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As a typical mathematical model in fluids and plasmas, Korteweg-de Vries equa-
tion is famous. In this paper, the Exp-function method is extended to a nonisos-
pectral Korteweg-de Vries type equation with three variable coefficients, and
multi-wave solutions are obtained. It is shown that the Exp-function method com-
bined with appropriate ansatz may provide with a straightforward, effective and
alternative method for constructing multi-wave solutions of variable-coefficient
non-linear evolution equations.
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Introduction

With the development of soliton theory, finding exact solutions of non-linear evolu-
tion equations (NLEE) has attached much attention and developed into a significant direction
in non-linear science. Since proposed by He and Wu in 2006, the Exp-function method [1]
has been applied to many equations, such as the double sine-Gordon equation [2], Maccari's
system [3] and variable-coefficient Korteweg-de Vries (KdV) equation [4]. In addition, this
method can be generalized for solving differential-difference equation [5], stochastic equation
[6], and fractional differential equation [7].

Recently, Zhang [8] generalized the Exp-function method to obtain not only solitary wave
solutions and periodic solutions but also rational solutions in a uniform way. Marinakis [9] genera-
lized the Exp-function method and obtained multi-soliton solutions of the famous KdV equation.
Based on Marinakis' work, Zhang et al. [10] obtained multi-soliton solutions and thus concluded
with a uniform formula of the N-soliton solution of a KdV equation with two variable coefficients. In
2011, Zhang et al. [11] first generalized the Exp-function method for constructing multi-wave solu-
tions of non-linear DDE by devising a rational ansatz of multiple exponential functions.

In this paper, we extend the Exp-function method for constructing multi-wave solutions
of a non-isospectral KdV-type equation with variable coefficients Kq(t), Ki(t) and h(t) of time t:

U + Ko (1) (U, +6uU, ) + 4K, (t)u, —h(t)(xu, +2u) =0 Q)

which was derived by Chan et al. from a non-isospectral Lax pair [12].

* Corresponding author; e-mail: zhshaeng@yahoo.com.cn



Zhang, S., et al.: Multi-Wave Solutions for a Nonisospectral KDV-Type Equation ...
THERMAL SCIENCE, Year 2012, Vol. 16, No. 5, pp. 1476-1479 1477

Methodology

We describe the basic idea of the Exp-function method combined with a new and
more general ansatz for multi-wave solutions of the given NLEE with variable coefficients,
say, in three variables x, y, and t:

P(x, y,t,u,uX,uy,ut,qu,uxt,uyt,u)o(,uyy,un,---):O 2

The Exp-function method for 1-wave solution is based on the assumption that eq. (2)
has a solution:

i a (X, y,t) eil‘:1(xv)’vt)
U0y, 1) =5 )
Z b. (X y,t) eJm(X y.t)

where & (x,y,t), b; (x,y,t), and &(x.y, t) are unknown functions of the indicated variables,
the values of p; and gy can be determined by balancing the linear term of highest order in eq.
(2) with the highest order non-linear term.

To seek N-soliton solutions for integer N > 1, we generalize eg. (3) to the form:

PP, Zlé (x,y.t)
ZZ Zahz Ay (X yt)egl
U(X, y,t): i,=0i,=0 . (4)
q1 qz N Zlgég(xvyrt)
2 2By, (Y DeT
1=0j,=0 =0

Substituting eq. (4) with N = 2 into eq. (2) and equating to zero each coefficient of
the same order power of the exponential functions yields a set of equations. Solving the set of
equations, we can determine the 2-wave solution, and the following 3-wave solution by eq.
(4) with N = 3, provided they exist. If possible, we may conclude with the uniform formula of
N-wave solution for any N > 1.

