k > 2 (see [25]). Hence ug,uy,us are three nontrivial
critical points of I. This completes the proof. O
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