Multi-wave solutions

Let us apply the method described in the section Methodology to solve the non-iso-
spectral KdV-type equation. To begin with, we suppose that eqg. (1) admits 1-wave solution in
the form:

U(X,t) — al(t)exp(§1)2
[1+bexp(&)]
where & =Kk, (t)x+s.(t) +w,, Ky(t), s1(t), and a;(t) are undetermined functions of t, w;, and b;
are constants to be determined.
Substituting eq. (5) into eq. (1), and using Mathematica, then equating to zero each

coefficient of the same order power of x%e®1(0=0,1; 9=1,2,3,4) yields a set of equations
for ky(t), s1(t), a1(t) and by. Solving the set of equations, we have:

Q)

ay (1) = 2ok e "O%, i (1) = koe!"O%, s, (1) = - [k Ko ()™ O + akyoK, (1) e/ " ot
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from which we obtain the 1-wave solution of eq. (1):
2b1klzoezj h(t)dte§1
(L+be%)?

SO 41 oK, (B

= 2[In(L+be™ )], (6)

f h(t)dt

u(x,t) =

where & = xkloeI o _ k5K (e
trary constants.
We next suppose that eq. (1) has 2-wave solution in the form:

Jdt+w;, b, kio, and wy are arbi-

aup(t)e” +gy ()e™ +ay (t)e = +ay (e’ +ay, (et
(L+be™ +be” +hyet)?

where & =k (O)X+s(t)+w, & =K, (O)X+S,(t)+wW,, Ki(t), Ka(t), sa(t), Sa(t), ao(t), ana(t),

ay1(t), ax(t), aso(t) are undetermined functions of t, and wy, wy, by, by, and bs are constants to

be determined.
Substituting eq. (7) into eq. (1) and using Mathematica yields:

u(x,t) = @)

2| h(t)d 2| h(t)d 2|l h
ago () = 2bk3e?) " ag, (1) = 20,k2e? " 4 (1) = 20y, " (kg —kno)?,

2 j h(t)dt 2 j h(t)dt

2bfb2k220e (kg - kzo)2
(kyo + kzo)2

2bbkioe (ks — kap)® by = byb (kip —Kao)
(kyo + kz0)’ (kyo + kz0)°

3[ h(tyt

ay(t) = , 3 (t) =

() = kioe! ", 5,(0) =~ [Tk Ko @™ "M + dkyoKy e "o,

3f h(tydt

o) = kooe! ", 5,0 =~ [IGoKo ™ " + ok, (e "ot

from which we obtain 2-wave solution of eq. (1):
u(xt) = 2[In(L+be +b,e +bybes="Be)] (8)

where & = xk; e/ "O% — j[ki% Ko )"0 1 ak K, )e!" O Jdt +w, , by, kio, and w; are arbi-
trary constants, i =1, 2, and e = (kyy —kyo)?/(Kyg + kap)?.

Similarly, we can also determine the 3-wave solution of eq. (1):
u(x,t) = 2[In(l+ be +h,e” +h,e™ +bb,es B 4

+ blb3e§1+§3+813 + b2b3€§2 +&3+Bys + qb2b3€§1+§z +&3+Byp+B3+By )]XX (9)

where & = xk; e/ "% _ [ki?g)Ko(Qes-“‘(t)dt + 4k K, (1) e O%dt + w;, by, kio, and w; are arbi-
trary constants, i=1,2,3, and e = (kj; —kjo) /(ki0+kj0)2(1si<js3).

By analyzing the obtained solutions (6), (8) and (9), we can conclude with a uniform
formula of N-wave solution for any N > 1 of eq. (1) as:

N N
u(x,t) = 2[In( Z Hbiﬂ|e2i:1ﬂi§i+zlsi<jsN HifiBy N (10)

#=01i=1
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where & = xkgge! " — [ Ko 06 " + akiok, 0)¢) " Jdt +w, b, ko, w are arbitrary

canstants, the sum X, refers to all combinations of each ¢ =0.1fori=1,2, ..., N, and
e = (kig —Kj0)*/(Kig +Kjo)?@A<i< j<N).

Conclusions

In this paper, multi-wave solutions of the nonisospectral KdV-type equation with va-
riable coefficients have successfully been obtained, from which the uniform formula of N-
wave solution is derived. It is due to the devised new and more general ansatz (4). The paper
shows that the Exp-function method combined with appropriate anstaz may provide us with a
straightforward, effective and alternative method for constructing multi-wave solutions or
testing their existence and can be extended to other NLEE with variable coefficients.
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